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INPEAUCJJIOBHE KO BTOPOMY U3JJAHUIO

Ilist BTOpOrO M3faHusi KHHra Oblia 3HauduTesabHO NepepaboTaHa.
CyutectBenHoll nepepaGorke nomBepryiuce naparpacdei: 13, 14, 16,
26, 27, 31, 85, 92, 123. 3anoBo HanucaHbl naparpagel: 32, 52, 80—
82, 84, 94, 96—98, 124, 125. Hanucaua Hoaq rnasa X111, B ceasu
¢ HemeJaTeNbHOCTbIO yBeJHYeHHsi 06ulero o6beMa KHHTH BO BTO-
poe H3LaHMe He Bolusia riaBa «OCHOBBH KBaHTOBOH TEOpHH TBEPHO-
ro TesJay W ONyllleHhl HeKOTOphble Lpyrue naparpadsl nepBoro usga-
HHSL.

IIpu nepepaboTke KHUTH aBTOp CTPEMHJICSI yd4ecTb pa3BHUTHe HO-
BbIX METOJOB KBAHTOBOH MEXaHHKM, LIMPOKO HCIOJb3yeMBbIX B OpH-
rHHaJbHOH JxTepaType. B CBAI3H ¢ 3THM B HOBOM H31aHHH KHHTH
sHAuuTeJbHO OoJibliee BHUMaHHE yHENSeTCsi NpeACTaBJAeHHIO YHCel
3aNOJIHEHHS W HCNOJb30BaHMIO MaTPHUbl NJOTHOCTH AJA ONHCAHHUs
KBaHTOBLIX CHCTeM, PacliipeHO H3JI0XKeHHEe MeTrofa KaHOHHYeCKHX
npeoGpasoBannii m GyHkuuid ['puna. PaccmoTpenn HeKOTOpble BO-
npochl KBAHTOBOH TEOPHH MPOLLECCOB peJaKCalMH.

A. C. llasotdos



N3 NMPEAUCJIOBUS K IIEPBOMY U3JAHUIO

B naHHOH KHHre COBEpIUEHHO He 3aTParuBarOTCsi BONPOCHl UCTO-
PUYECKOro pa3BUTHA KBaHTOBBIX npenctaBieduil, [ViaBHOe BHMMa-
HHEe VAeJeHO H3JIOXKEeHHI (PH3HYeCKHX OCHOB H MaTeMaTHYecKoro
annapara KBaHTOBOH TEOPHH HePeJIITHBHCTCKOrO H KBa3HPesisiTHBUCT-
CKOro (C TOYHOCTbIO K0 02/c?) ABMMKEHHs] OMHOH YacTHUbl BO BHe-
neM nose. B dacrtiocTH, noKasbiBaeTcsi HENPUMEHUMOCTh NpelcTaB-
JIEHHSI O CYL{eCTBEHHO PENSTHBHCTCKOM ABHMKEHHH OLHOH dacTHUHI.
3HayuTeNbHOE MECTO B KHUTE VieJIeHO TeOPHH NpeNcTaBJICHHH, TeoOpHa
KaHOHHYEeCKHX NpeoOpa3zoBaHHi, TEOPHH pacCefsHHsi # KBAHTOBBLIX
nepexonoB. [laercs oTHOCHTENBHO NOJAPOGHOE H3JIOXKEHHE TEODHH
CHCTEM, COCTOSIILIUX U3 ONMHAKOBbLIX GO30HOB M (pepMHOHOB.

Bonblioe MecTo B KHHTe YAeJAsieTCH TEOPHH BTOPHYHOrO KBaHTO-
BaHHA KaK MerToAa HCCJENOBaHHS CHCTEM, COCTOSANIMX 13 GOMLLIOTO
Yyycsaa OJMIAKOBHX dYactdul., B uacTtHoCTH, M3J1araioTcsi OCHOBHbLIE
HAEeH TEeOPHH CBEpPXINPOBOAMNMOCTH H CBepXTeKyd4eCTH.

Kuura mosxer cayXilTh BBeleHHEM K H3YUYEHHIO KBARHTOBOW 3JieK-
TPOAMHAMHKH, TEOPUH sApa U TEOpPHH TBepAOro Tena. Jlas drenus
KHHTH HeoOXOOHMMW 3HaHHS B o6JiacTH MaTeMaTHKH, KJacCHYecKoil
MeXaHHKH H 3J1eKTPOAUHAMUKH B 00beMe OOBIUHBIX YHUBEPCHTET-
CKHX KypcoB. /s cnpaBoYHBIX Lieslell B KOHIE KHHTH AaHbl Marte-
MaTH4YeCKHe AONOJHEHUA O CHeHUanbHLIX (QYHKUMAX, MaTpuuax H
TEOpnH Tpymnm.

CeblIkKM Ha 0630pHBle M OPHTHHaNbHBlE PaBOTH NPUBOAATCH B
KHUTE B OCHOBHOM ¢ UEJbIO YKa3aHus MecTa, I'ie YMTaTesib MOXKeT
HaiiTh GoJiee nofpo6HOe M3JIOXKeHHe Bonpoca, DTH CCHIAKKH He mpe-
TEHAYIOT H& NOJHOTY.

Wcnonbsyemble B Knure o6o3HaueHHs] (PU3MUECKHAX BeJAUHH #
MaTEMaTHYeCKHX ONepauuH MNOsICHSIOTC B TeKcre Kuurd, Kowuedwo,
B KHHT'€ TAaKOTO pas3Mepa HeJib3fl COIOCTaBHUThb KamAoH (u3uuecKoil
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peJuuuHe cBoe o6Gosnauenue. Ckansipel 0603HAUalOTCA KYPCHBOM,
NpPOCTPAHCTBEHHDBIE BEKTOPL! —~ NOJYXHDPHLIM KypPCHBOM.

Knowra npennasnayaercl B KayecTse y4eGHOTO NOcOGHs A CTY-
JIGHTOB H acNHpaHTOB ¢(H3HYeCKHX (aKyJAbTETOB YHHUBEPCHTETOB H
BbICIIMX YyuaeOHBIX 3aBelieHHll, B KOTOpbIX H3yyaeTcs KBaHTOBas Me-
xanuka. Ona MOMXKer TakKXe CAYXHUTh COPaBOUYHBIM mnocobuem s
npenopnasateseil H HayuyHblX paboTHUKOB.

OrMeuerHble 3Be3ZOYKaME Naparpadbl OTHOCATCA K Bompocaw,
He BXOOSILMM B NPorpaMmMy OOLIYHOTO Kypca KBaHTOBOH MeXaHHKM
pns crygentoB. Onuako 3Tu naparpadbl GyayT BecbMa NOJIESHBI
IJisi CTYJIGHTOB, aCHPaHTOB M HayYHbIX paGOTHHKOB, 32 HUMAOLIHXCSA
NpHMEHeHHEM KBAHTOBOHM MEXaHUKH B PaslHMYHBbIX paspesaXx dusnky
U XHMHH.

A. C. Jlasuidos



IF'IABA I
OCHOBHBIE TOHSATHUA KBAHTOBOI MEXAHUKH

§ 1. Beenenue

Mexanuka Hoblotona, TeopHs ynpyrocts, aspoaMHaMHka, TEpMo-
IMHAMHKAa M 3JIEKTPOAMHAMHKA COCTaBJAIOT CONEPXKaHHE Tak Ha-
3bIBa€MO¥ «KJlaCCHYeCKOH (pU3HKH», KOTOpasi M3ydaeT siBJieHHs1, [P0~
HCXOAslnHe C TeJaMp, COAEpXKalluMM TPOMaJIHOE KOJHYECTBO
aTOMOB KW MMEIOIIMMH, CJEN0BaTe/IbHO, MAKPOCKONUYECKHE pPasMepbl.
Aty paspenbl TeoperHuecKol (PU3MKHM ObLIH CO3DaHbLl B pesyJbTate
060061LIENNs1 ONBITHBIX AAHHBIX, OTHOCALIHXCA K H3YYEHHIO CBOHCTB
MaKpOCKONMYECKHX TeJ, UX B3aUMOAEHCTBUH M mepeMellenui B npo-
crpanctee. Cosflanue nepeyuc/NEHHLIX BbIIE pas/eoOB TEOpeTHYe-
cKkoil. GusuKH. B OCHOBHOM OblI0 3akonueno K Hayaay 20-ro cro-
JETHS. '

INosiBsienie BakyyMHBIX NpuGOPOB, BOSHUKHOBEHHE PafHOTEXHUKH
H COBEPUIEHCTBOBAHHE J[PYrHX TEXHHYECKHX CPEICTB H3yUYCHHs
(pusnyecKHX sIBJICHHI NpPHBEJO B KOHLe NPOLIOrO CTOJIeTHSI K OT-
KPHITHIO 3JIEKTPOHOB, PEHTreHOBCKMX Jyyell M PanHOaKTHBHOCTH.
IlosiBusach BO3MOXKHOCTH MCC/IE€OBAaHUSI OTHEJbHbIX @TOMOB H MO-
JeKyJ. Ilpy 3TOM BBISICHHJIOCH, 4TO KJacCHYeCKasi ()U3UKa He B CO-
CTOSIHHH OOBACHUTH CBOWCTBA aTOMOB W MOJIEKYJ H MX B3auMOJei-
CTBHSI C 3JIEKTPOMArHuTHBHIM HM3jayuyehueM. HMccaenosanue ycioBui
paBHOBECHS 3JIEKTPOMATHUTHOTO M3JjyueHusi # Bemecra (M. Ilnank,
1900 r.) u ¢orosnektpryeckux ssnennd (A. dimwrein, 1905 r.)
NPHBEJO K 3aKJIOYEHHIO, 4TO 3JEKTPOMArHHTHOE H3Jy4YeHHe, no-
MHMMO BOJIHOBHIX CBOWCTB, 00/1afilaeT H KOPNYCKYJSIPHBIMH CBOKCT-
BaMH. DBUIO yCTaHOB/IEHO, YTO 3JIEKTPOMArHUTHOE HU3Jyuy€HHE TO-
rJIolaeTcss M HCNYCKAaeTcsl OTAEJNbHBIMH TNOPUHSAMH — KBAHTAMU,
KOTOpHIe Telleph NMPHHSATO HA3LIBATH (POTOHAMU.

Ecian 0603HauuTh uHCIO 3AEKTPOMArHUTHBIX KOsieGaHul B 27
cekynn 6ykBoi @ (KpyroBasi MM LMKJHYECKasi 4acTtora), To 3Hep-
rua (ortoHa onpenessiercsi Gopmyoi

E = ho, (L1)
rae h = 1,064-10~%7 spr-c — nocTosinnasi Be/iMYHHa, AMeONas pas-

MepHOCTbL SHepeua X epemsa. Benuuyuna h = 2nh nasbviBaercs n0-
crosnnoll Ilranka. B nycrore kawabléi (oroH JBuiKeress €O
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CKOPOCTBIO CBETa €, NPH 3TOM €ro MMMNYJbC ONPEAENAETCH BEKTOPOM
E '
p="hk, |pl=—, (1,2)

[ 2n 1
rae lkI=TﬂT=‘f.

C napyroii CTOpOHbI, SIBJIEHHA UHTEP(EpeHLHy ¥ Iu(ppPaKLuy CBe-
Ta, IWHPOKO HCNOJIb3yeMble B psifie ONTHUYECKUX npHOOpPOB, € HECOM-
HEHHOCTbIO YKasbiBAlOT Ha BOJIHOBbIE CBOKCTBA 3JIEKTPOMATHHTHOTO
usayuenusi. OKasanoch, YTO BOJHOBble CBOMCTBa H3JYyUE€HHUS HEJb3st
paccMaTpuBaTh KakK NpPOsIBJEHHE KOJIJIEKTHBHBIX JABHXKeHHH 6oJb-
WOro yucsaa (OTOHOB, NOAXOOHO TOMY KaK 3BYKOBbl€ BOJIHBI COOT-
BETCTBYIOT JBH)KEHHIO OOJIBIIOTO YHC/Ia MOJIEKYs BO3JlyXa, MXuM-
KOCTH MJIH TBEPAOro Tesa.

Ilpu mccaenoBanuu sBjaeHMH (oTo3gheKkTa H KOMNTOHOBCKOrO
paccesinusi (OTOHOB ObLJIO YCTAHOBJEHO, YTO CAMH KOPNYCKYJspHbIE
coiicrBa (poTOHAa MOryT ObITH BbIpaXKeHbl yepes BeJHYHHbB © H R,
onpezesfAolite BOJIHOBLIE NPOLECCHI.

ITonbITKH NMpUMeHEeHUs1 KJACCHUECKOM 3JIEKTPOOMHAMHKH M MeXa-
HUKM K OObSICHEHHIO CBOWCTB aTOMOB M MOJIEKYJl TaKXe IPHBOAMJIH
K pesyjabTaTaM, HaXOAMIIHMCS B PE3KOM NPOTHBOPEYHH C ONBITOM.
Knaccuyeckas ¢usuka nHe Moxer OOBACHHUTL YCTOHYHBOCTH aTOMOB,
TOXCTBEHHOCTH 3JIEMEHTapPHLIX YaCTHI OAHOrO COpTa W psif ApY-
THX sIBJEHHE aTtoMHOH (u3MKH. Boisichuiocb, HanpuMep, 4TO BHYT-
PEHHHE COCTOSIHHSI CJIOXKHBIX YacTul, (aTOMOB, MOJIEKYJl, aTOMHbLIX
fifep) MeHSIOTCA AMCKpeTHbIM obpasom. Kaxmol cioxnoil cucteme
COOTBETCTBYET CBOfl NOCJEN0BATENbHOCTD BIOJHE ONpEACNEeHHBX aH-
cKpeTHbIX coc1osinuii. CKaukoo6pa3HOCTb B M3MEHEHHH COCTOSIHME
ATOMHbBIX CHCTEM MPHBOJAMT K TOMY, YTO TP MaJibiX BHEHMIHHX BO3-
AEHCTBHAX MX MOMKHO pacCMaTpuBaTb KaK HEH3MEHHbIE TeJa.

JuCKpeTHOCTbL 3HEpPreTHYeCKHX COCTOSIHME aTOMOB IpOsiBJsIETCSH
B onbitax Ppanka.u lepua” (1914 r.), npu usyyeHHH ONTHYECKHX
CNEKTPOB aTOMOB M B Psifi€ APYrHX siBjieHHH. JIHCKpETHOCTb 3Hauve-
HHE NpOEKUMH MOMEHTa KOJHYeCTBa [BMXKEHUs Ha HalpasJeHue
MarHuTHOTO noJisi pokasmBaercst onbitamd Iltepna uw Tepiaxa
(1922 r.), B KOTOpHIX HCCAENOBANOCH OTKJIOHEHHE NOTOKa aTOMOB B
HEOJHOPOJHOM MATrHHUTHOM HOJIE.

IlepBasi ycnemmasi monbiTka OGBSICHEHMsi CBOMCTB aToOMa BOZO-
pona Gbwia cpenana B 1913 r. Hunbcom Bopom Ha ocnoBe sBeje-
HHSI CIELMaJdbHLIX NOCTYJIATOB. DTH MOCTY/AThl CYLIECTBEHHO MPOTH-
BOPEYHJIH CJIOKMBILUMCSI NPEACTABJICHUSIM KJacCHUECKOH (H3UKH.

Boubliioe snauenue n/s BbIACHEHHS CBOYICTB 3JIEKTPOHOB HMENH
onbiTel J[3BuCcona u [[xepmepa (1927 r.), Tomcona (1928 r.) m
TaprakoBckoro (1928 r.), B koTophix Gbuwia oOnapyXeHa muppak-
Lusl 3JIEKTPOHOB NpH MX OTPaXKEHHH M MNPOXOXKJAEHHH 4Yepes KpH=

A — ANuHA BOJIHBI H3JIyYeHHSs,
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CTa/MJibl U TOHKHE MEeTa/yiHYeCKHe (OoJIbrd. JTUMH OnblTamH Obliia
nonTBepxKAena runoresa ne bpohas (1924 r.) o nmanuuuu Boano-
BbIX CBOMCTB Yy JIIOGbIX 4acTHI[ MaJlOH MacChl.

ITpu usyvenuu aupakuHOHHOK KapTuHbl, 06pasyeMoi 3JEeKTpO-
HaMH, HeHTPDOHaMH, aTOMaMH H MOJIEKYJaMH NOCJe NpOXOKAEHHS
yepes ynopsifioNeHHbie CTPYKTYpbl (¢Qosibrd, KpHCTa/ibl ¥ [p.)
OBlJIO yCTAaHOBJIEHO, YTO CBOGOAHOMY HBHIKEHHIO 4YaCTHII MOXKHO CO-
NOCT2aBHTb AJIMHY BOJIHBI A, MJIH BOJIHOBOH BeKTOp K, OXHO3HauHO
onpejesiseMbli 3HaUYEHHEM HMNYJbCa P 4aCTHIBI C NMOMOIIbI COOT-
HOLIEHHSA

rar}'o

N Rl==E. (1,3)

Jlerko BumeTb, YTO 3TO COOTHOLUEHHE COBNAagaeT C COOTHOLIEHHEM
(1,2) nns ¢orona.

Teopuel, o6bacHsIOWEH OCHOBHble CBOHCTBa aTOMHbIX M siIEp-
HbIX SIBJIEHHH, $IBJISIETCA KBaHTOBas MEXaHHKa, HayaJo KOTOpOH
6bl10 3ad0)keH0 pabotamu ne bpoissi, Bopa, [lIpenunrepa, Ieiizen-
Gepra, M. Bopuna, [Iupaka, Ilayau, ®epmu, Poka u np. KeantoBasn
MEXaHHKa SIBJSCTCS TEOpHeH, JeXaued B ocHoBe OOBsICHEHHA
CBOKCTB aTOMOB, MOJIEKYJl H aTOMHBLIX SIZEP, T. €. ABJIEHHH, NpouC-
XOOsilMX B 3JEMEeHTaX oObema, JiMHeHHble pa3Mepbl KOTOpbIX [10-
panka 106—10-'® cm. O6bekrol Takoro Macwtaba (panee Mb Gy-
A€M KPaTKO HasblBaTb X OOBEKTAMH MUKPOMUPA) HENOCPeACTBEH-
HO He BOCMPHHMMAIOTCH HAIUMMM Opranamu uyecTB. MIX usyueHue
BO3MOKHO TOJIbKO C NOMOIIbIO «NPHOOPOB», T. €. TAKHX MHKPOCKO-
NHYECKHX CHCTEM, KOTOpPbl€ NEPeBOAAT BO3NEHCTBHA MHKPOOGBLEKTOB
Ha MAKPOCKOINHYECKHii S13bIK.

K npu6Gopam, nanpumMep, MOX<HO OTHECTH: (OTON/IACTHHKY, C He-
KOTOpPOH TOYHOCTBIO OTMEYAIILYl0 NOoTeMHeHHeM (nocse nposeJe-
HUSI) T€ MECTa, Ha KOTOpble NnonanarT (OTOHBbI, 3JIEKTPOHBI, Npo-
TOHbl WJIH JIDYTHE 3apsiKeHHbl€ 4YacTHlbl; cyeTuukn Iefirepa wuim
OPyrHe CYETYHKH, PErHCTPHPYIOIHE NONajaHHEe 3apsKEHHBbIX Ya-
CTHLL B HEKOTOPYIO 06JiacThb NpOCTpaHCTBa; Kamepbl Busibcona, ngug-
(y3HOHHDbIE W NY3bIPbKOBbIE KaMepbl, KOTOpble NO3BOJIAIOT B HEKO-
TOPOM NpPHOJIMXKEHHH NpPOCJAENHTb 3a TPAaEKTOpHEil [NBUXKEHHs 3a-
PSIPKEHHBIX YaCTHIL

Heo6xomumMoCTb BBeneHHs] NOCPeLHHKa — «npubopa» — NpH H3y-
YEHHH SIBJEHHII MMKPOMHpa MIBJSETCH OYEHb XapaKTepHOH ocoben-
HOCTbIO MO3HaHHs OOBEKTHBHLIX 32KOHOMEPHOCTEH fIBJIEGHHH MHKpO-
mMupa. MoxxHo cKasaTb, uTo NpHOOp SBJSETCS CPEACTBOM H3YUYEHHS
O00'bEKTHBHBIX 32KOHOMEPHOCTEH aTOMHBIX H SIAEPHbIX 0GBLEKTOB.

Ilpu nocTpoeHuM KBaHTOBOH MEXaHHUKH NPHLIOCH OTKAa3aTbCsl OT
psiia HariAOHbIX ¥ NPHBBIYHBIX NOHATHH, WIHPOKO HCNOJb3yeMbIX B
Kinaccuuyeckol ¢usuke. Hanpumep, okasanocb, 4TO K/aCCHUECKOE
NOHSITHE ABHXEHHA TeJia NO TPAGKTOPHM, B KaXKMIO# TOYKe KOTOpOH
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YyacTHlla MMEeET Oonpele/IeHHble 3HAYEHMs KOOPAMHATrbl M MMOyJbca
{cxopocTi), OKasajoch HEMPHMEHUMBIM K aTOMHbIM OObekTaM. YiKe
B_Kjaccuueckolél (usMke MBl CTaJKHBAeMCHl C PAJOM NOHATHH, KO-
TOpble HMEIT OrpaHuyeHnyio 06/iacTb MPUMEHMMOCTH. Tak, noHsATHE
TeMnepaTypbl NPHMEHHMO TOJbLKO K CHCTEMaM, COCTOsILHM H3 60JIb-
pioro uuciaa yacTul. Henbss roBopuTb 0 nepHojie WM yacTore He-
KOTOpOro KoJsie6aTe/IbHOro mnpouecca B JAaHHbIH MOMEHT BpEMEHH,
TaK Kak 4to6b y6emuTbesi, YTO HMMEET MeCTO NEepPHOAHYECKHH npo-
11ecc, Hajfl0 NpOCJEfuTb 32 HUM B TeueHHe BPEMEHH, 3HAYHTEJbHO
Gosbiiero, yeM nepuof KosebGanufi. KBaHTOBasi MeXaHHKa NOKasbl-
BaeT, YTO MHOTHE JpyrHe NOHATHA KJacCHYECKOH (HUIHKH Takike
UMEIOT- Orpanuyentyio obsactb npumenuMoctd. OkasaJsoch, Hanpu-
Mep, HeBO3MOXHBLIM ONPENEJUTb CKOPOCTb YaCTHIbI KaK MpOu3BOM-
Hyto drsdt.

Heo6xonumocTs orkasa or ynoOHbIX M MPHBBIYHBIX MOHATHH
KJ1aCCHYECKOH (PH3MKM NPH HCCIEAOBaHHH CBOMCTB aTOMHBIX 06BEK-
TOB fIBJIAETCA MOKasaTeJbCTBOM TOr0, YTO 3aKOHBI H NOHATHA Mak-
POCKONMHYECKOH (PH3MKH HENPUMEHUMbl (UM OrpaHUYEeHHO NPUMEHH-
MBI) K fIBJeHHAM MUKpoMupa. HoBble (pusHyeckne nOHATHA KBAHTO-
BOH Mexanwky He o6/1ap210T CBOHCTBOM HaMVIAAHOCTH, T. €, HE MO-
ryT 6BITb OGBLACHEHBI C NOMOUILI0 NMPHBHIYHBIX HaMm 06pasoB. ITo B
HEKOTOpO# CTENEHH YCJAOXKHAET NOHMMaHHe KBAHTOBOH MEXaHMKH.
Hosble ¢usudeckne nOHATHA, BBOAMMBbIE KBaHTOBOH MeXaHHKOH,
MOXKHQ OCBOWTb JIHUIb NPH NPOJOKHTENLHOM HX YNOTpebJeHHH.
Has o6bacHenns cBolicTB 06bEKTOB MHKPOMHpPa notpe6oBajoch HC-
NoJIb30BAaHKME B TEOPHM H HOBOFO MaTeMaTHYECKOro annapara, ¢ KO-
TOPbIM Mbl NO3HAKOMHMCSH B 3TOH KHHTE,

3aKOHOMEPHOCTH ATOMHOM UM ANEPHOH (HU3MKH, H3yYaeMble KBaH-
TOBOH MEXaHHKOH, ABJSIOTCA OGBHEKTHBHBIMH 32aKOHOMEPHOCTSIMH
npupoanl, IlpaBuibHOCTD OGBACHEHHA TaKHX 3aKOHOMEpHOCTeH MOJ-
TBEPKAAETCA BO3MOXKHOCTbIO HCNOJb30BAHUA fABJIEHUH MHKpPOMHPaA
B Texnuke. Illnpokoe NpHMeneHue CHEKTPOCKOMMH, 3/EKTPOHHOTO
MHKpPOCKOIa, NOJYNPOBOJAHUKOBEIX NpHOOPOB, aTOMHON 3HEPruH, Me:
YeHbIX aTOMOB H Jp. B Hay4YHblX HCCJAELOBAHHAX H TEXHHKE Crajo
BO3MOXHbIM TOJIbKO NOCJ/JIe CO30aHHuA KBaHTOBOM TerHH.

Curenyer, onako, OTMETHTD, YTO HAGJIONaEMBIE B MHKPOMHpE 32-
KOHOMEPHOCTH B psifie CJy4YaeB CYyLIECTBEHHO OTJHYAIOTCA OT 3aKO-
HOMEpHOCTeH KJaccHyecKoit ¢usuku., KBantoBas MexanMkKa yacrto
JaeT TOJIbKO BEPOSITHOCTHBIE HApenckasanusi. Ona nossoJisieT BbIYHC-
JIAITb BEPOSITHOCTH BO3AEHCTBHSI aTOMHBIX OOBEKTOB, HaXOAAIUXCSH
B OonpeneJyie HHbIX MAaKpOCKONHYECKHX YCJOBHAX, Ha Maxpocxonuqe-
CKHe npurbopbl

KBanToBas Mexanpka siisiercsi HOBHIM OYpPHO pasBMBAIOIHMCS
pasnesioMm TeopeTHyecKod ¢usukn. Mayuenne kBaHTOBOH MEXaHUKH
'HeOOXOOMMO /11 MOHHM2HHS M MCNOJb30BAHMS CBOBCTB ATOMHBIX
AAep, aTOMOB, MOJIEKYJI, OJA NMOHMMAHHS XHMHYECKHX CBOHCTB aTo=
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MOB H MOJIEKY/ H XMMHYECKHX PE€aKLui, p/is NOHHMaHHs ABJEHHII,
npoucxosmux B 6moJsiornu, actpodusuke u Ap. KeantoBas Mexa-
HMKa fIBJISIETCS OCHOBOH HOBLIX pPa3sfefioB COBpeMEeHHOH Teoperu-
yecKoil (PM3MKH: KBaHTOBON 3JIEKTPOAMHAMHKH, KBAHTOBOH Me30[H-
HaMHKy M OOlIEH TeOpHH KBAaHTOBBLIX IOJeH, KOTOpble HCCAEenyloT
CBOMCTBA 3JIEMEHTApPHBIX YacTHIl H BO3MOXXHOCTH MX B3aHMMHBIX Npe-
o06pa3oBaHuH.

B 3Tol KHure u3naraloTCsi OCHOBbHI KBaHTOBOH MEXaHHKH, KOTO-
pble HEO6XoMUMBbl /i NOHHMaHHSI BO3MOXXHOCTEH NPHMEHEHHs1 KBaH-
TOBO¥I MEXaHHKH AJisi OOBACHEHHUS] CBOHCTB aTOMOB, MOJIEKYJ, aTOM-
HBIX siiep B TBEPAbIX Tesl.

§ 2. BoanoBas ¢ynkuus cBo6oaHo nBHKYmEHCH YacTHUDI

CgoiicTBa aTOMHBIX OGBEKTOB B KBAHTOBOH MEXaHHKE OIMChI~
BAIOTCS! C MOMOIILIO BCIIOMOTATENIbHOH BEJHYHHBI — B0AHOB0U (PYHK-
yuu wnp sexropa cocroaxus *). BonnoBas yHKLMS, OMUCHLIBAIOLLas
COCTOSIHHE [BHKEHHs ONHOH 4YaCTHLbl, siBJseTcH, BooOlle roBops,
KOMMJIEKCHOM ofHOsHayHOH M HenpepbiBHOH (yHnkuueid pamnyca-Bek-
topa r u Bpemenu f. BosnoBasi Qynxkums ¢ (r, {) ymosiersopsier
neketopomy auddepenipaibyoMy ypaBHeHHIO, KOTOpoe H onpeje-
JsieT XapakTep IBHXKEHMsi YacTHLBL. JDTO ypaBHEHHE HOCHT HasBa-
nue ypasrenus Illpedunzepa. OHO Wrpaer B KBaHTOBOH MeXaHHKe
TaKylo »Ke poflb, KaK ypaBnenuss HbioTona B KJ1aCCHYECKOH Mmexas
HHKe,

C ypaBnennem llpenunrepa Mbl NMO3HAKOMHMCS B CJEyIOIIEH
riase, a cefiyaCc pacCMOTPHM (YHKIHIO CBOGOANO ABHKYIIEHCs ne-
PeJIITUBHCTCKOH YacTHUbl Macchl W, MMeIOIleH HMIyJbC P H 3IHEp-
ruio E = p?/(2p). KoneyHo, nonsiTHe ¢cBOGOMHOrO ABHKEHHS YaCTHLBI
ABJAETCH HAealiu3alyel, TaK KaK B JEHCTBHTENbHOCTH HHKOTAA
HeJb3si MOJHOCTbIO HCKJIOYHMTIb BO3NEHCTBHE HA MNaHHYID YacTHLy
ApYruX 0OBEKTOB (rpaBUTaLMONHOE U Jipyrue nojs). Oanako rakas
upeajiMsanus HeoGXONMMa JJ/isi YNpPOIUEHHSI TEOPETHYECKOTO OfiH-
Canuf.

HiMnyJabe yacTHLbl p ONpefessieTcsl HanpaB/eHHeM JIeTAIeH Ya-
CTHIIBl M ee KHHeTHueckol snepruefi. Hanpumep, B 3/eKTpoHHOf
TpyO6Ke, NPU NPOXOXKAEHUH PAa3HOCTH NOTEHLHAJOB V, 3JeKTPOH NpH-
oGperaeT WMMYJbC

p =1V 2peV,

rjie e — 3apsj SJEKTPoHa.
Kak yxe ykasbiBajJOChb BO BBel€HHMH, OnbiThl J[3BHcCOHZ WM
Il>kepmepa w Ap. NMOKasblBalOT, YTO NpPH B3aUMOAEHCTBHH MNOTOKA

*) BosMOXHB, OfgHAKO, M TaKHe COCTOSIHHS, KOTOpPHle He OMHCHIBAIOTCA BOJ-
HoBbiMu ¢yuxknuamu. B sTom cayuae, RoTopmi#i mu paccmorpum B § 14, cocros-
HHE MOIKHO onHCaThb MaTpuyed nAOTHOCTU.
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3JIEKTpOHOB (CKOJIb YFrOZHO MaJioH HHTEHCHBHOCTH) C NEPHOLMYE-+
CKOM CTPYKTypoH (KpHcTa/nbl, (osibra) ycTpoicTBO, pErHCTPHPYIO-
1ee pacnpepesienve 3JEKTPOHOB B npoeTpaHcTee ((POTONNACTHHKA,
CUETYHK ¥ T. I.), OOHapyIKHBaeT NPOCTPAaHCTBEHHOE pacnpenesenue,
COOTBETCTBYIOLIIEE nH(lJpaKLlHOHHOﬁ KapTuHE pJig BOJIHOBOTO npouec-
€a ¢ onpepeieHHbIM 3HaueHHeM OJIHHbI BOJIHbBI

A== =212, 2,1

Ucnonbsyst 310T 3KcnepuMenTadibHbli (pakT W npeanoJaras, uTo
ycraHoBJieHHoe piisi poToHa cooTHowenue (1,1) mexny sHepruedl H
YaCTOTOlH NMPHMEHMMO H AJsi OPYTHX 4aCTHL, MOXHO AOMYCTHTb, YTO
cBoOogHOE MBHXKEHHE SJIEKTPOHA C ONPEAE/]EHHbIM HMIyJbcOM P
Oymer ONMUCLIBATLCA BOJIHOBOM (yHKLMeH, COOTBETCTBYIOILEH nJoC-
Koii BoJine ne bpoiiss:

P (r, £) = Aexp (i (kr — o)), 2,2)
raec .
m=%=-§%~ﬁ—, k=2, ©2,3)

JisuiKeHHe, onHcuiBaeMoe BonHoBOA Gyhxkuueh (2,2), obnanaer ¢asosolt cko-
POCTHIO

0. =9 E

ok p°
Hononssysa (2,3), vaxomum, yro vy = p/(2p), 1. € (asopas CKOPOCTH MAOCKOR
sonuet (2,2) He cOBnanmaeT €O CKOPOCTHIO HacTHuH ¢ = p/p. Cnenyer oTmerHTsh,
YTO YacToTa o M, CAenoBaTenpHo, GasoBasi CKOPOCTb Uy He ABASIOTCA Brojle
OnpeJeneHHBIMH BEHYHHAMM, 8 3aBHCAT OT TOro, BKJIOYAEM JIH MBI B SHEPIHIO
TOJNBKO KHHETHYECKYIO WM YYHTHIBAEM M BHYTPEHHIOIO 3Hepruio uacTHusl. B mo-
clegHeM CJIydae MONHasi 3Heprusi cBoGONHO NBHIKYHIeACA HacTHUBI € Maccol no-
KOSI |1 CBSI3aHA ¢ MMIYJLCOM COOTHOUIEHHeM

E=cV p*+ p*c*.

CneposaTennHo, B HEpeNnATHBHCTCKOM U]}Hﬁ.ﬂH}KEH HH

E=pet 4 £
= uc b —
nosToMy .
pe p

Up=—— =} -—— >¢.

I p + 2p
IOna wvccienoBaHus pBMIKeHH{t ¢ PensITHBUCTCKHMH CKOPOCTAMH CBA3b MexAY
SHepruefi M HMOyabcoM ynoGHee sammcath B Bune E = c¢?p/v. B 3toM cnyuae
¢dasoBas CKOPOCTb NAOCKHX BOMH vy = E/p = ¢%/v,

Mu yGenHmcsi nosgHee, YTo HeoOnpejeneHHOCTh 3HauyeHus @ B (2,2) He oTpa-
JKAaeTc Ha Pe3yNbTaTax TEOpPHH.

Htak, 6GyneM mocTyJupoBaTh, YTO CBOGOLHOE JMBHXKEHHE YACTHIIBI
€ onpepne/enHol 3Heprued M HMNyJbCOM ONHCHLIBAETCS BOJHOBOM
dynxuuedn (2,2). Bux sonnoBbix ¢GyHkuUuil ns APYrHX COCTOSIHHIA
IBHMXKeHHs1 OyfeT ykasan NosjiHee.
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§ 3. NpuHUun cynepno3uuuyu cocTosiHui. BoanoBoii naker

OpnHuM M3 OCHOBHBIX MOJIOXKEHHH KBaHTOBOH MEXaHHKM SIBJSIETCHA
npunyun cynepnosuyuy cocroaxull. B npocreiiel gopMe NpHHLMN
CyNepno3HLMH COCTOSIHUM CBOOMTCHA K OBYM yTBEDXKIEHHSIM:

1) Ecnu kakas-sm60o cHcTEMa MOXET HaXOOHTbCA B COCTOSIHHAX,
OMNHMCBIBAEMbIX BOJHOBBLIMH (PYHKLMAMH Y; M Y, TO OHa MOXKET Ha-
XOJIHTLCS U B COCTOSSHMAX, KOTOpble ONMHCLIBAIOTCS BOJHOBLIMH YHK-
1IMsIMH, 00pa3yoMHEMHCS H3 Y3 H Y2 C NOMOLLbIO JHHEHHOrO npeo6-
pasoBanus

Y =a,P; + a,, (3,1)

roe @; ¥ Gz — J0Oble KOMNJIEKCHble 4YMCia, He 3aBHCsIlIME OT Bpe-
MEHH.

2) Ecau BoaHOBYIO (yHKUMIO YMHOXHTbL Ha Jio6oe He paBHoe
HYJI0 KOMIMJIEKCHOE YHMCJI0, TO HOBasl BOJIHOBasi ¢ynkuusi Gyner co-
OTBETCTBOBATb TOMY XK€ COCTOSIHHIO CHCTEMbI.

Cynepnosuuus cocTosinuii KBaHTOBOH TEOpHM CYyIIECTBEHHO OT-
JIUuaeTcsi OT Cynepnosulluu KojebaHuii B KJaccuuecKoil (pusuke, B
KOTOpO#l cynepnosuuus KojebGanusi ¢ caMuM co6oH NPHBOAHT K HO-
nomy Kolebauuio ¢ Gosbineii win meHblled aMmniutynoi. Jlasee, B
KJiaccuyeckoll Teopuu KoJeOaHUH CYIIECTBYET COCTOSIHHE MOKosi, B
KOTOpOM BCIoAy aMIINTyna KoJie6anus paBHa HyJo. B kBaHTOBROH
)K€ TEOpHH paBEHCTBO HYJIO BOJHOBOH (YHKUMH BO BCEX TOYKaXx
TIPOCTPAHCTBA COOTBETCTBYET OTCYTCTBHIO COCTOSIHUSL.

Ilns BbIMoNHEHUst MPHHLMNA CYNEpPNO3HLHM COCTOSIHMEI Heo6Xo-
numo, uro6ul ypaBeenusi [llpenwnrepa, KoTopbIM yIOBJETBOPSIIOT
BoJIHOBbIe PyHKIMY, Oblsu JupeiinbiMiy. Clienyet, OOHAaKo, OTMETUTh,
uTo He BCsIKad JHHeHnHasi KOMOHHALHsi MNPOH3BOJbHBIX pelLIeHHH
ypaBueHusi [llperunrepa pjs cuUCTEMBI, cOCTOsIEH W3 OJIMHAKOBBLIX
yaCTHL, oTofpakaeT BOSMOXHBIE COCTOSIHMSI 3TOH cucTeMbl. Jlomy-
CTHMbIMH BOJIHOBBLIMH (DYHKIIHSIMH TaKHX CHCTEM SIBJISIIOTCS JIWIIb Te,
KOTOPbIe yNOBJIETBOPSIIOT HEOOXOOHMBIM CBOMCTBAM CHMMETPHH (CM.
§§ 72 u 73).

Bo3MOXKHO, uTo NMPHHIMI CyNneplnosHLHM COCTOSIHMEI HapyllaeTcs
B SIBJEHUSIX, NPOTEKAIOWMX B 06JacTsaX MNPOCTPAHCTBZ, JHHElHble
pasMepsl KOTOpbIX MeHblle 10-% cM, roe MOryT Mrpath HEKOTOpYIO
poab Hevuneiinbie a(pexTl. B 3Tolt KHure Mbl 6ymeM paccMarpu-
BaTh TOJBKO COCTOSIHMS, YNOBJETBOpSIOUIHME TIpHHIUNY cynepno-
SHITUMY.

Ilpunuun cyneprnosumuH cOCTOSIHHEI OTpaiKaeT OueHb BaXKHOe
CBOHCTBO KBAHTOBBLIX CHCTEM, HE HMEIONIEE AHAJIOTa B KJaCCHUECKO
(usuke. Jns WANIOCTPalLMK 3TOrO CBOHCTBA PACCMOTPHUM COCTOSIHIIE,
KoTopoe u3obpaxkaercs BosnoBoll dynkuueit (3,1), roe

Y, =exp [f: (klr = [Dit)]', Py = exp {i (kgr — (I)zf)}.
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B cocTosinusiX §; H P, YaCTHIA JBHIKETCHA C ONPEACNECHHbIMH 3Haye-
HHSIMH HMIyJbca p; == hRy u p: = hk, coorserctBenno. B cocros-
HuM xe (3,1) Aprxenye YacTHIbI He XAPAKTEPH3YeTCst ONpPEAEeH HbIM
S8HAYEHHEM MMIYJbCA, TaK KaK 3TO COCTOSIHHE HeJb3si H300pasuth
NJIOCKOl BOJIHOH C OAHAM 3HAYEHHEM BoOJHOBoro BeKtopa. Ho-
Boe coctosinue (3,1) siBAsieTcsi B HEKOTOPOM CMbIC/IE MPOMEKYTOY-
HbIM MEXAY HCXOAHLIMH COCTOAHHSIMH Y H Y. ITO COCTOAIHHE TEM
6osbuwie npubaHKaeTcss K CBOHCTBAM OJIHOTO H3 MCXOJHBIX COCTOSI~
HHH, ueM O6oJibllle OTHOCHTE/NbHLIH «BeC» MOC/HEeAHEro, KOTOpbli, Kak
Mbl YBHAHM no3jHee, NpONOPILHOHAJIEH OTHOLUEHHIO KBaJpaToB MO-
nyJefi COOTBETCTBYIOIWHX Ko3(dHuIHenToB JUHEHHOH CynepnosuiyH,
Takum obpasoM, KBAHTOBas MeXaHHKa NOMYyCKaeT COCTOSIHHS, B KO-
TOPLIX HEKOTOpPble (H3MYECKHe BEJHYMHLI HE UMEIOT ONpeleIeHHbIX
3HAYEHHUH.

PaccmoTpum renepb coCTosiHHE CBOOGOZHOrO ABHIKEHHsi, KOTOpoe
XapaKTepH3yercsi BoJHOBOH (yHKIHEH, NpeACTaB/]eHHOH «B0AHOBLIM
naxkerom»

: kot Ak

bz = [ A(k)exp{i(kz— ob}dk, (3,2)

ko— AR :
7. € B BHIE COBOKYNMHOCTH IJIOCKHX BOJIH, BOJHOBble BEKTOPbI KO-
TOPbLIX HanpaeJ/ieHbl BAOJL OCH Z B UMMET 3HayYenusd, Jexallve B

HHTEepBase
ko — Ak <k < ko + Ak.

Beeznem noByio nepemennyio § == k— ko, TOrna, pasnaras o (k) B
PsX no crenensiM § H .OrpaHAYUBAsACh TOJNbKO ABYMA NEPBLIMH 4jle-

d
naMH pasioxendsa o (kB)=ao+ (72—)0 g, MoxHO, npeo6pas3oBarb

(3,2) k Buny ”
¥ (2, ) =24 (ko) " { [2 _ gg%ﬂ :] = } exp {i (koz — ocf)}. (3,3)
& - “d.-E" &

Muoxureap, crosmuii nepea ObicTpo ocHu/IHpyloulefi (ynkuued
exp {i (kez — of)},

MOXHO HasBaTb aMmIHTYAOH ¢ynkuud. CxeMaTHYECKH BHJ 3TOM
amMnauTyasl B MoMenT £ = 0 uso6Gpaxken na puc. 1. Makcumanbnoe
3sHauenHe aMIMTYAbl, paBnoe 24 (ko)Ak, cooTBETCTBYeT 3HayeHuio
z2=0. Ilpy 2 = 2n == (n/Ak)n, rne n = 1, +2, ..., amnauty-
Aa obpauiaercss B HyJab. 3Hayenne A2 == 22; = 2nfAk MOXHO pac-
CMaTpHBaTh KaK NMPOCTPAHCTBEHHYIO NPOTAXKEHHOCTh BOJHOBOTO na-
keta, Hem Menbile AR (pasbpoc 3sHayeHHH MMNyJbCOB), TeM GOJb-
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[le NPOCIPAHCTBEHHAs MNPOTAKEHHOCTb NaKeTa. YUMTBbIBasi, YTO
Ak = Ap/h, moxHO npeoGpasoBatb paseHcTBO AZAk = 2x K BHAy

Az Ap ==2mh. 3,9)

C TeyenHeM BpPEMEHM CpeAHssi TOUKAa BOJHOBOrO Nakera, coorser-

-z z
- TN o —
Z; 23 Z; Z Z; Z;

Prec. 1. 3aBHCHMOCTH aMONJHTY/AB! BOJHOBOIO NakeTa OT paccTORHHA aas f==0.

CTBYIOLast MaKCHMaJIbHOMy 3HauyYeHHIo AMIVIHTYBI, nepememae'rcn
B IMPOCTPAHCTBE CO CKOPOCTHIO

== ."ﬁ)
Ve =\dk (N

KoTopasi HaspiBaetcs 2pynnosofl ckopocrero. Hcnonbays (2,3), na-
XOIHM, YTO
P
Ug—-—-T", rae po= hky.

PaccMoTpEM BOJIHOBO#H nakeT

ve )= [A@enpitz—a), o=12K,  @g

KOTOPbIii B MOMEHT Bpemenu [ ==0 umeJs BHJ
¥ (2, 0) =exp (— 2%(2I?)). (3,6)
Onpegenum BHA BoJHOBoro nakerta npu f > 0. Hs pasencTsa

P (2, 0) = j A(k) € dk

-—00
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clellyeT, 4TO

A= [ O™ de. 8.7)

INoxcTaBuB B 3T0 BhipaxenHe snavenue (3,6) u ucnoabsys dopmyJy

o0

f exp (— a2? + ipz) dz= ]/:E— exp (— p?/4a), (3,8)

— 00

noJyuuM

r E*T?
A () =—7=ex p( ———) (3,9)
Ioactasus (3,9) B (3,5) u crnoBa ucnoabsys (3,8), naxogum OKOH-
yate/ibHOE BbIpaXKeHHe

v )=T[r*+ "“‘]

2? 3
oxp (—siar). G410
§ 4. CratucTHYECKOE TOJKOBaHHE BOJHOBOI (yHKUMU

st 06bsicHeHHsi BOJHOBBLIX CBOHCTB 3JIEKTPOHOB, HaGJIOaeMbIX
B onbitax Jlssuccona u Jl>kepmepa M ap., Hamo LOMNYCTHTL, 4TO
noc/je MPOXOXJAEHHs MEepHONHYECKOH CTPYKTYpbl pacnpenelenue
3JEeKTPOHOB B TpOCTPaHCTBE (perucrpupyeMoe ¢oronjacTHHKOH,
CYETUHKOM ¥ T. M.) NPONOPLHOHAJIbHO OTHOCHTEJbHOH WHTEHCHB-
HOCTH BOJIHBI B 3TOM MecTe. Henb3s npeanosioXXHMTh, 4YTO CaMU YaCcTH-
Ubl  SBASIOTCA 00pa3’OBaHHAMH, COCTaBJEHHbIMM u3 BoAH. Ilpu
audpakuuy napamouias BoJHa pasbuBaeTcs Ha cuUCTeMy audparu-
POBAHHLIX BOJIH, 3JEKTPOH XK€ Bener cebsi Kak eguHas uacTuua.
Henb3ss ponycTHTb TakxKe, 4TO BOJHOBble CBOHCTBaA 4acCTHUbI 00s-
32Hbl CBOUM MPOMCXOXKIEHHEM KOJIIEKTHBHOMY {IOBEIEHHIO CHCTEMbI
B32MMOJIEACTBYIOIIMX YaCTHLl (TaKOBbI, HalnpHMep, 3BYKOBble BOJi-
Hbl). Jlu¢pakuuoHHas KapTHHa, oTMeyaeMas (OTONJACTHHKOMH, He
3aBHCUT OT HHTEHCHBHOCTH nyuka yactuin. Ona na6aiopaercss ¥ npu
OuYeHb MaJIOH HWHTEHCHBHOCTH Nyuka uvactun [1]. Moxno Takxe ot-
METHTb, YTO BOJIHOBblE CBOHCTBa NPOABJAKTCA H B TOM CJlyuae, KOr-
Ia CHCTeMAa CONEPIKHUT BCEro OfIMH 3JIEKTpPOH, HanpHMep B aTOMe BO-
Jiopona.

Kapplfi 3JeKTPOH, NMPOXOAsi Yepe3s NepHOAHUYECKYI0 CTPYKTypy
¥ nonagas Ha (OTONIACTHHKY, Bbi3biBaeT (Iocje NposiBJeHus) Mo-
TeMuenue HeGoJbluoro ee yuacrka. Eciu ke Ha (oTonjaCTHHKY no-
naner 60JbLIOE YHCIO 3JEKTPOHOB (HE3aBHCAMO OT TOrO, ABHTraJHCh
JIi OHH BMECTe MJIY OOHH 32 OOHHM uepe3 INJIHTeJbHBIjI MTPOMEXKYTOK
BPEMEHH), pacnpenesieHHe NoTeMHenuil Ha (OTONJaCTHHKE COOTBeT-
cTByeT AHQP2KHMOHHOH KapTHHe. YueT 3TOoro OGCTOSTENbCTBa M[O-
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sBoaua M. Bopny (1926 r.) math CTaTHMCTHUECKYIO MHTE€pNpeTaLUIO
BOJIHOBO# (h)yHKLHH, KOTOpasi MOATBEPAMIACh BCEM NaJLHEHIIHM XO-
JIOM pa3BHTHS KBaHTOBoi MexanukH. CorsiacHo 3Tol HHTepnpera-
LM, MHTEHCHMBHOCTb BOJIH pne Dpoias B Kakom-1u60 Mecre npo-
CTPaHCTBa B NaHHbIH MOMEHT BpPEMEHH NPOMNOpPIHOHAJbHA BEPOAT-
HOCTH OGHApYy)X€HHMs YaCTHIbL B- 3TOM MeCTe NPOCTpPaHcTBa. IJTa
HHTEPNPETALMS COXPAHSAETCA W IJIsi BOJHOBOH (DYyHKIHM, ONHCHIBaIO-
el cOCTOAIHHE CHCTEMBI YaCTHIL

BonnoBasi (pyHKuMsi CHCTEMbl YACTHI{ 3aBHCHT OT BpEMEHM M OT
KOOPIHHAT, YHCJIO KOTOPbIX paBHO YHC/Y cTeneHel cBob6onbl cCHcTe-
Mol (cM. § 12). CoBoKynHOCTD, 3HaUeHHH BCEX HE3aBHCHMBIX KOOPOHM-
HaT-B HEKOTODbIH MOMEHT BpeMeHH KpaTko Oynem o6o3HauyaTb Of-
noii Oykeoii § 3amanue E onpeneisier TOYKy B aGCTPaKTHOM
NPOCTPAHCTBE, KOTOPOE HA3LIBAIOT KOHPU2YPAYUOHHbIM NPOCTPaH-
c180M. dieMmenT 06beMa B KOHQHUrypallHOHHOM MpOCTpaHcTBe GyneMm
o6o3nauath dE.

JJisi cucTeMbl, cocTosimied H3 OAHOH YacCTHLDLI, KOH(HTYpaIlHOH-
HOE MPOCTPAHCTBO COBMNafaeT C OObIYHLIM TPEXMEPHBIM NpPOCTpPaH-
ctBom. B 3toM cayuae § = (x, y; 2) u dt = dx dy dz. Ognako yxe
AJIST CHCTEMBbI, COCTOsieH H3 AByX 4acTHL, KOH(HIypapHOHHOE npo-
¢TpaHCcTBO 06J1afaeT 1ecTbio CTeNEeHAMH CBOGOLHI, T. €.

E=(xi, Y1, 215 X2 Yz, 20), - dE =dx, dy, dz,dx,dy,dz,

B stofi rsaBe OyayT pacCMaTpHBaTLCSl 3HAUYEHMs] BOJIHOBBIX
$ynxuui 11a onpenesieHHOro MOMEHTa BpEMEHH, T03TOMY BpeMsi Mbl
He OylieM yKasbiBaTb B sIBHOM BHJE. :

HT&K, BOJIHOBa# (bYHKHHH AABJIAETCH BCIoMorateJIbHbIM NOHA-
THEM, HCMNOJIb3YEMbIM B KBaHTOBOH MeXaHHMKE JJIsi BLIUHCJEHHUSI 3Ha-
yenud (PU3HYECKHX BEJHYHH B - COCTOSIHHM, ONpEResiAeMOM 3TOH
ynxkuneit. B yacTHocTH, B KBAHTOBOH MeXaHHKe NpHHHMaercs, YTO
BosinoBasi (QyHKIHS JaeT CBeICHHs O BEPOATHOCTH TOro, 4TO MNPH
M3MEpPEHHH NOJOXKEeHHH YaCTHL CHCTEMbl Mbl HaileM HX B TeX HJM
HHBLIX MecTaX mpocrpaHcTBa. MIMeHHO mpuUHHMaercs, uTo BeJHUHHa

1) PdE =" (§) ¥ (B) d§

NPONOpLHONAJbHA BEPOSITHOCTH TOTO, YTO B PE3yJbTaTe HW3MEpEeHHst
Mbl HafileM 3HaYeHHs KOOPAMHAT YaCTHIl CHCTEMbl B HHrepBale
£ E4dt.

Ecan pesyabrat HHTerpupoBanusi |¢|?> no BCeM BO3MOXKHbLIM
3HaYEeHUsIM KOOPAHMHAT CXOAMTCS, -T. €. €CJH

[1vraz=n,

TO, HCnoJbsys yTBepxaenue § 3 o ToM, uto GyHKUHUH, OTIHYAIOLIHE-
€51 NPOM3BOJIbHBLIM, HE PaBHLIM HYJ/I0 KOMIVIEKCHBIM MHOXHTEJIEM.
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COOTBETCTBYIOT OLHOMY H TOMY e COCTOSIHHIO, MOMKHO BbIGparh HO-
BYI0 BOJHOBYIO (QYHKIHIO
-}
V=N"4,
“TaKylo, 4r00bl BLIMONHANOCh PaBEHCTBO

[1v®rde=1. (4.1)

PasenctBo (4,1) mnaspiBalOT ycAosuemM HOpMUPOBKU, a BOJHOBHIE
$yHKUMH, YIOBIETBOPAIOIHE 3TOMY YCJOBHIO, HAa3bIBAIOTCA HOpPMU-
posankbiMu pyHKyuamu. JInag HOPMHPOBaHHBIX (YHKLMI P BeJn-
unna |P|2dE onpenensier BepositnocTs dW(E) 3navennii KOOpAKHAT
cucteMbl B untepsane E, £+ dE B srom ciyyae BesnyuHy

o ®=""E 15 @F

Ha3bIBAIOT NAOTHOCTOIO BEPOATHOCTU.

Hs ycnosus nopmupoBkn (4,1) caemyer, 4To HOPMHpPOBaHHAs
(pyHKLHs1 ONpenesena C TOYHOCTbIO [0 MHOXKHTE/]s, MOAYJb KOTO-
poro paeeH €IMHHMLE, T. €. C TOYHOCTBIO A0 MHOXKHTENs ei% rue
o — J6oe neficTBHTeJNbHOE YHCJ0. JTa HEOAHO3HAYHOCTh HE OT=
paXkaeTca HH H2 KaKHX (PHSHUECKHX pe3yJbTataX, TaK Kak Bce
(pusHuecKHe BEJHYHMHBIL, KaK Mbl YBHIHUM nNO3JiHeE, OMPeNesaioTcA
BbIpaXKeHHsIMM, CONEpKalUIHMH NPOH3BeAEHHE P HA KOMNJIEKCHO CO-
NpPsIKEHHYI0 QyHKIMIO $* HJIH €e NPOH3BOAHLIE NO BELIECTBEHHBIM
aprymeHnTam.

B nexkoropoix cayyasx J'l'q:FdE ==00; TOT/la BOJHOBbIE (PYHK-

MM HeJb3si HOPMUpOBATL yciosueM (4,1) # p = |P(E) |2 ne 6yner
- NJOTHOCTBIO BepDHTHOCTH. OI[HaKO H B 3THX CJIy‘IaHK OTHOLIECHHEe
peauuun |P(E) |2 nas passbix & onpenensieT OTHOCHTENbHYIO Be-
POATHOCTb COOTBETCIBYIOUIMX 3HayeHMil KoopaHuat. Bonpoc o crno-
co06ax HOPMHPOBKH TaKHMX (yHKuuii GyAeT paccMOTpeH AJA YacT-
HOTO Ciyuasi B clenyiouieM naparpadge, a B o6iem ciyyae B § 10.

Ecnu BosiroBasi GyHKiMs npu { = 0 umeeT BMZA BOJIHOBOrO na-
Keta (3,6), TO nIOTHOCTL BepOATHOCTH H306paxaercs (QyskuHed

laycca
P (2, 0) =¥ (2, 0) F=exp (— 2% 4,2)

¢ «mmpunoit» I'. Ilpu £ > 0 3ta dpynkuns nepexonut B (3,10). Cre-
AOBaTENbHO, MAOTHOCTL BEPOSATHOCTH NPHHHMAET BHI

o =[1+(2)T " exp(— 2=y, 3

KOTOPLIH rakixe cootBercTByer Qynkuuu aycca, Ho yme ¢ «HpH-

HO#H»
r () =-i/ rz 4 (—%)2 ) (4,4)
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Bospactaioniefi C TeyeHHeM BpeMeHH. ['0BOPAT, YTO NakeT <«pac-
nabiBaercs» ¢ TeyenueM BpeMenn. Ilpu £ << fo= uI?/h pacumpe-
HHe nakera nporcxoadt mepienHo. Opauako npu £ > fo wupuHa na-
KeTa pacreT MPONOPLHOHANLHO BPEMEHH CO CKOPOCTbLIO B/ (pI). d1a
CKOpocTh TeM Goablle, yeM MeHblle Macca uacruusl, Hanprmep,
npu I' = 10® cm KpuTHYecKoe BpeMsi, HAYHHAA C KOTOPOro LIHpH-
Ha NaKeTa BO3PAacTaer JHHEHHO, NJis 3JeKTPOHA PaBHO NPHMEPHO
10-18 ¢, a pJais YacTHIlbl ¢ MAaccoii OHH rpaMm — okojo 104 ser.

§ 5. CeoGoAnasi 4acTHua B OrpaHHYEHHOM OObeMe NPOCTPaHCTBA

TIprMepoM BOJHOBbIX (YHKLHI, KOTOPbl€ HEJb3si HOPMHDOBATH
ycnosHem (4,1), sipasiores BoiHOBbie QYHKLUHH

VY(r, {)= Aexpli(kr — of)}, (5,1)

COOTRETCTBYIOUIHE COCTOSIHHIO CBOGONHOTO HBHXXKEHHS YacTHIbI,
HMelollell onpeneseHHbil umMnysabc p == hk. Oanako Moxmo oGec-
neyutb HopMHpyemocte Gymkuuin (5,1) nyrem onpenesnenHsi Bcex
(yHKLHI BHYTPH OY€Hb GoJbLIOro o6beMa, 3aJaHHOTO B BHAE Kyba
c pe6pom L. Ha nosepxmoctd 310ro. o6beMa posHOBbie (QydKuHH
JOJIMKHBI YIOBJIETBOPSATL HEKOTOPHIM IPaHHYHbIM ycaoBHsM, IIpu no-
craroyso Gousbiiom L(L=>>10"° cM) BaHsiHHE FPaHHYHBIX YCJOBHi
Ha XapakTep HBHIKEHHsi yacTHubl B o6beme Q= L3 Gyner oyeHp
MasbiM. T103TOMY rpaHHumble yCJIOBHA MOXHO BbIGpaTh B npoHs-
BOJIbHOM, JocTaTouHo npocroM sHAe. Haubosee yacto B Kayecrse
rpaHHYHLIX YC/IOBHI NMPUHHMAIOTCA YCJOBHSI. WHKJIHUHOCTH C NEpHO-
nom L, 1. e. TpebyioT, 4ToGbl BoJIHOBasi (YHKLHA yAOBJETBOpPsJia
YCJIOBHSIM

V(x y 2)=V(E+L, y2)=V(y+L, 2=y y z+L). (52

Bynem HCCJENOBaTh COCTOSIHHSI B MOMeHT BpeMenn f == 0, Torna,
nopcrapisisi (5,1) B (5,2), Mbl y6enumcst, YTO yCNOBHS UHKIHYHOCTH
yIOBJETBOPAIOTCH, €C/IH HOPMHPOBaHHble HA o0beM Q QynKuuH
(5,1) wmeloT BHI

Ve (r) = Q™" exp (ikr), (5,3)
e 2r 2n 2
kx ="'E‘"nm ky ="r'ny1 kz ="E‘“nn (5!4)

Ny, Ny, N, — BCE LEJbIE NOJOKHTEAbLHbIE H OTPHUATENbLHBbIC YHCJA.

Takum o6pa3om, BBeAeHHE TrpaHu4HbIX ycjosHi (5,2) cBomHTCs
K TOMy, YTO BEKTOp R npoGeraer nHCKPeTHbIl psin 3Hauenud, onpe-
nensiembix ycnopusmu (5,4). Ilpu nepexone k npepeny L - oo
paccrosinie MEXAy ABYMsi GJAHKaHIIHMu 3HAYEHHIMH R cTpeMHTCH
K HYJIIO, H Mbl CHOB2 BEPHEMCH K cnoﬁo,uHoMy JOBHXEHHI0 YaCTHLbI B.
HeorpaHHYyeHHOM NPOCTpPaHCTBE.
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CoBokynHocte (yHkuu#i (5,3), COOTBETCTBYIOUIHX BCEM BO3MONK-
HBIM B coorBercTBHH ¢ (5,4) 3HaueHusim k, o6pasyer cucreMy (QyHK-
1MH, yAOBJIETBOPSIIOLIHX YCJIOBHIO

[ wir (r) e (r) dv =4, (5.5)
4]

rae Opp==90,, 6 &, 4 NPH 3TOM CHMBON Own =0, -ecniu n's&n
xkx ky, y k. k
H Own=1, ecii ' =n; di =dxdydz.
Qyukuud (9,3) 06pa3yioT NOJHYIO CHCTEMY (pyHKuHH, T. €. JIo-
Gas BosiHOBasi QyHKUHA VP, H30OpaXKaiollass NPOH3BOJbHOE COCTOA-
HHE OBHXKEHHs1 YacTHIbl B o6beMe Q MOXeT ObiThb MPEACTaBJieHA B

BHIE JuHEiHOH KoMOuHauuK Qyukuun (5,3), 1. e.

P(r)= 2;1' apde (r). (5,6)

Koap¢uuuents pasyoxeHHss dg (PyHKUHH P NO COCTOSIHHAM C OMN-
pelieieHHbIM HMNYJIbCOM JIEerKo Bbiyucasiorcess u3 (5,6), eciru ymmuo-
XKHTb 06€ 4acTH 3Toro paBeHCTBA Ha VY () H NPOHHTErPHPOBaThH
no BCeM 3HayeHHsiIM KoopauHat B oObeme L. Torama, Hcnonwsys
(5,5), Haxonum

ae= [ ¥(r) ¥ (r) dr. (5.7)
Q

Ecau ¢yuxuuu ¢(r) HopMHpOBaHb B o6beme £, TO, NoACTaBJAA
(5,6) B ycnioBHE HOpMHPOBKH H HcnoJibayst (5,5), Haxonum

L= [¥ vy de =Yl aPF. (5:8)
k

Us (5,6) caenyer, uro koapdHUHEHTb @z ONpPEneNsioT AOMO y4a-
CTHSI COCTOSIHHSI € OmnpeleJeHHbIM HMNyJbcoM p == hk B o6uwem
COCTOSIHHH P (r); KBaZpar MOLYJIA Qe ONPEdeJseT BepOATHOCTb 00-
HapYXEHHS1 Y CHCTEMbl, HaxoAALeHCs: B COCTOSIHHH 1), 3HAYEHHST UM~
nyibca p = hik, Ilpu atom paseucreo (5,8) MOXHO paccMmarpusarth
KaK yTBepXXAEHHE, YTO CyMMa BEPOSITHOCTeH BCEX BO3MOXKHbIX 3Ha-
yeHHH HMNyJbCa HOJKHA PaBHATLCS €AHHHLE.

§ 6. BoluucjieHHe CpegHHX 3HaYeHHMH KOOPJHHATH H HMMOYJbCa

Iloka)keMm, 4TO 3naHHe HOPMHPOBaHHOH BONIHOBOH (YHKLUHH Y
1103BOJISIET BBIYHCJHTb CPEAHHE 3HAYEHHs] KOOPAHHATHI, AMNYJbCca U
APYTHX (PU3HYECKHX BEJIHYHH B 3TOM cocTosinud. Ecau yuects, yTo
TJIOTHOCTb BEPOSITHOCTH ONpEHENeHHbIX 3HaYeHHH panﬂyca—sexmpa
BbipaxKaercs yepe3 (yHKIUHIO COCTOAHHUS P:

p=v (" V(r),
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TQ, COrJIaCHO TEOpPEME O MaTeMaTHYECKOM OXHAAHHH, CPEAHEE 3Ha-
yenHe (r) paagHyca-BeKTOpa B 3TOM COCTOSiHHH OYyAET onpeaesTbCs
HHTErpaJjom

(= [ (") r (ndx. 6,1)

Takum Xe 06pa3pM BbIYHC/ASIETCS W CPEAHEe 3HaYeHHe Jo6oi QyHK-
IIMH pamHyca-BeKTopa

{((r)= f V() )y (r)dr.

Uro6b1 onpenesiuTs cpenxee 3HaY€HHE HMMYJIbCa P B LAHHOM CO-
CTOAIHHH ), BBEHEM HCKyCCTBEHHbIE TPAaHHYHbIE YCJIOBHsi, PaccMOT-
pennbie B § 5. Torna sepoaTHOCTb 3HaYeHHsi HMNYJbca p = hk, Kak
Obwio nokasawo B § 5, Gyner onpenedsTbcsi BEIHUYHHOH |ag|2, rame

a= [ $(r) bi(r)ds. (6,2)
]
3Hasi BEPOSITHOCTb ONPENEeHHOTO 3HAYeHHsi HMOyJbCa, HaXO-

AMM CcpejfiHee 3HAaUeHHE WMIMyJibCa NO obLleMy NpaBHIY

(py=h 2 aikas. (6,3)

INoacrasdisii B 3TO BbIpa)KeHHE 3HayYeHusi ag u3 (6,2) u ucnonbsys
PaBEHCTBO

ke (r) =— iV (r),

HENOCPeACTBEHHO caedyioulee us onpenesnenua ¢ynkumii (5,3), npe-
obpasyemM (6,3) k BHRy

(PY=ih P ¥ () 0u (r) e [ D) VWi ()dv.  (6:4)
k

H3-3a uuknudeckux ycnopuit (5,2) snauenus QyHkumit ¢ u Pp Ha
NpPOTHBOMNOJIOXKHBIX TPansax Ky6a L® paBmbl, mo3roMy nyTem HHTE-
rpHPOBaHMs MO YacTsAM NojyyaeM

| ®vidr=— [ v Vpas.
Hcnonbsys 3tor pesyiabrart, npeobpasyem (6,4) K BHLy

—(py=ih [ ¥ () { ¥ b () ¥ ) } Vi (r) dvav’,
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Cymma, crosilas B (urypHbiX CKOGKaX NOX 3HAKOM HHTerpala,
paBha *)

2 e (r) Wi () =8 (r" — 1), (6,5)

rae §(r’ —r) — cuurynsipuas QyHKUHS, paBHas HYJIO BO BCEX TOY-
Kax ¥ 5= r ¥ yHOBJETBOPSIOLIAst YCAOBHIO

f F(r)d(t' —r) dz=F (). (6,6)

Bosee nogpo6rHo co CBOACTBaMH CHHTYJsSIpHOH (yHKUHH &(r'—T),
HasbiBaeMoll ¢hynrkyued [lupaka, MOXXHO O3HAKOMHTHCS B MaTeMa-
THYECKOM AONOJHEeHHH A.

Henoabsys (6,6) m (6,6), naxonuMm okonuaresnhyio dhopmysy,
onpenessiioulyio CpefHee 3HaYeHHe UMNYJIbCa,

)= [ ¥ (r) (— itV b (r d=, 6.7)

HEeNoCPenCTBEHHO 4Yepe3 3HaYeHHsi BOJIHOBOH (YHKIHH, COOTBETCT-
Byouleli AanHoMy cocTosinuio. Qopmysa (6,7) coxpausier cBofi BHAO
H npH nepexoze K npeneny L — oo, nostomy npasuso (6,7) seiunc-
JIeHHSI CPENHEro 3HAYeHHs HMNYJbCa CPaBeNJIHBO B OOUIEM CJyyae
HEorpaHHYEHHOro NMPOCTPaHCTBa.

Takum e o6pasoM MOXHO NOKa3arb, YTO CpefHee 3HaYeHHe JIIO-
60ff creneHyn UMNYJbCa MOXKET GbITh BHIYHC/JIEHO MO NPaBHIY

"= [ ¥ (1) (— inV)" () d.

Aror pesydabrar Jerko obobulaerca v Ha ciyyait ao6of nesohi pa-
uHoHasnbHOU QyHkunH F(p) uMmnysasca

(Fp)= [ ¥ (r) F (— itV) $ (r) d=.

Hanpumep, cpennee 3HayenHe KHHETHYECKOH SHEPrHM YacTHUH B CO-
crofinuk P Oyaer onpenessirbCst BbIPaXKEHHEM

=] v (- 25) vee

*) Horasatenbcteo pasenctsa (6.5) nerko nonyuars, pasnaras 8(r —r)
no noaHo# cucreme ¢pyukuufi (5,3)

d(r' —r)= D b, (r') W, (r)
&

B BEYHCAAA KosbdunueHTH pasnomenua b,(r') ¢ nomombio (5,5) B ycno-
eus (6,6).
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§ 7. Oneparopbl (hU3HYECKUX BEJHUYHH

B npeawmaymem naparpacge Mbl BLIBEIH NpaBiiia, No3BoJfaiolLNe
BLIYHC/ATE CPeAnye 3HAYeHHsl B TPOH3BOJBHLIX COCTOsIHMAX (omi-
CHIBAEMBIX HOPMHPOBAHHBIMA (YHKUHIMYU P) YUK, 3aBHCALNX
AH60 OT KOOpANHAT, J1GO0 fBJASIONIIXCA LeABIMH paudoHAIbHBIMH
byuxuuamu umnyascos. Ecan ¢ynxkuns F asisiercs cyMMmoi (yHK-
uuit Fy(r) u F2(p), TO 1 B 3TOM cayuae BblUNC/AEHNHE CPEAHEro 3Ha-
yenus F B cOCTOsHNHM { CBOAMTCA K BBLIYHC/AEHHIO HHTerpaJa

(Fy = [ ' Fp dr, (7,1)-

rje peJiHUHHA
F=F,(r)+ Fy(— ihV), (7,2)

BooGu1e TOBOPS, fBAsIeTCs AU depenunaibibiM onepatopoM. bynem
Ha3bBaTb F 0OnepaTopoM, COOTBETCTBYIOMWIMM (blI3HYECKOIT  BeJH-
upine F.

Onepatop onpejejel 1a 11eKOTOPOM MHOXKecTBe (ynkunii, ecnyn ykaszan sa-
KOH, ¢ MOMOILLIO KOTOPOro Kamaoi (ymKiii MiI0;ecTBA CONOCTABANCTCA (k-
LHA, BXOAALLAA B TO e MHOMCCTBO dyuxumit, Onepartopbl, onpemeaeinsie na
PA3NHYHEIX MHOMKECTBAX DYHKUHII, crenyer paccma;p:mmjg KaK pasmudiibie one-

0
ox* + dy? + dz*
onpenenen 11a Beex MBaKAB AnddepenunpyeMsix GyHKUHAX, 3afannbx B 6ecko-
HEYlOM TPOCTPANCTBe, HAM Ha ABamabl Anhdepedwipyenux (hyHKUnax, KoTopsie
OTIHYHBL OT HYJSl BUHYTPH HEKOTOPOil 006AacTd ¥ YAOBJAETBOPNIOT HEKOTOPOMY
I‘paHH'—lHOM}’ YCJAOBHIO Na Trpaniuax 3T0i1 ob6nacrTh. B HACTHOCTH, MOXKHO ﬂOTpe'
GoBaTb, uTOGBl Ha rpannuax o6racTn Bce yukinn o6pallaIncs B HYJb.

OﬂepaTDDH, coaepacaine ,'teﬁcrmie ﬂl![blbepelill”poﬂa]il]ﬂ, HOCHT Ha3lsaune
OQuppeperyuaavroly onepatopos. Ecan onepatopul cojiepikar aelicTsie HHTerpi-

patopul. Hanpumep, cnepatop Jlannaca V2= MOJKET ObITh

poBaHHA, TO OHH Ua3BIBAIOTCH HHTEZPAALDHBIMNL ONepaATONAM. .\\OT')('T Guite W

nHTerpo-aHGhepenunanbibie onepaTopul. tdacTueM cayuaem HNTerpagbHLIX one-
PATOPOB ABAAIOTCA (DYHKUHOHANB, PYHKYUOHAAOM HA3LIBACTCA OMEPATOP, KOTO-
piit, perctoyn Ha nobyio Gynkiuimo miuoieeTsa (Gynkuhil, 1a KOTOPOM oi onpe-
nenen, naet nexoropyio necrosnnyio. Onnnm w3 npumepos dyukunonana fs-

asetea ckaasplioe nponasejenie (Pl g) = [ P (E) @ (E) di. Econ dyuxuns ¢

durcupoana, to (\P|q) ecrs auneinui ynkunonaa OTHOCHTENbIO (GYHKUHA P,

B keantoBOil Mexanuxe paccmatprsalorea anddepenunansibie (n obparuble
K HUM MHTETpajuiibie) ONepaTophl, ONpenescHunble na Muoxectee Qynkini, He-
npeprBHLIX M AudupepenunpyeMuix B samxnytoii obmactn Q (Q momer Ouith H
GecKOHEUHOIl) H YJIOBJCTHOPSIOWNK OMIOPOAILIM KPaeBLIM YCAOBHAM Ha TpaHH-
nax sroi o6aactn. Kpacepele yeicBus Ha3bBAIOTC OOHOPOOMBLMI, CCall MM YAO-

BJETBODHET i'b}l'lli(llliﬂ, TOXNIECTECNNHO DABHAA HYAO Kak BO BCEX TOUKAX BHYTDH

o6nacti Q, Tak 1 Ha rpaunuax sToii obaactn.

[TpaBuso (7,1) naxoxnijenns Cpensero 3iaueHusi £ B COCTOSIHHH
P MOXKHO 00006LINTHL Ha cayuall NMPOH3IBOJALILIX (DHINUECKIX BeJH-

YHH F, eCJIH Mbl IIEIi-UlCM cnocod nocipocinsg COOTBETCTBYIOILHX one-

patopos F.
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Ilpexkne yem nepexogHTs K OpaBWiaM NOCTPOEHHSI ONEPaTOPOB,
COOTBETCTBYIOUIHX (DH3MYECKHM BE&JHYHHAM, ONpPenesHM obliHe yc-
JIOBHSI, KOTOPbIM HO/IXKHbI yHOBJIETBOPATL TaKHE ONepaTophbl.

JIeiictBue onepatopa Ha CTOALLYIO COpaBa OT HEro (YHKUHIO P
B uHrerpane (7,1) cBomurcst K npeo6pasoBaHHIo 3Tol (QyHKUWH B
HOBYIO (DYHKIHIO

P = Fyp.

Yro6sl npu TaKoM Npeo6pasoBaHuM He HAPYIIAJACsd NPHHUHO Cynep-
TO3HLUM COCTOSIHUM, HEOOXOAUMO BBINOJIHEHHE YCJIOBHMH

F (ay) = aFy, }

F (§; + o) =F, + Fip,.
Oneparopsl, ynosfersopsiiowne ycjosusam (7,3) ads npoH3sosibHOM
(QYHKUMH p, Ha3LIBAIOTCA AUHELHbIMU ONepaTopamuy.

Ecaun Qyuxuus F usobpaxkaer (H3HYECKYIO BeJHYHHY, TO ee

cpegnee 3sHayenHe ob6s3aTesnbHO AEHCTBHTENBHO. Yc/OBHE HEHCTBH-

TeJILHOCTH CpeAHHX sHauenuii: (F) = (F)*, coracuo (7,1), cBonuT-
Csl K HHTErpajibHOMY paBeHCTBY AJisi onepatopos F

f $FYp div = j VFy' dr. (7.4)

Pagencreo (7,4) siByisieTcst 4acTHbIM ciyyaeMm Oosiee o6uiero paBem-
cTBa

(7.3)

f q:‘ﬁq) dt = J' q:ﬁ"qJ'd'r, (7,5)

KOTOPOMY YHOBJETBOPAIOT CaAMOCONPANEHHbIe, WIH 3pMUTOALL, one-
paropel. B pasencree (7,5) Qpynkuuu Y* U ¢ ABJAAIOTCH NPOHIBOJb-
HbIMH  (DYHKLUHSAMH, 32BHCAUHMH OT TNEPEMEHHBbIX, Ha KOTOpbIE
neiicreyer oneparop F u pas Koropeix uurerpanst (7,5), pacnpo-
CTpaHEHHbI€ H2 BCE BO3MOMHbLIE 3HAUEHHS NEPEMEHHBLIX, HMEIOT KO-
Heunble snavenus. Ilockonbky paeenctBo (7,4) fABAsiercst 4acTHLIM
cnyyaem pasencTsa (7,5), To MOXKHO cKasaThk, YTO yCJoBHE AEHCTBH-
TE/IbHOCTH CPEAHHX 3HAYCHHH (PH3HUECKHX BEJHYHH B NPOH3BONLHBIX
€OCTOSIHUSAIX CBOAMTCS K TPEGOBaHHIO, 4TOOLI COOTBETCTBYIOLIHE HM
oneparopsl GbVIH CAMOCONPAXKECHHBIMH.

PynxkuHoOHaNbHOe ypaBHenHe (7,0), ompenensioulee ycioBHE ca-
MOCOTNpsSI?KeHHOCTH onepartopa F, MOXHo 3anucaTe B KpaTKoil onepa-
TopHo# opme . ‘

F=F", (7,6)

Wrak, B KBaHTOBOit MexaHHKe BceM (usuyeckuM (nabmionae-
MbIM) BEJHYHHAM .CONOCTaBJASAIOTCS JHHEHHble (Yro6bl BHINOJHSJICS

NPHHLHIO CyneprnosHLUHKH) H caMoconpsiKeHHble (YTOObI CPemHHe 3Ha«
ueHHs1 ObLTH BEIIECTBEHHbIMH) onepatopsl. IIpH nposeneHHH npome-
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)KYTOYHBIX BbIYHCICHHH HHOTAA HCMNOJb3YIOTCA H HECAMOCOMpS KEH-
Hble ONEpaTophl, HMEIOLHEe KOMIJIEKCHbIe COGCTBEHHbIE 3HAYEHHS.
Oneparop KoOpAHHAThI CoBNamaeT ¢ KOOPAHHATOH r =7, one-
patop uMnyabca p = —ihY. O6a 3Tu onepatopa ABJAIOTCs JHHeH-
HBIMM H camoconpsukeHusiMH. Ecnu Qysnkuus F siBasiercs cymMMoil
NpOU3BOJIbHON (DYHKIHM OT KOOpPAHHAT H WEJIOH pauHOHAJbHOH
(GYHKUHH HMOYJbCOB, TO COOTBeTCTBYIOUHH effi oneparop mnonay-
yaercss 3aMeHoil B 37Ol (YHKIHH HMNyJibca Ha COOTBeTCTBYIOLH#l

oneparop R
F(r, p)—>F=F(r, — ihV). (7,7)

Ecnn ¢yuxuun F asisiercs ¢yHKuuel, cogepKaulell npoussene-
HHUA KOOpAHHAT H HMINYJBCOB, TO, BoOOLIE rOBOpA, HE BCIKHH ollepa-
top F, nonyyennwiit u3 F no npasuay (7,7), 6ymer camoconpsizKeH-
HbIM, T2K KaK He BCSIKOE NMpOH3BENEHHE CaMCCONpSIKEHHbIX onepa-
TOpOB OyAEeT CaMOCONpPSKEHHBIM.

Ipoussedenuem oneparopos FKR nasviBaercs oneparop, HeicCT-
BHe KoToporo Ha (YHKIHIO CBOAHICS K NOC/AEHOoBareJbHOMY MpHMe-
HeHHI0 CHayana onepatopa K, a sarem F. BooGue rosopsi, npous-
BeeHHEe ONepaTopoB 3aBHCHT OT MOPSAKA COMHOXKHTEJE:

FK$ 5% KF.
Ecan HMeioTcss gBa oneparopa, NPOUSBENEHHE KOTOPbIX HE 3aBUCHT
OT nopsiika COMHOXHTEJell, TO TOBOPAT, YTO OHH KOMMYTUPYIOT
APYT C APyrom.

BbisiCHUM yCJIOBHE, NPH KOTOPOM MPOH3BEHEHHE CaMOCONpsKeH-
HBIX (9PMHTOBBIX) OMEPATOPOB SABAACTCS CaMOCOMPSIKEHHBIM. B 06-

miem ciyvae, e F=F" u K=K*_, TO

I V' FKo de = f oK F*y” d, (7,8)
HJIH B KPAaTKOH ONepaTopHOH 3anucH
(FR)Y =K'F' <KF, (7,8a)

T. €. 3pMHTOBO CONPSKEHHBI ONEPaTOP NPOH3BEAEHHS paBeH NPOH3-
BEEHHIO 3DMHTOBO CONPSIXKEHHLIX ONEPaTopoOB, B3ATHIX B 00parHom
TopsiAKe.

JlefcTBHTeNLHO, HCTIONL3Y i CAMOCONPSKEHHOCTL onepatopa F, Moxwo Hanucath
f P'F (Kg) dt = I (Ko@) F** dt. YuutnBas panee caMoCONpSAXEeHHOCTH ONepa-

Topa K, umeemf(ffq:) F‘w' dg= I@R‘F"ﬂ;‘ dz,yrou nokasnBaet paseHcrso (7,8).

Eciu camoconpsikeHHble Oneparopbl KOMMYTHPYIOT, TO HX MpoO-
H3BEJeHUE SI/IFIETCA CaMOCONPSIXKEHHbIM, YTO HEMOCPENCTBEHHO CJe-
nyer u3 (7,8a)
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HJiu nogpoGHO
Iip‘ﬁRQJdT: _[ oF K'Y’ dx.

VunTbiBas 3TOT pe3y/bTaT, Mbl MOXEM yTBepXKAarh, 4TO C MO~
Moulbio npaeudia (7,7) MOXKHO NOJY4aTb CaMOCONPsiKEHHbIE onepa-
TOPbI TOJILKO B TOM CJly4yae, KOraa Lefasi palnuoHalbHas (QyHKIHS
F He comep»HT Npou3BeAeHHIt ONepaTopoB KOOPOAHHAT H HMNYJb-
COB, JIUOO COAEPIKHT TaKHe HX NPOH3BEOEHHS, KOTOPble KOMMYTH-
pyloT Mexay co0oi, HanpuMmep xﬁy H Aap.

B o6wem cayuae, eciu K 0 F aBAsioTcs: JJHHEHHBIMH 3PMHTOBbI~
MH oleparopaMH, TO TaKHMH 3Ke GyAyT H oneparopsl

§ = (KF+ FR), 6=i(KF — FR). (7,9)

B cayyae KoMMYTHPYIOUIHX onepaTopos

fal -~ e o~

G=0, S=KF=FK.
B KBaHTOBO MEeXaHUKe NPHXOAHTCS pacCMaTpPHBATH qmanuecxne BE~
JiIHYMHbI, HEe HMEIOIHE KJaCCHYeCKOro aHajora (HanpuMmep, CnHH
YaCTHULI), KOTOpble HE BbipaXalotes 4epe3 Qynkuuu KOOpaHHaT B
HMIYJIBCOB. HOSB,HEE MBI NNO3HaAKOMHMCHI € TEM, KaK ONPEAEJISIOTCS
onepartopsbl, COOTBETCTBYIOUIHE TaKHM BEJHYHHaM.

B ta6a. | npusenen siBublfl BHA HEKOTOPHLIX NpotTeRIluX JHHEH-

HbIX CaMOCOl'Ipﬂ)KEHHbIX oneparopos, HCNOJIL3yeMbIX B KBaH10BOH

MeXaHHKe.

Ta6bnuua 1
IMpoctefimye oneparopy KBAHTOBOA MexaHHKH

MowmeHnT konHyecTsa
IBHIKEHHUSH,  HIH
yrnosofi (spaina-
TeJpHu) MOMEHT

dusHuYeCKas BeJH4HHA Onepatop
Koopnuuara [ :_' &R & ;. i
—ihV
Hmnyase { zx' - _‘_ﬁ_a%_’ —iﬁ%—. _ma_az
L = [rXp] L = —ihjrxv)

Ly=yp:— z2py
Ly=2zpy — xp-
Ly=xpy— ypx

Sueprus B Hepels- 2 L2
THBHCTCKOM TpH: E=-L_ 4 U(r) H= — ey vz U(r)
GNHKE HHH 2p B
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B cBsidu C TeM, YTO NepecTaHOBOYHbIE COOTHOILEHHSI MEXAY one-
paTopamu HrpaiorT Gosbllyio po/ib B KBaHTOBOH MexaHuke, HcCie-
IyeM 3TH COOTHOLUEHHsl OJIs ONEepPaTOPOB, yKasaHnublix B Tabu. L.

Beenem cokpauiedHoe obo3HadyeHHE

[A, Bl= AB~— BA,
KOTOPbHIM OyneM NoJb30BaTbCA MPH HajbHEHINeM H3JoXenHH. s
KOMMYTHPYIOUIHX ONEPAaTOPOB NOJMKHO BbINOJIHATLCA COOTHOLIEHHE

(A, Bly=0 (7,10)

OJISi [IPOM3BOJIBHON (QYHKLHH .
Ecii ‘camoconpsykeHHbIE onmeparopbl HE KOMMYTHPYIOT, TO Bbl-
NOJNHSAETCA PaBEHCTBO

(A, Bly=iCy, 7,11)

rae B cuny (7,9) oneparop € sBJSETCS TaKIKe CaMOCONPSIKEHHbLIM
onepatopoM. B uacriom cnyuae € moxer 6uTh uncyaoM. [las cokpa-
mweHus 3ankcu yacto pasenctsa (7,10) u (7,11) samensior onepa-
TOPHBIMH PaBEHCTBaMH

[A, B]=0, [A, B]=iC.

EctecTBeHHO, YTO TPH ONEPATOpa KOOPAHHATHI X, Y, Z, KOTOpbIE
Mbl 6yneM Kpatko o6osmauate Gykeoii ry (i == 1, 2, 3), Kommyru-
pyloT Mexxay coGoi, T. e.

{ff! fkl=0: tt k= 1’ 2’ 3‘

KommyTHpYIOT M€Ky co60H H onepaTopbi NPoEKUHH HMNyJbCa

- a
p‘ = — ih '_ag’
T. €
[Ais Pel=0,

Tak Kak NPH BHIYHCJEHHH YaCTHHIX MPOH3BOLHbLIX Gespass

02
or, or,
JINYHO, B K2AKOM MNOpsiiKe NPou3BOAUTL AH((DepeHLHpoBaH e,
ITpamepoM HEKOMMYTHpYIOUHX ONepaTopoB sABJAsOTC £ H Px.
Ins HecseoBaHus NEPECTaHOBOYHBIX COOTHOLIEHHA MEXAy HHMH
BbIYHCJIHM JieficTBHE NMPOH3BEAEHHH 3THX ONEPaTopPOB Ha MPOU3BOJb~
Hyi0 (PyHKIIMIO, 3aBHCAIIYIO OT X:
of
‘epr (x)= - iﬁx ox L]
C Apyroi CTOPOHBI,

Patf (x) = — ihx 5 — inf (x).
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Hrak, umeeM
(£, pxlT (x) =ihf (x), nam [£, pi] =in.

[lpoBeass Takue >ke BbIYHCJEHHS, MOXKHO NOKa3aTb, YTO B 0OO6LIEM
cliyuae AOJ/KHbBI BbIMOJHSATLCS NEePECTAHOBOYHbIE COOTHOLIECHHS

[fh pk]=ibﬁik' i k= 1, 23 3. (7’12)

Hcnonb3dys siBHbIF BHA ONEpaToOpoB NPOEKUHH BpaulaTeabHbiX (yr-
JIOBbIX) MOMEHTOB Lj;, MOXHO NMOKasaTh, YTO AOJKHBI BbINOJHATHCA
nepecTaHOBOYHbBIE COOTHOIIEHHS

[Li, Le)=inL, (7,13)

aast spavenuil i = 1, k=2,1=3;i=2, k=38, l=1 u i =23,
k=1, | = 2. Tpu nepecranoBoynbix coornoluenus (7,13) mMomxHO
JJIst KpaTKOCTH 3ankCaTh B BEKTOPHOM (opMme:

[L X L] =inL. (7,13a)

3nech 4 B AadbHediem cumsod [A X B] ucnodabsyetcs nJis 0603-
HayeHusi BEKTOPHOro mnpousseienuss BekropoB A u B. Eciu A u
B—onepdropbi. TO_TNOPAAOK COMHOXHTEJIeH onpeneaercs npas-
nom [AX Bl,=A4, B —B A u T. 0. Jlanee MOXHO NOKa3ath, YTO

[£2, L]=0, i=1,2,3. (7,14)

IMoabsysich nepecranoBounbIMH cooTHowenusmu (7,12) u onpene-
JenueM oneparopa yrjosoro mcmenta L, serko y6eautbcs B crpa-

BenJIHBOCTH c.ne,uylomﬂx nepecraﬂoaoqumx COOTHOILLUEHHI:
[L; #]=0, (L), 7] = in?), [Ls, 71]=— ifify, } (7.15)
(Li, pil=0, [Li, pe) = ibp), [Le, pil = — itipy, '

e l=1, k=2,1=38, mbo l =2, k=3, | =1, au6o i.= 3,
Ek=1,1=2

IlepecranoBounbie cooTHoients (7,15) MOXKHO KpaTko sanucaTb
B BEKTOpHOHW (popme:

(LX r]+[r X L] = 2itr, }
o o o 5 (7,152)
L X pl+ [p X L] = 2ihp.
Hcnonbaysi ToXAECTBO
[A, B|=[A, BIB+ B[4, B,
MOXKHO AoKa3alb HGpECTaIIOBO'!HbIE COOTHOLLUEHHSA
[p, £21=mui><51—~15><ﬁn,} \
A . 5 (7,16)
[r, L?]=in{]L X r]—[r X L]}.
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§ 8. Co6erpentibie PYHKUME H coBGCTBEHHBIE 3HAYEHHsl ONeparopos

B § 7 6b1 ykasan cnoco6 (7,1) BeiYUC/HeHHS CPeHEro sHa4eHHs
B COCTOSIHHHU, ONHCHIBAEMOM ¢ynKuHeH P, moOoit (PU3NYeCKoh BeJH-
yupbl F, €cid Mbl 3HaeM COOTBeTCTBYIOWIHH 3TO# (PH3HUECKol BeJH-
yune oneparop F.

[Mosnb3ysnce npasuiom (7,1), MOXKHO BBHIYHC/IATH HE TOJbKO Cpen-
HHE 3HAYEHHSl, HO H CpefHHe KBaJpaTHUYHpIE OTKJIOHEHHs OT Cped-
HHX 3HaYeHHit B ganHoM cocrosinuu . JleficrBHTEJNbHO, BBOAS

AF =F — (F)
H COOTBETCTBYIOUIHH 3pMMTOB Oneparop
&P =F — (P, @®.1)
MOXXHO Hanucatb
(AP = [ v (AP F) y dr. 8.2

)
Hcnoawssyss camoconpsikeHnocte oneparopa (AF), npeoGpaayem
(8,2) k Buny

(AR = [1&F) y Pa. (8,3)

QPopmyna (8,3) nos3BoJisieT BLIYHC/ATL CPegHEE KBajpaTHYHOE OT-
KJOHeHHe OT CpEeNHEero 3HayeHus Jio60 (HsMYeCKoll BEJHYHHBLI B
NPOH3BOJbLHOM COCTOSIHHH, ONHCbIBAEMOM (yHKUHEH ).

C nomowpio (8,3) MOXKHO TakKe onpegendrb HEH3BECTHbIE CO-
CTOSIHMSI, B KOTOPHIX Cpefinee KBaJpaTHYHOE OTKJIOHEHHE pPaBHAETCS
HyJIO, T. e. ONPENeNsiTb TAKHEe COCTOSIHHS, B KOTOPLIX BenHynua F
HMEeeT olpeaeseHHoe sHayeHHe. [lJis TaKHX COCTOAHHH V) paBeH-
crBo (8,3) CBOAHTCS K paBEHCTBY

0= [1(&F) ¢ F dx.

IlocKkosbKy NOJX VHTErpasoM CTOMT CYUIECTBEHHO NOJOXHTEJbHAas
BEJIHYHHA, TO PABEHCTBO HYJIIO HHTErpajia BO3MOMKHO JIHLIb MPH yc-
JIOBHH

(&P p=0. 8,4)

YuuTbiBasi, 4YTO B COCTOSIHHH P, YHOBJIETBOPSAIOLIEM YyPaBHEHHIO
(8,4), senuunna F umeer onpenefennoe suauenue, T. e. F = (F),
nepenviem (8,4), nogcrasass (8,1), B caenyiouem BHOE:

(F—F)$=0. (8,5)

Ypasueune (8,5) sBasieTcs OIHOPOLHBIM, JUHEHAILIM ypaBHEHHEM
OTHOCHT&JIbHO HeH3BecTHOH GQyukuuu . B cBsizau ¢ T1eM, U0
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BOJIHOBast (DYHKLUMS HO/MKHA H300pa)KaTh peajybHbIE COCTOSIHUSA
(H3HYECKHX CHCTEM, Hac OYIyT HHTEPECOBaTb pelleHHs 3TOro ypas-
HEHHS, COOTBETCTBYIOUIHE OTJHYHBIM OT HYJIS HeﬂpeprBHHM, OOHO-
3HAYHbIM lfpyHKl.lHHM P, }’IlOBJIE'TBOpﬂiOI_LLHM OOHOPOAHBIM YCJIOBHAM
(1. e. ycaoBusiM, Bbinoausiiowumest 1 npu P = 0). Honoanurebhbie
YCJIOBHSI, CBSI3aHHbIe C BO3MOXXHOCTbIO HOPMHPOBKH (QyHnKuuy ¥, 6y-
nyt obcyxaens nosgHee. O6GbIYHO OHH CBOAATCA K TPeGOBaHHIO KO-

HEYHOCTH HHTerpaJa Ili])l?dr. pacrnpoCTpaHeHHOrO MO0 KOHEYHOMH

obnacti npocrpaHcerBa. Cama Qyukuusi MOXeT ObiTb H CHHTYJsP-
HO#, T. €. o6pawarsCsi B 6€CKOHEYHOCTL B HEKOTOPbIX TOUYKaX, eCJIH
TOJIbKO HHTErpaJl OCTAeTCs KOHEUHBIM.

B o6uwem ciayyae ypaBhenne (8,5) umeer peluenusi, YHOBJIETBO-
PSIOLIHE NOCTaBMEHHbLIM BbilI€ YC/HOBHAM TOJILKO MPH HEKOTOPBIX
onpegesieHHbiX 3HAYEHHSIX (PHSHUYECKOH BEeJHYHHDI F, KoTopble siB-
Jsiorcs napamerpamu ypasHeHusn (8,5). OTh smauenns Moryr npo-
6eratb AHO0 AHCKpeTHuI psn suavenuit Fy, Fs, ..., JH60 Henpe-
PbIBHBI psig 3HAUEHNH B HEKOTOPOM HHTEpBaJe.

A1H ocobble 3HaYeHHs napaMerpa F HasbiBalOT cOGCTEEHHLIMU
3HaueHusmu onepatopa F, a COOTrBeTCTBYIOUIHE HM pELIEHHsI ypaB«
nenust (8,5) HasbiBalOT cobcTserHbiMU pyrKyuamu onepaTopa. CoBo-
KYNHOCTb COOCTBEHHBIX 3SHAYEHHH omeparopa HasbIBA€TCs €ro cheKr-
posm. Ecin onepatop HMeeT gUCKperHble COOCTBEHHbIE 3HAYEHHS, TO
roBOpAT, YTO OH HMEeT OucKpeTHoll cnekTp. Ecau onepatop nmeer
co6CTBEHHBIE 3HAUEHHS, NPoOEraiollHe HenpepbiBHBLIY PSIL B HEKO-
TOpOoM HHTEpBaJie, TO TOBOPAT, YTO OH HMEET HenpepolHuLll, WJH
CNAOWHOL, cneKTp. BO3MOXHbBI onepaTopbl, MMEIOUIHE CNEKTp, Co-
CTOSILUHI H3 AMCKPETHLIX 3HaueHHii W 3HaueHHH, HeNnpepbIBHO H3-
MEHSIIOUMXCS B HEKOTOPLIX HHTEpBaJaXx.

Uro6bl pasauuath cobcreennble GyHKuuH onepatopa F, cootser-
CTByIOLLHE pasHbIM COGCTBEHHBIM 3HAYEHHsM, Mbl OyZeM mHCaTb
cnpaBa oT (QyHKIHH B BHOe HHAEKCA COOCIBEHHOE 3HAYeHHE, Ha-
npumep Yr. EciiH cnekTp coOCTBeHHbIX 3HAueHWil oneparopa nu-
CKpeTHbifi, TO COOCTBEHHbIE 3HAUEHMSI MOXKHO INEpPeHyMepOBaTh:
Fi, Fa, ..., Fn, ... B 3TOM cayuyae B KauecTBe HHaexca y cobcr-
BEHHOH ¢yHKLHH 4acToO NMUIYyT He COOCTBEHHOE 3HAYEHHE, a ero Ho-
Mep, T. e. Yr, == Pn. Lleabie yucaa n, onpenensiomne co6CTBEHHbIE
3Ha4YeHHA H COGCTBEHHBIE (DYHKIHH, Ha3bIBAaIOT KBAHTOBbLIMU YuC-
Aamil.

CorsnacHo BBILIEH3JIOXKEHHOMY, B COCTOSIHHH, KOTOPOE OMUChIBAET-
cs coberBenHol (yHKUMef P oneparopa F, ¢usnueckas BeJHUHHA
HMEeT OnpefeJieHHOe 3HAYeHHE, paBHOE COOCTBEHHOMY 3HAYEHHIO
Jroro oneparopa. ATOT BLIBOL HMEET OueHb GOJIbILIOEe 3HAYEHHE AJIS
HHTepnpeTauMH (H3HYECKHX CJIegCTBHI KBaHTOBOH MexanHKH. Pe-
3yJIbTaTOM H3MepeHHst (pH3uuyecKofi BeJHUHHbI F B8 COCTOSIHHH PF
6yner ¢ gocroBepHocTbio snayenue F’. Ecan cocrosinne cucrembl



OCHOBHbIE NOHSIMUST K8aHMOBOU MEXaHUKU

OlHCLIBAETCSl BOJIHOBOH (yHKILHEH VP, HE coBnagaioulei HH C OAHOI
co6eTBeHHON QyHKunel oneparopa F, TO NpH H3MEPEHHSIX BEJHYHHbI
F B 3TOM COCTOSIHHH Mbl OymeM noJlyyaTb pasible 3HAYCHMS, KaX-
gbifi pas paBHble ONHOMY H3 coGCTBeHHBIX 3HaueHHii oneparopa F.
Takum o6pasoMm, COBOKYyNHOCTb COOCTBEHHBIX 3HAYEHHH oneparopa
F yxasbiBa€T BO3MOXXHBIE pE3yJbTATbl H3MEpeHHH BeJHuHHbl F B
NpPOH3BOJIbHBIX COCTOSIHHSIX. DTHMH YTBEpXKAEHHSIMH ONpeneJsiercs
(busHYeCKH#t CMBIC/ COOCTBEHHBIX 3HAYEHHH oneparopoB KBaHTOBOW
MEXaHHKH.

B HekoTOpHIX c/lyyasix ogHOMY COGCTBEHHOMY 3HAU€HHIO onepa-
TOpa COOTBETCTBYET HECKOJbKO JIHHEHHO HE3AaBUCHUMBIX COGCTBEHHBIX
(GyHKUHH; Torga COOTBETCTBYIOIWlasi (DH3HYECKas BEJIWYHHA HMEEeT
OTpesIeJIEHHOe 3HAYEHHE B KAXKAOM H3 COCTOSIHHE, ONHCHIBAEMbIX
3THMH BOJHOBBIMH (QyHKUHAMH. YHcIO He3aBHCHMBIX cOGCTBEH-
HbIX (QyHKLUHE, COOTBETCTBYIOIHX NaHHOMY COOCTBEHHOMY 3HAYEHMUIO,
HA3LIBAIOT KPATHOCTOIO BbLpOKCOeHus: 3Toro coOCTBEHHOTO 3HA-
YEHHSI.

[lpy HAJHYMH BLIPOXKIEHHS COOCTBEHHbIE (YHKIHH, COOTBET-
CTBYIOLIHE OOHOMY COOCTBEHHOMY 3HAYEHHIO, MPHXOMHTCH cHabXarb
BTOpbLIM HHAEKcOM, npoberaiouMm suayenus 1, 2, ... BmioTe Ao
yHcJia, paBHOro KpaTHocTu BbipoxKaenus. Hanpumep, npu Tpexkpart.
HOM BBIPOXKAEHHH HMEIOTCS TPH (QYHKUHMH Yri1, Prz, Pr3, COOTBETCT-
ByloLlHE ogHoMy cobeTBeHHOMY 3HaueHHio F. Wnoraa, Kak mbl yBu-
OUM B MOCJAEyioueM H3J0XKEeHHH, BOJHOBblE (YHKLUHH BbIDOXAEH-
HbBIX COCTOSIHHE CHa0>KaioT H OOJbLIHM YHCJOM HHIEKCOB,

OueHb BaXXHbIM CBOWCIBOM COOCTBEHHBIX 3HAY€HHil camoconps-
JKEHHBIX OMEepaTopoB SIBJSETCA TO, YTO OHH BCErjd HeHCTBHTEJIbHbI.
Co6cTBEHHBIE 3SHAYEHHS COBMAfalOT CO CPeAHHMH 3HAYEHHSMH -COOT-
BeTCTBYIOLIMX (H3HYECKHX BeJHYHH B COCTOSIHHSIX, OMNHCHIBaEMbIX
coberBeHnbiME QYHKUHAMH 3THX oneparopos. IlockonbKy cpemHHe
sHauenvsi aefictBuTeIbHbl (§ 7), TO HEHCTBHTENLHB H COGCTBEHHBIC
3HayeHusl. B mefcTBUTENbHOCTH COOCTBEHHbIX 3HaY€HHE camoconpsi-
JKEHHBIX ONepaTopoB MOXHO YyOEAHTbCS H HENOCpPegCrBEHHO M3
ypasHenusi (8,5). Ilaa storo ymnoxum ypashenue (8,5) Ha ¢yHK-
LHIO P *, KOMNJIEKCHO CONPS’KEHHYIO K VP, H BbIYTEM H3 MOJYYEHHOTO
yPaBHEHHsI eMy KOMIJIEKCHO conpsikeHHoe. MHrerpupys noJsyyes-
HOE BbIpaMeHHEe MO BCeM SHAYEHHSM HE3aBHCHMbIX NEepeMEHHbIX, Ha-
XOnHM;

(F—F) [ vy di= [ ¢'Fy dv— [ pFy" d.

Hcnonbsyst ycnosue (7,4) camoconpsikenHoctH oneparopa F, Ha-
xoauM F = F*, yTo H yKasbiBaeT Ha gelicTBHTEIbHOCTD F.

Ilns unniocTpaijuu BHIECKASAHHOrO BHYYCIUM cOGCTBEHHBIE SHAYeHUs u COG-
CTBEHHble (YHKIuH TPeX NpocTeliiuX OnepaTopos.

35
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a) Co6cTBeHHHe 3HayeHuss Hn cobcTnedHble QYHKUHH
omepaTropa NPOEKUHH MMDYAbCa pPx 3a7a4a CBOAMTCH K peELUEHHIO
ypaBHEeHHH

—in 2L — oy ).

HenpephiBHble, OJHO3HAYHBIE H KOHEYHble DPeIEHHA 3TOTO YPAaBHEHHT BO3MOMHbI
ANA BLex ﬂEﬁCTBHTEJ’Ibe[X 3HAUCHHIT Px, 33KJOUSHHBIX B HHTEpBAIE — © =,
<< px << oo, Cle0BATENLHO, ONEPATOpP Px UMEET HempephIBUbA crexTp cobCre H-
HBIX 3HAueHHil. Kaxmpomy COOGCTBEHHOMY 3HAUEHHIO Px == p COOTBETCTBYET O @
cobcTBeHHas QYHKUMA (OTCYTCTBYET BBLIPOXKAEHHE)

Py (x)=Acxp(£ -%x) (8,6,

B‘ra quI']KLlHﬂ OMHCBLIBAET JBRHMKeHHe 4YacTHue BAOAR OCH X C OnpeaeneHHBIM
uMmnyaecom p. Boanoswie dyuxunn (8,6), xax u apyrie coGeTredHble (DYHKILUH
OnepaTopOB, HMEIOIWHX HENpPepPLIBHBIA CMeKTP, Henb3A HOPMHPOBATb OOLIYHBIM

ofpasoM, TaK Kak J.I‘lljpl:x:l [2dp = oco. Boauopele dyskuun (8,6) saaswores

YaCTHHIM CJYYaeM BOJMHOBBIX (yHKUHI CcBOGOANOro MABHXKEHHA uwacTHL c Onpe-
NedeHHBIM HMIOYJAbCOM, paccMorpeHHoro 8 § 5, rie 0wl ykasaw OAMH M3 CrOCO-
60B HOPMHPOBKH TakHX (QyHKUHH.

6) Co6cTtBennne 3datnenns u colcroendbe GYyHKUHH
onmepaTopa nmpoeKuuu yrnosoro momenra L, Uz tabn. 1 (§7)

HMeeM
9 d
== Iﬁ( J ya)

Ecan nepeiitH K cepuueckoii cucreme xoopauuat (cy. Mar, jomodd. B), To

# a
nonyunm Lz= — if Ik Taxum o6pa3oM, 331aua CBO,IHTCH K DEUIEHHIO ypaB-

HEHHA

o 0
- “’Tg"l =LA@, 87)

rae nepeMeHHas ¢ uaMeHserca B npejenax 0 =< ¢ = 2n. Peweanavu (8,7) aB-
NATCA

b
b (¢) = Aexp (= *ﬁ—‘z*qu)-
Jlna sHInONHEHHA VCNoBHA OLHO3HAYHOCTH (hyHKIHH Heob6x0111M0, UTOGK!
¥ (¢) = P (¢ + 2n).

dro ycaopne yaosnerpopsercst, ecan Li/h = m, rne m =0, %1, £2, & ...
Takum o6pason, cnektp coOCTBennbLIX 3HAueHHH onepaTtopa L., saBnaercsa
OHCKPETHBIM!

Loy=8Bm m=0, £l, £2, + ... (8,8)
Cofcrpennbie GyHKIHI P (), cOOTBETCTBYIOUIHE cOBCTBEHIbLIM 3HaueHHAM (8,8)
25
*
M HOPMHPOBAHHLIE YC/IOBHEM J. PYmPpy dip =1, UMeIOT BHI
0

b () = (2m) ~2e™mO,
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B) Co6cTBeHnble SHayeHHH uH CoOGCTBEHHBE (YHKIHH
Kpanparta yrniosoro momeHTta. Jina suyucnenusn coGeTBeHHBIX SHaye-
Huli u coOCTBeHHBIX (hyHKuuit onepaTopa KBajpaTa YrjioBOrO MOMEHTa Hajo pe-
HTE ARG GEPEHIHANLHOE YpaBHEHHE

L2p =L, (89)

rae ONepaTop KpaapaTa yrjoBOrO MOMEHTa onpenensieTcsi C TOMOLILIO Tabha. |1
BLIPaXKeHHEM

3
J‘h2 -
L*= 3 I3
i=l1
Vno6iee, oaHako, NONLSOBATLCH ONEPATOPOM KBaapaTa yriloBOFO MOMEHTa, BHI-

paxeHHEIM uyepes cdepuueckue xoopiuHath. B srom caywae (cm. mar. po-
noau. B)

= 1 9 3] 1 ik
2. __ p2 L lang 2 e
L b {sinB a6 (smﬁ 09)+ sin? 0 6@2}' (8,10)
# ypaBHeHue (8,9) cBomuTCH K ypaBHEHUIO
1 d 1. ad 1 a2 L?
o (e 35)+ s a—qﬁ”"'a?}‘l"e' o=0 &)
CpasHuM nonyyeHHOe ypaBHeHUWe ¢ ypasHeHueMm nnsi chepuueckux ¢yHkuuf YVim:
1 a (., a 1 0?
[m'aﬁ' (SIUBE)'FW Er +i1(+ 1)] Yim (6, 9) =0,
rne l =0, 1, 2, ... 3Tu ypaBHe#us copnapnaloT, €Cau
L2=Hh(l 1) (8,12)

Takum o6pasoM, Mbl TMPHXOAUM K SAK/NIOUCHHIO, YTO COOCTBEHHBIC SHAYCHMS ofe-
paropa KBajpaTa YrioBOTO MOMEHTa ONpeReNsloTCH KBaHTOBbIMu ukcaamu [ ==0,
1, 2, ... c nomowbio Bhipaxkeuus (8,12), a coGeTBeHHble QYHKUHW 3TOrO onepa-
Topa coBmapaioT co cdepuueckumu GyHxuuami Yim (6@) nopsanka 1. Ilpu atom
KaXQOMy COGCTBEHHOMY S3HaweHwio L%, T. €. KaMaoMy SHayeHUI0O KBaHTOBOro
uncna I, KOTOpOe NpPUHATO HASHIBATH OPOUTAALHOLM KEAHTOBbLIM 4UCAOM, COOTBET-
creyer 2 -1 chepuueckux ¢yukunit Yim. OTu dyHkuuum orauyaorcs sHave-
HUSiMH BTOPOr0 KBaHTOBOIO YHCNA #7, HASHIBAEMOrO MAZHUTHOLM KBAHTOBbLLM uuCs
JIOM, NIPHHEHMAIONUIMM TIPH 3apaHHoM [ SHAyeHuH

m=0, =1, = ... =1,

SlBuas sasucuMOCTb Chepuueckhx GyHkuuii or yrnos © w @ ans NONOKM-
TeNbHBIX SHAYEHWH /1 OnpefesifeTcs BhIpaXKEHUEM

Yim (8, @) = Oy, (6) %@. (8,13)
(=)™ S RIE ) (I —m) dm (sip 0)%
2l 21+ m) (d cos 0)!+™M

HehcTuTenphme ¢GyHKuui © MOXKHO BHPASHTL Yepe2 NpPOHSBOAHBIE OF MNONHHO-
MoB Jlexxaunpa

rme

Bm (0) = (sin 0)™ . (814)

p Lod
t(xlmi"érd—x,[(x — 1YL
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JIeiictsutensHo, npu m = 0

— m) 1 m
= ;-(:l ?-I(-lm)lm) ] 0 w—igw Py(cos®).  (814a)

Coepuueckne ¢yHKuud NJI# OTputaTenbHbiXx SHayeHuli m = —I, —2, ...
..., —I onpenensiorcs us ycnosus *)

Y, —m(6.9) =(—1)"Y; . (6 ¢) (8,15)

Bm (0) = (—1)™

Coepuueckne ¢ynkaun (Kkak ¥ COGCTBEHHBIC (YHKIHM  [APYrux OnepaTopos)
onpenensAioTes ¢ TOYHOCTHIO N0 MNPOH3IBOJLHOIO (]JaSOBOI‘O MHOMHTE/NHA, MOy L
kotoporo pasen 1. Hanpumep, smecto ¢yukuuii (8,13) unorna ynorpeGasiorcs
QyHKLUH

Vim (6, @)= i'Y1m (6, ).
B srom cnyuae pasencrso (8,15) samensiercs paseHcrsom
¥, _p=(=0)iFmy; (8,152)

Copepuueckne ¢yHKuud HOpPMHpOBaHb. DYHKUHM, OTHOCHUINECH K DPASHBIM KBAH-
TOBbIM uwncnam [ u m, OPTOrOHaNbHbl MEXAY coGofi. YCNOBHSH HOPMHDOBKH W
OpTOTrOHANLHOCTH MOJKHO SamiCaTh B BUAE

_[Y,‘m 6, @)Y prpyr 6, @) dQ=8yp,8, s, AQ=sin0dOdg.  (816)

INpu m=0 -chepuueckHe Gyukiuu CBORATCH K mnonHHomam Jlexauppa
Pi(cos B) ¢ noMolIbI0 COOTHOIICHHSA

Yo (6, 9)= ]/ ;;I P (cos 0).

Hcmonssys (8,13), nerko yGenutecs, uto cepuueckie (yHKUHE OXHOBPEMEHHO

ABNAIOTCH cOOCTBeHHbIME (yHKUHAMU oneparopa fz=-—lﬁ% — mnpoekuuu yr-
N0BOro MOMEHTa Ha OCh 2, TAK KaK OHH YROBJETBOPSIOT ypaBHCHHIO
a
=55 Yim 0, )= hmYim (6, g). (817)

Hrak, chepuueckas dyukuus Yim (0, @) ssnsercs cobersenHol ¢yHkiiefi onepa-
TOpa xBajapaTa YrJ0BOr0O MOMEHTa, COOTBETCTBYIOIlefi COGCTBEHHOMY SHauEHHID

L= 12l (14 1).

Ontospemento sta e (QyHKUns spasiercs coGcTeenHofl ¢yHKumed onepatopa
MIpOEKUHH YrNOBOTO MOMEHTa H2 oCb 2 ¢ COOCTBEHHBIM 3HayeHHeM

Lz“’ﬁfn-

Takum o6pasoM, BTopofi uHpexc BONHOBOHK GyHkuuu Yim NO3BONSET pasnuuats
COCTOSAHNS, OTNHYAIOULHECH 3SHAYCHUAMU npoeKunu yraosoro MOMeHTa Ha OCh 2.

’? Ecan dyukuus Yy, —m onpefensiercss pasenctsom (8,15). 10 ¢hopmyna
(8.14) cnpasennupa u npu m << 0,



OCHOBHbIE NOHSIMUST K8aHMOBOU MEXaHUKU

39

§ 9. CeoiictBa COGCTBEHHBIX (YHKIMIl OMEpaTopos,
HMEIOIHX AHCKPETHBIH CTEeKTp

[Myctb oneparop F umeer HEBLIPOMCACHHBI AUCKPETHBI CNEKTP
co6erBenHBIX sHauenuii Fp. Torpa coberBennble PyHKIEY 3TOTO One-
paropa yAOBJETBOPAIOT yPaBHEHHUIO

F‘l’:t:' nWn- (9,1)
3anuiieM ypaBHEHUE, KOMNJEKCHO compsiKeHHoe ypasueHuio (9,1),
J11 KBAHTOBOIrO 4uca m.

~ ® .
F Ym = Fmm: 6,2)
VuuoxuMm ypasHeHusi (9,1) © (9,2) cneBa COOTBETCTBEHHO Ha
Ym ¥ Yo MHTErpupys 3aTem npaBble U JeBLIE 4aCTH HOBbIX ypas-
HeHuit o BCeH 00J1acTH U3MEHEHHS] NMEePEMEHHBLIX U BbIYUTAS W3 Of-

HOroO MOJIYYEHHOTrO yPaBHEHHS APyroe, HaXoAHM, HCHOJL3ys yclo-
Bue (7,5) camoconpsukeHHocTd oneparopa F,

(Fa— F) [ om¥ndg =0,

Ecau m £ n, 1o 43 3TOr0 paBeHCTBa CleayeT OPToroHasbHOCTbL cO0-
CTBEHHbIX (YHKUHUH, OTHOCSUIUXCA K Pa3HbIM COGCTBEHHBIM 3Hauye-
HUSIM, T. €.

[ Wb d =o0. 9.3)

Pusuueckdfi CMbICI OPTOrOHAJLHOCTH COGCTBEHHBIX (YHKUUH Pn H
Vm oneparopa F sakjiouaercs B TOM, YTO MpH u3MepeHun ¢usHue-
CKOM BesuuHHB F B 3THX COCTOSIHUSIX MbI HABEPHSIKA MOJYYUM pas-
Hble 3HaueHusi: Fp— B cOCTOSAHUU Yn U Fm— B cocrosiHUU Pm.

Hrak, mMpl pokasaiu, uro co6CTBeHHBIE (DYHKLUH, OTHOCSLIHECS
K Pas/dyHbIM COOCTBEHHbIM 3HAVEHHSM CaMOCONPSIKEHHON0 onepa-
TOpPa, OPTOroHaJ/IbHbI MEXay coboi.

Has Bcex peasibHBIX CHCTEM (T. €. CHCTEM C KOHEYHBIM PaiHycoM
NEHACTBHSA CHJI) B COCTOSIHHSIX C JAUCKPETHLIM CHEKTPOM 3HEPrud 4qa-
cTUla 06s134aTe/bHO HAXOAUTCA B OrpaHuuyeHHol obJjactu mpocrpan-
CTB4, T. €. BOJIHOBble (DYHKLHH TaKUX COCTOSHHH AOMXKHBLI yObIBaTh
AOCTAaTOYHO OBLICTPO K HyJi0 BHe 3Toi obaacrd. Eciu Ger 310 yCio0-
BHE HE BBINOJIHAJOCh, TO yacTHlUa MorJla Obl yXoflHTb B AaJjiekKHE
obsacti npocTpaHcTBa, rae orcyrerByior cudbl, CBoboaHoe XKe aBu-
JKeHue BO3MOXKHO C Jio6oi sHeprueft (Her kBaHroBauus). [Tostomy
AJst coGerBeHHbIX QYHKOU# AUCKPETHOro chnekTpa UHTerpas

[ 1al? a8, 99

pacnpocrpanenublét nHa BCio O6GJacTb H3MEHEHHs MepeMeHHbIX,
oT KOTOPHK 3aBUCHUT ’IIJ-n, BCcErga HMeeT KOHEYHOe 3HayeHHe.
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CunepoBarenbHo, co6cTeennble (QYHKIHY ONEPaTOPoOB C AUCKPETHBLIM
CNEKTPOM BCeraa MOXKHO HOpMHpoBaTh. Bynem npeanosarats, uro
onepauusi HOPMHPOBAHHA BLINOJHEHA, roraa, yuureiBas (9,3), Mox-
HO CK43aTb, UTO COBOKYMHOCTb COOCTBEHHBIX (YHKIMHA ONepaTopos,
UMEIOILUX ANCKPETHHIA CnexkTp, o6pasyer cucreMy OpTOHOPMUPOBAH-
HOLX pynKyuil, T. €. yAOBJETBOPSET YCJIOBHAM

[ e dE =8 (9.5)

BropsiM 3aMeyaTe/IbHBIM CBOMICTBOM cOGCTBEHHBIX (DyHKUUH one-
paropoB, UMEIOUIHX JAUCKPETHbIH CNEKTP, fBJASETCs TO, 4TO COBO-
KyMHOCTh BCeX COOCTBEHHBIX (yHKLUHA o6pasyer nOAHYO (ujd
BaMKHYTYIO) cuctemy Gyuxuufi, . €. Joban apyrass QyHKUHA P,
saBuCslllasi OT TeX JKE MEepeMEHHbIX U YAOBJErBOPSIOLlast TeM Xe
FPpaHUYHBIM  YCJIOBUSIM, JJISI KOTOPOH CylIECTBYET HHTerpas

I | v P dE, moxer 6mTh npeacrabieHa B BHe pAaa
P (€)= 2,3 2, P, (), (9,6)

rie CyMMUPOBaHWE PaCNpOCTPaHEHO HA BCE 3HAYEHUS KBAHTOBOrO
yucna n. INonesyscwr (9,5), jserko onpepenurs cnoco6 BbIYHCNEHUS
Koatduuuenros pasnoxenus (9,6)

= [ ®) v ) & 9.7)

Tperbe cBONCTBO COGCTBEHHLIX (YHKLUfI ONEPATOPOB, HMEIOLIHX
JMUCKPETHBIH CNEKTP, BLIPAXKAETCH PABEHCTBOM

2i9n(E) vn ) =0 (€' — &) (9,8)

rae E— COBOKYMHOCTHL BCEX MNEPEMEHHBIX, OT KOTOPBIX 3aBHCSAT
Gynkuud Yu; 6(E' —E) —ﬂ&ﬂbTa-ﬁyHKuﬂﬂ Jupaka, cBoiicrBa Ko-
TOpO# onpeneneHtl B MaT. AONOJMH. A,

Iokasats (9,8) moxmuo nyrem pasaoxenuss GyHkuuu §(E — E)
o opToHOpMUpOBaHHO#H cucreMe QYHKUHHA Pa (E)

0 —E)= § ay, (E) ¥n (B)- (9‘!9)

Aro pasfokenue sBAsSETCS yacTHbIM ciayuaem (9,6), nostomy Kosg-
dunventsl pasioxends onpeaensiores coranacho (9,7). Caeposa-
TEJbHO,

an (€)= [ 8(&"— &) ¥n (6) 4t = ¥a E):

yro ¥ aokaseiBaer (9,8).
[Ipu nanuuuu BHIPOXKAeHUsT cOOCTBEHHble QYHKUAU P OMepaTo-
pa [ ynoBAETBOPSIIOT YPaBHEHUIO

Fp = Fp¥up (9,10)
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[TosTopan NEHCTBUSA, aHAJOrHYHbIE TeM, KOTOpPbIe NPOREJBLIBAJNNCDL C
paBHEHHEM (9,1), MoxXHO noKasaTh, 4TO (PYHKUHH, OTHOCSILIHECS K
pasHbM COGCTBEHHBIM 3HAueHHusiM, OyAyT B3aHMHO OPTOrOHAJBHBI,

T. €.
_[ Ut (E) Yu (E) dE =0, ecau m # n.

MMpu 3toM QYHKUHEH YPni, Pn2, ..., Pas, COOTBETCTBYIOUIHE OLHOMY
coOCTBEHHOMY 3HaueHuio Fp, BOOGINE roBopsi, HE OyAyT OPTOrOHAJb-
ubl. Onnako Beerga f nesaBUCHMBIX (QyHKUHH Py MOTYT OBITH 3aMe-
HeHbl APYruMu [ HesaBUCUMbIMU (YHKUIHAMH, KOTOpbie GYAyT TaKXe
cob6cTBeHHbIME (QyHKLUsIME onepatopa F u omHoBpeMeHHO GyRyT
B3auMHO opToronaJdbibl. [loKa)kem 3TO Ha nNpHMEpPE ABYKPaTHOrO
BbipoXaenusi. TlycTh Yn1 U YPne— NiBE HOPMUPOBAHHLIE COOCTBEH-
npie QyHKLUKM onepatopa F, cooTBETCTByiole COGCTBEHHOMY 3Ha-
yenuio Fn. Onpenenum aBe apyrue GyHKLuu

=%, P2=0(Pn1 + APn),
rae A 4 @ — KoMnJeKkcHble uucia. B cuny sumefinocru oneparopa E
Gynkuusa @z Takxke Oyger ero cobersennol GyHkuueH, npunamaexa-
uiefi Tomy JKe Co6CTBEHHOMY 3Ha4eHHio. Tenmepb MOXHO BuIGpaTh
yucJ0 A TakKuM, UYTOOB BBLIMOJHSJOCH YCJIOBHE QPTOroHAJbHOCTH

I q:Iqu dt=0. W3 3toro ycsnoBusi Haxoaum
-2 = _[111:;1 Yne dE.

[MocTosinHan a onpenessiercs U3 ycJaoBus HOPMUPOBKH. Takum cno-
coboM MBI I'IOJ'Iy'{HM Hopmnponanume H B33aUMHO OPTOFOHaJIth(e
co6cTBEeHHbIE PYHKUHH @y U @2, COOTBETCIBYIOUIHME COOCTBEHHOM
sHauenuio Fj. .

Takum ke o6pasoM MOXKXHO OPTOrOHANU3UPOBATH COOCTBEHHLIE
byskuud npu BEPOXKAEHUH Jio6ofi kpaTHoctd. Byaem npegnosa-
rath, YTO TaKas OPTOroHa/u3auUus MpPoH3BENEHA; TOrga COOCTBEH-
Hple QYHKNUY U NPd HalUuud BHIPOXKAEHUS OYAYT YAOBJETBOPSTH
yCJIOBHAM

[ 0 (6) s &) dE = By ©,11)

IlBa ppyrux ceoiicTBa cOGCTBEHHBIX (YHKLWH ONEpaTopos, HMEIO-
WYX AUCKPETHBIf CMEKTP, MOXKHO 3aMucarb B BUIE

¢(§)=§amn, &), (9,12)
rjpe

am= [ $(&) ¥ () &,
> it () ot () = 8 (" — )- (9,13)
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HcknouurenpHass BaXXHOCTL COOCTBEHHBIX 3HAYEHUH JIHHEHHLIX

-CaMoConpsi2KEHHBIX ONEPaTopoB, HUCIOJAL3YEMLIX B KBaHTOBOH Mmexa-

HuKe, COCTOUT B TOM, YTO OHH ONPEAEGJAIOT BO3MOXHBIE 3HAYEHUSs
COOTBETCTBYIOLIUX BeIUYUH NMpH uX usmepenuu. Ecnm cocrosHue
cucTeMbl onuchiBaeTcsl BOJIHOBOH (pyHKLHEH, coBnapaoumeit ¢ ogHod
us cob6CTBEHHBIX (YHKUHH Pn onepatopa F, TO-B 3TOM COCTOSIHHH
(pusuueckas BesuunHa F umeer onpejeseHHoe sHauenue. [lostomy
npy ee H3MEPEHHH B 3TOM COCTOSIHUH MBI AOJDKHBI NOJYYHTL C J0-
CTOBEpHOCTHbIO 3HaueHue F,. Eciu e BosiHOBasi GYHKLHUSI ) HE COB-
najgaet HU ¢ OAHOH U3 coGCTBEHHBIX (yHKuuit P, onepartopa F, to
B 3TOM COCTOSIHHH (puU3HUYECKasi BeuyHHA F HE UMeeT onpeeJeHHOro
sHauenus. [1pd noBTOpHBIX uaMmepenHsix ¢usuueckoi Benuuunbl F B
OHOM U TOM JKe COCTOsiHHH P MBI Oyaem noJiyyaTk pasJ/iHuHble 3HA-
yenusi F,. [ToBTopsis MHOroKpaTHO 3TH U3MEpPeHusl, Mbl CMOXKEM Ofl-
pepenuth cpegHee snauende (F) 3TOH BEJUYUHBI B JAHHOM COCTOfI-
HUd. ITO cpegHee 3HAYEHHE AO/IKHO CoBmagaTh CO 3HAYEHHEM, NO-
Jy4eHHBbIM H3 COOTHOLUEHHS

(Fy= [w'Fy at. 9,14)

choﬂb{?fﬂ CBOHCTBO MOJHOTHI CHCTEMBI COOCTBEHHBLIX PyHKUUH one-
r

patopa MOXHO MPEACTaBUTL P B BUAE JHHEHHON KOMOHUHALUU
b= 2 axb 9,15)
Iloncrasnsas (9,15) B (9,14) u ucnosnpsys ypapHeHde
Fo,=F.¥n
U yCJIOBHE OPTOHOPMHPYEMOCTH CHCTEMBI (QYHKLHHA Yn, HAXOZUM
(Fy=2F,|a,|" 9,16)
Tagum ke obpasom u3 yCI0BUST HOPMUPOBKH byHKuME  HaxoaUM
1=[wyag=2lla,P. 9,17)

Pagencrso (9,17) naswiBaercsi ycaosuem nOAHOTbL CHCTEMBI CO6CT-
BeHHBIX (QYHKLUH YPn, TAK KAK OHO CJYXKHT KPUTEpHEM TOro, 4ro
9Ta cucrema coOCTBeHHbIX (QYHKLMHA AOCTAaTOYHA [JIS NPEACTABJCHHUS
¢ nomowpio (9,16) moGofi apyroft ¢yHkuuu, 6e3 pobGaejeHuss K
cucTeMe KakoH-1u00 JUHEHHO He3aBUCHMON (YHKLHUH, HE SIBJISIO-
mehcs cobeTBeHHON (GyHKLUefi oneparopa F.

Pagencrsa (9,16) u (9,17) no3sossior yTBEepKaaTh, 4TO KBAfpaT
MopyJisi Koappuuuenra an B (9,15) onpepesnsier BeposiTHOCTbL TOro,
4YTo B pesyJsbrarTe H3MepeHus (usnueckon BequyuHe F B cocros-
HUM Y MBI NONyuuM 3HayeuHe Fa.
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§ 10. CsoiictBa cob6cTBeHHbLIX (QYHKLHA OnepaTopos,
HMEWIHX HENpEepLIBHBIA CNEKTP

Hccnegyem ceofictBa coGCTBEHHBIX (yHKUUE Pp oONEpaTopoB,
UMEIOUIUX HENpephIBHLIfi cnekTp coGCTBEHHBIX 3SHaueHuit. B atom
caydae Co6CTBEHHBIE (YyHKLHH YAOBJIETBOPSAIOT YPaBHEHHIO

Fyp = Fyp. (10,1)

CoGerBennble QYHKLIHH HEMPEPBIBHOTO CNEKTPa HeJab3si NepeHyMepo-
Barb wucaamu. OHH XapakTepusyloTcsi 3HAYEHHEM camoi (usHue-
CKOM BeJHuHHB F B 3TOM COCTOSIHMY, MOSTOMY MOXKHO CKa3arb, HTO
cobcTBeHHble QyHKUUM 3aBucaT oT F Kak oT mapamerpa:

Ve () =¥ (F; E).
QYHKLUA YF HENb3sT HOPMHPOBATh OOBIMHBIM OOpasoM, TakK Kak
HHTerpas Il\pp Pdg pacxogurcsi. Pacxoaumocrs 3Toro HHTerpasna

cBsidana ¢ TeM obcrosirenberBoM, uto |Pr(E) |2 ve obpawaercs 6ol
CTPO B Hy/Jb Ha GecKoHeyHoctd. B atom ciyuae BeposaTHocTh OOHa-
Py>K€HHST HACTHIB! B JIO60M KOHEYHOM o0ObeMe mpocrpaHcTsa 6eCKo-
HEYHO MaJia Mo CPaBHEHHIO C BEPOATHOCTLIO ee obHapyXKeHust B OC-
TanbHOfi GecKOoHeYHOo GoJbllofi wacTd npocrpaHcrsa. Caeposaredb-
HO, €C/I¥ YacTHLa HaXOAUTCA B COCTOSIHHH \pr, TO OHA COBEpLIALT
HeorpanuyeHHoe (MHQUHUTHOE) MABUXKEHHE BO BCEM MNpOCTPAlCTBE,
U 3TO ABHXKEHHE XapaKTEPH3yeTCs ONpee/eHHBIM 3HaueHHeM (usu-
yeckoit BesiHudubl F. [IpHMepoM Takoro cocTOsIHHS SIBJsIETCS COCTOSI
HUe CBOGO}IHOI"O ABHXKEHHST YacTHLB C onpeaeJIEeHHLIM HMNOYJbLCOM,
KOTOPO€ OMHCHIBAETCS MJIOCKO] BOJHOIM

P, (r)=A exp{i% }

CoBokynHocTe cobGerBeHHbIX QyHKuuit Pp(E) oO6pasyerT nosHywo
cucremy ¢yHKuuii, T. e. mobas pyHkuus P, sasucsAuas or Tex xe
nepeMenHbIX, MOMeT ObTh MPEACTABJIEHA B BUJE JIMHEHHOH cynep-
NO3ULHY COSTOSIHAM, B KOTOPLIX (husHueckasi BeJiHuHHa F umeer on-
penenleHHoe 3HauyeHHe, B cBf3d ¢ HenpepuLIBHBIM - XapakTepoM
CMeKTPa COOGCTBEHHBIX 3HAUCHUH-TaKasi JuHeHHas KomGuxanus 6y-
JleT H306paxaThCsl HHTErpajom

¥ (&) = [ apve () dF. (10,2)

CoGerBennble (QyHKLHE Pp ONEPATOPOB € HENPEPHIBHBIM CIEKTPOM
MOXHO BHIGpaTh TaK, YTOOHI

iﬂp FdF

onpenensijio BePOSITHOCTb TOro, 4YToObl B COCTOsSIHHU 1 (pU3HYECKan
Besquunna F umena sHauenue, Jexaulee B uurepsage F, F - dF,
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Torna ycaosre nosnoTh co6CTBeHHBIX (YHKUUl {Pp CBOLUTCH K pa-
BEHCTBY

[v@©vEa=[daedr=1, (10,3)

Koropoe coorBercrByer pasenctBy (9,17) misi ¢ymkuuit nuckpers
HOro crnekrpa. IloncTasnsisi B nepBHIl UHTerpas sHauenue $*(E) u3s
(10,2) » meHsis NOPSIMOK MHTErpHpPOBAHHS, MOJYyYaeM PaBEHCTBO

[af [v@ v @d—a,}ar=0,

IVIs1 BBIMOJIHEHHS] KOTOPOTo HeoOXonHuMOo, 4TOOH

ap=[ V(&) v, ©at (10,4)

Takum oﬁpaaom, OpaBH/IO BBIMHCJIEHHS k03¢ uHeHTOB ‘ap COBNa-
N8eT C NpaBHJOM HaxoXkKAeHHs Ko3(h(UUHEHTOB a, aif caydad
JIMCKPETHOTO CneKTpa.

ITopcrasum B (10,4) 3nauenue P(E) w3 (10,2), Torna nonyuum
paBeHCTBO 5

0, = [ apby. (€) ¥ (B) dE dF.

Y106bl 370 paBeHCTBO BHIIONHSIOCH NPU MPOU3BOJBHEIX 3HaYEHUSIX
KO3 $HLUHEHTOB ar, He0OXOQHMO

[ ©) 97 (@) dE =0 (F" — F). (10,5)

Coornoutenne (10,5) u siBasiercsi ycJioBHEM HOPMHPOBKH COGCTBEH-
HBIX (QYHKLUHH HENPEpBIBHOrO CneKTpa, ofecneudBalOLIMM BO3MOX-
HOCTb HuTepnperanu¥ |ar|?dF Kak BeposiTHOCTH O6HAPYKHUTD 3HAUE-
nue (pusuyeckoit Besuunubl F B unteppane F, F -4 dF. Us (10,5)
cienyer, 4ro fipy F 5% F’ cob6cTBeHHble (YyHKLIHH ONepaTopoB C He-
NpepHBHBIM CNEKTPOM OpTOoroHasbubl, npu F = F’ unrerpan (10,5)
pacxonurcs.

Ipaswio nopmupoBkd (10,5) cobcTBeHHBIX GyHKIME oneparo-
pPCB C HENpEphiBHEIM CMEKTPOM HOCHT Ha3BaHHE HOPMUPOBKU HA
Oeavra-hynkyuro, Gopmyaa (10,5) samensier B 3TOM: clyyae ycJjo-
BHe OpPTOHOPMHpPOBKH (9,5) coGCcTBeHHEIX (YHKUMH [HCKpETHOTrO
CneKTpa.

Ilpusepem B KayecTBe npuMepa HODMHpOBaHHbE Ha penbra-(yHxuMIo cobcrs
BeHHble (yHKIUHH onepaTopa HMNyJbca

¥, (7)) = (2nh) ~ " exp (s %ﬂ)
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o0

Vicnonb3ys Gopmyny I e™*dx = 9715 (k) (cM. MaT. JONONH. A),_J‘Ierl{o yGeauThbCes,

wro 5TH (YHKIMH YIOBNETBOPAIOT YCJOBHIO HOPMHDOBKH
[ 63 ()9, () de =0 (p— p).

Oneparop KOOPAHHATHI f=r Takxe Hmeer HenpepblBHbIH cnektp, B stom
MOXKHO YOEIHThCAl, ECH MBI BCIIOMHHM, 4TO neﬂcr-sne oneparopa KoopaHHaTH Ha
¢YHKIHIO CBOJHTCA K NPOCTOMY yMHOXKEHHIO STOH ¢yrkuuy Ha r. Taknm o6pa-
30M, CornacHo obliemy npasuny (8,5), coGcTBeHHbie 3HAYeHH H COOCTBEHHHE
GYHKIHH Ooneparopa KOOPAHHATE OnpejensTcss u3 ypasHenus

;11),., (r)==r'd, (r).

Sro ypaBHEHHE HMeeT pellleHHs 0P NPOHSBONBHLIX 3HAYEHWAX f’, NPH STOM HOP-
MMpOBAaHHEIE K JebTa-(hYHKLHH DelleRHs COBNAAAioT ¢ AeIbTa-(pyHKuued, T. e.

by (F) =0 (r — ).

KospduuuenTs a, pPasnoikeHHs NPOH3BONbHOH HOPMHPOBAaHHON (YHKLUMH W
10 cOGCTBEHHEIM (YHKUHAM onepaTtopa KOOpAHHATH

P (r) == J. a. P, (r) de’

onpepensiorcs no obuemy npasiny (10,4):
ap = [ () d(r— ) dv =1 ().

CliepoBaTenbho, BepOATHOCTL OGHApY)KeHHS 4acTHUE B o0beMe dv papHa

|8 Rde =9 (r) 12 dr,
YTO yme oTMeuanoch s § 4.

Kpome cootrowenus (10,5), coGerBennbie GynKuuu Henpepbis-

HOTO CNEKTPa YAOBJIETBODPSIOT €mie OlHOMY COOTHOLUEHHIO, KOTOpOe
aHaJoruyHo cooTHowenuio (9,8) s PyHKUUA AUCKPETHOTO CneKT-

pa. Jlnsi BbiBOja 3TOro COOTHOLIEHUS] OACTABHM (10,4) B (10,2).
Torpa nonyuum pabenctso

¥ &)= [ v (&) v} €) ¥, €) a&’ aF.

HTo6H 3TO paBeHCTBO BHMOJHSJIOCH nJIsl NpOU3BOJILHEX (yHKUUH
Y (), neobxonumo

[ ¥ @) b (€)aF =0 & — ). (10,6)

- Xora cobcreennbie ¢yHkuuy Hr ONEPATOPOB C HENPEPLIBHEIM  CNIEKTPOM
EMb3s HOpMWpOBATH OGEIMHEIM yCNOBHEM, KaK (yHKUMH JHMCKpeTHOTo CHeKTpa,
MOXKHO ¢ noMowpio Yr 06pasoBaTh HOBBE BelHUHHBl — «COGCTEEHAble Oupe-
Peryuaroy  (sosmopwie nakeTh), KoTopee OyayT olnagat cBoHCTBAMH
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coBeTsennblx (pyHkUufl auckpetHoro cnektpa. Co6crBeHHble AMddepeHuans onpe-
LensioTcs paBeHCTBOM

Fy+0F,
v @)= [ e dF, (107)

Fg

rae AFp — KoHeYHbIi, HO CKONBLKO YrogHO Manbifi HHTEpBan MeAy IByMs 3Ha-
yeHusAMH Fp W Fry4) (u3andeckofi Bemmuuibl. MoXHO NOKasatb, 4To COGCTBeHiibE
InddepeHlinant, OTHOCALUMECA K PpasHbiM NpPOMEXYTKam, oGnajalor CBOICTBOM
OPTOrOHANLHOCTH, T. €.

j (As (B))* (Br (B)) dE =0, ecam [~ k.

Ianee, co6ecrsennble AHd¢epeHHans MOMHO HOPMHPOBaTbh TakK, 4TOGH

e 2 gy —
olm 5r jlm(ml dg=1.

Onuako BsefieHne COGCTBEHHBIX AH(QepeHIHanos OYeHb YCJONKHAET NpaKTHuecKoe
HCNIONBb30BAHHE TEOpHH, NOITOMY COGCTBeHHBle (YHKUHH HENpepeBHOTO CneKTpa
OGLIYHO HOPMHPYIOT Ha genbTa-(yHKIHIO,

Haxkonen, Tperuii cnoco6 BBHuYHCAEHHH C COGCTBEHHbIMH PYHK-
LHSIME HENPEPhIBHOIO CNEKTPa COCTOUT B MCKYCCTBEHHOM npeBpalie-
HHY HENpPEpbIBHONO CNEKTpa B JUCKPETHLbIH NyTeM onpeneieHus 3Tux
(yHKIHE B NPOH3BOJILHO GOJBIIOM, HO KOHEYHOM KyOe obbema L3,
¢ Tpe6oBaHHeM YCJIOBHH NEpUOAHYHOCTH C mepHojaoM L no Kaxjo#
U3 Tpex oceii koopnuuar. Ilepexonst B urore K npeneny L — oo, no-
JIYyUUM pesysbTaThl, COBNAjaOU{e ¢ TEeMH, KOTOpbie NOoJyuyaloTcs
npu Apyrux HOpMHPOBKAX.

CyuiecTByioT onepatophl, KOTOpble 06afaloT Kak JAHCKPETHBIM,
TaK 4 HenmpepbiBHBIM cneKrpoM. CoGcTBenHble GYHKLHH Henpepbis-
HOTO CNEKTPa B 3TOM cJiyuae OPTOrOHa/bHBl COGCTBEHHBIM (YyHK-
L#sIM JIHCKpETHOro cnekTpa. CpoiicTBa G yHKIHH KaX10ro THNa COB-
najpailT ¢ pacCMOTPEHHbIMH Bbllle, 38 HCK/IOYEHHEM TOrO, 4To B
3TOM CJyuyae NOJNHYIO CUcTeMYy (yHKLUH O06pasyeT COBOKYNHOCTh
coGcTBEeHHBIX QYHKIHA 060UX cnekTpoB BMmecTe. [loatomy passoxe-
HUE NPOU3BOJILHOH BOJIHOBOH (YHKILHUH NO COOGCTBEHHBIM (GYHKLUAM
TAKOrO OnepaTopa UMeeT BH]l

VE =Y, a¥u €)+ [ apvr @) aF,

rAe cymma Gepercsl mo BceMY AHCKPETHOMY, a WHTErpaJ no BCEeMy
nerpepbiBuoMy cnekrpy. Ecnu ¢yukuus ¢(§) HOopMupoBana K enu-
HHIIE, TO BBLINOJIHSIETCS YC/NIOBHE MOJHOTHI COOGCTBEHHbIX (YHKLMH

Ylaf+ [lapPar=1.
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Coorunowenusi (9,8) u (10,5) B 3TOM cnyyae 3aMEHSIOTCS COOTHO-
HIeHHEM

Y VE) 6, 6+ [ 65 €) 9, (&) dF =3 — ).

§ 11. YcnoBusi, IpH KOTOPHIX HECKOJbKO (PHIHYECKHX BeJHUHH
MOTYT HMEThb ONpe/eJeHHble 3HAYeHHs1 B OJIHOM COCTOSIHHH

B npeabinymux naparpaax Gbli0 NOKasaHO, YTO €CJH BOJIHO-
Basi (PYHKIHSI HEKOTOPOrO COCTOSIHHSI CHCTEMBbl COBnajgaer ¢ cob-
creennol ¢yukuueil oneparopa F, 10 B 3ToM cocrosiniu dusuuecKast
peauyuna F umeer onpepenenHoe sHavenue, OueBHAHO, 4YTO €CNU
BOJIHOBasi QYHKLHSI AEKOTOPOTrO COCTOSIHUS SIBJISIETCS] OfHOBPEMEHHO
co6CcTBEHHON (YHKIHEH HeCKOJbKUX OnepatopoB, TO B 3TOM CO-
CTOSIHHH WUMEIOT Onpejc/eHHble 3HauyeHus Bce (u3uyecKde BEJIHUU-
Hbl, COOTBETCTBYIOLHE 3THM ONepaTopaM.

Hanpumep, B cocTosiuuu cBOGOLHOTO jBUXKEHHS, ONUCHLIBAeMOTO
BOJIHOBOW (pyHKIueH

¥ (r) = @h) - exp (i ).

onpejieJieHHOe 3HAYEeHHe HMEIOT WMNYJBbC P ¥ KUHETHYeCKast JHep-
rust p2/2p, Tak Kak 3Ta (YHKIHS OJlHOBPEMEHHO SIBJISIETCS cOGCTBEH-

HOH QyHKHWeH omepaTopa mMny/ibca P 4 oneparopa KHHETHYECKOH
1
3HEPTHH MWW' Onnako B 3TOM COCTOSIHHH HE WMEIOT Onpeje-

JIEHHOTO 3HAYEHHA KBajpaT yIVIOBOrO MOMEHTA H €ro MpOEKIHH Ha
JleKapTOBBl OCH KOOpAHWHAT, Tak KakK Qyukuus ¥, (r) ue sBasiercs

co6cTBeHHON (ynKuueH coorBercTBylOLiuX oneparopoB. B ru. VI
Mbl NOKaxeM, 4TO BO3MOXKHbI ¥ TakHe COCTOsIHus cBOGOAHOIO nBHU-
JKEHHUSl, B KOTOPbIX OfHOBPEMEHHO HMEIOT ONpEeNC/IEHHOe 3HAYEHHE
KUHETHUYEeCKasi JHEpTHs, KBaJpaT yIIOBOTO MOMEHTA U OjlHA W3 €ro
npoexkuuii. OnHako npu 3TOM UMOY/IbC 4YacTHUbI He Oyner HMerhb
Onpeze/eHHoro 3HaYeHH .

Urak, B 3aBHCHMOCTH OT COCTOSIHUSI CHCTE€MBbl T€ W uube ¢u-
3HYECKHE BEJHYHHbI MOTYT HUMEThb onpejeJieHHble sHauyeHnus, Onwr,
Of1HAKO, MOKa3blBaeT, YTO HMeIoTest U Takue (u3HuecKHe BCJUUHHDI,
KOTOpbI€ OJIHOBPEMEHHO HE UMEIOT ONpejleNeHHbIX 3HAYEHUH HU B Of1-
HOM ©3 COCTOSIHUH CHUCTEMbE DTa OCOOEHHOCTH HEKOTOPbIX (husuue-
CKHX BeJHYHH, OTpaxkalomasi OCbeKTHBHbIE 3aKOHOMEPHOCTH aroM-
HBEIX sIBJeHui (T. €. CBOHCTBA MUKPOOOBEKTOB W UX B3aHMOJEHCTBUHI
MeXy Co0Ofi ¥ OKpyXaluuMd TelaMu), [OJMXKHA OTPaxKarbCs B
CBOfiCTBAX ONEpaTopoB KBAaHTOBOH Mexanuku. Ilepefinem Kk wucclme-
JIOBAHUIO 3THX CBOMHCTB,
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IMokasenm, uro ecau ase ¢usuueckue Besnuunbt F u M onnospe-
MEHHO MOTyT HMEThb ONpejlesieHHble 3Hauenws, TO HX ONeparophl
JOMMKHBI KOMMYTHpOBaTh. V3 npenbinymero cieayer, 4To yTRepX-
[EHHE O TOM, UTO (GHU3HUYECKHUE BeJHUHHbI F, u M, umerT onpene-
JleHHble 3HAYEHUs B OJIHOM COCTOSIHHH, SKBHBAJIEHTHO yTBEPXKACHUIO
O TOM, YTO pYHKLHS Pn ABJSETCH co6cTBeHHOM (yHKIUeH onepaTo-

poB F u M. Ha maTeMaTHuecKOM si3blke 3TO BbIpAXKaeTCsi PaBeH-
cTBaMu

ﬁq’n =IpPp,
My = M.

VMHOXMM nepBoe U3 3THX ypaBHeHWH caeBa Ha onepatop M, a BTO-
poe ypasuen#e Ha F u BHYTEM U3 MEPBOTO MOJYYEHHOTO YpaBHEHUS
Bropoe. Torna, yuursBas, uto F, u M, sBASIOTCS 4uciaMH, KOTO-
pble MOXKHO ﬂepeCT&BJIHTh, HaXoOnHuM

(MF — FM) v, = (FuM,, — M,F,) $,=0. (11,1)

ITocKoMbKY NpOH3BOJIBHYIO (PYHKIHIO MOXHO NPEACTaBUTL B BHJIE
aubefinofi koMOGuHALKH COOGCTBEHHBIX QYHKUHE Ppn, TO, y4UTLIBAS
(11,1), umeem

(MF — Fil) v=2) a, (MF — FM) p, =0. (11,2)

Pasenctso (11,2) Buipakaer cBOHCTBO KOMMYTauuu onepatopos F
u M, Koropoe MOXHO sanicaTh B BHJle ONEPATOPHONO pPaBEHCTBA

MF — Fii =0. (11,3)

Oneparoproe pasenctso (11,3) o6Gosnauaer, uto pesysbTar neii-
CTBHMSI ONEpaTOpOB NpaBOH W JIeBO#l uacteii paBeHCTBA HA NpoUs-
BOJIbHYIO QYHKILHIO ) ONlHHAKOB,

Hrak, MH fokasajd, uTO, /S TOTO 4TOOB! (pH3HUYECKHE BETUUYHHBI
MOy UMETh OJIHOBPEMEHHO ONpEJEJIEHHbIE 3HAYEHHUS B OJIHOM CO-
CTOSIHHH, ONEPAaTOPbl 3THX BEJIUYHH JOJKHB KOMMYTHPOBATD.

Cnepyer, ofHaKo, OTMETHTb, YTO B OCOGBIX COCTOSIHHSIX HECKONbKO (hH3HuUe-
CKHX BEJIHYMH MOTYT HMETh OJHOBPEMEHHO HEKOTOpEle H3GparHHE 3HAYEHHS pa)e
B TOM Clyuae, KOTAa HX ONeparopH He KOMMYyTHpyIoT, Tak, Hanphmep, B COCTOAA-
HHfIX C YrAOBHIM MOMEHTOM, PaBHLIM HyJIO, PaBHBI HYyJI0 OJHOBpEMEHHO W Bce
TPH €ro NpOeKIHH, XOTA oneparopbl NPOEKUHH yTA0BOr0 MOMEHTa He KOMMyTH-
pyloT mexay cobofi (cm. (7,13)). B oGuiem e cnydae, npH OTIHYHOM OT Hyas
yTIOBOM MOMEHTe, TPH ero MpoeKUHH HEe HMMEIOT OJHOBPeMeHHO OmnpegeNneHHEIX
suavenufi. B cpAsH ¢ sTMM HMKOrZa Henb3s TOBOPHTL 06 OnpegeneHHoM Ha-
npaBneHyu BeKTOpa YTNOBOTO MOMeHTa B mnpocrpaHcrBe. OpHOBpeMeHHO MOryT
MMETh OnpesenieHHble 3HAYeHHA TONBKO KBAaApaT MOMEHTA KOAMYECTBA [ABHIKEHHS
(1. e. nnuua Bekropa L) m omHa u3 ero npoekuuil, Hanpumep L; Tak Kak One-
paTtopbl 9THX BenuuHH KommytupywoT [L?% L.] = 0. Ilaa «uarasguoft» nanocrpa-
LMK CBOACTB YrJIOBOTO MOMEHTa MOXHO CKa3aTb, YTO BEKTOp YIJIOBOTO MOMEHTa,

a6conotras senwunna kotoporo |L|=hV (4 1), Bcersa TIpelieccHpyet BO-
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Kpyr HeKOTOpOTO HanpaBjeHHs (Haupumep, BOKPYr OCH Z) Tak, 4TO NMPOEKIHs Ha
STO HampapJsieHHe pasHa fim, roe m == 0, &1, ..., I, a cpenHne 3HaueHHs ABYX
ppyrax npoekuui pasusl Hynto ({Lx) == (Ly) ==0). Ilpu sTom crepyer HMeETb
B BHAY, YTO 3Ta «HArAsfHasi» KAPTHHA SIBARETCH HANIOCTpallHedl W He oTpakaer
NONHOCTBIO CBOHCTB YrNOBONO MOMEHTA.

MoxHO n0Kasath ¥ 0GpaTHYIO Teopemy: ecnu nBa onepatopa F
u M KOMMYTUPYIOT, TO OHU HMEIOT OGILYIO cHCTeMY COGCTBEHHBIX
dyuknuii, JlokasatenbcTBO 3TOR TEOpeMbl OCOGEHHO NPOCTOE, eciau
o6a onepatopa UMeIOT CUCTEMY HEeBbIPDOXKIEHHbIX COOCTBEHHBIX 3Ha-
uyenu#i. Ilyctb umeercsi paBenctBo (11,3) u ¥, obGpasyior nonnyio
cucteMy coberBennbix ¢ynkuuii onepatopa M, 1. €. Mp=M,\n,
TOrza, NEfCTBYs cjieBa HAa 3TO ypaBHeHHe onepatopom F u Wcnosip-
aya (11,3), naxonum

M (Fpn) = M, (Fp,).

M3 nocnepnero pasencrBa caenyet, uto GyHruus Fy, sBasiercs
cob6erBennoi Qynknueit onepatopa M, cooTBeTcTBYIOWEH COOGCTBEH-
HOMY 3Hauenuio M,. Tak Kak coGcTBeHHbIE 3HAYEHUST QYHKIUH one-
patopa M no ycnoB#IO HE BLIpOXACHDI, TO dyukuus Fy, Moxer or-
AU4aThCsl OT COOCTBeHHOH GYHKUHU P, ITOTO ONEpaTtopa TOJLKO
urcoBbIM MHOXUTeNEeM. Ecin 0603HauNTL 3TOT MHOXUTENb Yepes
Fpn, TO NOJHO BLINOJHATLCA paBeHCTBO

Fy,=F,V,,

KOTOpO€ M yKasbiBaer, uto (PYHKUUH P, SBAAIOTCA COGCTBEHHHLIMHU
dyukuusimu oneparopa F.

Ecsiv onepartopsl ¥UMeIOT BHIPOXKAEHHBIE COGCTBEHHbIE 3HAYEHUs,
10 co6cTBeHHble (YHKLNU Ynp oneparopa M, BooGuie rosops, He
6ynyr co6cTBeHHbIME QYHKIHAMH KOMMYTHPYIOWIErO C HHUM onepa-
topa F. OpHAaKO MOXHO NOKasaTh, YTO H B 3TOM CJyyae MOXKHO
Bcerna us Qynkuufi Ppnr COCTABUTH TaKHe JHHEfinble KoMOGunanuu

.
D= %1 A1 Puks

KoTopble GynyT coGerBenHBMH QyHKUuAMU onepatopa F.

Ecsu B COCTOSIHHM Y HECKOJIBKO (PH3HWYECKHX BEIHYUH UMEIOT OIl-
pene/eHHoe 3HAYeHHE, TO OJIHOBPEMEeHHOe U3MEpPEHHEe BCeX 3THX Be-
JUYHH SBJASETCA COBMECTHbIM. Jpyrume cioBaMd, OHOBpeMEHHOE
u3MepeHne (PU3sHUECKUX BEJIHYUH, COOTBETCTBYIOMIUX KOMMYTHpYIO-
UM oneparopam, He NPUBOIHUT K B3aWMHBIM noMexaMm.

§ 12. Metoab onpeaeneHHsi COCTOSSHHH KBAHTOBBIX CUCTEM

B npenbiaywux naparpadax Mbl OTMEYaJiH, YTO COCTOSIHHE KBaH-
TOBOH CHCTEMBI OMpejessieTcsi BCNOMOraTejibHOH BEJIHYHHON — BOJI-
HoBoH GyHkuue#i (uau BeKTOpoM coctosiumsi) . OCHOBHBIM mOcCTYy-
JJaTOM KBAHTOBOH MEXaHHKH fIBJISIETCS yTBep¥KEHWe, 4TO 3ajaHHe
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BOJIHOBOH (hYHKLHH NOJHOCTHIO ONpENENsieT BCE CBOACTBA CHCTEMb
B JIAHHOM COCTOSTHHM.

Ilepefinem Tenepp K uccaenOBaHHIO BONMpoca O TOM, KaKuM Xe
06pasoM MOXXHO ONpeJesIUTh BOJHOBYIO (YHKILHIO, COOTBETCTBYIO-
Ly fanHoMy coctosnulo. B knaccuueckofi ¢usuke cocrosinde cH-
CTEMbI MOJIHOCTHIO ONpENeJIeH0 3ajaHieM BCeX 3HayeHuil He3aBHCH-
MbIX (U3UYECKHX BEJIHYUH, YUCJIO KOTOPbIX pPABHO Y/IBOEHHOMY YH-
cay crenenefi cBoGoxbl cucteMbl. Hanpumep, coctosinue ABHIKEHMS
OJIHO¥ yacTullbl B KaXKiblii -MOMEHT BpPEMEHH ONpenessieTcsi ykasa-
HHEM INEeCTH BEJIHYHH: TPeX KOOpJHHAT pajuyca-BeKTOpa u TpexX
KoMfioneHT umnynbca. Cocrosnue cucrembl, cocrosimed us N ua-
CTHII, onpeneasiercs 3ananneM 6N BesnuuMn.

Kak Mbl Bupesnd B npenbinymem naparpade, B KBaHTOBBIX Cu-
creMax He Bce (HM3UYECKHE BEJIUYHHBI MOTYT HMETh OJIHOBPEMEHHO
onpesesenHoe sHavenue. Hanpumep, B JI060M COCTOSIHUH X U Py HE
MOTYT MMeTh ONpejieJIeHHbIX 3HaUYeHU# ONHOBPEMEeHHO, TAaK KaK one-
paTopbl 3THX BeJNHYWH HE KOMMYTUpYIOT Mexay co6oi. Ilostomy
B KBAHTOBOH MeXaHHKE COCTOSIHHE CHCTEMbl, HAXOAAEHCs B onpe-
JEJIeHHbIX BHELIHUX YCJAOBHUSIX, 3aBUCSUIHX OT MAaKPOCKONHYECKHX
napaMerpoB (06beM, BHEIIHHE NOJA U Jp.), XapaKTepuayeTcsi sHa-
YEHHSMH HE3AaBHCHMbIX QJHSHHECKHX BEJIHYHH, KOTOpble MOTYT HMETH
OIIHOBpEMEHHO onpezesennoe snavenue. lpyrumu choBamu, B KBau-
TOBOW MeXaHUKe COCTOSIHUE CHCTEMb! ONpeiessieTcsi 3SHAYCHUSIMH He-
3aBUCHMbIX (HUSHYECKHX BEJHYMH, ONEpaToOpbl KOTOPHIX B3aHMHO
KOMMYTHpYIOT.

Tak, cocrosinue cBOGOLHOTO [BHIKEHHS MOXKHO ONpPENEJIUThL He-
ckonbpkuMu cnocob6amu. IpocrefiliuMu M3 HUX ABAAIOTCS:

a) 3ajaHde Tpex KOMMNOHEHT HMMNYyJbCa Px, Py, Pz; B 3TOM coO-
cTosiHuy OYyner ¥WMeTb ONpenC/eHHOE 3HAYEHHE W IHEPTHUs CHCTEMEI,
HO €€ 3HayeHWe 3aBHUCHT OT HMMNYJibCa, TaK Kak E = p2[(2p);

6) 3ajaHue 3HEPTHHM YAacTulbl, KBajparTa YIVIOBOrO MOMEHTa
H DNpOEKLHH YIVIOBOTO MOMEHTAa Ha HEKOTOpoe HanpasJ/eHHe
(cM. § 35).

Hucno HesaBucHMBIX (U3HYECKHX BESUYUH, ONpPENCNSIONMX B
KBAHTOBOH MEXaHUKE COCTOSIHHE CHCTEMbl, Ha3bIBAGTCSl HUCAOM
crenerell c60600v. cucremvl. B obmem caydae uucsio crenenefi
cBoOOnbH KBaHTOBHIX OOBEKTOB onpenessercss onbiToM. B Hekoro-
pbiX KBaHTOBbHIX CHCTEMaxX 4YHCJIO cTenenedl cBoGoab coOBnajaer
C yucJaOM creneHell cBo6olbl COOTBETCTByIOnief KJaccHuyeckod cu-
CTEMBI.

Ecnu ussecTHb 3nayenus BCeX HE3ABHCHMBIX (DUSHUECKHX BEJIH-
YdH, MMEIOMmHUX ONpeje/]eHHOe 3HAYEeHWE B J@HHOM COCTOSIHHM, TO
BOJIHOBast (PYHKLUSI 3TOr0 COCTOSIHUSI JAOJXKHA OblTb COGCTBEHHOM
¢yuruuefi Bcex onepaTopoB, COOTBETCTBYIOHX 3TUM (U3HUECKHM
sesquuusam. Hanpumep, eciiu MBl ¢ NOMOWIBIO YCKOPHTENST COOGLIHM
YaCTHLE HUMNYJAbC P, TO COCTOAIHHE CBOOONHOrO JABHIKeHHs 3TOH
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yacTHlbl OyZeT OonucHBaThCA MJIOCKOH BOJTHOH
o (r) = @nh)~hexp (i 5,

TaK Kak QYyHKUHA $p(r) sBasercs coberBenHol ¢ynkuuedl onepa-
TOpa HMNyJbca, cootTBeTcTBYIOUEH coOcTBEHHOMY 3HaveHuio P. Ecau
Mbl YCTAHOBHJIH, YTO B HEKOTOPOM COCTOSIHHH [BHKEHHS 4aCTHILI €e

yraosoit moment pasen L =)/ I(/+ 1), a npoekuus yriosoro mo-
menta L, = fm, 10 3aBUCHUMOCTH BOJIHOBOH (pyHKUnH OT yryioB 0 ©
¢ Gyner Bbipa)atbesi ¢ noMouibio cepuueckoii dyukiuu Yim (0¢),
3aBHCHMOCTb OT f ONpEeJeNIieTCsl 3HAYEHHWeM SHepruu B AaHHOM CO-
crosird. B ri. VI mbl nosnakoMuMcsl ¢ KOHKpeTHbIMH NpHMEpaMu
ONpeneJIEHHs1 TAKHX BOJIHOBBIX yHKIHH.

Caenyer oTMeTHTD, 4TO COCTOSIHHA Pp7, HMEIOLLHE ONpejeenHbie
(F’) snauenus ¢uspueckoii Besquumbbl F, coorBerctBylowefi onepa-
TOPY € HeNpepLIBHLIM CNEKTPOM, HE MOTYT ObiTb TOUYHO OCYIIECTBJIe-
ubl. IlpakThHueckd MOXKHO nullp no6uTHCS TOrO, uTOGH CHCTEMa Ha-
XO[WJIach B COCTOSIHMH, B KOTOpPOM' 3Hauenusi F yiexat NOCTATOYHO
6susko Kk F’. Takum o6pa3oM, COCTOSIHUS, OTHOCSILIUECS] K CTPOrO
3alaHHOMY COOCTBEHHOMY 3HAUEHHIO B HEMpPEPLIBHOM CNEKTpe, SB-
JSIIOTCA MaTeMaTuUueckol upeasusapuefi. DTa uneanusanus BeCcbMa
nonesHa, TaK Kak OHa 3HAUYMTEJbHO YNpowmaer BbLIYMCIEHUS, OJIHAKO
B HEKOTOpHIX c/ayuasix (Hanpumep, B CTPOTOil TEODUH paCCEeSHMS)
NPUXONUTCA OT TAKOHA ujeanusallHd OTKA3BIBATHCS Wi npuberathb
K JIONONHUTENbHBIM THNOTe3aM (anua6aTHYeCKOe BKJIOYEHHWE U Bbl-
KJIOUEHHE B3AUMOIEACTBHS B TEOpUH paccesinus).

BoaMoxHO, uTO HEHOpMUpPYeMOCTb COOCTBEHHDbIX GYHKIKI

([19r @ Pdt =)

onepaTopoB, HMeIWHX HENpephiBHbIA cNeKTp, cBsi3aHa ¢ Heocyule-
CTBUMOCTBIO COOTBETCTBYIOLIUX COCTOSIHHH, TIpakTUyecKu MOXKHO
OCYIIECTBUTH TOJILKO COCTOSIHMS, B KOTOpLIX 3Hauende F JIEXKHT B
nekoropom untepsane F, F 4 AF. Takue coctosinusi onuchBaioTcs
BosiHOBLIMH nakeramu tumna (10,7), KoTOpBHIE MOKHO HOpMHPOBAT.

BhiGop He3zaBHCHMbIX (U3UUECKUX BEJIMUUH, UCMOJNB3YEMbBIX JIA
onpeneaexus COCTOSIHUS] KBAHTOBOH CHCTEMBbI, 3aBHCHT OT CBOHCTB
JaHHOH cucteMbl u ee coctosinus. K KaXKjioMy na6opy HE3aBHCHMbIX
BEeJIMYKHH (MCNOJIB3YEeMbIX WISl ONpeleJieHUs COCTOsIHUA) OYyAyT OTHO-
CHTBLCA CBOH BOJIHOBbE (YHKIIHH, 3aBUCALLHE OT COOTBETCTBYIOLIHX
nepeMenHblX. B KauecTBe HE3aBHCUMBIX NEPEMEHHBIX BOJIHOBBIX
Gyuguui MOryT ObiTh BHIOpaHbl KOOPAWHATDI X, I, 2 JIHOO UMMNYJbCbI
Px» Py» Pz W00 npyrue HaOOpbl 4pusuueckux BesauuuH. Bosmoxk-
HOCTb ONWCAHUSA COCTOSIHWHA C NMOMOLIBIO PA3JHYHOTO BHIA BOJHO-
BblX (ynkuuii 6yner uccinenosana B ri. 1V. Tenepn xe Gynem uc-
nosib30BaTh [Jisl OMHCAHHS COCTOSTHHSI KBAHTOBOH CHCTEMB TOJIBKO



52

laea |

¢Gynkuuy, 3aBhcimMe OT KoopauHat (KoopduwarHoe npedcrasae-
Hue).

}3 pfizie CayyaeB COCTOSIHHWE KBAHTOBOH CHCTEMBI MOXET GbiTh Ta-
KHM, YTO HE HMEIOT ONpeesIeHHOrO0 3HAYeHHsl BCE HJIH HEKOTOpas
yacTh HE3aBHCHMBIX (PU3HYECKUX BEJHYMH, HEOOXONUMBIX Js onpe-
nejenusi coctosiiusi. TakoBO, HanpuMep, COCTOSIHHE CBOOOAHOTO
[IBHKEeHHUST YaCTHILB, ONUCHIBAEMOe BOJIHOBOH ()yHKUMEH B BHJIE BOJI-
HoBOro makera (3,2). B 3tom cocrosinuu px = py =0, oqHAKO p,
He HMeeT OnpejpeJeHHOro 3navenus. B oOweM ciyyae BOJIHOBbIE
(YHKLHH TAKUX COCTOSIHHH MOryT ObiTh MpejACTaBJ€Hbl B BUIE CY-
Nepno3HUUE COGCTBEHHbIX (YHKLHUH HEKOTOpHLIX ONEpaTopoB

v=Y, anbn + [ apbr dF. (12,1)

Ecsnu cocrosinue cucreMbl onpenesisieTcsl TOJABKO TpeMsi Crene-
HAMu cBoGonbl, TO BonHoBasl ¢yHK(us 6yner saBuceTb TOJBKO OT
panuyca-ekTopa r. B 3toMm ciyuae BonuoBasi yHKuusi MOXker ObiTh
onpesiefieHa uyepes H3MepeHusi MIOTHOCTH BEPOSITHOCTH B KaXXnofi
TOUKE NPOCTPAHCTBA C TOYHOCTBLIO 10 (HA30BOr0 MHOXKHUTEN S, MONYJlb
kotoporo pasen exunune. JleficTBUTeNbHO, NOCKONBKY

p(r)=Iv@)F

TO
P (r) =ei® (rlvm_

rne o(r) — npousBosnbHasi peficTBUTENbHAST DYHKIUS 7.

CocTosinMsi KBAHTOBOH CHCTEMBI, OMHCHIBAEMbl€ BOJIHOBOH (yHK~
uuedl, HasLIBAIOTCH HuUCTOIMU cOCTOsIHUAMU. OHM COOTBETCTBYIOT
MaKCHMAaJIbHO NOJIHBIM CBEIEHHSM O KBAHTOBOM CHCTEME.

Haxkonel, B KBAHTOBOH MeXaHHKE BO3MOXHBI H TAKHE COCTOSTHMS,
KOTOpPLIM HeJib3sl CONOCTABUTL HHKAKOH BOJIHOBOM (yHKuuM. [Ipume-
pOM TaKHX COCTOSIHUH MOTYT ObITb COCTOSIHHUS, 3anaBaeMble HabopoM
yuces |an|? u |ar|? 1. e. BeposiTHOCTSIMU cOCTOSIHUEI C Onpese/eH-
HbIMH 3HAYEHHSIMU COOTBETCTBYIOIHX (u3uyecKux Beduuun F.
B stoM csyyae Henp3sl noctpouth dyukuuu P no runy (12,1), rax
KaK sHaHHe KBajpaToB MonyseH KO3{ULHEHTOB @, U ap He NaeT
(hasoBHIX COOTHOIIEHHH MeXnY Ppas/iudyHbiMU cOOCTBEHHBIMH (DYHK-
LusIMU Pp, KOTOPble CymecTBeHHH B onpenesienud ¢pyukuuu (12,1).
Cocrosinus, KOTOpLIM HeJb3sl CONOCTABUTH BOJIHOBYIO (PYHKLHIO, HA-
3LIBAIOT CMeuaHHbiMu cocTosHusmu, B § 14 Mbl paccMoTpuM cno-
coObl uccaenoBaHusl cMellaHHbIX COCTOsIHUM, 6a3upyOUMXCst HAa BBe-
AeHUU MATpuybl NAOTHOCTU, KOTOPAs NMO3BOJSET BEIUHCISATL CPEHUe
3HAYEHUS W BEPOSITHOCTH PA3JIHUHBLIX 3HAUeHU#i (PUSHUECKHUX BeJIM-
yuH, Xapaktepusyouwux cictemy. B 3710# Knure mnl Gynem wuccie-
JoBaThb TVIaBHbIM O0pasOM YHCTble COCTOSIHUS, T. €. COCTOAHUS, KO-
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TOpbI€ ONHCHIBAIOTCA BOJHOBLIMH (YHKUHAMH, NO3TOMY [JIST KpaTko-
cTH Gy/I€M HasbiBaTh HX NPOCTO COCTOSIHUSMU CUCTEMbL.

Hrak, cocTosiHHsi KBAHTOBLIX cucTeM GHKCHpPYIOTCS ONpeseseH-
HbIMH BHEIIHHMH YCJOBHSIMH, 3aBHCSIIHMH OT MaKpOCKONHYECKHX
napameTpoB (BHellHHe nossi). Hanpumep, coctosinne cBoGORHOTO
NBHXXEHHSl 3JIEKTPOHA ¢ OnpejeJeHHbIM 3HAueHHeM HMMNyJibca Oocy-
WECTBASIETCS] B BaKyyMHOH TpyOKE myTeM NpeiBapHTENBHOrO yCKO-
pEHHST €ro 3nMeKTpHuYecKHM noneM. KaxaoMy COCTOSHHIO CHCTEMbt
CONOCTaBJIsIeTCA BOJHOBAsi (QYHKUHS. BHj BONTHOBOH (QyHKUHH 3aBH-
CHT OT BEJHYHH, HMEHUHX ONpejc/JeHHOE 3SHayY€HHE B NaHHOM CO-
crosinHH. BonHoBasi QyHKUHS onpesesisieT BOSMOXHbLIE Pe3yJbTATLI
pas/HYHbIX B3aHMONEHCTBHII cHCTEMbI, HaxonsimeHcss B TakoM (HK-
CHPOB2HHOM COCTOSIHHH C¢ pyruMH Tenamu. Msmepenne Kako#-nH60
(dH3HUECKOH BEJIHYHHBI B CHCTEME SIBJISIETCS] OJIHHM H3 TaKHX B3aH-
moneicTBHil. MisMepenHe Bcerna BbI3LIBA€T CKayOK. CHCTEMBI B COG-
CTBEHHOE COCTOSIHHE OnepaTtopa TOH JHHAMHUYECKOH NnepeMeHHOH,
H3MepeHHe KOTOpoi MpousBonHioch. Pesynbrar usmepeHus coBna-
[laeT C COOCTBEHHLIM 3HaYEHHEM 3TOro onepartopa.

Ecnu npy MHOrOKpaTHOM H3MEepeHHH BEJIHYHHBLI F B cHCTEME, KO-
TOpas nepej KaKablM HOBLIM H3MEPEHHEM NEpEeBONHTCS B HCXOHOE
COCTOSIHHE, Mbl NOJIy4a€M OIHO 3HAYEHHE, TO Mbl FOBOPHM, YTO N@H-
Has (u3HYecKasi BEJHYHHA HMEJa ONpene/ieHHOE 3HAauYeHHE B CO-
CTOSIHHH, TpejluecTByomeM H3Mepenuto. Eciu xe B pesysibrare no-
BTOpPHbIX HM3MEpEHHH, NPOBOAHMbLIX B OJHHX H TEX € YC/OBHSX
C OfHHM H TEM € HauaJbHbIM COCTOSIHHEM, Mbl ToJyyaeMm Habop
pas/HYHbIX 3HaYeHHH ONHOH (H3HYECKOH BEJHYHHBI, TO ITO YKa3bl-
Baer, UYTO B TAKOM COCTOSIHHH 3Ta ()H3HYECKasa BEJHYHHAZ HE HMeeT
onpeneseHHoro 3HaueHusi. BonHoBasi (yHKUHA Takoro cCOCTOSHHS
NO3BOJISIET BLIYHCJIHTE BEPOSTHOCTH HSMEPEHHH.

IlpoBepka npenckasaHHit KBAHTOBOM ME€XaHHKH, TAKHM 00pa3oM,
OCyLIECTBJIAICTCA MHOrOKpaTHbIM NOBTOPEHHEM H3MEpEHHSl B OHHX H
Tex xe ycqaoBusix, CnenoBatesbHO, OTpa)Kas OOBLEKTHBHBIE 32KOHO-
MEpHOCTH OT/I€JIbHOH CHCTEMbI, HaXOASIIEHCsT B ONpesleJIeHHbIX Ma-
KPOCKONHYECKHX YCJIOBHSX, KBAHTOBAS MEXaHHKA faer BbIBOJbI, KO-
TOpBHIE TPOBEPSIIOTCS MYyTEM NOBTOPEHHS OONBLIOTO YHC/Ia TOXJe-
CTBEHHbLIX ONbLITOB HJIH NYTEM NPOBECACHHS ONHOroO onbiTa C 6onbIIOk
COBOKYNHOCTBIO OJIHHAKOBLIX HEB32HMOJI€HCTBYIOLIHX CHCTEM.

§ 13. CootHouieHne HeonpeneneHHoCTel nAA (H3IHUECKHX BENHUYHH

B § 11 ormeuanocsh, uto nBe (H3HUECKHE BEJHUYHHBI HE MOTYT
HMeTh OJIHOBpDEMEHHO ONpejieJieHHbIE 3HAaYeHHA HH B OIHOM COCTOf-
HHH, €CJIH HX onepaTtopbl He KOMMyTHpyior. Ilokaxem Temeph, 4TO
3HaHHE NepecTaoOBOYHBIX COOTHOLIEHHH MexJy JBYMSI HEKOMMYTH-
PYIOIUHMH ONepaTtopaMH No3BOJsieT ONpenesiHTh HEepPaBEeHCTBO,
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KOTOpPOMY JIOJI3KHBI Y/IOBJIETBOPSITH CpEJIHHE KBaJpaTHYHbIE OTKJO-
HEHHS! 3THX BEJHYHH OT CBOHX CPEJHHX 3HAYEHHI.
IMycrs K u F— nBa caMoconpsiKeHHBIX onepatopa, yAOBJETBO-
PAOUIHX NEPECTaHOBOYHOMY COOTHOLLEHHIO
[K, F]l=iM, (13,1)

rne M —rakKe caMOCONpsDKEHHblH onmepatop. B uactHom ciyuae
npu R =x u F = p, onepatop M paBeH MOCTOSIHHONH BesiHuHHE fi

(§ 7).

B npousBosbHOM cOCTOSIHHH v (PH3HUECKHE BEJIHYHHbI, COOTBET-
CTBYIOLHE 3THM ONepaTopaM, HMEIOT CPenHHE 3HauyeHHs, onpexe-
JsieMble HHTerpaiamMH

(Ky= [ wKpdr, (F)=[vFydr.
BeesieM Tenepb oneparopbl

AR =K —(K), AF=F—(F). (13,2)

IMoncraBnsia 31H Bbipaxenus B (13,1), Mbl ybennmcs, 4TO HOBBIE
onepatopsl (13,2) ynoBNETBOPSAIOT TOMY XK€ NEPECTAHOBOYHOMY CO-
OTHOLLEHHIO, T. €.

[AK, AF]=ifl. (13,3)
P3CCMOTpHM nanee BCﬂOMOFﬂTE‘J]beIﬁ HHTE]"paJ'I, SBBHCﬂUIHﬁ oT
NpOH3BOJILHOTO ﬂEﬁCTBHTeJ‘TbHOFO napame‘rpa o
AN S
i(a)=j|(aAK—meFdr>0. (13,4)

e A
ITonesysicb cBoiictBOM camoconpsikeHHocTH onepatopoB AK u AF,
npeo6pasyeM 3TOT HHTErpas K BHLY

1(@)= [ ¥ @AK +1APF) (¢ AK — iAF) y dv >0,

[TepemHoXKasi BblpaeHHsl, CTOSILIHE B CKOOKaX NOJ 3HAKOM HHTE-
rpaia M HCHOAb3ysi nepectaHoBouHoe cootHowenne (13,3), ua-
XOHM

T~ s AN ) P ~ P
(0 AK + i AF) (0 AK — i AF) = o? (AK)? + oM + (AF)2
Tenepb, ucnonb3ys onpejieJieHHe .CpeJIHHX 3HaueHH#, npeoGpasyeM
MHTErpan K BHLY

(@) = (K [0+ gty | + (0D — i >0 (135)

Yrto6bl HepasenctBo (13,5) BbMOAHAMOCH NpH NMPOH3BOJbHBLIX 3Ha-
YEHHAX NapaMeTpa o, HeOOXONHMO BLINOJSHEHHE HEPABEHCTBA

(APP) (AKP) >4 (MY, (13,6)
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KOTOpOE Ha3blBAIOT COOTHOWeHUEM HeonpedeseHHocTell 1 (pusunye-
cKkHX BeJinuHH F u K.

B yacthoctH, npi K = x u F = f, nonyyaem XopollO H3BECTHOE
cooTHoulenue Heonpedesennocreti I'aiizernbepea (1927 r.)

(B (a0 =1 (13,7)

Hs (13,7) cnepyer, 4TO €c/iH B HEKOTOPOM COCTOSIHHH HMMOYJbC
umeer onpenenenHoe sHaueHue ({(Apx)?) =0), 10 KoopauHata X
B 3TOM COCTOSIHHH coBeplleHHO HeompeneneHHa ({(Ax)?)=o0); Ha-
060poT, ecJIH TOYHO ONpefieJieHa KOOP/IHHATAa, TO NOJHOCTBIO Heonpe-
nieJIeH HMNYJIbC.

Cornacuo HepapenctBy (13,7), MHKpouacTHL2 HE MOXKET Haxo-
IHTLCSI B COCTOSIHHH CTPOroro NOKOf, KOTOpbIfi XapakrtepH3yercs
3HaueHnsAMH AX = Ap, = 0. Bo3aMOXHbI COCTOsiHHSI, B KOTOpBIX 00€
BEJIHUHHbLI HE ABJIAIOTCS ONpeneseHHbIMH (BOJTHOBO# Maker), H TOraa
HEONpEeJIEHHOCTH 3HAYeHHH 3THX BeJHUYHH OyayT CBfI3aHbl Hepa-
sBencteom (13,7).

CoOTHOILIEHHE HEONmpeieIEHHOCTEH 4acTO HCNOJb3YIOT ISt OLEH-
KH GpEJHero 3HaYeHHs KHHETHYECKOH 3HEPTHH YaCTHIbI, KOTOpas

JIBHXETCA B HEKOTOPDOM OTpaHHYEHHOM o6bpeme NpOCTpaHCcTBa..

B 3toM cayuae MoxHO nonoxuts (X)=(p)=0; Ttorpa ((Ax)?)=
=(x?), ((Ap)%y=(p®). Ecu a — nuueiiniii pasmep o6beMa, TO

2 2
(Eun) =-%:n_) = -B% .

Ilpu BuBone (13,6) npennonaranoch, 4TO CaMOCONpPSIKEHHbIE

onepatopsl F u K onpejesieHbl HA OJHOM H TOM € MHOXeCTBe
¢yukuuit (cm. § 7). Eciu ue
yYHTHIBATH 3TO Ba)KHOe 0O- o
CTOSITE/IbCTBO, TO MOXKHO, Ha- , nf
npHMep, NPHATH K HENPaBHJIb- /
HOMY YTBEDXKJEHHIO O TOM, . =
4YTO CBA3b HEONpe/eSeHHOCTE -Jr::/ n
23HMYT8JI{!HOFO yrja [p'H npo- H !
eKUuH yriaoBoro Momefita L
onpepessercs H3 PopMasbHO-
ro paBeHCTBa [Q), Lz] — if. B Puc. 2. TNepiognyeckas ¢azobans nepeMenHan.
NeHCTBHTEJIbHOCTH B 3TOM pa-
BEHCTBE (p HE SIBJISIETCS onepaTopoM, conpsxeHHbiM L, Onepatop
Lz SIBJIACTCSH CaMOCOHpﬁ)KEHHbIM OHBPETOPOM TONBKO Ha MHOXeCcTBE
OGynxuuit P (@), nepHonHueckux ¢ nepuonom 2z, AsuMyTanbHas me-
pEMEHHasi (¢ HE SIBJISETCA ONEpaToOpOM Ha 3TOM MHOXKECTBe QYHKUHI,
TaK Kak QyHKUHH @Yp(@) He mpHHanIEXAT 3TOMY MHOKECTBY.

Onepatop, KAHOHHYECKH COnMpsiKeHHblH L,, 1omKeH GblTb NepHo-
Anueckoll Qynkuneir ¢. B kavectpe Takoi QyHKUHM MOXKHO BbIGpaTh

Y

i

Jn

N

_n.
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paspbiBHYI0 NepHonHueckyio ¢asosyio nepemennyio @(g), H3oOpa-
XKEHHYIO Ha pHC. 2.
Kak nokasano B paborax [2, 3], B 3ToM ciyuae

[@,Ez]=m{ 1—2x X 8[p—(2n+ 1)]}.

n=—0co
Torna ecnu onpenenutb, cornacHo xamx [4], HeonpeneneHHOCTD
23MMyTaNbHOTO yIJia paBEeHCTBOM

E1d
((Ag)’) = min { [l v@+e)p drp}.
-7
TO HMEEeT MeCTO COOTHOILIEHHE HEOHPEILBJIEHHOCTEfI

(ALY (A > 2 [1 = (o] (13,8)

us koroporo, npu { (AL;)2)— 0, crenyer {(Ap)?2)— s/} 3, uro coor-
BETCTBYeT paBHOMEPHOMY pPaCnpeAeseHHIO a3HMYyTaJbHOrO yria,
Ipu ((Ag)?) K n? ycsioBHE NepHOAHYHOCTH HecywectBerHo u (13,8)
CBOJIHTCS K HEPABEHCTBY

(AL {(Ag)?) =174,

ecmn ((Ag)?) < @i’

B paGore Kappysepca u Huto [5] B kauecTBe oneparopa npej-
naraercst BbIOpath sin ¢ HiIH cos ¢. B 31OM cityyae u3 KOMMyTanuOR-
HbIX COOTHOILEHHH

[sing, L,]=ihcosg, [cosq, L,]=—ihsing
CNefylOT HEpaBEHCTBA

(AL (A sing)) =
((AL,)%) {(A cos ¢)) =4 ((sin g)?).

B o6uiemM cayuae, 3Hasi nepecTaHOBOYHbIE COOTHOILIEHHSI MEXY
onepatopaMH JOObIX JIBYX (DH3HYECKHX BENHYHH, MOXHO ¢ TNoO-
mouipio (13,6) nosyunTh COOTBETCTBYIOUEE COOTHOLIEHHE HEonpeje-
JIeHHOCTE# ISl 3THX BEJIHUHH.

Hepasenctso (13,6) n0mKkHO BLINOJHATLCS B NPOH3BOJHLHOM
COCTOSIHHH JUTsl JIBYX BEJIHUHH, ONepaTtopbl KOTOPLIX HE KOMMYTH-
pytor. OnpenesnnM Tenepb T€ COCTOSIHHS, B KOTOPHIX 3TO HEpaBeH-
CTBO 3aMeHsieTcs1 paBeHcTBOM. [lonaras B (13, 4)

(M
0= T 3K

2 {(cos 9P,
i
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u yuutoiBasi (13,5), umeem
(M) ('\K = 2 . g (M)?

Hs (13,9) crenyer, uto 3Hak paseHctBa B (13,6) Gyner umern
MECTO B COCTOSIHHSIX Vp, Y/IOBJIETBOPSIOWHX YPABHEHHIO

(MWDK | ) e
(Srkny + i AF) p=o. (13,10)

PaccMoTpuM fIBHBIH BHJL 3TOTO ypaBHEHHS [JIst carysas Koopu-
HaThl X H npoexmm umnynbca px. B 3tOoM cnyuae AK—x—-xo,
M=h, AFr= —_ :ﬁ— — po. Cneposartensuo, ypasuenue (13, 10)
NEepPexojuT B ,ELHq}[]JepEHIJ.HaJIbHOE ypaBHEHHE

ip
(2 ((ax)z) + ax + 0) "p (JC)
Ono umeer periense

() = [2n (AP~ exp — RS-+ BE L (1311

B cocrosiumu, onucbiBaemoM ¢dyukuuein (13, 11), npoussenenue He-
onpejeseHHOCTeH HMeeT HaHMEeHblIee 3HAUCHHE, T. €.

((Ax)) {(Apx)?) = R¥/A.

B knacchueckoii ¢pu3HKe mpeanonaraeTcsi, 4To B JIIOGOM cOCTON-
HHH B K2XXIbIll J2HHbIFi MOMEHT YacTHLa HMeeT OnpejeNeHHble 3Ha-
YEHHSI KOOPJIHHATH X U HMNYJbC2a p,. Mbl BUAHM, UTO B KBAHTOBOM
MeXaHHKE TaKOe yTBepXJeHHe OKa3biBaercsl HenpaBHNLHbIM. Knac-
CHUECKHE MOHSATHS KOOPAHHATBI H HMNYJbCa HMEIOT OrpaHHYEHHYIO
NPHMEHHMOCTb K OGBEKTAM MHKPOMHPA. CootHolleHHe Heonpese-
neunocrein (13,7) ykasbiBaet Ha npejessl NPHUMEHHMOCTH 3THX NO-
usatHi. OkasbiBaeTcsi, uTO HCNOJb3yeMOe B KJaCCHYeckol (usuke
onpenefeHHe HMNYJIbCa KaK BeTHUHHBI

di
P=vg

HepHMEHHMO K ATOMHBIM W s;epHbiM obbexktaM. [lowstue un-
nyavca 8 KBAHTOBOL MeXaHuke OTHOCUTCS 8 YeaoM KO 6cemy co-
CTOSIHUIO OBudterus: wactuyst. T103TOMy HMNyJbC YaCTHUBLI He siB-
asieres (pyukunenn koopauHar. C nNoMOWbI0 KBAHTOBOH MEXaHHKH
MBI MOXKEM BbLIYHCJIHTb CpEIHEE 3HAYeHHE HMNYJbCa B JIIOGOM CO+
CTOSIHHH JIBHXXEHHS HJIH BEpOSITHOCTb HEKOTOPOro 3HAYEHHS HM-
nyJbca B JIaHHOM COCTOSIHHH JBHXeHHS. [3amepsercs HMnysbe
B KB2HTOBbIX CHCTEMax NyTeM H3MepeHHf KHHETHYECKOH 3HEPTHH
JIBHXKEHHSI YaCTHUbl MJH NyTeM HCCIeJ0BaHuA IHPpaKUHOHHOH
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KapTuHbl, 06pasyeMofi NpH NPOXOXK/IEHHH MOTOKa YacTHI|, Yepes ne-
PHOJIHYECKHE CTPYKTYPHI.

Urak, ¢ TOUKH 3peHHsi KBAHTOBOH MEXaHHKH HCMOJb3yeMoe
B KJIACCHUYECKOH (pu3HKEe MOHATUE HMMYJIbCa 4aCTHLbLI B ONpejeseH-
HOM MECT€ NPOCTPAHCTBA CTONb K€ OTPaHHYEHO, KaK H TNOHATHE
yacTothl NMEPHOAHUYECKOro Mpouecca B JIAHHbIA MOMEHT BpPeMEeHH.

BcnencTBHe MasoOCTH NOCTOSIHHOM /i COOTHOILEHHE HeOnpenesieH-
nocreit (13,7) cywecTtBeHHO TosMbKO nnisi MHKpocHcerem. B rn. 111
Mbl YBHJIHM, YTO NPH HEKOTOPBIX YCJNOBHSIX (KBa3HKJIACCHUECKOE
NpHOJTHXKEHHE) KBAHTOBOMEXaHHYECKOE ONHCAHHE CPaBHHTEJbHO
MaJio OTJIHYAETCA OT KJIaCCHYECKOro, H MOXKHO NpHOJHXKEHHO TOBO-
pHTL 06 MUMINyJbCce KaK (QYHKIIHH KOOPIHHAT.

B xnaccuueckolt (H3HKE X H pr HASHIBAIOT KAHOHUYECKU CONpS-
sienHbimy BenHuHHaMH. OnepaTopbl KBaHTOBOWH MEXaHHKH, COOIBET-
CTBYIOUIHE K2HOHHYECKH CONpPSXKEHHBIM BEJHYHHAM KJacCHYecKOH
MEXaHHKH, HE KOMMyTHpyloT Mexny coboii. Cormacko H. Bopy,
Kaxasi (pusHueckasi BEJIHUHHA BMECTE CO CBOEHl KaHOHHUYECKH CO-
npsi2KeHHOH 00pasyeT napy OONOAHUTEALHLIX 6eauwur (HanpHMEp,
X U px). IlpH 3TOM B JIIOGOM COCTOSIHHH KBAHTOBBIX CHCTEM H3 KaXK-
Ao¥# napbl TaKHX BEJHYHH ONpPEJIENIEHHOE 3HAYEHHE MOXET HMEeTb
TOJIbKO OflHa H3 HHX, JJHOO 06€ He HMEIOT ONpejeJIeHHOTO 3HAYEHHS,
B cBsi3W € 3THM yTBEpXKjaeTcsl, YTO ONHCAHHE COCTOSIHHSI B KBaH-
TOBOH MEXaHHKE pacnajaercss Ha JBa B3aHMHO HCK/IOYAIOUWHX
KJiacca, KOTOpble sIBJSIIOTCS JIONOJMHHTENbHLIMH APYr K ApPYry B TOM
CMbIC/Ie, YTO HX COBOKYNHOCTb MOTJia Gbl faTh B KJACCHYECKOM Mo-
HHMAaHHH TIOJHOE ONHCAHHE COCTOSIHHSI CHCTeMbl (npuxyun Aonosa-
nureavtoctu Bopa (1928 r.)).

IIpuHLHD 1ONOMHHTEIbHOCTH HEKOTOPbIMH (DPH3HK2aMH OTOX IECTB-
JSIETCSl C HJICAJIHCTHUECKHMH TOJKOBAHHSIMM KBAHTOBOH MEXaHHKH.
CornacHo HaeaJJHCTHYECKON KOHIENLHH NPHHLHN JONOJHHTEJIbHOCTH
OTpamaer He OObEKTHBHbIE CBOCTBa MHKDPOCHCTEM, a2 ONpejessieTCs
ycnoBusaMH usMepenusi. Ilpu 3TOM, npeyBesnuHBasi pojib H3MEpH-
TEJIbHOrO NpHOOpa, HEKOTOpble NOXOAMAT N0 YTBEpKJEHHs, 4TO 6es
npu6opa Het H 06hekTa. Koneuno, usmepenne (pHIHUECKHX BEJHUHH
B ONpeeJIeHHOM COCTOSIHHH HapyllaeT 3TO cocrosiHe. Bce siBenus
NpHPO/bI B3AHMOCBA3aHbI MeXXay coGoi. Pesynabrar usmepenus sa-
BHCHT KaK OT CBOWCTB H3MEpPHTENbHOrO MpHBOPa, TaK H OT CBOHCTB
namepsieMoro oObekta. OpnHako, HCC/IEAys KBaHTOBYI CHCTEMY
(o6BexkT) pasHooOpasHbIMH NpHOOpaMH, Mbl HMEEM BO3MOXKHOCTb
Bce GoJiee MOJIHO H3YUHTHL CBOMCTBa caMoro O6BEKT2 H HCNOJbL3o-
BaTb 3TH CBOMCTBA JUIsi NpAKTHUECKHX pnenel, MaremaTnueckui
annapaT KBaHTOBOH MEXaHHKH  OTpaxaer peasibHble CBOMCTBa
MHKpPOOOBEKTOB, KOTOpble NPOSBASIOTCS B HX B3aHMOJEHCTBHH
MexXny coboii H MakKpockonHueckiMu cucteMamu. M3 cooTHouenus
neonpeneiennocte#t (13,7) caenyer, 4To ecsiH B HEKOTOPOM COCTOS-
HHH O/IHA H3 BEJIHYHH X HJIH Py HMEET OnpejeseHHOe 3HAaYeHHe, TO
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BTOpasi OCTAeTcsi NOJHOCTbIO HeompenesienHoi. OnHako H3-3a orpa-
HHYEHHOCTH 3SHEPrHH H 00DBEMa CHCTEMbI HEBO3MOXHbI 3HAYEHHS
((Apx)?) = o0 unu {(Ax)2) = oo. [I03TOMy NpaKTHYECKH HEJb3sI
peasu30BaTh COCrosinkg, B KOTOpHX ( (Ax?)) su6o ( (Apx)2) paBus-
JHch 6bl HYJIO.

§ 14*. Onucanne cOCTOSSHHH C NOMOIIBID MATPHIlb! TJAOTHOCTH

Ecnu cucTema HaxogHTCs B CMELIAHHOM COCTOSIHHH, T. €. B CO-
CTOSIHHH, KOTOPOMY HEJIb3sl COTIOCTABHTb BOJIHOBYIO (DYHKIIHIO, TO 3TO
3HAYHT, YTO Mbl «MIPHTOTABJHBAEM» COCTOSIHHE, HE ONpPENE/HB MaK-
CHMaJIbHO BO3MOXKHO€ YHCJIO HE32BHCHMBIX (DH3HUYECKHX BEJIHUHH,
3HaHHE KOTOpPbIX HEOOXOAHMO JJisi MOJHOIO ONMHCaHHSI C MOMOLIbIO
BoTHOBOH (yHKuHH. Hanpumep, cocTosiHHE HENOJNSIPH3OBAHHOTO
nyyka (OTOHOB OTHOCHTCSI K CMELIAHHOMY COCTOSIHHIO, KOTOpOMY
HEJIb351 CONOCTaBHTb BOJIHOBYIO (DYHKIHIO.

CwMeliaHHOE COCTOSIHHE MOXHO pPacCMaTpHBaTbh KAaK HEKOTE€pEHT-
HyIO CMecb YHCTHIX coctosiHuii Y co cratucTHueckuM Becom W (i).
3necs W (i) — neficrBHTENbHBIE NOJOXHTENbHBIE YHCJIA, YOBJETBO-
pAKOLHE. COOTHOILIEHHIO QW (@)=1. Cnosamu «HEKOTEpEHTHas!
CMECb» NpPH 3TOM BbIPAXKAETCs1 TO, YTO NPH BBLIYHCIEHHH CPE/IHEro
snauenust (L) kakoi-mu60 Qusnueckoli BeduurHb L B CMEIIaHHOM
COCTOSIHHH HEOGXOIHMO ONpEJIeNHTh 3HAYEHHS 3TOH BE/JIHYHMHBI B 4H-
CTHIX COCTOSIHHAIX Y{¥), T. €. BBIUHCIHTD

L = [wOLy" dr, (14,1)

H NOJy4YEHHbIE BETHYHHBI YCPEIHHTb, HCNOMb3Ysi CTATHCTHYECKHI BEC
W (i); Torna*®) L

Ly=2Zw @ L) (14,2)

PaccMOTpHM Tenepb YHCTble COCTOSIHHSL, KOTOPHIE ONMPENeISIOTCST
KOHEYHBIM YHCJIOM COGCTBEHHBIX (YHKIHH HEKOTOpPOro omepatopa.
Hanpumep, nossipusallisi CB€Ta ONpENENAETCA JBYMSl COCTOSIMUAMH
NONAPH3ALHH Py H P2, COOTBETCTBYIOWHMH 1IByM B32HMHO MEpNeHH-
KyJISIDHBIM JIHHEHHBLIM NOJNSApH3aLHsAM HJIH nByM KpyroBbiM. Coctosi-
HYS1 C ONpEEJEHHON Npoekuueii yriosoro MomeHta L Ha Hanpas-
nenue ocH 2z onpepensiioress 2[4+ 1 pasnHuHbIMH  QYHKUHAMH m,
COOTBETCTBYIOIHMH PasHbIM 3HaueHHsiM L, = fhm,

B TakHx C/lyyasx npoH3BOJbHOE 4yHCTOe coctosiHHe YPif) u3obpa-
JKaeTcs JIHHEHHO# cynepnosHuuei

P = % ay , §, a,Ma® =1, (14,3)

*) 3pech H HHXe ANA H306parKeHHs: KBAHTOBOMEXaHHUeCKOrO CPefHero Hc-
nonesyerca cumson (--+), a crarTHcTHuecKoe ycpenuenHe Hsofpaikaercss ueprolt
Haj CcOOTBETCTBYIOLIHM BEIpaxKeHHeM.
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INMonctasnas (14,3) 8 (14,1), Mbl y6ennMcs, YTO KBAaHTOBOMEXaHH-
UEeCKOE CpejiHee 3HAYEHHE B 3TOM COCTOSIHHH BENHuHHbI L, coOTBET-
cTeytowefi onepatopy L, 6yner HaXonH1bcsi NO NpaBHIY

(&) *
L") = ELM.anmagJ, (14,4)
rae (cM. § 28 u mat. nononu. B)
Loy = [ $;L%,, d (14,5)

— MaTpHUHbIE 3JIEMEHTbI, OnpefessieMble coOCTBeHHBIMH (YHKLHAMH
{pn H ONEPaTOPOM L. Tenepb ¢ nomowsio (14,2) naxopum

Ly=2ZW@2L,,a% (14,6)
BBeneM nanee MaTpHIly ¢ MATPHYHLIMH 3I€MEHTaMH
Oprn = 2 W (i) ,Paf). (14,7)

Torpa, yuutbiBasi npaBHJIO YMHOXKEHHSI MaTpHL, pasenctBo (14,6)
MOXHO 3anHcatbh B BHAC

m = E, Lnn'pn’n — E (Lp)nm
nn n
HJIH 6oJiee KPaTko
{Ly=Sp(Lp)=Sp (pL), (14,8)

rne 3HakoM «Sp» (wnyp) oGo3HayeHa CyMMa [HATOHAJbHLIK 3Jie-
MEHTOB MaTpHLBb, 06pa30BaHHON NpoH3BeleHHeM MaTpHubl L ¢ MaT-
pHYHBIMH 3eMeHTaMH (14,5), B MaTpHLLI p C MaTPHUHLIMH 3JIEMEH-
tamu (14,7). MatpHua p siBAsieTcsi KBanpaTHO#, OOLIYHO OHa Hashl-
BaeTCsi MaTpuyeli NAOTHOCTY, ONpEAeNsIowel JaHHOe CMEIlaHHOoe
cocTosiHHe. MaTpHuila nJOTHOCTH BriepBbie Oblia BBENEeHa B paboTax
Jlaupnay [6] u Hefimana [7].

3Hasi MaTpHIly MJIOTHOCTH P, MOXHO BBLIYHC/IHTb CpEJIHEE 3Haue-
HHe mo0oK (H3HYECKOH BEJHUYHHDLI, XapaKTepusywueHh cuctemy
(naupumep, cocrosiuue nonsipusanuu). CnenosarenbHo, cMellaHHOe
COCTOSIHHE CHCTEMbl MOXET OBbIThb ONHCAHO C MNOMOIBIO MAaTPHIHI
IJIOTHOCTH p.

PasenctBo (14,8) MOXXHO paccMaTpHBaTh Kak Onpejie/ieHHe MaTt-
pHubl MIOTHOCTH. OHO NO3BOJIAET MyTEM H3MEPEHHS CPEJHHX 3Haue-
HHii HEKOTOpbIX BEJHYHH B CMELIZHHOM COCTOAIHHH HaHWTW MaTpHLY
NJIOTHOCTH JIAHHOTO COCTOSIHHA, T. €. ONpenesHTb Bce (BoOOwE ro-
BOpSi, KOMIUIEKCHbIE) 3JMEMEHTbl 3TOH MaTpHub. UYHCIO CTPOK H
CTOJTﬁLlOB B ManHlJ.e NJIOTHOCTH COOTBETCTBYGT YHCJTTY He3aBHCHMbBIX
COCTOSIHHH, HCNONb3YEMbIX AJIsi XapaKTEPHCTHKH YHCTOrO COCTOSIHHS
B (14,3). 910 4KCNIO MOXKET GbITh B HEKOTODPBIX CJyuasiXx W GECKOHEY-
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oM (cM. HHxke). CocTosiHHe nonsipHsauHy (hOTOHOB, MPOTOHOB H
HeTPOHOB XapakTepusyercsi aByMsi (DyHKLHSIMH, CJI€10BareJIbHO,
N = 2. B vacTHocTH, NpH OTCYTCTBHH NOJSAPH3ALHH MaTpHUA MJIOT-

L
Komnnekchas kBajpaThHass matpHua ¢ N crtpoukamu umeer N2
KOMIJTEKCHbIX 3seMenToB. OnHAaKO HE BCE 3TH 3JIEMEHTbI SIBJISIOTCS
He3aBHCHMULIMH. I3 yc/TOBHsA [€ACTBHTENIbHOCTH CPEAHHX SHa'TeHHH
(14,8) cnenyer 3pMHTOBOCTb MaTpHILbI MJIOTHOCTH, T. €.

Oprpy = p:m" (14,9)

1 0
HOCTH pHaroHajJbHa H HMEET BHI P =%( .

Hanee us ycnoBusi, uToObl €HHHYHBIH OnepaTop HMEN CpejiHee 3Ha-
yeHHe, paBHoe |, HaXOIIHM yC/JOBHE HOPMHPOBKH MAaTpHIbI IJIOT-
HOCTH

Spp=1, (14,10)

kKotopoe nonyuaercs 3 (14,8), ecnu mbl yurem, yro npu L =1
MaTpHIa
Lnn’=ann’.

Ycnosue (14,9) ceonut N2 koMnuieKcHbIX 3neMeHToB K N2 Hesa-
BHCHMbBIM JIEHCTBHTENbHBIM napameTpaM. Ycnosue (14,10) ymenb-
II2eT YHCJO HE3aBHCHMBIX JIefiCTBHTEJIbHbIX mapamerpoB no N2 — 1.

Hrak, ecsii B KBaHTOBOH cHCTEME BO3MOXHO N HE32aBHCHMbBIX
YHCTBIX COCTOSIHHH, TO ONpEneNneHHe NMPOHSBOJLHOIO CMELIAHHOrO ee
COCTOSIHHSI CBOAHTCA K H3MepeHHIO N2— 1 He3saBHCHMBIX BEJHUHH,
KOTOpbIE NOJHOCTbIO ONPENEsiT MaTpHUY NJIOTHOCTH 3TOTO COCTOS-
Husi. Hanpumep, cocrosHne nonsipusanud HeiTpoHcs (N = 2) noa-
HOCTBIO ONpeJIeTHTCS BEKTOpOM mnossipudaniu P (TpH HE32aBHCHMBIX
napamerpa) (cm. § 110).

B cnyuae unctbix coctostnuii B cymme (14,2) coxpaHHTCsi TONBKO
OflHO csiaraeMoe (HanpHMep, i-e), roraa

ZZS = <Lm> = E Lnn’a:tmag!‘
nn’

CrienoBaTe/IbHO, MAaTPHLLA MJIOTHOCTH YHCTHX COCTOSIHHI
— g Dgld)
p,.,=a, Pal)

.
" (D glh) —
[Ipn yuetre HOPMHPOBKH %an ah =1 nonyuaem

(92)mn = Pmn-

I10 paBEHCTBO SAIBIAETCH HEOOXOAMMBIM H JOCTATOYHLIM yCJOBHEM
YHCTBIX COCTOSIHHE.

Belue MbI paccMaTpHBAMH MaTpHIly NJIOTHOCTH AJisi COCTOSIHH
noNsipU3aLHH HJIH JPYTHX COCTOSIHHM, ONpEessIOUHXCS KOHEUHbIM
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YHCJIOM co6cTBeHHBIX (yHKUHH Hekoroporo onepatopa. B Gonee
obuweM ciyyae MaTpHila IVIOTHOCTH XapaKTE€pPH3yeT NpOH3BOJIbHOE
COCTOSIHHE JIIOOOH CHCTEMBI, SIBISIOWEHCH YalTblo GOMBILOH CHCTEMEL

Kak yxe ykaspisa/Jocb paHblie, BCJIENCTBHE B3aHMOCBASH (DH3H-
YeCKHX SIBJICHHH, MOHSAITHE H3OMHPOBAHHON CHCTEMBI ABJSIETCSI HIEa-
Ausanueli. Bce peasibHble CHCTEMBI SIBJSIIOTCS 4acTbio OOJMBIIKHX CH-
CTE€M, H HX COCTOSIHHSI ONHCHIBAIOTCSE MaTpHUEH nnoTHocTH. [Tokaxkem
3TO Ha npHMepe mpocTelluero  cyayuasi — H3OJHPOBAHHON CHCTEMBI,
cocTosied u3 aByx noxcucrem § u x. byksamu § u x 3peco u nanee
0603HaYal0TCA NOJHBIE HA0OPbHl KOOpPAHHAT (BKJIOYAs COHHBI) COOT-
BercTBylomwMX noacucereM. llosnunass cHcTeMa H30JAHpOBaHa, H ee
cocTosiHWe onHcbiBaercss BosiHOBoH ¢(yukuue#d (&, x). Ecnu non-
CHCTEMBI B3aHMONIEACTBYIOT MeXy cOGOH, TO 3Ty (QYHKIHIO HENb3st
NpeNCTaBUTb B BHIE NPOHU3BENEHHsi BYX (DYHKUHH, ofHAa H3 KOTO-
pbIX 3aBHCHT TOJIbKO OT X, a sipyras Tosnbko ot §. Ecnm, Hanpuwmep,
GyHKuHH @s(X¥) 0OpasyioT NONHYI0 OPTOHOPMHPOBAHHYIO CHCTEMY
coGcTBeHHBIX (yHKIMH HekoToporo onepatopa S, neficTBYIOIEro Ha
KOOpPJIHHATHI NOJCHCTEMH X, TO

V& H)= 20, E) 0. (). (14,11)

B o6uieM cnyuyae 314 cymMMa COAEpIKHT GoJsiee, OJIHOro cjiaraeMoro,
NO3TOMY COCTOSIHHE TMOJACHCTEMbl HE MOXET ONHCLIBATHCSI BOJIHOBOM
(dyHkuHEH, 3aBUCAIEH TOJMHKO OT KOOPJHHAT 3TOH MNOJCHCTEMBL
Ecnu L — nekoropasi GH3HYeCKasi BeJIHUHHA, OTHOCSLIASICS K NOJ1-
CHCTEME X, TO COOTBETCTBYIOUHH efi onepatop L, feficTBYET TOJNbKO
Ha nepemenubie x. Conracto o6uemy npasuny (7,1), cpennee sua-
yeHHe BeJHYHHbI L B coctosnnu (14,11) onpenensiercs HHTErpasom

(Ly= [ ¥ (& ) Lo x)dxde. (14,12)
INoncrasum (14,11) B (14,12), TOrna MOXHO HanHcathb
(Ly= Zipg (s"I L|5), (14,13)

rue
"I LIsy= [} (x) L0, (x)dx

— MaTpHuHble 3jeMeHTHl onepatopa Ly, 1. € S-mpeacraBieHne
onepatopa L, (cM. § 28);

Pp = [ D% (&) O, (B) (14,19)

— MaTPHYHBLIE 3JIEMEHTBI MAaTPHLBLI MJOTHOCTH B S-NpeJiCT2BJEHHH.
Qopmyna (14,13) coenapaer ¢ ¢opmynoii (14,8). Henocpen-
cTBeHHO H3 onpenenenust (14,14) cnenyer 3pMHTOBOCTD MATpPHILBI
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NJIOTHOCTH P , =P, ECIH onepatop Sy HMEET HENpEpHIBHBIM
cnekTp co6cTBenHbIX 3Hauenuii, 1o B (14,11) u (14,13) nano cymmnl
3aMEHHTb HHTerpanaMH. B 3ToM cnyyae MaTpHua MJIOTHOCTH
(14,14) Gyner nenpepuiBuOi Qyukunes s u s/, 1. €. py, =p (ss’).

YTo6bl NOJMYYHTH MATPHIY MJIOTHOCTH KaK (PYHKIHIO KOOpAHHAT
nojicHCTEMBl X (koopauuaThoe npexncrasnenne (cm. § 28)), nepe-
nuiieM (14,12) B BHjE

(LYY= I p (xx”) (x| Lx"l x) dx dx’,
rae

o (x)= [ ¥ (<, D% (x, B)dE (14,15)

— MaTpHYHBIE 3JIEMEHTEI Ma'{‘-].'J_HI.lH IJIOTHOCTH B KOOpPIHHaTHOM
npencTaBJaCHUH,

(| Ly |£) =Ly (x — %)

— MaTpHYHBIE 3JIEMEHTH onepatopa L, B KOOpAHHATHOM NpencTa.-
neuun (cMm. § 28). ’

IMopcrasnas (14,11) B (14,15) u yunteBas '(14,14), naxonum
cJenyIolee BEIpaXKeHHe JIi MaTpHUBl MJIOTHOCTH, XapaKTepH3ylo-
el COCTOsIHHE MaJsioil yacTH OONBILOH CHCTEMBI

p (xy)=§p“,¢;, (") @ (%). (14,16)

BecbMa BaXHBIM SIBJSIETC NPHMEHEHHE MaTpHUB! [JTOTHOCTH
K MaJofi YacTH CHCTEMBI, KOTOpasi HaXOHTCS B TEPMOIHHAMHUECKOM
PaBHOBECHH C OKpy»<atoweli cpeofi (60NbLIOH cHcTeMOR) mpH TeM-
nepatype © (B 3HepreTHUECKHX enunHuax). B stom cayuae matpuna
MJOTHOCTH MWJH CTQTUCTUYEcKull. Ooneparop TO3BOJSIET BHIYHC/ATD
cpefnHe 3HaveHusi JMOOLIX (PH3HUECKHX BEJIMYHH NO KAHOHHYECKOMY
ancam6mo ['n66ea.

Kanonuveckuli ancambae I'u66ca npeacraenser cobofi cHereMy
GOMBILOTO YHCAa TOMAECTBEHHLIX JHHAMHUYECKHX NONCHCTEM C MO-
crosinubiM uucsaoM yactul N u noctossuubim o6pemom V. Ioacucrembr
He B32aHMOASHCTBYIOT MEXAy coO0Ofi H MOTYT HAaXOLHThbCS B pas/iHy-
HBIX KBAaHTOBBIX COCTOSIHHSIX Qs EcCNH s SIBASIOTCA COOCTBEHHbIMH
GyHKUMSAMH raMuAbTOnMana cHcTeME, T. €. (H (x) — Ed) @s(x) =0,
TO, COMJIACHO CTATHCTHUYECKON MeXaHWKe, COCTOSIHHE MOJICHC1eMB
H300paXaeTcss cynepnostikes COCTOSIHHM, COOTBETCTBYIOUIHX YHEp-
ruam E, ¢ Becom, nponopuuoHanbHBIM GOJbIMAHOBCKOMY MHOMXH-
TEJTIO

Z-'(8, V, N)exp ( - %) i
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TakuM 06pasoM, B YCJOBHSIX CTaTHCTHYECKOrO PaBHOBECHSI OMepa-
TOp P, ONpPENENAETCS C MOMOUIBIO KaHOHHYECKOTO pacnpejesieHus

I'n66ca
Ouw =0, Z (6, V, N) exp( —22). (14,17)

Crnepoparenbno, cornacuo (14,17) n (14,16), matpuua niIoTHOCTH
NI KaHOHHUYecKoro ancamons ['m66ca onpepensiercss (opmyiod

p () =2} 9} (¥) o, () exp( — ) (14,18)

B onepatopHoii (popMe €fi COOTBETCTBYET CTAaTHCTHYECKHH OnepaTop

p:Z‘"'Exp(-—%), . (14,19)
rne BeJIMYMHA

sz exg(—-%-)=8p{exp(—%)}, (14,20)

HasbIBaeM ast FyMMGﬁ cocronrutl, obecneyHBaeT BhLINONHEHHE YCJIO-
BHSI HOPMHPOBKH MaTpHLbl NJOTHOCTH

Spp=1. (14,21)

CymmupoBarue B (14,18) u (14,20) sBIMOAHS€TCS NO BCEM BO3-
MOXXHBIM COCTOSIHHSIM NOACHCTEM C raMusibToHHanoMm H(x).
JlorapuM cyMMBI COCTOSIHWH onpepensiel C NOMOWBIO paBeH-
crBa
F®©,V, NN\ =—8InZ@®, V, N) (14,22)

cBOOOIHYIO SHEPrHi0 NOACHCTEMBI KaK (YHKUHMIO napameTrpos O,
V, N. Ilpu 3tom cratuctuueckuii onepatop (14,19) npeo6pasyercs
K BHLLY

p=exp{ L5 L. (14,23)
ITpu sbluncnenun cymmbr cocrosnuii (14,20) kanonHyeckoro an-
cam0/1si HYXXHO YYHTBIBATh JAONOJHHTEJNBHOE YCJIOBHE MOCTOSIHCTBA
YHCJa YacTHL B cucTeMe. UToOGbl OCBOGOAMTBCSI OT 3TOTO YCJIOBHS,
MOXXHO paccMoTperb 60abuioll KanoHuueckuil awcambav 'ub6ea.
Or npexcraBisier cucteMy GOMBUIOTO YHC/IA TOXMAECTBEHHBIX MNOA-
CHCTEM 3aaHHOrO o6beMa V, KOTopble HAXONATCH B TEPMOAHHAMMH-
YeCKOM PaBHOBECHH C TEPMOCTATOM M OOMEHHBAIOTCS ¢ HUM 3SHEp-
ruell W YacTHIAMM TaK, YTO B NOACHCTEMaX COXpaHSETCS CpeaHee
YHCJIO YACTHIL.

Martpuua nnotHocTH GOMBIIOrO KaHOHMYECKOro ancambns
['n66ca onpenensieTcsi BbIpaXenHeM

Pt X)= 2 og, e () 0 (9, (14,24)
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The @sn(X) — cobCTBeHHble (YHKUHH onepaTopoB 3uepruu H(x) u
uucna yactull N Kaxkpoil nomgcHCTeMEr,

o s =85Sy B 6, V, ) exp ( — Eeg kL),
E@, V, n=Y exp ( — —E%”—N*) (14,25)

s N

~—CyMMa coCTOsiHHH Gosbluioro ancam6nsi. Ona onpepensiercsa H3
yCIOBHS

SPPEZPEN;SNz 1;
sN
| — XHMHYECKHH MOTEeHLHaJ, onpeaesieMblH ycloBHEM

N = Sp {pA}.
Jlorapupm cymmer cocrosiuuii (14,25) cBsisan ¢ TepMOmHMHAMMU-
YeCKHM NOTEeHLKATOM MOACHCTEMBI paBEHCTBOM
Q@O, p, V)=—0InE@®, p, V). (14,26)
C nomoubio (14,26) matpuuy nnornoctd (14,24) MoXHO 3anucaTh
B BUIE

ot ) =, 0o (1) @y (W) exp(2=EgEEE) . (1a,27)
sN

B 6onee koMnakTuoi — onepaTopHoi ¢opme Bhipaxkenus (14,26) u
(14,27). umeioT BHJ

Q(®, 1, V) =—©1n Sp{exp (— ”';g“ﬁ ). (4
p=exp{ﬂ_—fg}'—”@-}. (14,29)

B 6Gomnee obuieM ciyuae, eciiH KpOME MNOJHON 3HEPTHH COCTOSi-
HHE NOACHCTEM XapaKTepH3yeTCs MHOTHMH HHTErpasiaMi JBHIKEHHS
(yrimoBo#i MOMEHT, YHCJIO Y4CTHL, HMOYJbC M T. JI.), COOTBETCTBYIO-
uMu onepatopam I, 1o (14,29) cnenyer 3saMenHMTh BBIpaXKEHHEM

Q—H-}-E uk?k
p=¢€Xp Bk s

rne Q onpepensieTcs U3 YCJOBHA HOPMHPOBKH MAaTpHIL! IJIOTHOCTH
TaK, 4YTo

Z“k?k“ﬁ
Q(, ..., 0 ...)=—0InSp| exp | F—pr (. (14,31)

Ilpu 3TOM O — NOCTOSIHHBIE BEIHYHHBI, ONpEfE/NsieMblE H3 YCIOBHH
() =Sp{el,). (14,32)

(14,30)



I'IABA II

W3MEHEHHUE KBAHTOBBIX COCTOSHUI
C TEYEHUEM BPEMEHU

§ 15. BoainoBoe ypaBHenne Illpeaunrepa

OmiuM H3 OCHOBHBIX ypaBHEHHH KBAHTOBOJ MEXaHHKH SIBJIAETCS
ypasuenve Illpenunrepa, onpepensiouiee H3IMEHEHHE COCTOSIHUIY
KBaHTOBBIX CHCTEM C TeueHHeM speMenH. OHo 3anuchiBaeTcs B BHIE

rne H —oneparop 'amusrvbroHa cucreMbl, coBnapgaiowuii ¢ onepa-
TOPOM 3HEPTHH, €CJlHi OH He 3aBUCHT oT BpeMmend. Bup oneparopa
A onpepensiercs cpoifictBamu cucteMmbl. [lisi  HEpessi THBHCTCKOTO
ABIDKEHHA YACTHIBI MacChl p B MotenuHanbhoM nose U(r) onepa-
Top A meficTBUTEN€H M NPENCTaB/IAETCH CYMMOH ONEpaTopoB KHHE-
THYECKOM M NMOTEHUHANBHONW SHEPIrHH 4aCTHLbI

H=-——3§-V2+Ef(r). (15,2)

Ecian 4acTHna mBHXKETCH B 3JIGKTPOMArHHTHOM MOJIE, TO ONEpaTtop
Famunerona Gyner komnnekcubim (¢m. ra. VIII).

Xotsa ypasnenne (15,1) siBasiercss ypaBHeHHEM mepBoro Mopsimka
10 BpEMEHH, BCJAENCTBHE HAJHUYHA MHHMOJ CXHHHUBI OHO HMEET H
nepuonuueckue peienusi. [loaromy ypasuenve Illpenunrepa (15,1)
yaCTo HashbiBalOT B0AHOBLIM YpaBHeruem Illpedurzepa, a ero pe-
IeHHe Ha3bBAIOT BOJIHOBOH (yHKUHEH, 3aBHCALIEH OT BpEMEHH.
Ypaeuenne (15,1) npu ussectnom Bume onepatopa H nosposasier
olipenesuTh 3HayeHHe BOJHOBOH Gyukuud P(f) B Ji06oi nNocse-
AYIOMMHA MOMEHT BPEMEHH, €C/IH M3BECTHO 3TO 3HAYEHHE B HAyalb-
HBIfi MOMeHT BpeMenH. Takum o6pasoM, BosnHoBoe ypashenue Illpe-
[UHIepa BBIPAXKAET NPUHYUN NPUYUHHOCTU B KBAHTOBOH MeXaHHKe.

onrnopoe ypaBHende Llpemunrepa mMoxker ObITh NoJyueHO Ha
OCHOB2HHH cJyenyiowux GopManbHBIX coobpaeuui. B Kiaaccuye-
CKOH MEXaHHKe H3BECTHO, UTO eCJIH 3Heprusi 3afilana Kak (QyHKLHs
KOOPILHI’I aT H HMIyJibCOB

E =36 (p:, q:), (15,3)
TO NEPEXOM K K/IacCHYeCKOMy ypaBHeHHIO ['aMuyibToHa — SIKO6H nuis

Gyuxkuuu peficreus S
__ 88 as
— =% (5 %)
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MOXHO Toayuuth 3 (15,3) ¢opmanbibiM npeobpasoBaHHeM

as
E—s—— p,-—r-a-.

Takum ke o6pasom ypasuenue (15,1) nonyuaercs us (15,3) npm
nepexoxe ot (15,3) k onepatopromy ypaBHenuio nyrem ¢opmasb-
HOro npeo6pa3oBaHHs
E—ihgr, pi—>—ih—-, (16,4)
[ 4
ecin (15,3) He comepKMT NpOM3BENEHHH KOOPIMHAT H HMIyJbCOB,
nu6o CONEpXKUT TaKHe UX NpOU3BENEHHH, KOTOpbie Nocje nepexona
k onepatopam (15,4) kommyTHpyior Mexny co6oit (cm. § 7). Ilpu-
paBHHMBasi NOCJE 3TOTO NpeoOpasOBaHHS PE3yJ/bTaThl NEHCTBHA Ha
(GyHKUHIO P onepaTopos MpaBoii H JIEBOH 4acTeHl NOJYyYEHHOTO One-
paTopHOTO PaBEHCTBA, NPHXOAHM K BOJHOBOMY ypasnenuio (15,1).
He caenyer, onnako, npHuHMark 3TH opmasbuble npeo6pa3oBaHust
Kak BbiBOn ypapHenus Illpepuurepa. Ypasuenue Llpepnurepa sap-
Jisercst 06061eHHeM ONBITHBIX AAaHHBIX. OHO He BHIBOOWTCA B KBaH-
TOBOH MEXaHHKE, TaK YK€ KaK HE BHIBOASTCH ypaBheHnHss Makcsensia
B 3JEKTPOAMHAMHKE, MPHHLMN HAaHMEHbILero AeicTBUsi (MM ypaBs-
nenusi HbloTona) B KinaccHueckoil MexaHHKe.
Jlerko yGemuThes, uto ypashenne (15,1) ymoBiersopsiercsi Ipu

H=— %W BOJIHOBOH (QyHKLHEH
.{ pr Et
VP (r, t)=.4exp{z (T --T) },

ONHUCHIBAIOWIEH CBOOONHOE HBHXKEHHE YaCTHLBI C ONpefeJieHHBIM
3Hau€HHeM uMnyJjbca. B obluem ciyyae CripaBefIHBOCTb ypPaBHEHHST
(15,1) mokasbiBaercs COryIacHEM C OMNBITOM BCEX BHIBOJOB, MOJyYEH-
HBIX C MOMOILBIO 3TOTO ypaBHEHHS,

INokaxem, uto us ypasuenus (15,1) cienyer BaXkKHOE paBeHCTBO

Z f V'Y dv =0, (15,5)

yKa3bIBAIOIEE€ HAa COXpaHEHHE HOPMHPOBKH BOJIHOBO# (DYHKIHH
c TeueHHeM BpeMend. YMHOXuM caesa (15,1) na dyukmmo *, a
ypaBHeHHE, KOMIUieKCHO conpspkennoe kK (15,1), na dyukuuio ¢
H BLIYTEM H3 NEpPBOro NOJIYYEHHOrO YpPaBHEHHsi BTOpO€; TOraa Ha-
XOonuM

ih 2 (9°9) = ¥'Ay — pA"Y". (18,6)

Muterpupyst 310 COOTHOLIEHHE NO BCEM 3HAYEHHSIM MEPEMEHHBIX H
YUHTHIBas caMOCONPSKEHHOCTb onepatopa H, moayyaem (15,8).
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Ecau B coortnomenne (15,6) nopcraBuTh siBHOE BhIpa)eHHe
onepatopa [amuabrona (15,2) 1is HBHXKeHHsi YacTHUBI B NOTEH-
HAaJbHOM NOJIE, TO NPUXOAHM K mH(pdepeHnHanbiOMy ypaBUEHHIO
(ypaBHeHHe HENpepHIBHOCTH)

% 4 divj=0, (15,7)
rne p = Y* aBASETCH NAOTHOCTLIO BEPOATHOCTU, a BEKTOP
i = oo (WYY — $V$) (15,8)

MOXKHO Ha3BaTb BEKTOPOM NAOTHOCTU TOKQ BEPOATHOCTU.
KoMmiekcHyio BOTHOBYIO (YHKLHMIO ¢ BCEra MOXHO Mpejcra-
BUTb B BHJIE

Y (r, )=R(r, H)exp {iD(r, 1)},

rae R(r, t) u ©(r, {) — neACTBUTEIbHBIE (PYHKLHH BpEMEHH H KOOp-
nunat. Takum oOpasoM, NJIOTHOCTh BEPOATHOCTH

p=Re(r, t),
a IJIOTHOCTL TOKa BBPOﬂTl-iOCTH
_ 1 — o grad (12
= R (r, 1) grad (D—pgrad( - ) (15,9)

M3 (15,9) cnepyer, uto j=0 pas Bcex QyHKUMH P, y KOTOpHIX
¢ynkuuss @ He 3aBMCHT OT KOOpAHMHaT. B uactaoctd, j =0 pis
BCeX MEHCTBUTENBHBIX QyHKUHFH P

Pewenuss ypaBuenuss Illpemgunrepa (15,1) B o6wem ciyuae
H300paXkaioTCsi KOMIVIEKCHBIMH (yHKuHsiMH. VcnosnbsoBaHue KoMn-
JIEKCHBIX YHKUHH BECbMa yRoOHO, XOTsl H HE HeobxonuMo. Buecro
OJIHOFi KOMILUTEKCHOH (YHKIUMH  COCTOSAHHE CHCTEMBI MOXXHO OIH-
CaTh ABYMsi BELECTBEHHBIMH QYHKLHSAMH @ H ¥, YAOBJETBOPSAIOLHMH
OBYM cCBSi3SaHHBIM ypaBhenusiM. Hanpumep, ecau onepatop H —
BELIECTBEHHBIH, TO, NOACTAaBHB B (15,1)_ bynkumio Y = ¢ -+ Iy u o1-
JEJHB BELIECTBEHHYIO M MHHMYIO 4YacTH, NOJYYHM CHCTEMY IBYX
ypasHenuh

09 __ oy __
h —- 5F = Hy, ﬁ"g}“—-—H‘Ps

NpH 3TOM MNJOTHOCTL BEPOATHOCTH M MJIOTHOCTH TOK2 BEPOSITHOCTH
NpUMYT BHA

p=0+x j=- (pgrady —ygradg).

Kpome H3MeHeHHst BO BpeMenu BOJIHOBOH (PYHKUHH P, 0GyCsioB-
JIECHHOI'0O H3MEHEHHEM COCTOsIHMA TOJ BJIHMSHHEM CHJI, NEHCTBYIOLIHX
B CHCTeME, U onpeAe/semMoro oinosHauno ypasnendeM Ilpemuurepa
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(15,1), B KBaHTOBOH MeXaHHKE pacCMaTpPUBAIOTCS €Ile «U3MEHEHUs»
BOJNIHOBOH (PYHKLHH, 06yc/JOB/IEHHBIE NPOLECCOM H3MepeHHs. B 31oMm
cayyae peub H/JET COGCTBEHHO HE 06 M3MEHEHHH BOJIHOBOH (DyHKIHH,
a 0 3aMeHe OfHOH BOJIHOBOH (PYHKLHH NpYroH BOJIHOBOH (yHKLHEf
B CBSI3H C H3MEHEHHEM TIMOCTAHOBKH 3ada4dH — MCHAIOTCHA HayaJib-
pble ycnopus. IloscuuM 3to npumepom. Ilpeanonokum, 4To cocrosi-
HHEe CHCTEMBI onuchiBaeTcst Ppynkuuesi Yp, H B 3TOM COCTOSAHHH (PH-
3Hyeckass BesuyunHa F uMeer onpepesenHoe shauenue. Torpa, us-
mepsisi (usuueckyio BenHunHy F, MBI C DOCTOBEPHOCTBIO TNOJYYHM
snavende F. Onnako nocje H3MEpeHHsi CHCTEMa MEPEeXONHT B HOBOE
coCTOsiHHE VP, OTJIHYHOE OT HCXOJHOrOo, B KOoTOopoM Bennunna F He
HMeeT ONpeeJeHHOro 3HaueHHa. Hanpumep, H3MepeHHe HMiyJsbca
9/IEKTPOHZ MOXXHO OCYIUECTBHTb nyTeM JH(PaKUHMOHHOrO OIbITA,
Ilpu TakoM u3MepeHHH 3JIEKTPOH, nonaxasi Ha (POTONJIACTHHKY, BBI-
3bIBaeT noTeMHeHHe (noclie NposiB/ieHHs) HeGOJNBILOro €e yyacTka,
Takum o6pasoM, B pe3ysbTaTe MSMEPEHHsi JIEKTPOH H3 COCTOSIHHS
CBOGOMIHOTO ABHXKEHMsI C ONpeNeseHHbIM 3HAYEeHHeM MMNYJbca Mepe-
I1eJ1 B COCTOsIHHE C ONpeieJeHHbBIM 3HAaY€HHEM KOOpAHHATHL.

Ilepexosn us cocTosinsi P B COCTOAHHE Y B pe3yJbTarte H3Mepe-
HHSI HOCHT Ha3BanHe «pedykyuu soarosozo naxkera». Ilocne usMe-
peHHsi TNOJyyaercsi HOBOE COCTOSIHHE, KOTOpPOMY COOTBETCTBYET H
HOBast QYHKIIMSA.

§ 16. CtannuoHapHble COCTOSIHUS

Paccmorpum cucremy, y Koropoii oneparop ['aMunbToHa He 3a-
BHCHT SIBHO OT BpEMEHH, T. €.

oH g
=0 (16,1)

B stoM cayuae sosinoBoe ypasuenue Illpepunrepa (15,1) ponyckaer
peLiexye C paspeJeHHBIMH TepeMeHHBIMH

YE H=vE) AQ). (16,2)
INMopcrasnsna (16,2) B (15,1), naxonum
BT He@
_ oy =
A= ee b (16,3)
rne E— nocrosinnas peauunna. Ms (16,3) ciemyior asa ypapneuus:
Hbe ()= Ev 8, (16,4
250 — EA (o). (16,5)

YpaBuenue (16,4) siBisieTcss ypaBHEHHEM, ONpenessiiOUHM COGCTBEH-
Hble 3Hayenust onepatopa ['aMWibTOH2, KOTOpHI NPH yC/AOBHH
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(16,1) sBasercss onepatopoM sueprid. BosmoBbie ¢ynkuuu g (&)
COOTBETCTBYIOT COCTOSIHHAIM CHCTEMBI, B KOTOPHIX 3HEprHsi HMeeT
onpenenentoe 3Hauenue. Peienne ypasuenus (16,6) Moxer OHITH
3aNHCaHO B SIBHOM BHJE:

A(h) =exp(—s£%). (16,6)

B kBantoBOifi MexaHHWKe COCTOSIHHS, HMEIOIIHE ONpPENESeHHYIO
SHEPTHIO, . HA3BIBAIOTCA CTAYUOHAPHUIMU cocTosHusMY. CornacHo
(16,2), (16,4) n (16,6), BonnoBas (GyHKiHsi CTALHOHAPHBIX COCTOA-
HHH HMeeT BHJL

V(& ) =s@® exp(—E5). (16,

CranuonapHbie COCTOSIHHSI B KBAHTOBOH MeXaHHKe o6iapaioT psi-
JIOM OCOGEHHOCTEH:

a) 32BHCHMMOCTH BOJIHOBBIX (DYHKLHH CTaLMOHAPHBIX COCTOSIHHH
cucteMbl or Bpemend (16,7) omHOsHauno onpene/IsieTcs 3HayeHHEM
SHEPrHH B 3TOM COCTOSIHHMH.

6) B craunoHapHBIX COCTOAHHAX NJIOTHOCTb BEPOSITHOCTH H NJIOT-
HOCTb TOKa BEPOSITHOCTH HE 32BHCAT OT BPEMEHH.

B) B cranuoHapHbIX COCTOAHHAX CpefHee 3Hayenue JioGoH ¢u-
8HUECKOl BEJIHYHHBI, ONepaTop KOTOPO# SIBHO HE 3aBHCHT OT Bpe-
MEHH, SBJSACTCS MOCTOS HHBIM

(Fy=[ %" (& #) Py &, 1) d& = const.

Camu (uauueckHe BeJIMYHMHBI MOT'YT HMETh ONpPENEJEHHOE 3HAuEHHe
B CTaLHOHAPHBIX COCTOAHMAX B TEX CJyyasiX, KOTZa MX ONEpaTophl
koMMyTHpYIOT ¢ H.

r) BepositHocTb o6HapyXKeHHs ONpeaesieHHOro 3HaYeHUs - J1I00OH
(u3nuecKoli BEJHUMHBI B CTALHOHADHOM COCTOSIHHH HE 3aBHCHT OT
Bpemend. JieficTBUTENbHO, BEPOATHOCTL ofHapyxKeHusi 3naueHus Fj
¢usnueckodi senuuunbl F B coctosnuu (g, £) onpepensercs ksap-
patoM Moayas Koa(hhulUHEHTa pasjoxeHHsi P MO COoOCTBEHHBIM
¢yuxkuusm P, CnepoBarennuo,

W F)=laP=|[ v & 0 v; € dt[ =const.

B cuny nunefinoctu ypasuenus Illpemunrepa (18,1) ero o6une
pelueHHs njsi onepatopoB H ¢ NUCKPETHBIM CNEKTPOM MOTYT GbITh
NpencTaB/iCHbl B BHIE

P& )= 3 caby, &) e En", - (16,8)

n
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Ecau onepatop H nMeeT HenpephBHBIH CHEKTP COOCTBEHHBIX 3Ha-
yeHu#l, To

P& )= [ cxbe @ dE. (16,9)

Cocrosinust (16,8) u (16,9) ne obnanaior onpenenennoii suep-
ruell U HE SIBASIIOTCS NO3TOMY CTalHOHaPDHBIMH, penHee 3HaueHHe
3HEPrHH B 3THX COCTOSIHHSIX HE 3aBHCHT oT Bpemend. Hanpumep,
B coctosinuu (16,8)

(Ey = [ (& NHY @ 0 dt= Y| Ca PE,.

O,[lHaKO NJIOTHOCTh BEPOATHOCTH 32BHCHT OT BpPEMEHH:
pEH=VEHIVE H=
| = 2 C,C,¥, ® v, ® exp (i (E, — E, ) /h},

Ecun HEONPEAENCHHOCTD SHCPrHH CHCTEMBI MaJia no CpaBHEHHIO
C ee CpemHHM 3HAa4y€HHEM, TO TOBOPAT O KBA3HCTAalHOHADHOM CO-
CTOAHHH CHCTEMBIL HCCJIEJ],YEM BpPEMEHHOE H3MEHEHHE KBA3HCTAIlHO-
Hapubix cHcreMm. Ilycte npu £ =0 cocTosinMe XapaKTepH3yeTrcs
¢hynkuHeH

¥ (& 0)= [ Cewz (&) dE. (16,10)

Co6etsennbie  (ynkudd Pe(E) onepatopa 3HeprHd HOPMHPOBAHBI
YCJIOBHEM

[ 3 (®) ¥ ®) dE =8 (E— E),

nostomy Bennunna |Cg|2dE onpenensier BeposiTHOCTh TOrO, YTO CH-
£TeMa MMeeT 3Hepruio, s3akjiouennyio B unrtepBane E, E--dE.
IMpeanonoXkum panee, 4To

_ e/2m . J' e
'CEF— {E—En)g+¥2f4 L] ; ICEPdE—‘ !- (lﬁlll)
ITapamerp & onpenensier cpemnuii pasGpoc 3HEPTHH OKOJIO 3Haue-
Hus Ep > e,
Coraacno (16,9), x MOMeHTy BpeMeHH { BOJHOBasl (YHKIHS
(16,10) npumer Bup

¥ &, )= [ Cpip (8) e~E4* dE. (16,12)

BeposTnocTs TOro, uto K MOMeHTy BpeMenu f CHCTEMa BCe €le Ha-
XOHTCA B HauyaJbHOM COCTOSIHHH, ONpENE/sieTcss BEeJHYHHORM

W) =IC(¥(E 0¥ E o
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Ioncrasue sunavenusi (16,10) u (16,12), naxomum
¢
W)= f] Cr pe—iEt" dE = exp(—- %) ? (16,13)

Ilpu ¢ == h/e BEpOATHOCTb HAYaJBHOrO COCTOSIHUSI YMEHbLIAETCS
B 2,7 pasa, no3ToMy BpeMs
Pl (16,14)
e

Ha3bIB2IOT BpEeMEHeM HUBHU HA4ANbHOZO COCTOsHUs, B KBasHCTa-
nHonapuoM coctosinui (e < Eo) BpeMsi XXH3HHM 3HAUHTENbHO OoJblue
XapakTepHOro BpeMeHH cucreMel, pasuoro h/Ej.

M3 (16,14) cnepyer, yTO BpeM#A »KH3HM CBSI3aHO C Heonpexe-
JIEHHOCTBIO 3HEpruH AE == & HAYya/NbHOTO COCTOSIHMA IPOCTHIM COOT-
HOILIEHHEM

T AE =h. (16,15)

Ecany raMHAbTOHHAH COMEPXKHT 4acTh, 3aBHUCALLYIO OT BPEMEHH,
uanpumep, H = Ho 4 V(¢), 10 o6umee pewenue ypasuenus (15,1)
MOXHO BHPa3HTh Yepes JIMHEHHYI0 KOMOMHALHIO CTaLlHOHAPHBIX CO-
crosnuit Pn (§) oneparopa Hy ¢ nomowpbio GopmyJibl

¥ @& )= 2 an () b (©)-
IMoxcrasus 3to Buipaxenue B (15,1), naxoaum cucreMy ypaBHEHHH

H3 KOTOpo#, B mpocreiiueM ciayuyae Vipn = Vadnm, am(0) = Cndnm,
crenyer

4
a, (t)=C, exp[ —-—;-[Et -} IV,, (z) d'r] }.
0

B 3akmiouenne 3roro maparpatda paccMOTPHM BHA ypaBHEHHs
Hlpenuurepa B pasnuudbiX cHcTeMax koopauuart. Onepatop 3Hep-
rum (FraMUJbTOHHAH) IMpPEACTaBJsieT CO6OH CyMMY ONepaTopoB MO~
TeHLHaNbHOH H KHHeTHYECKOH 3HEpPruu 4YacTHi cHcreMmbl: Bup one-
paTopa MOTEHUMaJbHON 3HEPrHH CHCTEMBI YacTHILl 3anHChIBaeTcs
MpOCTO B CHCTEMaX KOOPAMHAT, SIBHO OTpPaXKaloUMX CBOHCTBA CHM-
METPHH CHCTEMBl. Ymo6HO H onepaTop KHHETHYECKO#i 3SHEPrHH

Ev
E (-—- e ;) 3anucath B TOW Ke cHcreMe koopmuuat, [as 3toro
JOCTATOUHO 3HaTh BHA onepatopa Jlanmaca opgHoN 4YacTHLH
V2 = div grad B npousBobHON CHCTeME KPHBOJNHHEHHBIX KOOpMIH-
uat. Ms kypca nutdepenunanbuoll reoMeTpuH H3BECTHO, YTO €CJIH
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KBalpaT 3JieMeHTa IJIHHBI B TaKOj CHCTeMe BbipaXXaetTcsi (popMyso#
ds? = kZ! Dy, dq.. dqy,

rae Dy == Dy, ~— nponsBouiblibie (yHKLUHMH gr, TO onepatop Jlamiaca
HMeeT: BUJL
) -1 9 ~1 @
¢ ZT(GDM -5‘},-), (16,16)

rae G — KBanpaTubili KOpeHb H3 JAeTepMHHaHTa MaTpulbl Dy; D
3JieMeHTbl MaTpHubl, 06paTHOl MaTpHUe Dpp
B csiyuae npousBOJIBHOH OPTOrOHAJIBHOM CHCTeMBI KOOpAHHAT

Diy= Dby, G =DyDyDs, Dij ==by/D}.

CueoBaTesibHO,
-—.—zl]D?dqf,
Mo3TOMY
. 1 ad DQDE 6_) d (DsD[ ad ) ad (D[Dz ad )}
W_Diﬂzns{ 3‘7I(Dl oy +._.6‘¢2 D, dq, +6¢3 Dy 09q5/)"

(16,17)
YactubiM caygaem (16,17) ssasiorcs

2
= 4 T 4 gz.‘, — JigKapToBa CHCTeMa KOOpAMHaT,

L 19 ra_é'_) +2 — coepuueckas cucrema xoopmunar

L 2 ar( or re B d

rie s

1 d a 17} 1 ?

A= sine{ﬁj(sme'ﬁé—)ﬁ- sin 0 dg? } (16,18)

B sapauax ¢ akcHa/JbHOM OCbI0O CHMMeTpHH YHAOOHO HMCNONB30-

BaTh NapaGoiHyecKHe KOOpAMHATH! §, 7, ¢, ONpenensieMbie ypaBHe-
HHSIMH

=VEncosg, y=Vinsing, 2= E—n.
O6paTHble npeo6pasoBaHHst HMEIOT BHJ
E=r+2z n=r—z o¢=ardgl, r=VF17+7
KsanpatT anementapHoro orpeska OnpefessieTcsi BbIpaXKEHHEM
ds? — ’é+‘nd§2+§+n dif + &n do?.
Caenosarenbio, onepatop Jlannaca npnoﬁpe‘raer BHJL

et [ 4)+ &R S E s
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§ 17. HameHenue cpeHUX 3HAYeHH# (HU3IHUECKHX BEJHUHH
¢ TeYEHHEM BpPEMEHH

B npenwmiayuiemM naparpage Obulo ykasaHo, WTO CpefiHH€ 3HA-
yeHHsi (H3HUECKHX BCJIHYHH B CTALHOHAPHBIX COCTOSIHHSIX He 3aBH-
cat ot BpeMenH. OnpenesinM, Kak H3MEHSIOTC CPEAHHE 3HAYEHHS
B [POH3BOJIbHBIX COCTOSIHHAX.

ITo onpeneneHuIo

(Fy= [ wFyds.

CnenoBaTtenbHO,
AU — [{y Lyt WPt vF Rl an

IMoncransis u3 ypashienuss Ilpenunrepa (15,1) suavenus npous-
BOJIHBIX
632‘ .

ap 1
"__TEH"" of

1 * L]
ot _EHq’

H HCNONB3ysi 3PMHTOBOCTH oneparopa M, npeobpasyem (l?_',l)
K BHIY

_[ v {5+ F A}, (17,2)
rne [F, Hl= FH — HF.

dF
Ecnn BBectH onepaTop —-, ONpefe/sieMblii COOTHOLICHHEM

d(F - d
40 [y g, (17,3
10, yuuthiBasi (17,2), nonyuaeM onepatopHoe paBeHCTBO
dF __ oF , 1 .5
d—t=6_t+Th_[F’ H]. (17,4)

N3 (17,4) cnemyet, uro eciu onepaTop F SIBHO He 3aBHCHT OT Bpe-
MeHH H KOMMYTHpYeT ¢ ollepaTopoM 'amusibroHa, TO cpemnee 3Ha-
yeHHe (uaHuecKol BeNHUHHBI F He H3MEHSIETCH C TeUeHHEM BPEMEHH
B JIOOOM cocTosiHMH. TaKasi BeJMHYHHA HOCHT Ha3BaHHe uHTezpaia
KBAHTOBLIX YpasHeHull JsusceHus.

IlpuMeHHM nosnydenuble BbiLe COOTHOLUEHHSI K KOOPAHHATE H HM-
nynbey. s npocToThl pacCMOTPHM OAHOMepHOe ABHXKEHHe BMOJb
ocu x. UMnysec px == p ¥ KOOpAMHAT2 X He 3aBHCAT SIBHO OT Bpe-
MEHH, MO3TOMY MPOH3BOJHble OT ONepaTopOB, COOTBETCTBYIOLIHX
3THM BeaHuHHaMm, cornachio (17,4), umeloT BHUI

D —5lp Hl, S=1# H]. (17,5)
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ITpennonoXHM, YTO COCTOsIHHE MABHIKEHHA YaCTHLBI OMNpepeNsieTcst
oneparopom I'am#nbToHa

i A U (X))
torna u3 (17,5) caenyior onepatopnblie paBeHcTBa
dp ___ o0 dx _ p
AT T E T Uz

B3siB npoM3BomHYIO O BpeMeHH OT OGeHX wacTeil BTOpOro ypasHe-
uus (17,6) u ncnonb3oBaB 3aTeM nepBoe ypaBHEHHE, HAXOMHM

a o0
L7 ox "

M3 s71oro onepaTopHoro paBeHCTBa CJAeAyeT pPaBeHCTBO JUIS CPeHHX
3HaYeHHH:

9 dx. (17,7)

Ay dtz I¢x¢dx—"j¢
Ecnu BosnnoBas GyHKUHs P(X) OTVIHYHA OT HYJIst B HeGONBLIOH 06-
JIaCTH NpocTpancTsa okoso X = (x), To (17,7) momyckaet ympoiue-
uue. BBonsi HOBylo nepeMenHyio §, onpemensieMyi0 paBeHCTBOM

x =X- E, MOXXHO B 3TOM CJlyuae Pa3/OXHTb MPOH3BOAHYIO —%
B psin
U 6U{x) 92U (%) | 9V (%)
“”67; ’+‘ EFE g—l— axs §2 .3 (1718)
rjge HCnoJib3oBaHbl 0603HAYEeHHS ag;x) =[av(f+§)] H T I
INoncrasass (17,8) B (17,7), nonyuaem
d*x ouU (x 1 a*U
pie =R _ LIV (axpy 4 . (17.9)
Ecnu BHINOJHAETCA YCJAOBHE
aU (x 1| &% (%
2D | [ 2 [(axy2), (17,10)

1o (17,8) cBomuTcs K KnaccHueckoMy ypasuenuio Hbiorona pns
NBHXXKeHHSI LiEHTpPa BOJIHOBOTO NakKeTa, eC/IH MpeanoNoXKHTh, 4YTO B
HeM cocpefoToueHa BCsi Macca YactHubl. Hepasencrso (17,10) Bbi-
NoNMHAETCS TeM Jiyulie, yeM Gonee NJaBHO H3MEHSIETCA MOTeHIHAJ
NMPH H3MEHeHHH X M YeM MeHbllle MPOCTPAaHCTBEHHOE MNPOTSKEeHHe
BoIHOBOro nakera. Opuako MaJbie suauenusi ( (Ax)2?) us-sa coor-
HOILEHHS HeOoNpeeJIeHHOCTeH NPHBOAAT K GOMBILIHM HeonpeleneHHo-
CTAM B SHAaYeHHH HMNYJbCa, T. €. K CyILIeCTBEHHOMY HapylleHHIO
KJaCCHYECKOro TOHSITHS HMOYJbCa W KUHETHYECKOH 3SHepruH
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yacTuubl. [Insi npuGaHXeHHOA NMPHMEHHMOCTH KJIaCCHYECKHX Npej-
CTapieHHii o ABHXKEHHH YacTHLbI HEOOXOIHMO, 4TOObl Hapsily C He-
paBenctBoM (17,10) BBIMOMHAJIOCH PaBEHCTBO

PN __(p)? ((Ap)) _ (p)?

(m)_ e S W SR (17,11)
Yro6bl Bhimonusiock (17,11), HeoGXomHMo BBINONHEHHEe HepaBeH-
cTBa

() (Bp)) B
TR T (D (17,12)

OnuoBpemennoe Bhinofinenne Hepasencts (17,10) u (17,12) Bos-
MOXXHO NpPH JNBHXEHHH YacCTHI C OOJbIIHMH HMNYJIbCaMH B NJaBHO
MEeHAIUHXCA BHEIIHHX MOJsIX.

YpaBuenune (17,4) nosponsieT HalTH BecbMa OOIIyIO CBSI3b
MeXAY CpelXHHMH 3HAYE€HHSIMH KHHeTHYeCKOH M MNOTeHIHaJbHOH
SHEepPrHH YaCTHIBI, NBHXKYIIEHCS B OrpaHHuYeHHOM OGbeMe NMpocTpau-
crBa. JleHCTBHTENBHO, IS JBHXKEHHs, OrpaHHYeHHOro HEKOTOpOM
06s1acTbI0O MPOCTPAHCTBA, NMPOH3BOJAHAsE MO BpPeMEHH OT CpejlHero
3HaYeHHs] CKaNsIpHOTO mpoHsBefeHHsi (fP) MNOMKHA paBHATHCH
HYJIO, T. €.

< {(rp)) =0. (17,13)

IMycts H= i—+ 174 (r), Toraa, coraacuo (17,4), HMeeM omnepaTopHoe
PaBeHCTBO

4 °p) =5 [("p), Al=2T — (r grad V),

rae T=% — onepaTop KHHeTHUeCKol snepri. Ilonyyennoe one-

paTopHOe paBeHCTBO CooTBeTcTBYeT, coracuo (17,3), paseunciBy
CpeMHHX 3Haqeﬂuﬁ

=T & rp)y=2(T)—((r grad V).
YuutniBan (17,13), umMeeM oKOHYaTENbHO

2(T)={(r grad V)). (17,14)
Ecan  norenuManbHasi  3HePrHst  [pONOPLUHOHAJBHZ  r®,  ToO
(rgrad V) =n(V) u paseucrso (17,14) npuuuMaer npocrofi BHI

2(T)y=n(V). (17,15)

Cootunowenust (17,14) u (17,15) Mokno HasBaTh K6aHTOBOL 6U-

puanvHoill Teopemotl, Tak KaK OHO 1o (opMe coBNnafaer ¢ BUpHA/b-

Ho#l TeopeMOH KJaCCHYeCKOH MeXaHHKH, onpejensiollefi COoTHOIle-

HHE MEXJy CPe[HHMH N0 BpeMeHH 3HaYeHHSIMH KHHETHYECKOH H Io-
TeHIHAJbHONH SHEPTHH CHCTEeMBI.
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§ 18*. Huterpanbl mBHXeHnusi W YCJAOBHsI CHMMETPHH

Kak 6blo nokasano B § 16, uurerpanom ABHXKeHHS, T. €. BeJH-
YHHOM, Cpe/iHee 3HaYeHHe KOTOPOH He MEHSIETCS C TEUeHHEM BpeMeHH
B JIOGOM COCTOsIHHH, fIBAsieTCst (DH3HUECKast BeJNHYHHA, ONepaTop
KOTOPOH $IBHO HE 3aBHCHT OT BpPEMEeHH H KOMMYTHpYyeT C oneparo-
pom IaMunbTona maunofi cuctemb. HanomuuM, 4TO B K/accHYC-
CKOH MeXaHHKe HHTerpajoM ypaBHEHHH HBHXKEHHsI NMPHHATO Ha3bi-
BaTh TaKyio (DyHKLHIO KOODAMHAT H HMMYJbCOB, KOTOpasi OCTAaeTCs
NOCTOSIHHOHA NMpPH JMIOGBIX HAaYaJMbHBIX YCJIOBHSIX. 3HaHHE HHTErpaJioB
NBHXeHHs1 Mo3BoJsier CHOPMYAHPOBATb COOTBETCTBYIOLLHE 3aKOHbL
CoXpanerus, uMeloliHe OGoMbiIOe 3HaYeHHe A MOHHMaHHA (pHsHYE-
CKHX CBOHCTB H3y4YaeMbIX sIBJICHHH,

ITokaxxem, 4TO HaNHYHE HHTErPaJoB NBHXKEHHsI H COOTBETCTBYIO-
IHX 3aKOHOB COXpaHeHHs TECHO CBA3aHO CO CBOWMCTBAMH CHMMeT-
pPHH KBaHTOBOMEXaHHYeCKHX CHCTEM, T. €. C HHBAPHAHTHOCTBIO omne-
patopa 'aMHIbTOHA2 OTHOCHTENIBHO TeX HJH HHBIX npeobpasoBaHHM
KOOpAHHAT.

Ilpexxpe uem nepexOfHTh K PACCMOTPEHHIO OTAENBHBIX NpHME-
poB, HCClIelyeM, KaK NpeoOpasyloTcsi BOJHOBbie (PYHKIHH KBaHTO-
BOH MeXaHHKH mpu npeo6pasoBanuaX Kooplauuat. IlpeobpasoBanus
KOOpJAHHAT MOryT ObiTh JBYX THNOB: a) hpeoGpasoBaHHe KOOPHAH-
HaT, CBAA3aHHOE C nepeMellleHHeM B MPOCTPaHCTBE BEKTOPOB, Xapak-
TepH3YIOIHX NOJOXKeHHe TOYEeK CHCTeMBl; NpH 3TOM OasHCHbIe BeK-
TOpHI, ONpefesiomKe CHCTEMY KOOpAHHATHBIX OCeH, OCTalTCs He-
NofBHXKHBIMH; 6) npeoOpasoBaHHe KOOPAHHAT (PHKCHPOBAHHOIO B
NPOCTPaHCTBE PACNOVIOXKEHHS TOYEK NMPH H3MeHeHHH Ga3sHCHBIX BeK-
TOpPOB KoOpAHHaTHHIX ocefi. B 3ToM naparpade Mbl paccMatpuBaem
npeo6pa3oBaHHsl KOOPAHHAT THNA a).

ITycte S — HekoTopasi onepalllsi, ¢ MOMOLIBIO KOTOpPOH npeoGpa-
3yIOTCA KOOPAHHATBI BEKTOpPa r, ONPENEJSIOLIEro IMOJIOXKeHHe
TOYKH, T. €. '

r—>r'=Sr. (18,1)
O6paTtuoe x (18,1) npeoGpasoBanue
r=3_'r'. (18,2)

PaccmorpuM, Kak npeo6pasyloTcst BOMHOBbIE (DYHKIUHH NMpH npe-
ob6pasosanui koopauHat (18,1). B pesynbrare npeo6pasoBaHus
KOOpAMHAT B TOYKY #/ NepeHOCHTCA TO 3HaueHHe (QYHKLHH, KOTOpoe
ObLTIO B TOUKE I, T. €.

V' (r) =P (r). (18,3)

C nmpyrofi cropoibi, N0 onpefesenHio, AeHCTBHe oflepatopa Ha
¢yuxuuio P (r’) KoMKHO AaBaTh HOBYIO (QYHKIHIO OT TOrO JKe apry-

MeEeHTa
Y (r’) = Rsy (r'). (18,3a)
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CpaBuuBasi (18,3) u (18,3a), naxomum npaBHJO, onpemensiollee
nefictBHe onepatopa R, Ha ¢yukuuio, Rap(r’) = ¢(r). MNoncrasasns
B NpaByl0 4acTh noayuenHoro pasenctsa (18,2), umeem

R (r)=%(S7'r),

HJ/IH, ONyCKas LITPHX HaJ BEKTOpPOM, HaXOJHM OKOHYaTeJbHO OYeHb
BaXHOe pPaBEHCTBO

R (r) =9 (S7'r), (18,4)

onpejefisioliee 3aKoH npeoGpasoBanHsi BOIHOBBIX (QYHKUHA DpPH
npeobpasoBanun koopauuat (18,1).

IlepefineM K HCCJiefOBaHHIO HHTErpaJioB JBHXKEHHS, CBA3AHHBIX
cO cBoficTBaMH NpocTpaHcTBa H BpeMenH. ONBITHBIM NMyTeM- ycra-
HOBJIEHO, 4TO BpEMsl SBJAETCH ONHOPONHbIM, a CBoGOmHOE mnpo-
CTPaHCTBO OXHOPOAHBIM K M30TpONHbIM. Kakue WHTerpafbl nBHXe-
HHSl M 32KOHBI COXPaHEHHS! CBsi3aHbl C STHMH CBOMCTBaMH NMPOCTPAH-
CTBa H BpPEMEHH?

a) ONHOPOAHOCTh BpeMenH. BcaencTsie ofHOPOMHOCTH
BpeMenu onepatop ['aMHJABTOHA JI060H 3aMKHYTOH CHCTEMBI, T. €.
CHCTEMBI, He NOJABEPKEHHON BHEIIHHM BO3AEHCTBHAM, H CHCTEMBI,
Haxopsilefica noA AefiCTBHEM NOCTOSIHHBIX BHELUHHX MoveH, He 3a-
BHCHT siBHO OT BpeMenH. Eciu onepatop I'aMu/IbTOHZ He 3aBHCHT

SIBHO OT BpeMEHH (%f— = 0). 10, corsacuo (17,4),

dH

1
-~ [H, H]=0.
d(E) __
CunenoBarednsho, yuntbisas (17,3), imeem —-—=0. Eciu sneprus

B HavaJbHbii MOMEHT BpEMEHH HMeJa onpefeseHHOe 3Ha4YeHHe, TO
9TO 3HaYeHHe COXPAHHTCS MW B Mociemyiollee Bpemsi. Takum oGpa-
30M, OOHOPOOHOCTL BpemeHu NPpUBOOUT K 3aKOHY COXPaHerUs 3dHep-
2uu 8 KBAHTOBOI MexXaHuke.

HinBapuautHocTh onepatopa f1 OTHOCHTEIbHO HEKOTOpOro mpe-
o6pasoBanns, onpenememoro onepatopoM F, osuauaer, uto meii-
crue onepatopa F na qynkunio Hy sksusaneutno nefictsuio H na
Gyukunio Fy, T. e.

FHYy= HFY.
JpyruMH c/loBaMH, HHBapHaHTHOCTL H 1m0 OTHOIIEHHIO K npeobpa-

80BaHMIO, OCYIIECTBJsieMOMY onepatopoM F, CBOAHTCSI K YCJOBHIO
KOMMYyTallHHi 3TOro onepatopa ¢ onepatopoM I'aMuabTOHA

FH = HF.
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Beenem onepatop T —onepatop CMeLLeHHs a’pemeim Ha BeJIH-
YHHY 7; TOrA@, MO ONpeneJeHHIo, _T-;t =1t+41, u u3 (18,4) cnenyer

T =v—n)

Benuunna v sBasiercs napaMeTpoM onepatopa T, OmHopomnoCTh
BpPeMEHH U1l pacCMaTpHBaeMbIX HaMH CHcTeM OymeT MaTeMaTHYe-
CKH BHIpaXKaThCsl YCJIOBHEM KOMMYTaLHH

[T, H] =0.

Bmecro oneparopa cMelleAHsi BO BpeMeHH YAOOHO MO/bL30BAThCA
2eHepaTopom Npeobpa3oBanus, WNH UHPUHUTE3UMANbHOIM ONEpaTO-
pom cmewerus epemenu I(t), koTophli onpemensiercss Kak Npous-
BOJHasi onepaTopa MO NapaMerpy NPH HYJAeBOM 3HAYeHHH 3TOTO
napamerpa.

Taxum o6pasom,

-~

= e
[(t)ﬂ_a; T,

L-wﬂ

fIsubiil BUA onepaTtopa I (£) Jierko MOJYYHTB, €C/IH Y4ecTh, YTO
T d % __a 9
1090 =3 Tw0| = ve—a|_——Fv
Takum ob6pasom,
% d
[()=——;.

3aKoH COXpaHeHHsI 3HEPTHH CBA3aH C KOMMYTallHeH onepatopa
A c unduHuTesHMaabbiM onepaTopoM I (£). B cesisH ¢ 3THM HMelo-
ki pa3MepHOCTb 3HEPTHH ONepaTop

it

MHOT/la Ha3bIBAIOT oneparopom dxepeuu. Ciaenyet, OfHAKO, NIOMHHUTH
06 YCJIOBHOCTH TAaKOrO Ha3BaHHs. DHEPTHA KBaHTOBOMEXaHHYECKOM
CHCTEMBI B CTAIlHOHAPHBIX COCTOSIHHAIX ONpejiesisieTcs COGCTBeHHBIMH
snaueHHsIMH omepatopa Iamusabrona. Ilostomy onepatopoM 3smep-
HH CHCTEMHI siBisieTcst onepatop [aMHAbTOHAZ, T. e. HEKOTOpas
(YHKLHS ONepaTopoB KOOPAMHAT H HMMYJabcoB. B npoTHBOMOMOXK-
HOCTb MNPOCTPAHCTBEHHBIM KOOpAHHATaM BpeMsi He SIBJSETCs olie-
paTopoM.

6) OnuopoaHocThb npocTpancTBsa. OxHopogHOCTh npo-
CTpaHCTBa MpOsMBJsSETCA B TOM, 4TO CBOWHCTBA 3aMKHYTOH CHCTEMb
He MEHSIIOTCS NPH JI0O60M NapanjeNbHOM MNepeHoce CHCTeMBI KakK
uesoro. ITockonbKy CBoficTBa CHCTEMbI ONpefeNiiloTCA B KBAHTOBOM
MexaHHKe ee onepatopoM ['aMH/IbTOHA, TO OXHOPOAHOCTH NMPOCTpaH-
CTBa [O/KHA NposIBAsAITBCA B TOM, 4t0 onepatop [amuibTOHA
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OCTaeTCsl HeH3MeHHBIM (HHB2pHAHTHBIM) NpH MapajjenbHOM CMe-
IIeHHH CHCTeMbl Ha MpOH3BONBHOE paccrosiHHe. Jllo6oe KoHeuHoe
cMeleHHe MoXKeT OBIThb COCTaBJeHO H3 GeCKOHEeYHO MaJjbiX cMellle-
HH, MO3TOMY HOCTATOYHO PaCCMOTPeTb HHBAPHAHTHOCTb omepaTopa
F'aMuABTOHA OTHOCHTENBHO GECKOHEYHO MaJjioro cMmelleHus da.

Ecnn BonuoBast (DYHKLHA 32BHCHT TOJMBKO OT KOOPAHHAT ONHOH
YacTHUBI, TO NPH GECKOHEYHO MaJOM CMeELleHHH r =r+ da dyuk-
uus P(r), cornacuo (19,4), nepefifer B QpyHKUHIO

P(r—oda)=1P(r) —daVp(r)=(1—daV) Y (r).  (18,5)
Us (18,5) crneayer, 4T0 MHOXKHTEND
Toa= (1 — daV) (18,5a)

MOXXHO Ha3BaTb ONepaTropom GECKOHEYHO Man020 CMewerus, Tak
KakK JeACTBHe ero Ha (QYHKLHIO 3KBHBAJEHTHO CMEIeHHIO pafuyca-
BEKTOpa r Ha BEJIHYHHY Oa.

Vuurbisasi teneps (18,5a2), MOXHO cKasaTh, 4TO yCJIOBHE HHBa-
pHaHTHOCTH onepatopa H OTHOCHTeNbHO GECKOHEYHO MaJjoro cMe-
IIeHHA CBOMMTCS K PaBEHCTBY

VH =HV,

TaK KaK e[lHHHIa H MOCTOAHHBIH BEKTOP 0@ KOMMYTHPYIOT C JIIOGBIM
onepatopoM. IlockonbKy omepatop p OTNAHYaeTcss oT V TONBKO MO-
CTOSIHHBIM MHOXKHTesNeM (—ih), TO nociemHee paBeHCTBO MOXKHO
3anKcath B BHJE

pH = Hp. (18,6)

Hrak, 3 ogHopoanoCcTH npocTpaHcTBa cienyet coornollenue (18,6),
Kotopoe B cuny (17,4) cBomuTCA K yTBepXKACHHIO, 4TO HMMNYJbLC CBO-
GomHol YaCTHUBI AIBASIETCH HHTErpajioM NBUXKEHHS.

Bripaxas. V uepes onepatop HMIy/abca, MOXKHO NMpeo6pasoBath
onepaTop GECKOHEYHO MaJIoro CMelleHHs K BHLY

Toa=1—iL2%, (18,7)

OnepaTtop CMellleHHS! Ha KOHEYHBIH BEKTOP @ MOXHO MOJYYHTHL My-
TeM nocsenoBartesnbHoro npumenenusi (18,7); takuM o6pasom, Ha-
XOITHM

Ta=exp (—ifﬁi). (18,8)

TpH KOMNOHEHTHI @; BEKTOpa CMEILeHHA @ SIBASIOTCA NMapaMeTpaMH
onepatopa cmewenus (18,8). Ieneparopom npeobpasosanus npo-
CTPAHCTBEHHOZ0 CMeWeRUs, WIH UH(DUHUTE3UMALbHBLM ONepaTopoM
npoCTPAHCTEeHHO20 Cmewenus 1(X;), HasbiBaeTCst MPOH3BONHAS Olle-
patopa cMemenus (18,8) no mapamerpy a;, B3sitasi npH HyJIeBBIX
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3HaUYeHHsX BceX napamerpos. TakuM o6pasoM, HHOHHHTESHMAJbHEI
onepaTop CMelleHHsi BAOAb OCH Xi

)= —%ﬁ:

HEMOCPe/ICTBEHHO CBSi3aH C COOTBETCTBYIOLIEH NpoeKiHel onepatopa
HMITyJIbCa.

Ecnn ¢ynxuus ¥ OTHOCHTCSI K CHCTEMe YacTHll, To onepaTtop Gec-
KOHEYHO MaJoro CMeIleHHsi BCeil CHCTEeMBI KaK LeJoro TakKe Bhipa-
)kaetcst ¢opmynoii (18,7), ecan nomumath nox onepaTopoM HM-
nyabca p CyMMapHBIfi onepaTop HMNYJbCa BCEX YaCTHLU CHCTeMH,
T. €. eCliH

;’:gﬁi-

B sTtoM cnyuae WHBapHAHTHOCTD OTHOCHTEJBHO MPOCTPAHCTBEHHbBIX
CMellleHH# CBONHTCA K 3aKOHY COXpaHEHHs MOMHOrO HMIYJbCa CH-
CTEMBL.

B) HUsorponusn npocrpaunctsa. Hsorponus npocrpan-
cTBa (3KBMBaJICHTHOCTb BCeX HalpaBJieHHH) NpPOsBASeTCA B HHBA-
PHAHTHOCTH CBOMCTB 3aMKHYTHIX CHCTEM OTHOCHTENBHO MPOH3BOJb-
HBIX MOBOPOTOB. Takas ke HHBapHAHTHOCTb HMEeT MeCTO H /sl CH-
CTE€M, HAXOAALIHXCSE B UEHTPAJbHO-CHMMETPHYHBIX MONSX, €CJH
MOBOPOT OCYIIECTBJAAETCS OTHOCHTENBHO LEHTpa MOJs.

OnpepeniM onepatop 6eckoHeyHO MaJjioro nosopora. Bymem
cuuTaTh GECKOHEYHO MaJbifi MOBOPOT Ha yron 8¢ BeKTopoM 8¢, Ha-
npaBJeHHbIM BIOJb OCH BpaIleHHs H MO aGCOMIOTHON BelHYHHEe paB-
HBIM yray nosopora. Viamenenne papuyca-BeKTopa r NpH TaKoMm Io-
BOpOTe OMpefensieTcs BhipaXKeHHeM

r—r-+[6pXr]

BbiuuciuM cooTBeTCTBYIOIIEe H3MEHEHHe BONHOBOH (YHKUHH NpH
yuete 4JIeHOB NEpPBOro NOpPsiIKa MaJoCTH:

Y (r —[69 X r))={1 —d¢[r XV} ¥ (r). (18,9)
Hs (18,9) caenyer, uro
Ree=1—20¢[r X V]
SIBJISIETCS ONepaTopoM GecKOHeMHO MaJioro MoBOpoTa Ha Yroal &e.

Cornacio § 7, BektopHoe npousBemenne [r X V] MOXHO BBIpasuThb
yepes onepaTop yrJaoBOro (BpallaTesbHOr0) MOMEHTa

—in[r X V]=L.

Takum obpasoM, omepatop GecKOHeYHO MaJOro MOBOPOTa Ha Yrodm
8¢ BBIpa)kaeTcs Yepes onepaTop YrJoBoro Momenta (opMyJioi

féﬁw=(1 '-*'%ﬁ'i’i)-
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WupapuantHocTe onepartopa I'aMHNBTOHA OTHOCHTENBHO MPOH3-
BOJIbHBIX 6ECKOHEYHO MaJibiX NMOBOPOTOB BhipaKaercs KOMMYTalHeH
ero ¢ onepatopoM Rgse HIH C NMpoOeKIHeH omepaTopa yryioBoro Mo-
MEHTa Ha NPOH3BOJBHOe HaNpaB/ieHHe OCH BPallleHHS

nLH= HnL, (18,10)

rae n— enunuuHblfi Bekrop ocH Bpaulenus. W3 (18,10) cnemyer,
Yro B CBOGOMHOM MPOCTPaHCTBE H B JIOGOM LIE€HTPaJbHO-CHMMETPHY-
HOM NOJie HHTErpajioM NBHXKEHHsi SIBJSIETCS NMPOEKLHs1 MOMEHTa Ha
NpoH3BONbHOE HanpaBnenHe. Eciiu BHelIHee nojie HMeeT aKCHab-
HYI0 CHMMeTpHIO, TO onepatop 'aMHIbTOHa HHBapHaHTeH JIHLIb 1O
OTHOLUCHHIO K BPALLEHHIO BOKPYr AKCHAJbHOH OCH CHMMETPHH H
COXpaHsAETCA TONBKO MPOEKIHs yrJOoBOrO MOMeHTa Ha 3TO Hanpas-
JieHHe,

N3 onepatopoB 6eCKOHEYHO MaJIOro MOBOPOTa BOKPYT HEKOTOPOH
OCH, OnpemensieMOji eJHHHYHBIM BEeKTOPOM N, MOXKHO COCTaBHTb
onepaTop MOBOPOTa BOKPYT TOft XKe OCH Ha /I060H KOHeYHBIH yrod

Ri= exp(—r:in-g—). (18,11)

Hs (18,11), cnenyert, uto zeneparop npeobpasosanus noeopora, Wiu
UHDUHUTE3UMANbHBLL OnepaTop nQEopoTa, BOKPYr OCH N onpene-
JieTcs MpoeKlHel yriaoBoro MOMeHTa Ha 3Ty oCh

I(n)= —"Ln. (18,12)

Csfsb Mexly oneparopoM NPOEKUHH YIJOBOrO MOMEHTa M MHOMHHTE3MMAb-
HLIM OnepaTopoM I1IOBOPOTA BOKPYr 3ToH OCH MOJKHO HCNOJNL3OBATHL I ONpe-
JENEeHHsl onepaTopoB NPOGKUHA YrIOBOrO MOMEHTa H NepPecTaHOBOYHHIX COOTHO-
menuit mexay mumH. [lycte o — yroa nosopora Bokpyr ocu I; Toraa B aexap-
TOBOH CHCTEME KOODAMHAT OMEpaTop noBOPOTa HA yrol O MOMCHO 3alucaTh B
BHIE MaTpPHLUEI

1 0 0
Ro=|0 cosa -—sinu).
0 sina cos o

CnepoBareibHo, WH(QHHHTe3UMANLHBIA onepaTop noBopora BoKpyr ocH | Bmipa-
KaeTca MaTpHLeH .

00 0
1,=‘3RG] —=[0 0 —1}.
%o \g 1 o

Takum ke o6pasoM HaXOLHM JJf NMOBOPOTOB BOKPYF NBYX ApYyr#x oceh

0 01 0 —1 0
[2':( 00 D), !3=(l 0 0),
—1 0 0 0O 00
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Hcnonbsys nofly9eHHSIE BHPAaKEHHA H NpaBHNa NEPEMHOKEHHS MaTpHL, MOKHO
BHIUHCJHTL MEPECTAHOBOYHLIE COOTHOIIEHHA MEexy HHOHHHTEIHMANLHLIMH onepa-
TOpaMH BpaLIEHHA

I l! 2= I 2! 1 = I 3
Jsa [pYr#xX COOTHOILUEHHS nOJAYYalOTC H3 STONO Kpyropoll nepectaHopkofi wHH-
-—i -
nekcos. Ilockoanky I e L;, To u3 HaljeHHBIX NEPECTAHOBOUHLIX COOTHO-

menui gas I; crepyior nepecTaHoBOUHBLIE COOTHOMIEHHSA RJIA npoeKuui oneparopa
yTJIOBOFO MOMEHTA

E,ALQ " Ezfl — tﬁfs, e

INMonwsysick ceazbio (18,12), MokHO onpemenuTh H omnepartop
BHYTPEHHEro YTJIOBOrO MOMEHTa (omepaTtop ChHHa), He HMEIOLIHH
aHajiora B K/JacCHYeCKoil (hH3HKe, T. €. oneparop, KOTOphiH He CBO-
aHTCsi K (YHKUHH, 3aBHCANIeH OT ONepaTOpoB KOOPAHHATBI H HM-
nyabsca (cm. § 62).

Paccmorpennbie Bbille npeoGpasoBanHsi TPaHCIARUA H NMOBOPO-
TOB OTHOCATCA K KJacCCy HenpepbiBHBIX NpeoGpasoBaHuil, TaK Kak
OHH MOTYT OCYLIECTBJIATLCA NMyTeM MHOIOKPaTHOTO MOBTOpEHHA Gec-
KOHEYHO ManbiX npeo6pasoBanuii. HuBapHauTHOCTE oneparopa
aMHAbTOHZ MO OTHOLIEHHIO K 3THM npeobpasoBaHHAM NpPHBOXHT
K 3aKOHaM COXpaHEHHs HMNyJbca H YIJIOBOrO MOMEHTa, KOTOphie
COOTBETCTBYIOT 32KOHaM COXpaHeHHsi KjacCHueckoil MexanukH. Ha-
pAAy C HenpepbiBHHIMH NPeobpasoBaHHAMH YCJIOBH CHMMETpHH
MOTyT NPHBOAHTb K AHCKpeTHBIM npeobpasoBaHHAM, HE CBOAs-
IHMCcA K GeckoHeyHo MasibiM. B kiacchueckoli mexanHKe HHBa-
PHAHTHOCTb NO OTHOLIEHHIO K TaKHM NpeoOpasoBaHHSAM HE NPHBO-
OHT K 3aKOHaM coxpaxenks, B KBaHTOBOW MeXaHHKe OTCYTCIByeT
NPHHUKNHATBHOE Pa3/THYHE MEXNY HeNpephiBHHIMH H IHCKPETHBIMH
npeo6pa3oBaHHAMH, NO3TOMY B KBAaHTOBOH MeXaHHKE 3aKOHBI
COXpaHeHHsi CJHEAYIOT H H3 HHBAapHaHTHOCTH MO OTHOLIEHHIO K JIH-
CKpeTHBIM Mpeobpa3oBaHHsAM.

PaccMOTpHM OfHO H3 JHCKpeTHBIX npeoGpasoBaHHH, OTHOCH-
TeJIbHO KOTOPbIX onepatop I'aMuibTOHa OCTaeTCsi HHBapHaHTHBIM,
TaK HasbiBaeMoe npeobpasosarnue unsepcuu. TlpeobpasoBanueM HH-
BEpCHH, TOYHEE, NPOCTPaHCTBEHHON HHBEPCHH (HJH MPOCTPaHCTBEH-
HOTO OTpaXeHHs]) HasbiBaeTCsi OJHOBPEMEHHOE H3MEHEHHEe 3HaKa
BCeX TpeX MpOCTPaHCTBEHHBIX KOOPAHHAT YaCTHI(BI

X—>—X, Y—>—y, Z2—>—2 (18,13)

Ilpu npeoGpa3oBanHH HHBEPCHH NpaBas CHCTEMa KOOpPAHHAT nepe-
XONHT B JIeBYIO CHCTEMY KOOpHAHHAT.

Onepatop I'amuabrona n06ofi 3aMKHYTOH CHCTEMbl, B KOTOpPO#
NeficTBYIOT siiepHble H 3JIeKTPOMArHHTHBIC CHJIBI, HHBAapHAHTEH MO
OTHOILEHHIO K NMpeo6pasoBaHHI0O WHBEPCHH. DTa JKe HHBAPHAHTHOCTDH
(CHMMeTpHst OTHOCHTENbHO NPaBOH H JIeBOM CHCTEMBI KOOPHHHAT)
COXpaHsieTcA M pJisi  CHCTEM, HaXOLSAIUHXCA B  LeHTPaJbHO-
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CHMMETPHYHOM BHEIIHEM TnoJie, eC/iH LEeHTP HHBepCHH BbIOHpaeTcs
B IleHTPe MoJsi.

O603H2YuM OnepaTop MPOCTPaHCTBEHHOH HHBEpCHH OykBoit P,
TOraa CHMMeTpHsi MEXAy NpPaBbiM H JIeBbIM OyfeT MaTeMaTHYeCKH
BBIpaXKaTbCsi KOMMyTalldeii onepatopa P c onepatopom I'aMuiib-
TOHa, T. €.

PH=HP.
ITo ompemenennio onepatopa HHBEPCHH €ro melcrBile Ha (yHK-
nuio P (r) ceopuTcs K npeobpasosanuio (18,13), 1. e.

¥ (—r)=Py(r).

OnpenenuM co6CTBeHHBIE 3HAYCHHS ONepaTopa HHBepCHH. [{Jis
9TOro Haflo pellHTb ypaBHEHHE

Py (r) =Py (r). (18,14)

INpuMensisi K oGenM 4acTsiM ypaBherus (18,14) onepaTop HHBEpPCHH
H y4Isi, YTO ABYKpaTHOe NpHMeHeHHe ONepaTopa HHBEPCHH CBO-
AHTCSI K TOXIECTBEHHOMY npeo6pasoBaHHIO0, MOJYyYHM

¥ (r) =P (r).

N3 ycnoBuss P2 =1 cnepyer P = +1. Urak, (18,14) MoxHO 3a-
nucaTh B BHJE

Py (r) = =¥ (r). (18,15)

Coruiacuo (18,15), BonHOBBIe (YHKIHH COCTOsIHHiI C ONpenesieHHbIM
cOOCTBEHHBIM 3HAauYeHHeM ollepaTopa P MOXHO paspjesHTh Ha JBa
Knacca: a) (yHKLHH, OCTalOllHeCsi HeH3MeHHBIMH NpH HeHCTBHH
onepatopa HHBEPCHH,

Py = ¥4y

COOTBETCTBYIOLIHE HM COCTOSIHHA Ha3BIBAIOTCS 4eTHbIMU COCTOR-
Husamu;, 6) (YyHKUHH, MeHslOllHe 3HAK NpH JAEHCTBHH onepaTopa
HHBEpCHH,

ﬁ"’(-) =Py

COOTBETCTBYIOIlHe HM COCTOSIHHSI Ha3blBalOTCSl HEYeTHbIMU COCTOS-
HUAMU.

BeslenctBHe KOMMYTalliH OnepaTopa HHBEPCHH C ONepaToOpoOM
'aMUJIbTOHA YeTHOCTb COCTOSIHHSI SIBJISIETCSI MHTErpajioM JBHIKEHHsI.
TakumM o6pasoM, HHBapHaHTHOCTh onepatopa 'aMuiabTOHa MO OTHO-
IICHHIO K Npeo6pasOBaHHI0 MHBEPCHH NPHBOAUT K YCTAHOBJICHHIO
3aKOHQ COXPAHEHUs! 4eTHOCTU.

3aKOH coxpaHeHHst YeTHOCTH C GOJIBILOH CTeNneHbIo TOYHOCTH Bhi-
MOJIHSIETCST BO BCeX sIBJIEHHsIX, KOTOpble ONpEeNeNsiioTCsi silepHbIMU
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M 3JeKTPOMarHHTHBIMH B3auMopeiicTBHsIMH. J{o 1956 r. cuntauw,
YTO 3TOT 3aKOH SfIBJsieTCs BCEOOLIMM 3akoHOM npupoxsl. Onmuako
B 19566 r. (/Iu, flur, By) Gbwio ycranosnieno, 4To B siBleHHH B-pac-
naja aTOMHbIX fiep, pacmaga p-, @i~ H K-Me3sOHOB M THNEpPOHOB
Oo6HapyXXHBaeTCsl aCHMMeTpHs, KOTopasl MO3BOJIsieT caenath BhIGOP
MeXAy NpaBbiM W JIeBHIM, DTH siBJIeHHA YKasbiBaloT, YTO NpH clia-
Oblx B3aUMOAEHCTBUsIX, KOTOphle ONpefesisiioT YyKa3aHHbie Bhille
SIBJIEHHA pacnaja, HapyllaeTCsi CHMMETpHs MeXNy npaBbiM H Jie-
BbIM (HapyllaeTcsi WHBAPHAHTHOCTb MO OTHOIIEHHIO K ONepamuH
NpOCTpaHCTBEHHON HHBEpPCHH) H, CJI€AOBATENbHO, HApyIUAeTCa 3a-
KOH COXpaHeHHA 4eTHOCTH. B 3TOH KHMre Mbl Oyjae€M paccMaTpuBaTb
TOJILKO SIBJIEHH#A, B KOTOPbIX HMEET MEeCTO NpaBo-jieBasd CHUMMETpHA.

§ 19*. Teopus rpynn u KBaHTOBasi MexaHHKa

Paccmorpum ypaenenue Illpeaunrepa

HYne = E s ¥ngs (19,1)
onpeaesaoIee 3HEPrHI0 CTalHOHAPHBIX COCTOAHHH HEKOTOpOIl CH-
CreMol. 31€Chb YPng— OPTOHOPMHpPOBaHHBIE COOCTBEHHbIE (YyNKIHMU
onepatopa H, cootsercrsyiolliie 3uepruu Ea.

Ypasuenue Ilpeaunrepa (19,1) pmonyckaer Tounbie pelienus
TOJIbKO B HEKOTOpbIX MpOCTbIX caydaax (cm. ri. IV u VI), B octanb.
HbIX CJy4yadax MpHOGEralT K NpHOJHIKEHHBIM MeTogaM PpelleHHs,
Kotopbie Mbl paccMoTpuM B m1. VII. Opnako paa BaXkHbIX CBOHCTB
KBAHTOBbIX CHCTEM, 3aBHCALIMX OT HX CHMMETpHH, MOXET ObiTb
Haiigen 6e3 HenocpeACTBEHHOro peluexua ypasuenua (19,1). Itu
CBOMCTBa JIErKO yCTAHOBHTb NyT€M HCNOJb30BaHHA pas3jesa Mmare-
MaTHKH, HOCAILEro HasBaHHE TEOpHH rpynn (CM. Mat. gonons, [1).

Ilyctb I'—rpynna #HekoTopblx npeo6pasoBaHMii CHMMETpHH
(Bpallenus, nNepeHochbl, OTpaXKeHHUst U T. A.), OTHOCHTEJIbHO KOTOPbIX
onepatop 'aMuIbTOHA CHCTEMbI OCT2€TCA HHBApHAHTHBLIM, T, €. €CJIH
g1— 110608 U3 3EMEHTOB rpynnbi, TO

giH=Hg,. (19,2)

INogsepruem oGe cropount (19,1) npeo6pasoBanuio g, TOrAa,
ucnonb3ya (19,2), umeem

H (81¥ne) = En (€1¥na)- (19,3)

Wz (19,3) cnepyer, uto (g1Yn,) SIBAAETCA peLIEHHEM YpaBHEHHS
(19,1), cootBercTBylomHM coGCTBeHHOMY 3Hauenuio En. A1y dyHk-
IMIO MOXKHO Pa3J/iOXHuTh NO COGCTBEHHBIM QYHKUHAM Yng

g1ne = §”¢uﬁf1m(g,>, (19,4)

The .
Sl A (@) P=1. (19.5)
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CosokynnocTs KoagduurentoB A, (g1) o6pasyer KBagparHyio MaT-
puny A(gi). Ycaosue (19,5) ykasbiBaer, yto 3Ta MaTpHla YHH-
TapHa.

Ecnu g, u gs— apyrue snemenTsl rpynnsl I', TakuMu Ke pac-
CYXKACHHSIMM NOJYYHM

g2¢m='2, ‘pnﬁpr'a(gg)s (19,6)
ga no Z "pnﬁ” E/’a(ga) (19!7)

ITpeanonoxum, fanee, 4To
83 = g8y, (19,8)

TOrAa, NpUMeHsia g2 K o06eum uacTsam pasenctBa (19,4) u ucnosb-
sys (19,6), naxogum

8081V = 21 Vupr Ay (€2) Apa (&) (19,9)

Cpasuusas (19,7) u (19,9), umeem
Apra(8) = 2 App (2) Apa(81)- (19,10)
Ilocnennee paBeHCTBO MOXHO 3aNHCaTh KakK NMpOM3BEAEHHE MaTpHIL
A (g5)= A (g2) A (gy). (19,102)

Takum xe 06pa3oM MOXHO YOGEAHTbCSl, YTO COBOKYNHOCTb MaTpHI|
A(g:), natinennasn no merony (19,4) Ijs Bcex 3n€MEHTOB Tpynnbl
I, ob6pasyer mpeacrtaBjenue rpynnbl I', cOOTBeTCTByIOLIEE YPOBHIO
sueprud E,. PasmepHocTb 3TOrO mpejaCTaB/€HHs] paBHA KPATHOCTH
BblpoxaeHusi ypoBHsi En. Ilpu 3TOM nNpuHSATO TOBOpHTb, YTO CH-
cTeMa cOGCTBEHHBIX (YHKUMH Yn, OOpasyer Gasuc I cOOTBeT-
crByoulero npeacrasnaenusi rpynnst I'. Ilpeacrasnenue A(g), cosna-
BaeMoe cOOCTBEHHBIMH (YHKIIMSIMH, COOTBETCTBYIOIIMMH OIHOMY
YPOBHIO SHEPTHH, 06513aTE€/ILHO SIBJSIETCS] HEMPUBOAHMBIM. B npotus-
HOM Cllyuae COBOKYNHOCTb COGCTBEHHBIX (QYHKUMH Yng, COOTBET-
CTBYIOLIHX OAHOMY 3HaueHHIO En, MOXHO 6bl10 6bl pa3buth Ha ABe
Wiy GoJjiee yacrefi, TaKux, 4TO KaXKpas M3 (PYHKUHH OmHOH uacTH
BblpaXkajlachb Obl JuHefiHOH komGunanueli tuna (19,4) mna Bcex
3JIEMEHTOB TPYNMNbl TOJNbKO Yepe3 (YHKUMH, OTHOCSIIMECS K JAaHHOH
yacTH coOGCTBEHHBIX (PyHKIIHH,

OTMeuenHasi Bbllle CBSI3b MEXAY cOOCTBEHHbIMH (PYHKIHUSIMM CO-
CTOSIHHH C OnpeAe/ICeHHON IHEpPrHeH M HENpUBOAMMbBIMM NpEACTaBle-
HHSIMM TPYNNbI ONepanui CHMMETpHH HMeeT OoJblIOe 3HaYE€HHE AJisi
XapaKTePHCTHKH COCTOsIHME CHCTeMbl. 3Hasi HENPHBOAMMbBIE MNpea-
CTaBJIEHUS, Mbl TEM CaMbiM 3HAa€M, KaKUE KDAaTHOCTH BbIPOXKIEHHS
BO3MOXKHbI B 3TOH cucteme. [lasee, SHEpreTHYECKHE COCTOSIHHUA CH-
cTeMbl MOXKHO KJaccu(puUMpoOBaTh yKasaHWeM HENpHBOAHMMbIX Npef-
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CTaBJeHHH, KOTOpble UM cooTBeTCTBYIOT. IIpH 3TOM, He pelias ypas-
nenusi [lIpegunrepa, Mbl 6yfeM 3HaTb 3aKOHbI MpeoOpa3oBaHusi BOJ-
HOBbIX (PYHKIHH COOTBETCTBYIOLIMX COCTOSIHHH.

ITosickuM ckasanHOe NMpocTbiMH NpuMepaMH. Ilpeanosoxxum, 4To
Hallla CHCTeMa MMEeeT CUMMETpPHMIO, KOTOpasi XapaKTepH3yercs rpyn-
no# Cy, (TakoBbl, Hanpumep, Monekysabl HoO, HeS, SO u ap.). 10
abejieBa rpynmna, HMEIOIlasi BCEero 4Yerbipe 3JEMEHTa CHMMETpHH:
TOXK/AECTBEHHbIH (€AMHHUHDIN) 3JIEMEHT €, OCb CHMMETPHH BTOpOrO
nopsisika (nosopotr na 180°) C; u nBe NepneHAWKyJsIpHbIE NJOCKO-
CTH CHUMMETDHM Oy, Ov,, NPOXOASAIIHE Yepe3 OCb CHMMETpHH. ITa
rpynna uMeeT yeTbipe KJacca M, CJEA0BaTe/bHO, YeTbipe HENpPUBO-
auMbix npeacrasnesusi. Ilpeacrasnenuss rpynnbl Cpp OLHOMEpHBI,
NO3TOMy OHH COBNafaloT C XapaktepaMu. B Tabs. 2 ykasaubol xa-

AaKTephbl BCEX UYETBIPEX HEenpu-
P P P p Ta6bnupa 2

BOTUMbBIX npeAcTaBJeHuH,

KoTOpble 0603Ha4Y€EHbI COOTBET- Xapaxtepst rpynns caMmeTpun Cao

ctBenHo OykBamu A, B,

Bg, Bs. CN " c, o, [
IMockonbKy BCce HenpHBO-

AUMble NpeACTaBJEHHs TPyn-

net Cpy omHOMepHBI, TO Bce | 4 : x| 4 }

9HEPreTHYECKHE COCTOSIHHS CH- By 1 I = =

CTeMbl HE MOTYT MMETb BbIpO- By 1 -1 1 | —1

x)aeuus. Ilo cBoiictBaM cuM-
METPHH BOJHOBbIE (QYHKIIMH
9THX COCTOSIHME [EJIATCS Ha ueTbipe THNa B COOTBETCTBHH C ue-
THIpbMSI HENPHBOAHMbIMM NpeacTaBienusivu. Yactb cocrosinuii oT-
HOCHTCSl K HeNpHBOAHMOMY npeactasienuio A. BonunoBble QyHkiuu
9THX COCTOSIHMH, KaK NoOka3sbiBaer Tabs. 2, He MEHSIOTCS NpPH NpH-
MEHEeHHHM JIIO6bIX onepaiuil CHMMETPUH Tpynnbl. TH COCTOSTHUSI NpH-
HATO Ha3bIBaTb NOAHOCUMMETPpUYHbIMU COCTOAHUAMU. K NonHOCHM-
METPHYHOMY OGBIYHO OTHOCHTCSI COCTOSIHHE, COOTBETCTBYIOLEE HaH-
MeHbIuefi 3HepruH cucTeMbl (OCHOBHOe cocrtosiHHe). [lpyrasti dactb
cocTosiHuM Gy/IET OTHOCHTBCSI K HENpPHBOAMMOMY NpeAcTaBieHuio B
BonnoBble QyHKIUH 3THX COCTOSIHUH MEHSIIOT 3HAaK NPH NPHMEHEHHH
onepanuii cummerpuu Cy; M 0». Bo3aMoOXHDBI elne TONbKO ABa THNA
COCTOSIHHE, KOTOpble MAOJIKHbI OTHOCHTBCA K mNpeacraBieHusM Bj
HJIH .Bs.

Ilpeanonoxum, 4TO CHCTEMa MMeEeT CUMMETpPHIO, XapaKTeph3aye-
myio rpynnoft Csp. Takyio CHMMETpHIO HMEIOT, HanpHMEp, MOJIEKYJIbI
NH;, CH3Cl u nekoropsie apyrue. I'pynna Cs, umeer ectb 3se-
MEHTOB CHMMETPHH, KOTOpble NOApa3feNsIoTCsl Ha TpPH Kiacca:
KJiacC, COAepXalluil OAuH TOXAECTBEHHbIH 3/1eMEHT e, Kjacc ABYX
MoOBOPOTOB BOKPYr ocefi Tperbero mopsisika Cs M, HaKOHel, KJacce
oTpa)keumii B Tpex miocKocTsax cuMMerpuu. I'pynna Cs, umeer
TPM HENPUBOMMMbIX TNpejcTaBJenusi. XapakTepbl HENPUBOAUMBIX
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npeacTasieHui r{;{:ynnb{ Cs, yka3sanbl B T26i. 3. JIBa HenpHBOAUMbIX
npeactasienuss A u B rpynnsi Cs, NepBoro nopsigka, no3ToMy OHH
COOTBETCTBYIOT HEBbIDOXKAEHHLIM COCTOSIHHAM CHCTeMbl. TpeTui BO3-
MOXKHbIF THN COCTOSIHME B TAKOH CHCTEME OTHOCHTCSl K ABYMEpHOMY
npexacrassienuto E, NMO3TOMY COOTBETCTBYIOIIHE COCTOSIHHSI OyayT
o6s13aTeIbHO JABYKPaTHO BBIPOXKAEH-
Ta6anua 8 vy Hukakue gpyrue THOBI COCTOSI-
XapakTeps HENpMBOJHMBIX HHii HEBO3MOXHBI B 3TOH CHCTEME.
npepcrasnenuit rpynnst Cso  Happumep, HeT TPEXKpaTHO BbIpOXK-
JAEHHBbIX COCTOSIHHH, €CJIH HE Y4YHTbl-
Csp e 2G, 30y BaTb TaK Ha3biBaBMOro CJyYaliHOTO
BbIpOXK/I€HHSI, OOYCJIOBJIEHHOTO OCO-
O6biM  xapaKTepoM  NOTEHUMaJbHOH
1 —1 suepruu (cm. §§ 25 u 37).
2 —1 0 B kauecTBe TpeTbero npuMepa pac-
CMOTPHM CHCTEMY C aKCHaJbHOH OCbIO
cummeTpuu. Ecau npu stom cucrema
HEe O6/j2afaeT UEHTPOM CHMMETpHM, TO €€ rpynnol CHMMeTpuu Oy JeT
Cop. DueMeHTaMH CHMMETPHM 3TOH rpynnbl, KpOMe €eAHHHYHOro
3JIEMEHTa e, SIBJSIOTCS BCEBO3MOJXKHblE NMOBOPOTHI BOKPYr aKcHalib-
noii ocu C, HAa NpPOU3BOJILHOH YroJ ¢ W OTPaXKEHHS Op B J0GOH
nJockocTH, npoxoasuieii yepes ocb. B rpynne Cep BCE NJIOCKOCTH
CUMMETPDHM  SKBHBaJIEHTHbI,
Ta6auna 4 posToMy BCE OTpaXkeHHs Oy

& el N

XapaxkTeps! HenpMBOAHMEIX COCTaBJIIIOT OAHH KJlacC C HE-
npencrasnennii rpynnst € NpepbiBHbIM PSIAOM  3JIEMEH-

toB. [lockonbKy Bpaliexus
Coop e 2Co o, BOKpYT' aKCHaJbHOH OCH BO3-

MOXXHbI B IByX HalpaBJIEHHUAX
=+ @, TO UMEIOTCH JBa 3JE€MEeH-

‘; . : ot Ta B KaXIOM KJacce, cooT-
E, 2 2cos @ 0 BETCTBYIOIIIHE non;?po'ry Ha
E, 2 | 2cos2 | O yron ¢ win —q. Xapakrepbl
cow x| 4 .<++ |+..| HempHBOZMMbIX npeaCTaBIE-
En : 2 cosng 0 nuil rpynnbl Cen YKa3aubl B

: Tab6J. 4.

M3 tabnuubl xapakrepos
cliefyer, YTo B cucTeme, o6Ja-
paomied rpynnoli cuMMeTpHH Ceoy, BO3MOXKHBI [IBa THNA HEBLIPOXK-
JEHHBIX COCTOS HHH.

BosnoBble (yHKIMH COCTOsiHME, COOTBETCTBYIOLIHX HENpHBOAH-
MOMY NpEACTaBJEHHIO A, fIBASIOTCA NOJHOCTHIO CHMMETPHYHBIMY;
BOJTHOBbIE (DYHKIHH COCTOSIHHE HenmpHBOguMoOro npeacrasjenusi B
MEHSIIOT 3HAK MPH ONEpalHH OTpa’KeHHsI B NJIOCKOCTH, NpOXOAsIIen
yepes ocb. Bce ocrasnbHbie COCTOSIHMSI IBYKPaTHO BbIDOXK/IEHDLI, TaK
KaK JOJKHB OTHOCHTbCS K AByMepHbIM npexactasienuam Ej, Ey, ..
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[MTonb3ysich Teopued rpynm, Jierko yCTaHOBHTb NMpaBHJa NOJIHOMO
HJM YaCTHYHOTO CHSITHSI BbIpOXKAEHHSI COCTOSIHHH B CHCTEME NpH
H3MEHEHUH €€ CHMMETpHM NOJj BJHSHHEM BHEIIHero nouss. Teopus
Tpynn No3BoOJISET CAENaTb HEKOTOpbie 3aKJIIOYEHHS] O BEPOATHOCTAX
nepexo/ioB CHCTEM M3 OAHHUX COCTOSIHMH B Apyrue. tu Bonpock 6y-
AYT paccMOTpEHb! B AaJjibHEHIIeM.

§ 20*%., U3menenHe ¢ TeueHUEM BpeMeHH COCTOSHMIA,
ONHCHIBAeMbIX MaTpHuEl NAOTHOCTH

B § 14 6b10 yKasaHo, YTO B HEKOTOPLIX CJy4asiX COCTOSAHHE CH-
CTeMbl HEe MOXeT ObiTb ONHCAaHO BOJHOBOH (pyHKuMeH, H Oblia BBe-
A€Ha MaTpula IVIOTHOCTH Q, NO3BOJSIONIAs BbIUHCAATbL CpEAHHE
snauenus Ji06of ¢u3uuecKoll BeHYHMHDI, XapaKTepH3ylomeH CcH-
cremy. Hccnepyem tenepb, Kak OyferT MEHSTbC MaTpHLa MJIOTHO-
CTM C TEUEHHEM BpEMEeHH.

Cornacuo (14,7), snemMenTbl MaTpHIlbl NVIOTHOCTH ONPEAENSIOTCS
paBeHCTBOM

0, ) = g W (i) a9 (t) a (¢). (20,1)

Hs (20,1) caepyer, uto

s(i} aa'd
a, pmf(t)—-zﬁ?m[ o] ey

5am

57~ NOACTaBHM Y = Z ah(f) ¢, (&)

JIlaist onpesenienusi npOH3BOAHBIX ——
B ypasuenue IlIpeaunrepa

aqr( )

th = HY¥®",

Torna, ymHOXasi nojlyyeHHoe ypasuenue Ha V), (E) M uuTerpupys
no oGJacTH H3MEeHEHuUs! NepeMeHnbix §, HaxoauMm

(20,3)
rage
(m| H |ny= [ ¥}, () HY, (&) dt. (20,4)

IMoacrasasisa (20,3) B (20,2) u yuurbBasi (20,1) ¥ 3pMHTOBOCTb
Marpuns (20, 4), Haxoaum

ih% Oprn™ 2 (7| H 11 oy, — 0,0, KUl H | )] (20,5)
i
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Ucnoabays mMatpuunbie 0603HauYeHMsl, 3TO ypaBHEHHE MOXHO 3alM-
caTh B BHIE

ih- % — Hp — pH. (20,6)

Martpuunoe ypasuenue (20,6) no3sonsier onpegensaTb MaTpHIY
MJIOTHOCTH AJisi JI0OG0Or0 MOMEHTa BpPEMEHM, €CJIi OHa HW3BEecTHa B
KaKoH-1H00 Havya/ibHbIH MOMEHT BPEMEHH.

Ypasuenue (20,6) uHOorma Ha3biBalOT KBAHTOBLIM YPABHEHUEM
Jluysuaas, Tak Kak OHO COOTBETCTBYET ypaBHEHHIO JIHyBHsIs AJis
KJ1aCCHYeCKOH (DYHKIHM paclpejie/ieHusi B CTaTHCTHUECKON (DH3HKE.

Ecan raMunbToHHaH HE 32BHCHT SIBHO OT BpeMeHH, To u3 (20, 6)
caeayer

P (f) = e~tHilp (0) e*HilR, (20,7)

Ecan ¢yuxuuu P, OTHOCHTENILHO KOTOPLIX onpeaenenbl Kosgdu-
LMEHTB! @y B (20,1), sBasiorcs co6cTBEHHbIMH (yHKIHSIMH onepa-
topa A, T0 MaTpuunbie snementb! (20,4) umeroT oco6eHHO NMpPOCTOf
BHL

rae E, — co6crBennbie 3uauenusi 3ueprum cuctemsl Ilopctasisis
(20, 8) B (20,5), HaxoauM st 3TOTO Cayyas

ap,,+, (1)
n@? . (En‘ - Eﬂ) Purn (t) (20'9)

Ypasuenue (20,9) moxer GbiTb Jierko npountTerpuposato. Ecau B
MoMeHT ¢ = 0 37eMeHTbl MaTpuibl IVIOTHOCTH paBHbl P, , (0), TO

Pnrn 0= Prn (0) e}(p{ i (En - En’)?tj- }

Takum oOpasom, sneMeHTbl MaTpHIbI NJOTHOCTH C TEYEHHEM Bpe-
MEHH M3MEHSIIOTCSl N0 rapMOHHYeCKOMy 3akony. Hacrora KoneGauuit
OnpeAessieTCs pa3HOCTbIO YHEPTHil COCTOSIHME N U A, OTHOCHTENIbHO
KOTOpPbIX BLIYMCISETCS JEMEHT MaTpHUB NJIOTHOCTH.

ih




I'IABA III

CBA3b KBAHTOBQfI MEXAHUKHU
C KMACCUYECKOU MEXAHUKOU

§ 21. IlpeaenbHbIii mepexox OT KBAHTOBOH MeXaHUKH
K KJIACCHYECKOil

B § 17 y»xe oTMeuaJoch, YTO NpH GOJBIIKX 3HAYEHHSAX HMAYJbCa
YACTHIIbI, ABHIKYIIEHCS B JOCTATOYHO IVIaBHLIX NOJSX, ypaBHEHHE
ABHXXEHHS] YaCTHIbI MaJIO OTJIHYAETCS] OT K/IACCHYECKOrO ypaBHEeHHSI
Helotona. Hceneayem tenepb GoJsiee NOJHO TIpEAeSbHbIH Nepexof oT
KB2HTOBOH MeXaHHKH K KJaCcHueckoH Mexanuke. Takofi npezesb-
ubifi nepexof ¢opMasbHO aHa/NOTHYeH NEepexoAy OT BOJHOBOH on-
THKH K ONTHKe [EOMETPHYECKOH. DTa aHa/orHsi HCNoJb3oBaJjach
B ﬂ?ngIX paboTax, NpuBEAIIMX K NOCTPOEHHIO KBAHTOBOH MeXaHUKH.

aubosiee MpoCcTo YCJIOBHSI NPEAeJbHOrO Nepexofia OT KBaHTOBOM
MEeXaHHKH K KJaCCHYECKOH MOXKHO HCCJIEN0BaTh, NPEeACTaBHB BOJHO-
ByIO0 (YHKIHIO B BHJE

v, H—=exp{ 5S¢ 0} @1,1)

IMoncrasasis (21,1) B Bosnosoe ypasuenHe Ilpeanurepa, omucobi-
Balollee JBHXKEHHE YaCTHIIbI MacChl | B NOTEHUHAJbLHOM MnoJje ¢
suepruesi U(r), liaXOﬂ,HM ypaBHEeHUE
{VS}
6t =
onpegeJsioniee Komnnexcnyro ¢ynkuuio S (r, t).

Ecai 6bl MOXHO Obljlo OTOPOCUTL NMOCJEAHEE cjiaraeMoe B npa-
BOH YaCTH TOYHOTO KB2aHTOBOMeXaHHuecKoro ypasuends (21,2), to
MBl MoJiyuH/H Gbl H3BECTHOE W3 KJacCHueckol Mexanuku [8] ypaBue-
nue NamuibToHa — HKOGH'

S, (21,2)

~ =L G ue. (21,3)

Ypasuenue (21,3) npeacrasisier coﬁou Auddepenuuanbuoe ypasue-
HUE B YaCTHDIX NPOMSBOAHLIX MEPBOrO NMOPSAKA OT JeHCTBUTENIbHOU
GyHkuuu aeficTeus, onpeaensieMol uepes ¢yukuuio Jlarpamwka (L)
C NOMOILBIO HHTErpasia

t
Solr, )= [ L(r,r, t)at.
a
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Tpaexkropusi ABMXKEHMSI YaCTHIIbI B KJIACCHYECKOH MexaHHKe HOp-
MaJibHa K NOBEPXHOCTSIM paBHbIX 3Hau€HHH QYHKIMH AeficTBHS. DTO
HENOCPEeACTBEHHO BHAHO M3 TOrO, YTO HMMNYJbC YaCTHIbI onpeje-
JFeTCs COOTHOILIEHHEM

p= grad S(].

CpaBuuBas (21,2) c ypaBuenuem (21,3), Mbl BHAMM, 4TO mepe-
XOA OT KBAHTOBOrO YPaBHEHHA K KJ/I2aCCHUECKOMY COOTBETCTBYET
¢dopmanbHoMy nepexogy K npegeny h—0, nogo6Ho nepexogy OT
PEJSITHBUCTCKONH MeXaHUKH K HEepEeJNSITHBHCTCKOH npu ¢ —»oo. [o-
CKOJIbKY i — Be€JIMYHHa MOCTOSIHHAS, TO TaKOH MpeleJibHbiH Nepexoj
cneayer noHuMatb ycjioBHO. OH omnpaBibiBaeTcs TOJNbKO TOrAa,
Koraa B ypasHenuu (21,2) unenbl, comepKaiiue h, Maabl Mo cpas-
HEHWIO C OCTaJIbHbIMH YJE€HAMH YypaBHEHMS.

Yto6b!l ynpocTHTb HCCIEAOBaHHE YCJOBHH BOSMOXHOCTH KJacCH-
YECKOro oOnucaiufad KBaHTOBbLIX CHCTEM, pacCMOTpHM CTalHOHApHbIE
cocTosinusi. B CTanMOHapHbIX COCTOSTHHSIX 3HEpTHS CHCTEMbl HMEeT
onpejeJeHHOe 3Ha4Y€HHE, H 3aBHCHMOCTb BOJIHOBOH (YHKIMH OT Bpe€-
MEHH LEJHKOM ONpeAeNseTcsl STHM 3HaueHHeM:

(e, )= () exp(—25).

IMostomy pnst cranuoHapHbix cocrostiu#t B (21,1) MoxHo B dynk-
UK S(r,t) BbIAEJNHTb B IBHOM BHJ€ 32BHCHMOCTb OT BpEMEHH, T. €.
NOJIOXKHTb

S(r, t)=o0(r)—EL. (21,4)
IMpu 3tom ypaBuenue (21,2) nepexoaut B ypaBHeHue
(Vo)? ihvio

Ilepexoa OT KBaHTOBOH M@XaHHKM K KJIaCCHYECKOH COCTOMT B 3aMeHe
ypaBrenusi (21,5) ypaBHEHHEM KJaCCHUECKOH MeXaHHKH

Lol +U () —E=0 (21,6)

A5 QYHKIUME Op, 32BMCSINEH TONbKO OT KOODAMHAT ¥ CBSI3aHHOM
€ MMNYJbCOM YaCTHLH COOTHOLIEHHEM

p = grad ay. (21,7)
3amena ypasuenus (21,5) ypasuenuem (21,6) Bo3moOXkHa, ecuH
(Voo >> k| Viaq |. (21,8)

Takum obpasomM, nepasercTBo (21,8) MOXHO paccMaTpHBaThb Kak
yCJIOBHE, NPH KOTOPOM KBaHTOBasi MEXaHHKa NMEPEXOAMT B KJacCH-

YecKyio.
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YuuteiBass (21,7), mMoXHO mnepenucaTh = HepaBenctBo (21, 8)
B BHJE

2> h)divp| 21,9)

B uacrHoM ciyyae opnomepHOro ABmXeHHsi HepaseHctBo (21,9)
MOXXHO npeobpa3oBaTh K BHAY

p
lri| dxl )

p2 2,.; ax L] (21!10)

1>

A dA
HIH A > —-— 9w dy* T- € U3MEHeHHe [JIHHbI BOJIHbI Ha PaCCTOSTHHH

-%{- JOMYKHO ObITh 3HAYHTENbHO MEHbILE CaMOM AJIHHbI BoJiHbl, Eciu
0603HauuTb Yepe3 @ XapaKTEpPHUCTHYECKHE pa3Mepbli CHCTEMbI, TO
_‘;%N%, u HepasenctBo (21, 10) nepexoaur B HepaBEHCTBO

AL a.

Hepasencrsy (21, 10) moxHo npHaaTtbh u Apyryio ¢popmy

(21,11)

ecad yuects, uro p= ) 2n(E—U). Uz (21,11) cnenyer, uro
KJIaCCHYECKOe pacCCMOTPEHHE KBAaHTOBOMEXaHHYECKMX CHCTEM INpH-
GyiMKEHHO ONpaB/biBAETCS NPH ABHXXEHHH YacTHi C GONbIIUMH HM-
Ny/JbCaMH B NOTEHIIHAJBHOM MOJie C MaJbiMH TpPafHeHTaMH.

Ecnu nepasenctso (21,11) Bbimonuaercs, TO MOXHO pa3BHTbL
npuOAMKEHHbIH MeToJ pellCHHs KBaHTOBOMEXaHHYECKHX 3ajad,
OCHOBaHHbI¥I Ha BBEJCHWH NONPAaBOK B KJIACCHYECKOE ONHCaHUHEe. DTOT
MEeTO/ MOJIYYHJI Ha3BaHHE KBA3UKAACCUHECKO20 NPUbAUNCEHUS, WU
meroda ¢pasoseix uHrezparos. norga 3TOT MeTOA Ha3biBalOT NpH-
GnwxkenueM Beurnens — Kpamepca — Bpuasiosna (meron BKB).

§ 22. KsasuknaccHyeckoe npHOJHKeHHe

KBasuksaccuueckoe npuOJHXEHHE COCTOMT B NpUOJIMKEHHOM
Merofe pelleHusi KBaHToBoro ypasuenusi (21,5) ans Qynkuuu o(r),
onpefensiollell BOJHOBYIO (PYHKIIHIO CTAallHOHAPHbIX COCTOSIHME C
NOMOIIbIO COOTHOLIEHUA

V() =exp(Fo(r). 22,1)

Pemenue ypasuenusi (21,5) 3anucbiBaercs B BHAe ¢(opMasibHOro
PasJyIOKeHHsA )

o‘=00+—?—01+(€')202+ v (2212)
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Ecnu ycnoBusi kBasukniaccuueckoro npHOGaukenus (21,9) Bbinoa-
HSIIOTCSI, TO MOC/AeAYIOlIHe YIEHb! B 9TOM PSAy 3HAUUTENLHO MEHbIIE
NpeabIRyIIUX, U NpH pelenny ypaBuéuus (21,5) MoXno ucnosbso-
BaTb METOA NOCJEAOBATENbHBIX NPHOIHKEHHH.

IMoacrasass (22,2) B ypasuenue (21,5) H npupaBHuBasi K03()-
(UIMENTDbI, CTOsIlMe NpPH OAMHAKOBBLIX cTeneHsax fh, NojlyuaeM CH-
CTeMY CBfI3aHHBIX ypaBHEHHH

(Voo)2 +2u [U (r) — E] =0,
Vao,Vao, + 3{ Vig,=0,
(Voy)? + 2VooVo, + Vo, =0,

22,3)

Pelasi nepsoe ypasuenne u3 cucreMbl (22,3), MOXHO onpepe-
JuTh Oo(f), 3aTeM u3 BTOPOro ypaBHEHUsi ONPEAENAIOT Oy H T. M.
O6biuHO OrpaHHYKHBalOTCst YYETOM 0o H Oy

Ins uanocTpauMd MeTofa BbIYHCJIEHHH gaccr\ampnm omHOMep-
ubli cnyuai. Torga cucremy ypaBuenuii (22,3) MOXHO nepenucarh,
HCNONIb3yA 3HAYOK LITPHX [Js 0003Ha4Y€HHs NPOH3BOAHOH NO X,
B CJIEAYIOIEM BHJE:

(00)* = r* (%),
r
)
20‘; = — —?- 3
0
o+ U’, (22,4)
205 e _1._‘__1._ .
Jo
Takum o6pasom, nocnegoBaTe]bHbie NpuOIHIKEHUS o’l, a5 ... DO-

J1y4aloTCsl M3 HyJIEBOrO NpHOJIHKEHUSA

op=xp(¥)=%V2u(E —U(9)= = hk(x) (22,5)

npoctbiM audpdepennupoanueM. M3 Broporo ypaBuenus (22,4),
B 4aCTHOCTH, Clenyer '

o,=—In}Yp+InC. (22,6)
Hurerpupys (22,5) no x, onpenesnum do; 3ateM, yuuTbiBas (22, 6),
(22,2) u (22,1), MOXHO HanucaTb BOJIHOBYIO ()yHKIMIO B KBasH-

K/12CCHYECKOM NpUOIHIKEHUH, y,n.ome"rmpmomyro ypasﬂeumo [Hpe—
JHHTEpa C TOYHOCTbIO AO YJIEHOB MOpAAKa 12,

explaijk(xﬁdx'l.
q

— c : ’ Cl
YW= exp‘r:afk(x')dx o
' (22,7)
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O6aacts, tane E > U(x), uasbiBaercs Kaaccuuecku Oonycrumot
obracroro Osunterudi. B stoii obnactu R(x) — gelicTBHTENbHASA
GyHkuHst ¥ hR(X) siBASIeTCS MMINYJbCOM YacCTHIbl, BbIPaXXEHHbIM
qa%'m(uuei'{ oT Koopaukat. B 3TOl 06AaCTH BOJHOBYIO (YHKIIHIO
(22,7) moXHO BCcerga 3anHcaTb B BHAE BOJHOBOH (DyHKIIHM, 3aBH-
csillell OT ABYX NMOCTOSIHHBIX:

V()= .'.fi;. sin‘ 5|. K (x)dx’ +a . (22,72)

Amniutyna BosnoBoi ynkuuu (22, 7a) nponopuuoHasibHa l/Vp.
CuaenoBatesibHO, BEPOATHOCTL OOHapyKeHHS] YaCTHIILI B MaJioM 3Jie-
MelTe of6beMa B OCHOBHOM NponopiuoHajdbHa 1/p, T. €. o6paTHO
NpONOpIHOHAJbHA CKOPOCTH KJACCHUYECKOH 4YacTHIbl, DTOT pesyJib-
TaT OTpakaeT 3aKOH COXpaHeHHS BEpOSITHOCTH, TaK KaK B HalleM
npub/MKEHHH NOTOK BeposiTHocTH ~ | A (x) |2p(x) = const.

3uauenust X; npu Koropbix E = U(x;), nasbiBaioTcs TOuKaMU
nosopora. OHu. COOTBETCTBYIOT TEM TOYKAM NPOCTPaHCTBa, B KOTO-
pBIX KJacCHuecKasl yaCTHIla ocTaHaBjauBaercs, p(X;)=0, a 3aremM
ABuXetrcss o6patho. BosnoBass ¢ynkuua (22,7) B o6Gn1acTu TOueK
NoBOpOTa CTAHOBHTCS O€CKoHeuHoH. ITa pacXoAHMOCTb CBfA3aHa
¢ TeM OOCTOAITENIbCTBOM, YTO NpPH MaJbiX 3HaYEHHAX UMNyJbCa, CO-
riacuo (21,11), KBasuk/aaccuueckoe npubiuiKeHHe CTAHOBHTCA He-
npuMenumbiM. ITycTb Xo — Touka noBopoTa. OnpeaesuM paccTrosiHue
| x — xo|, Ha KOTOpOM ellle MOXHO MOJb30BATHCH KBa3HKIacCHYe-
CKuM npubamwkenneM. Pasjaras noteHnHalbHyI0 3HEPTHIO B TOYKe
X==Xg B pﬂﬂ, MOXXHO HaIIHCBT[E

d
p2=2p.[E—-U(x)]%2p|Tz-|lx——xgl.

lMogcrasasis 3To 3nauenue B (21,11), naxoguM, uTo KBasuK/IaccH-
ueckoe nPpubaMKeHHe NPUMEHHMO Ul pPacCTOSIHHH OT TOYKH NOBO-
poTa, YAOBIETBOPAIOIIHX HEPABEHCTBY

1 hi? s
'x_x{’l»?(“d—y) ’ (22,8)
B *E‘
HJU
] A
lx«—xgl>-5=75~. (22,9)

rae A— fJluHa BOJIHbI, COOTBETCTBYIOIlasi 3HAYEHMIO HMNY/IbCa B
TOUKE X.

O6aacts, rae E << U(x), nasbiBaercss kaaccuvecku Hedonycru-
moli ob6aacroro Osusicenuil. B stoii obnactu k(x) siBAsieTcsi MHHMOI

¢ynkuueii. TMonaraa k(x)==ix(x), rae x(x)=% V2r|U (x) — E]
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SIBASIETCA yXK€ ACHCTBUTENbHOW (YHKIMEH, MOXHO mNepenucarhb
(22,7) B BUmE

L c — 3 r Cl g r
\IJ()«:)—-VL|TI exp( Jx(x’)dx)+l/m exp(&l.%(x’)dx).

(22,10)

IlepBoe cnaraemoe B (22, 10) npu Bo3paCTaHHH X SKCNOHEHLHAIbHO
y6biBaeT, a BTopoe cllaraeMoe 9KCNOHeHHalbHO Bo3pacraer. Ilpak-
THYECKOE HCNOJb30BaHHE 3THX KBasHKJacCHYeCKHX (yHKUHA BO3-
MOXXHO JIMILIb B TOM C/yyae, KOrja H3BEeCTHa CBSi3b OCHHJIIMPYIOIIEr0
pelienusi C 3KCNOHEHIHaJbHbIM NpH MEepexofe uepe3 TOUKH MNOBO-

Pl ax
THIBAIOIEH TOYKY NOBOpOTa, HEJb3fl NOJb30BAThCs KBa3HKJaCCHYe-
CKUM NpuOJHIKEHHEM M HEO6XOAHMO pEIIHTb TOYHOE OAHOMEpHOE
ypasnenue Ilpeaunrepa.

Css3b MEXAY OCHHVIHPYIOIIHM H SKCIOHEHIHAJbHbIM pelleHHeM
HAXO[HTCA H3 YC/IOBHE HEeNpepbiBHOCTH Nepexofa SKCNOHEHIHalb-
HOrO pelleHHsi B TOYHOE NpH X == @ H TOYHOTO pelleHMsi B OCLHJJIH-
pywouiee npu x = b. TlpuMepb! HCNONbL30BAHUS KBa3HKJaCCHYECKOTO
metofa GyAyT AaHbl B ABYX CIEAYIOUIHX naparpadax.

. : L
pora. B manoii o6nactu (@,b) c nporskennem (TUO *, oxBa-

§ 23*. MpaBuna xsBanToBanus Bopa — 3ommepdenbna

Bbluuc/iuM KBa3HMK/2CCHYECKHM METOAOM YpOBHM 3HEpTHH H BOJ-
HOBYIO (PYHKIHWIO 4aCTHIbI MacChl p, ABHIKYLIEHCH B OZHOMEpHOH
NOTEHIHAJbHOH siMe, BHJ KO-

4 TOpoM u306pakeH Ha puc. 3.
INorenuuanbnas 3Heprus
& Lo F U(x) takoBa, uro npu Jio6o#
! i speprud E > U(X)yun uMeE-
7 \\__/I/ Vo IOTCA TOJBKO IBE TOYKH NO-
i) /8 BOpOTa, ONpEMe/siemMbie yCa0-
722, 22
a, & b, a g BHEM

U(x)=U (x)=E.
Puc. 3. [piiKeHue YacTHIH B ONHOMEPHOMN NOTEH-
UHATEHOf siMe. OKoJ/10 TOYKH NOBOPOTA X3 Bbl-

neaum obaactb by, a1, a okKono
TOUKH NOBOpPOTa X2 — 06Jacthb by, @, TAe HEMPHMEHHMO KBa3HKJ/ac-
CHYeCKOe NpHOJHXKEHHe, DTH 06JaCTH 3alUTPHXOBaHbl Ha puc. 3.
B o6aactsax I u I[Il MOXHO HCnoJb30BaTh (QYHKIUHH KBa3HKJ/aCCH-
ueckoro npubamxkenns (22, 10).
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IKcnonenitHalbHo yObiBaloulHe B 3THX o6JactaX (QyHKUHH NpH
yaleHHH OT TOYEK noBopora OyayT COOTBETCTBEHHO HMETb BHJ

¢1(x)=vl£:ﬁexp{-—-.].x(x’)dx", x<a, (23,1)

x

Pur (JC) = V.I.C_i’..i. exp { """XJ: % (x7) d:’C’ } s x> ag. (23,2)

Ocuuaynpyiollee pellenHe ¢ JByMs NMPOH3BOJbHBIMH MOCTOSH-
HbiMH A H @, coryacHo (22,7a), MOXKHO HanucaTb B BHAE

Y (x =_|f% sin[;':.k (x") dx’+u], by <x<<he (23,3)

Kak 6b110 ykasano Bbille, B objactax ay, by U as, b KBasHK/accH-
yeckoe npuOJHXKEHHe HeNpHMEHHMO H HaJo0 pellaTb ypaBHeHHE
[lIpenunrepa, KOTOpoe MOXKHO 3anHcaTb B BHIE

LY 4 rp=0, me K=2[E—UWML (23,4)

dx?

PaccMorpum ypasuenue (23,4) B madoii o6aactu (ay, by).
B 3rtofi o6aacTH noreHUHalbHYIO SHEPTrHIO MOXXHO pas3nOXHTb
B PSiZl H COXPaHHTb TOJbKO [iBa NEPBbIX Y/E€Ha PasJQXKeHHs

U(x)=E — F(x — x,), F=|(%§~)Ml‘.

IMoncrasasin 310 Bhlpa)kenHe B ypasuenue (23,4), nosyuum ypas-
HEeHHe

(2 + F(x— x)] b (x — ) =0. (23,5)

Kax nokasano.B § 28, HeHOpMHPOBaHHOE PELIEHHE 3TOr0 ypaBHEeHHs
BbipaXkaetcs uepes ¢ynxuuio dipu O (E):

P (x — x,) =D (E),

E=(25)" 0u — ). (23,6)

Coraacno (22,8), rpanuipb 06aacty, B KOTOpo#l Hano Hcnodb30BaTh
pelienHe ypaBHenusi (23,5), onpenensiiorcss HepaBeHCTBOM

lx-—xllﬁ‘»‘%‘( ﬁul)"'- wm | B> L

Bl ax
Hac untepecyior pemenus (23,5) Tonbko Ha rpannnax 3Toil o6aa-
ctiu. Chnenosatenbno, GyHKUHIO Y Ha rpabuuax 00jacTH MOXHO

rae
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a3uTh Yepes acHMNTOTHuUeCKHE 3HaueHus OGynxuun DApH npu

|p:$' 1. YunroiBast (28, 18) u acuMnTOTHUECKHE 3HAauYeHHs (DYHKIHH

eccedis TipH GOMLLIMX 3HaYeHHsX aprymenta (cM. mart. monous. I'),
HaxoHM

_;_E‘—‘f' exp{ - -%-_g"’ }, ecin EX> I3

vE= g sin{—g—_l gf’*+%}. ecin <K — L. e
Ilpn x > x;
k=Y BIE-UW =) 2L x—x),
cJegoBaTeNbHO,

g2/ BE (= jk(y)dy

Ipu x < x,
%)= ZW 0 —E=) 2 —» .,

cJiejoBaTeNbHO,

X1
3 2 2uF
2eh=3) AL (x;-x)"’-‘l.x(y) dy.

x

Urak, pemrenne ypaBuenus (23,5) nma rpanvuax untepsana a,
b; MOXXHO 3anKcaTb B BHAE

X

B :
ST mexp{ o ;‘l. % (y)dy } Y rpaHuLbl a3
P (JC) = % (23'8)

k __];’_.‘_i:_sin{‘fk(y)dy-}-i:—} y rpannusl b,

CpaBuuBas (23,8) c (23,1) u (23,3), Mbl BHAHM, 4TO BOJIHOBAS
yHKUMsL H3 o6jactu / Gyner HelpepbiBHO MEpexoAuTh B 06/acThb
1, ecnn

B=A, 2C,=A u a=7. (23,9)

Pemenue ypasnenusi (23,4) na rpanuunax untepBana b, ag y
BTOPOH TOYKH NOBOpOTa MOXXHO MNOJYyYHTb HENOCPEJCTBEHHO H3
(23,8), ecain HSMCHHTD HampPaBJEHHE OCH X Ha O0paTHOe # B Kave-
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ctBe (DHKCHPOBAHHOTO MpeE/eJa B HHTErpaJe B3aTb Xz. TakuMm obpa-
30M, NOJYYHM

x
2'/% exp —-x;fx(x’) dx’ } y TPaHHUH @}

b (23,10)

Vr

Vuutoizas (23,9), nepenniueM pewenne (23,3) B BHAE

pa
__Q_sin[.[ k(x) dx'-l—-’g-} y rpanuus  be.
x

Pu (x)=—'-%-sin{ Jk(x') dx' +3 } =

Xx bd]
=:V_F*‘.‘.sin“ﬁ(x')-dx'+%—%+f k(x’)dx’}. @3,11)

Tenepo Buano, uto pewenus (23, 10) oGecneuaT miaBHbIi nepexon
BosinoBofi (vukuuu (23, 11) u3 obnactu Il B dynkuuio (23,2) 06-
nacty [1l, eciiu BbINOJIHAIOTCH YC/IOBHSA

D=2C=(—1)"""4

X
Ik(x’)dx’-—%—=nu, raie n=0 1, 2, ...
%,

%
Ecnn BBectd (asombiit HHTErpad §pd£=2f pdx mo nyth or
%

TOUYKH X; IO X2 H 06paTHO OT X2 HO X, T. € HHTErpaj 1O IEJOMY
TepHOAY K/AaCCHYECKOr0 ABHMKEHHs, TO TMOC/IE/Hee PaBeHCTBO MOXKHO
nepenucaTh B BHAE

$ pdx=2nn(n +3). 23,12)

PasenctBo (23, 12) onpenensieT B KBasHKJIaCCHYECKOM Cjyuyae CTa-
LIHOHapHbIe COCTOAHHA uyacTHIbL OHO COOTBETCTBYET npasusy Keam-
rosanus Bopa — 3ommephenvoa.

Bue untepBana xj, X Qynkumsi ¢ 3KCNOHEHIHAJbHO 3aTyXaerT,
BHYTpPH K€ 3TOr0 HHTepBaJa (yHKIHA

ﬂ:(x)=-’;%sin{ jk(x’)dx'+-}] (23,13)
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ocunssupyer. Ilpn atoM (asa (yHKUHH cuHYyCa Ik(x’) .d.’x’+—iE

r
NPH H3MEHEHHH X OT X; A0 X H3MeHsieTcsi, coraacuo (23, 12), ot n/4
no (n+3/4)m, crenosatenbho, GyHKuusi P obpaimiaercs n pa3 B
HyJb Ha 3TOoM HHTepBaje. Takum oOpa3oM, KBaHTOBOE YHCJIO 1 B
¢opmyae (23,12) onpenensier 4YHCIO Y3J0B BOJHOBOH (DyHKUHH B
obsacTy MexXay Toukamu noeopora. Corsmacno (22,9), kBasukaac-
CHYECKOe NpubMKeHHe CnpaBe/VInBO JWIllb Ha PaCCTOSAHHH HECKOJb-
KHX JUIHH BOJIH OT KaXX[loH H3 Touek nosopoTa. ITostomy peluenune
(23,13) siBnstercss XOpolIHM NpUOJHXKEHHEM TOJbLKO B TOM CJydae,
KOrJla MeXJly TOYKaMH NOBOPOTa YKJaJblBaeTcs NOCTATOYHO MHOTO
IJIHH BOJH, T. € A < Xo— Xy, JIpyrHMH CJIOBaMH, NOA6308aTbCA
KBA3UKAQCCUMECKUM NPpUbAUdCeHUeM MONCHO Auwb OAfi COCTOAHUL,
XQpaKTepusyouuxca GoLbUUMI 3HAYEHUAMU KBAHTOB020 ducaa N.

Hnrerpan B (23,12) onpepensier miowaznb, OXBaTbiBaeMylo B
(basoBOM NpOCTpaHCTBE KJaCCHYECKOH TpaekrTopued. M3 pasencrBa
(23,12) caenyer, 4TO OIHOMY COCTOSIHHIO B (Da30BOM mpocTpaHCTBE
cooTBeTcTByeT nJowanb 2wk,

INTockoabKy KBasHkIaccuueckas Qynkuns (23, 13) asasercs 6bl-
cTpoocuuaHpylowel (yHKIHel, TO Npu onNpefeneHHH NOCTOAHHON
A 13 yc/IOBHSI HODMHPOBKH (DYHKIIHH Ha OTPEe3Ke Xj, X2 MOXHO 3aMe-
HHTb KBaZpaT CHHyCa €r0 Cpe/lHHM 3HaueHHeM, paBHbiM !f,. Torza
noJNyuyHM
r 2 %

Xg

[la

p

-

s

X
d T
Ecau yuectb, uTO p.I «——;-‘-=? €CTb BpPEMsi NMPOXOXKIEHHS YaCTH-
X

el OTpesKa X — X1, TO MOXKHO BBECTH LHKJHYECKYIO 4acTOTy ne-
PHOHYECKOrO JIBHXKEHHs1 YacTHUb o = 2gxt/T.

Boipaxasn A uepes 3Ty uacTory, HaxoauM u3 (23, 13) nopmmupo-
BaHHYI0 (QYHKIHIO KBa3HKJIACCHYECKOTO JIBHXKEHHS

l]:(x)——-]/—25;"‘;5“’i sin{% J.pdx+%}.
X4

B xauectBe npocrefiliero npHMEHEHHs KBa3HKIaCCHYECKOro Me-
TOJa ANl ONpeJe/IeHHs1 SHEPTHH CTallHOHAPHBIX COCTOSIHHH paccMo-
TPHM TapMOHHYECKHH OCUH/JISTOP, T. €. CHCTEMY C NOTEHLHaJAbHOM
sneprieit U (x) =pox%2. Ecau 0603H2Y4HTb TOYKH NOBOpOTA
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x=z=%a, 10 E=peld?2 u p=po, ]/a2 x2. CrepoBaTesbHO,
§ pdx=2xn -m% .

INMoncrasiass nonyuennoe sHayenne B (23, 12), nvaxonuM 3HaueHne
9HEPTHH CTALHOHAPHBIX COCTOSIHHH /st GOJBIUKX N

E = hog(n +5)- (23,14)

Kak Gyner noxkasano B ri. IV, npH TOYHOM pelueHHH ypaBHEHHS
[MIpenunrepa 3Heprua CTALHOHAPHLIX COCTOSIHHE TrapMOHHYECKOrO
ocUHJIATOpPa BbipaXKaercs ¢opmynoli (23,14) nns Bcex 3Haue-
HHH N.

Paseuthio Metona BKB nis npu6/aHXeHHOro BbiYHC/IEHHS CO6-
CTBEHHbIX 3HAYEHHH SHEPTHH YACTHLbI, JBIXKyuUleHcs B LeHTpasIbHO-
CHMMETpPHYHOM noJje, nocesiuienbt padorb A. Cokosnosa u ap.[9, 10].

§ 24. Npoxoxnenre yepe3 NOTeHLHANLHbIH Gapbep.
JBuKeHHe 4acTHLbl HAJ, NMOTEeHLHaNAbHbLIM GapbepoM
# MOTEHLHAAbHOH AMO#

Kak yXe oOTMedaloch, KBa3HKJACCHYECKHMH  peIIEHHAMH
(22,7a) nasi KnaccHueckH AOCTYNHOH obsmactu pBmkenudt u (22, 10)
VI KNacCHYECKH HefoCTyNnHoH O6JlacTH ABHXEHHH MOXHO NOJL30-
BaTLCA I 3HAueHHH X, yJa-  U(z)

JIEHHbIX OT TOYEK NOBOpPOTa,
€C/IH JIOTEHIHAJbHAA SHEPTHA o .. o} e S -
saBJsiercs NuaBnofi dynkuuedn

x. Eciu notenuuasn nperepre-

BaeT CKAuOK B TOYKE, yHAAJeH- ~—--——~-—
HON OT TOYEK NOBOPOTa, a BHE 7
CKa4yKa OH fABJISIETCA MJIaBHOA
¢yuxkuueirt or ¥, T0 B o6Jaa- 0
CInx, paSﬂMEHHbe CRANKOM, Puc. 4, [piKeHne yacTHUB NpPH HAJHYHH NOTEH-
TAaKKe MOXHO HCHOJ“‘)SOBaTb nHaJsEHoro ﬁaphepa_
KBa3HKJIACCHYECKHE  BOJIHO-

Bble ¢ynkiuu. Ceasp BOMHOBBIX (YHKIHA C OGEHX CTOPOH CKauKa
NoTeHLHata ONpene/seTcs W3 YCJOBHH HENPEepbIBHOCTH BOJHOBOR
(QYHKIHW H €€ NPOH3BOAHOH NPH 3HAYEHHAX X, COOTBETCTBYIOLIMX
MECTy CKauka.

Jaa nosicHeHHs: METOAa HCNOJIb30BaHHS KBa3HKJIACCHYECKOTo
NpUOG/IHKEHHS! NPH HAJHYHA CKauyKOB B TNOTEHLHAJbHOH SHEpPruu
paccMOTpHM YC/IOBHS JIBHXKEHHSI YaCTHIbI B 1oJ€ C NOTEHLHAaJIbHOM
sneprued, Haobpakennou Ha puc. 4. CorsacHO KJacCHYECKOH meXa-
HHUKE, €CJH MoJIHas 3ueprust E yacTHUb! MeHblle, YyeM MaKCHMaJllbHOe
sHaueHHe Umaxc MOTEHLHANbHOA 3HEpPrHH, TQ YacTHIlA OTpaXKaeTcs
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OT NOTEeHNHaNbHOr0 Gapbepa, ecin ke E > Uyage, TO uacTHila CBO-
600 npoxoauT. MoOXHO CKasaTb, YTO NOTEHIHANbLHLIA Oapbep AJs
KJIaCCHYECKOr0 JBHIKEHHsi YacTHIB TNOJHOCTbIO NPO3payeH, eciH
E > Upaxe, 1 siBaR€TCA coBeplieHHbIM 3epKanoM, ecli E << Uyage.
B kBaHTOBO!I Mexanuke, onHako, 06a 3TH yTBepXKJeHHs,, BOOOIIE
roBOpsi, HE SIBJSIIOTCH NpaBHJAbHLIMH. Bcerna umeeTca nekoropas
BEPOATHOCTh TOr0, YTO YacTuua npoiijer yepes Gapoep npu E <
< Unaxe M 4acTHUHO OTpa3uTcsi 0T 6apvepa npu E > Uyaxe. Has
BBLIUHCJIEHHS 3THX BeposiTHOCTeH paso6beM BCIO 00J1aCThb JBHKEHHSA
yacTuusl na Tpu vactd [, II w Ill, ykasanusle na puc. 4. B o6aa-
ctax I wm Il vacthua aBuxercs cBo6oano. Bynem cuuTaTe, 4TO
YacTHILa C ONpe/e]enHON dHeprued H HMNYJbCoM p == fiky NpUXOAUT
p3 obsacTH OTpHUATeNbHbIX 3nauenuli x. Torna B o6aactu I moa-
HoBast (DyHKIHs1 H300pa3uTCs cynepno3uuuedi ABYX BOJIH

"IJI == Ae‘k'x + Be"'ih"’ (24v l)

rae A — aMmiauTya BOJHOBOH (YHKIHH <€IafaiollWX» YacTHI, a
B — amminTyna BonOBOR (DyHKLUHH «OTpaXeHubix» yacTuu. B 06-
gacta Il no ycnoBuio MOryT ObITb TOJNILKO YXONSIIHE YaCTHIbI

Y (x) = Ce'®e*, (24,2)

Onpenenum Koapguyuent orpasxcenus R u rkosgpuyuent npo-
xoxdenun D morenunanbroro Gaphepa COOTBETCTBEHHO KaK OTHO-
HIeHHe TWIOTHOCTH MOTOKa OTpaXKeHHbIX H NPOIIEAUIKX YacTHIL K TJIOT-
HOCTH MOTOKa MajarollHX yacTHi. TOraa, mosb3ysich ONpeleeHHeM
NJOTHOCTH NoToKa (cM. § 15), Haxoaum B Hallem ciydae

R=l2f. o-|Sf. ou

Jlisi BbIYHC/IEHHA STHX BEJIHYHH HAA0 HCCAeNOBaThb [BHIKEHHE Ya-
cTHLBl B o6nacty I1.
PaccMoTpuM Brauaje ciyya#i, KOTia SHEpPrusi YacTHIH

E=nkZQ2u) <U
B stoM cayuae obnacTe [ GynmeT KiacCHYeCKH HEIXOCTYNHOM H

Npy WIaBHOM HOTEHIMajse MOXHO GyneT 3anucaTh BOJHOBYIO (YHK-
UHIO B BHJE KBa3HkJaccHueckoi ¢ynkuuu (22, 10)

. m—-;‘—-—._l‘x_)l aexp (Ju(y)dy) +B BKP(— jx(y)dy) ]

0

Makc*

Hcnoab3ys yclloBHsI HENpPEpLIBHOCTH  H % mpu ¥x=0 u x=1,

lgmzqnm yeTHpe COOTHOLIEHHsi MeXAy NATei0 Kospduuuentamu A,
» U, & H B, KOTOpHE NOSBOAT UCKJIIOUHTH O H f§ H ONPEAESHTH OT-



CBs13b K8aHMOBOL MEXaHUKU C KIaccu4ecKoll MexaHuKou 103

wowenusi B/A u C/A. Eciiu BHNONHAIOTCA YCIOBHSA KBa3HKAACCHYU-
noctH, T0 %(x) aABnseTcs nnaBuof (ysKUHEH OT X, NMOSTOMy UpH

. d
BbLIYHCJIE€HHH NIPOH3BOAHOH % MOXXHO YUHTbIBAThL 3aBHCHMOCTbL OT X

TOJIbKO B 3Kcmonente. Takum 06pa3omM, nojyyaem Ajs x ==0-

Va(A+ B)y=a+8, ‘
iky(A—B)=Va (a.—B),

1 :
a=x(0)=+ V2u[U (0) — E].
CooTBeTcTBEHHO B TOuKe X¥==[] nMeeM ewe JBa COOTHOLIEHHS

ae¥ +Pe~V=C Vb e'*, }
Vb [oe¥ — Be—¥] = ik Ce'®,

(24,9

rne

(24,5)

rue
I
b= VIIUO=E, v=r [ VERIUG—Eld. 246)
0

Hs ypasnennii (24,5) naxonum
a= (VB +-7) Cexp ikl —y),
p=— (V% —7) Cexp kol +1).

TockoabKy KBa3HK/IACCHYECKOE NPHOJIMKEHHE NPHMEHHMO TOJBKO
IJisl IOCTATOYHO «LIHPOKHX» 6apbepos, Korna y = #[ > 1, To a<p.
ToatoMy npu Bhukcnerusix C/A u3 (24,4) MoXHo nperebpeus o,
TOrja TOJY4YHM

4 exp (— ikl — )

-0 -%)

IMoncrapasist 370 BEpaxeHHe B (24, 3), HaxoAuM ko3(HUHEHT NpPO-
XoXmeHHs noTeHuHaJbHoro Gaprepa

!
D= Lee™ nsexpl-%ﬂf V2p.[U(x)—E]dx},

(b ab k2 a)
Tl

L
=

(24.7)
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dopmyna (24,7) BuiBeneHa B MPEeANONOMEHHH, 9TO OO K nocne Gappepa ua-
cruna peukercs cpoboguo u U(x << 0) = U(x>1) = 0. Ecau U(x < 0) =
=0, Ux>)=U%0,T10

1 VI(E=T) 1 VeuE
'lbln ﬂce‘kix: k2 - -r}' 2p' [E — U! 1] ko =-ﬁ- 2!‘IE°
B stom cnyuae dopmynn (24,3) BrIoHSMEHAIOTCH:
B k| C
=zl o=l %l
Ianee, nna mOCTATOYHO «UIHPOKHX» GapbepoB
C 4 exp (— ikgl — )

) -

CnepoBaTennHo,

I
2
k(b - 2 akg)uexp{a—ﬁﬁfy2p(U(x)—E)dx].
ol =

-t 4

IIpuGauKeHHOe (C TOYHOCTHIO NO NPen3KCNOHEeHIIHAJbHOrO MHO-
JKHTeNA) BHIpaXKeHHe

X2
Dmexp{m—%j Vau (U(x)—-E)dx} (24,8)

Ina xosHUHEHTA NPOXOKINEHHS OCTAETCA CHpaBefJIHBHIM H B
ciydyae GoJiee oblIero AOCTATOYHO MJABHOTO (YTOOH! BHINOJHAJIHCH
yCJIOBHSI KBa3HK/I4CCHYHOCTH) Gapbepa. Ilpu stoM ToukH x; H X
OnpenensaioTcs H3 YCJIOBHA OOpalleHHsi B HyJb KJAaCCHUECKOro HM-
nyJibca YyacTHIbB HIH

U () =U (x) =E.
Kos¢p¢duuuent otpaxendss R MOXHO NOJYYHTh H3 COOTHOILLEHHS
1=R+D, (24,9)

KOTOpPOE HENOCPENCTBEHHO CJENyeT H3 ypaBHEHHsi HelpepbiBHOCTH
(15,7) masi MIOTHOCTH MOTOKA, — IVIOTHOCTh MOTOKA MafaloOLIHX ya-
CTHIL JIOJI)KHA PaBHATLCA CYMME IJIOTHOCTEH MOTOKOB OTPaXXEHHBIX
H NPOLIEAIIHX YACTHIL.

Cornacio ¢opmyne (24,7), koabdHUHEHT NPOXOKIEHHS NOTEH-
LHAJBHOrO Gaphepa pe3Ko yMeHBINAeTCs NPH YBEJHUEHHH MAacChl
yacTHUbl. Tak, HanpuMep, NpH YBeJHUEHHH MAacChl JIEKTPOHA M0

Macchbl NIPOTOHA NPO3PAYHOCTL Gapbepa yMeHbwnTes B eV 1940 ~ 10%
pas.
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PaccmoTtpHM Tenepb nBHMKeHHE YacTHIbI C SHEPTHEH, npeshILao-
el noTeHuHaabHyio SHepruio 6apbepa (E > Uyaxc). B 3ToM cay-
yae obmacte Il (puc. 4) Gymer KJaccHUeCKH NOCTYNHOH H KBa3H-
kaaccHyeckas (QyHKuus, coriacho (22,7a), Moxer GHITh 3anHcaHa

B BHIE
X

‘pllﬁlfm Sin[d{.k(y)dy—]”ﬁl‘

[Mpupapn#Bas (GYHKLULHH H HX NPOH3BOAHEIE B ToYkax X = 0 u [, Ha-
XOIHM YETHIPE COOTHOILEHHS:

Va (A+ B)=asinp,
iky(A— B)y=aVa cosp,

o sin (@ i B) =C Vb ™, (L.10)
Vb acos(p + B) == ikCe'™,
rae Tenepr a==*~k (0), b=~ (l),
[
o=1 Ef VoRIE =U ()] dx. 24,11)

Pemas cucremy ypasuenui (24,10), noayuaem

__ikg(b—a)+ (k) — ab)tg @
iko (b + a) + (k3 + ab)tgo

B

A
CnenoBatenbho, KO3((HIUHEHT OTPaXKeHHA OT NOTEHIHAJbHOTO,
Gapbepa npH ycnoBHH E => Uyaxe OnpenensieTcss BhpaXkeHHeM

> ki(b—a) + (K — abf ig’g
TR+ af (kR abigie

B

(24,12

Ecau B Toukax 0 H [ 3sHaueHHs NoTeHIHaNa ONHHAKOBHEL, TO
l e ——————t
a=b=+Vo[E—UQO)

H Ko3uuHenT oTpaxenus 3 (24,12) npunHmaer Gosee npocrok
BH/L:
p=— i) e 24.13)
T s e '
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Hs (24,13) u (24, 11) caenyer, uTo NpH yCJIOBHH

I
IV2u[E-—U(x)] dx=nnh, rtnen=1, 2, ...,
0

NeTeHLHANbHEI Gapbep JJIsSi YaCTHIbl SIBJSIETCS NOJHOCTBIO Npo-
spaunbiM. Mcnosibayst TeopeMy o cpeiHeM, MOXKHO HanHCaTh
1

I V2u(E—U (x)) dx=1p,

0
Te p— cpeaHee 3HAYEHHE HMINYJbCa YacTHLUB B obsactH Gapbepa.
CrnepnoBatenbHo, MPO3payHOCTL Gapbepa onpenensieTcs ycJoOBHEM
Ip= nnh unu, nonaras p = 2nh/A, MOXHo uanHcaTb [ == ni/2,
T. €. Ha JJHHE Gapbepa MOJIKHO yKJAanblBaTbCA Le/oe 4Hea0 Af2,

™ )
1

i

bt ————
€
1

1

—1

A £

J 1 , _
0 & 0

P 9 N

Pre, 5. lNoTeduHannhan sHeprus SJEKTPOHA Ha rpaHHNE MeTalll—BaKyyM, 4) Ges DHEmWHEro
noas; G) MPH HAJMIHA BHELIHEr0 ONHODPOJHOrO SNEKTPHIECKOro noas. E-—sHEprus sjekrpoHa,
@~—pabora skixona, U,—suicora Gapeepa.

Ve

5]

Boipaxenne (24,13) onpenensneT u Ko3((dHUHEHT OTpaXKeHHs
YacTHUB OT NOTEHUHANbHOH SIMBI, €CJIH NPH BBIYHC/IEHHH ¢ B (op-
myne (24,11) yuectb, uTo moOTeHUHANbHON sIME (MPHTAXKEHHE) COOT-
sercreyeT U(x) << 0.

Has unmocrpaidid HCNOJb30BAHHS NMOJYUYEHHBIX BHILE (GopMyd
BHIYUHC/IHM BEPOSTHOCTb HCIYCKAaHHs 3JEKTPOHOB H3 MeTa/la mnoA
JieliCTBHEM CHJIbHOTO BHEILHETO NoJist (XOJNOAHAsi 3MHCCHS 3JIEKTPo-
HoB). B ‘'OTCyTCTBHE NOJISI MOTEHLHAJbHAS IHEPTHS 3/NEKTPOHA BHYT-
pH ¥ BHE MeTajsa Moxer 6BTh H3oGpaxeHa kpusoit U(X), ykasau-
voit Ha puc. 5,a. BHyTpH MeTa/1a 3JMEKTPOH HMEET SHEPTHIO
E < Uy, rne U;— noTeHnuanbHasi 9SHEPTHA 3JEKTPOHA BHE Me-
Tajsa.

Yro6bl 3/IEKTPOH BLIETEN H3 MeTa/ljla, €My HaJo CoOoOLIHTh
sHepruio ¢ = Uy— E (nopsimka 5—10 3B), koropyoo HasmiBaior
paﬁgroﬁ eovixoda.

CJIH K Mera/uly TMPWIOXKEHO BHEUIHee 3JIEKTPHYECKOe moJjie Ha-
npsokeHHocTH &, To K moteHuuanbroit smepruu U(x) BHe Merassa
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Hamo N00aBHTb MOTEHLMANbHYI0 SHEPTHIO SJEKTPOHA BO BHELIHEM
none (—e&x). B pesyabraTe nojyuaercs noTeHUHaNbHAs KpuBas,
u3ob6paxkeHHass Ha puC. b, 6 cIOLIHON JHHHEH,

CaenoBaTenbHO, NPH HAJHYHH TOJS TNOABJIAETCH BO3MOXHOCTD
BBUIETA 3JIEKTPOHA B BaKyyM TMyTe€M NPOXOXKIEHHs uepe3 TOTEH-
uHaaphblii  6apbep. O6sacTp CHJIBHOrO H3MEHEHHS NOTEHIHasa
OKOJIO MOBEPXHOCTH MeTaJula Mopsiika pasMepoB aToMOB, T. €.. 3Ha-
YHTEJIBHO MEHbIle paccTosiHusa a, npu KotopoM U(x) = E. Tloato-
My AJ11 YNPOLIEHHS BBIYHCJIEHHH MOXHO 3aMeHHTb Ha oTpeske Oa
NOTEHLHAJNbHYIO KPHBYIO NMpPSIMON JIHHHEH, T. €. NOJNOXHThb

Ux)— E=¢—e&x.

IMoncrasasisi 370 3Hauenue B (24,7), HaxomuM Ko3(GHHLHEHT Mpo-
XOXKJIEHHs1 JEKTPOHA H3 MeTaJjljla B BaKyyM

pmers| — 3 [ VIRG=E b | —enn{  $ T an).



I'I1ABA IV
MPOCTEMAIINE NPUMEHEHHS KBAHTOBOM MEXAHUKHA

§ 25. YacTnna B IpsiMOYroJibHOH MOTEeHIHAJLHOI AMe

B s710fi H caenylowmefi raBax Mbl PACCMOTPHM HEKOTOPHIE. MPo-
CTHIE CHCTEMHI, JJIi KOTOPBIX MOXKHO NaTh CTpOroe pelieHHe ypas-
nenusi [lpenunrepa, onpepensiiomero crayHoHapubie cocTosikus. Ta-
KHEe CHCTEMB! SIBAAIOTCA HAea/iH3alMell CHCTeM, BCTPeyaloIHXCs B
npupone. HMcenenosanve npocThiX HiaNN3upPOBAaHHBIX CHCTEM MO-
3BoJisieT GoJiee MOJIHO NOHATH METOJB KBAHTOBOH MexaHHWKH. Kpome
TOro, NoJyyeHHbIE pe3y/bTaThl HMEIOT H CaMOCTOSITEJBHBI HHrepec,
TaK KaK OHH B HEKOTOPOM nNpHOJHIXKEHHH OTparkaloT CBOHCTBA CO-
OTBETCTBYIOLIHX peajibHbIX CHCTEM.

3anaua onpeleNeHHsl CTALlHOHAPHBIX COCTOSIHMil JBHXXEHHsi 4Ya-
CTHLHI MacChl i BO BHELIHEM NOTEHLHAJbHOM MNoJie CBOAHTCH (CM.
§ 16) K OTHICKaHHIO COGCTBEHHBLIX 3HAYEHHH ONEpPATOpa 3HEPTHH,
T. €. K PEIUEHHIO yPaBHEHHS

{V2+ - E—U )] }y=0. (25,1)

d10 ypaBHeHue siBAsieTcsi JHHEAHBIM IHdQepeHLHanbHEIM ypaBHe-
HHEM BTOPOro nopsiika. TouHbBIE aHaJIMTHYECKHE pELIEHHsi ypaBHe-
HHs1 (25,1) Moryr OhITh HalIE€HB TOJbKO M/ HEKOTOPHIX BHIOB
onepatopa nOTEHLUUa/IbHOM 3HEPrHH, KOTOPHIfi B KOOPAUHATHOM
npeacTapieHHd H3o0paxKaercss (QyHKUHEA OT KOOPAMHAT YaCTHIUEL
Ipocreiiiiie pemeHHst OTHOCATCS K CHCTEMaMm, B KOTOPBIX NOTEH-
LHaNbHAA 3HEePTHs NOCTOsIHHA BO BCEM MNpocTpaHcTeBe (cBoOonHOE
ABHIKEHHE) JH60 HMCET PAa3HbiE NOCTOAHHBIE 3HAYEHHS B OT/EJ]b-
HBIX ofnacTax nNpocTpaHcrea, nNnepexoass CKa4KOM OT OJHOI0 3dauve-
HHsl K IPyTOMY Ha MOBEPXHOCTSIX, pasneasioux rakne obnacru. Ha
NOBEPXHOCTSX pa3pbiBa NOTEHIHANa BOJHOSasi (YHKUHSI A0AXKHA
6bITh HENpPepHBHO#, YTOOL! NJIOTHOCTE BEPOAITHOCTH Obl1a HEMpephiB-
Ha, EciH sHeprusi yacTHLB OrPaHHYEHA H CKAYOK NOTEHLHAJBHON
SHEPrHH HA MOBEPXHOCTH pa3phiBa KOHEuHHI, To M3 (25,1) caenyer
Heo6XoHMOCTh HempephiBHOCTH grad{y Ha NOBEPXHOCTH pasphiBa.
Hrag, rpannuHble yCJIOBHSI HA NOBEPXHOCTSAX O C KOHEYHBIM CKay-
KOM noTeHuHala cBoAsTCst K TPeGOBAHHIO

¢ u grady HenpepuBHE Ha . (25,2)
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PaccMOTpHM 4acTHIly, ABHXKYIIYKOCS B NOTEHLHAJbHOM moJe
(puc. 6):
0, ecnmn —al2<<x<a/2,
U(x):{ U,, ecnn x WMeer ApyrHe 3HaueHHS.

B sToM ciayuae ypasuenHe (25,1) cBomHTCA K OIHOMEPHOMY ypaB-
HEHHIO

47+ le—Ul fpm=0. (25,3)

IToreHunanbHas 3Heprist H onepaTop I'aMu/ibTOHA HHBapHAHTHEI OT-
HOCHTEJbHO Npeo6pasoBaHHst HHBEPCHH X —> —X, MN03TOMy (CM.
§ 18) Bce cranHoHapubie co- )
CTOSIHHSI OTHOCSITCS JIHGO K CO- v
CTOSIHHAIM NOJIOXKHTEJNbHON
qemocm,.rmﬁ% K COCTOSIHHSIM Y%
OTpHLATEJIbHO YETHOCTH.
yqpe'r YKa3aHHOTO CBOMCTBA 1 u 4
CHMMETPHH  MNOTEHLHaJbHOH e
SHEPrHH 3HAYHTEJNBHO yMnpo- &
L1aeT pelenHe: NOCTATOUHO
HaAATH pelieHue ToJIBKO B 006~  Puc. 6. MoteHnuanbian SHEPTHA NPAMOYIOABHOR
JIaCTH NOJIOXKHTEJbHBIX 3HAa- Gopas.
yeHHH X, T. €. B obnacty 0 <<
<< x < co. BosiHOBBIE (DYHKLHH COCTOSIHHH OTPHLATENbHOH YeTHO-
CTH JIOJIXKHBI O6pallatbCsi B HY/Ab B Touke X =0; 1is COCTOAHHH
NOJIOXKHTE/NBHOH YeTHOCTH MpH x == 0 fo/KHA o6pallaThCs B HYJb
NPOH3BOJHAS BOJHOBOM (PYHKLUHH NO KOOpAHHATE.

Bynem oTcunThiBaTE 3HEPrHIO OT «IHA» NOTEHLHAJNbHOM SIMBI,
torna 3ueprisi &= 0. Paccmorprm suauenns sueprun e < U
[IycTh nanee

=2, p=2 (o).
Torna ypasuenue (25,3) moxHo 3anHcath B BHIE
d2
(= +#)w=0, o0<s<%:
d?
(W"'Yz)¢n=0, x}%.

KOHE'-IHBIE l'IpH X— oo peIIIeHHﬂ \]}11 MO¥HO 3anHcaTp B BHIIE
¥y = Ae—vs, (25,4)

Pements 1, COOTBETCTBYIOIHE COCTOSIHHAM TONOXKHTENbHON ueT-
HOCTH, 6yayT

Y+ = B cos kx.
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Hns cocTosuufi OTPHLATENBHONR YETHOCTH
P{~) = C sin kx.

PaccMoTpHM BHaua/e COCTOSIHHS NOJOMKHTeMbHOl ueTHocTH. 3
d a
YC/IOBHSI HENpPEpPLIBHOCTH Y H —‘% B TOUKE X==- CJeayeT JaBa

2
OJITHOPOZIHBIX ypaBHeHHsi aJisi onpenenenus A u B:
Bcos% = Ae—Yal2
(25,5)
B sin k—;— e % Ae—vai2,

Ara cucrema ypaaﬂeﬂuﬁ HMEET OTJIHUHBIE OT HYJIA pEIIEHHS TOJBKO
NPH YCIOBHH
ka 2uly 2
rtg i =y =1/ B3~

ITocko/ibKy TaHIeHC sIBJASETCsi TMEpHOAHUYECKOM ¢yHKUHeH C nepHo-
JIOM 7, TO STO ypaBHEHHE MOXXHO npeo6pas3oBaTh K BHIyY

ka=nn — 2arcsin (25,6)

-
l’ 2’.I-Uo ’
e n==1, 3, ... ; 3HaueHHa apKCHHyca Hamo Gpatb B HHTEpBaJe
0, n/2. Ypasuenue (25,6) siBnsieTCst TPAHCLEHIEHTHBIM yPaBHEHHEM,
ONpenesIONHM NOJNOXKHTEIbHbIE 3HAYEHHS] BOJHOBOTO 4YHC]Ia R H,
C/IEIOBATENbBHO, BOSMOXKHBIE yPOBHH SHEPTHH, COOTBETCTBYIOLHE CO-
CTOSIHHSIM MNOJIOMHTEJBHOH YETHOCTH. . [TOCKO/NIbKY apryMEHT apKCH-
Hyca He MoXeT fnpeBnuath l, To 3HaueHHs & MOryT JieXaTh TOJMbe

ko B uureppane 0k <<V 2ul, /ﬁ. 3HaueHus: k,, YIOBJIETBOPSIO-

mHe (25,6) npi n=1, 3, ..., COOTBETCTBYIOT TOYKaM Nepeceye-
HHSl NPAMOH kA H MOHOTOHHO yGBIBAIOIIHX KPHBBIX
bk

k) =nn — 2arcsin ——. 25,

Cn( ) Vm ( 7)
Oco6enno npoctofi BHA HMeIOT peiuenHs ypasHenus (25,6) aas

6eckoneuno Goablnx 3nauenuit Up (Up > e). B aTom ciyuae

arcsin 2~ 0
2|.|.Uq
H k,,——-—:f n, vie n=1, 3, ... Ilpu 3TOM SHEprHs YacTHUH

282

n2h
e =5z 0%, n weserroe, (25,8)
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BonnoBass ¢yHkuus p=0. A BonHOBasm OQYHKUHSE BHYTPH
sIMBl, HOpPMHPOBaHHAs yCJIOBHEM

al?
[1oipde=1,
—aj2

HMeeT BHJL
-q,i-%—):-.]/ —E- cos ﬂ-;'—x, n HeYeTHOoe. (25,9)

Hns cocTosiHHA oTpHLATEJNbHOHA 4YETHOCTH yCJOBHS HenpepbiB-
a
HOCTH ¢ H -d—f- B TOUKAaX X ==- MNPHBOMST K CHCTeMe ypaBHeHHH

C sin -%5 = Ae~Ya/2,
. (25,10)

CCOSQ

= — Y pp—vya/2
kAeV“.

M3 ycsosHs paspeminMocTH 3TOfi CHCTEMBI ypaBHEHHH nMeeM
ketg 0= —y, (25,11)

YuutbiBasi NEPHOXHYHOCTb KOTAHT€HCa, MOXHO nmoyyuHTh H3 (25,11)
ypaBHeHHe, no ¢opme coBnanamouiee ¢ TPAHCUEHIEHTHBIM ypaBHE-
unem (25,6). INpu n=2, 4, 6, ... oHo onpenensier 3HaueHHs1 Kn,
COOTBETCTBYIOLIHE JHCKPETHBIM COCTOSIHHAM OTpPHLATENbHOH YeT-
HOCTH.

Hrtak, nMcKpeTHbie ypoBHH 3IHEPTHH 4YacTHUB B cm;me'rpuquoﬁ

NOTEeHLHAABHO siMe Bbipaxaiorcs (opMyJofi 8"=;§iﬁf’ rne kn

onpeaesioTcss TOUKaMH NepeceueHHs npsiMoit ka U MOHOTOHHO YGHI-
BAIOUHMH KpHBBIMH (25,7). 3nauenns n=1, 3, 5, ... cooTser-
CTBYIOT COCTOSIHHSIM TIOJIOXKHTEJIBHOM UETHOCTH; 3HaueHHsi n = 2, 4,
6, ... COOTBETCTBYIOT COCTOSIHHAM OTPHLATE/NbHOH YETHOCTH.

[Tockonbky ka MoHOTOHHO BO3pacraer, a L, (k) MOHOTOHHO YG6HI-
BaeT, TO YC/IOBHE HX HepeceuéHHsi MOXKHO 3anHcatb B BHJIE

ka—2,(k)>0 npn k=YZle

HJIH B fIBHOM BHIE

aV2uU, > nh(n—1). (25,12)

Yenosue (25,12) Bcerna sunonnsiercs npH n == 1. CaenosareibHo,
CHMMETpHUHasi OlHOMEpPHAasi siMa C NPOM3BOJbHLIMH 3HAYCHHAMH @
u U, uMeer He MeHee ONHOTO JHCKPETHOrO ypoOBHsi 3HepruH. Bos-
MOXXHOE YHCJO ypoBHeli B siM€ ONpefeNsieTcss MaKCHMAJNbHBIM 3Ha-
YEHHEM n, mPH KOTOpPoM elie BhIoNHseTCs HepaseucTsp (25,12).
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B uactaoM ciiyuae GeckoHeyHo G0MbiuHX 3nauenuit Uy u3 (25,6)
AN COCTOsIHWI OTpHllaTeJbHONi YETHOCTH CJellyer, uTo ka == nm,
rie n =2, 4, 6, ... 3nauenne n == 0 HCKJIOUaeTcs, TaK KaK OHO
npuBonuT K Py = 0 ans Beex 3HaueHuit x. HMITak, sHeprus yacruumb
B GeckoHeyHO TNy6OKOH NOTEHUHANBHOf AME B COCTOAHUAX OTPHLA-

2
n%, rne n=2 4, 6,..., a BoJHO-

(~) =
TeNbHOH YETHOCTH &/ o

Bas (yHKUHS
/2 . m
P = ]/}— sin—x. (25,13)

Bonuosbie ¢yHkunu (25,9) u (25,13) obpamaircs B HYJb npu
x = #a/2. Takim o6GpasoM, Mbl BHAHM, YTO TPaHHYHLIE YCJOBHS
Ha NOBEPXHOCTHAX, e NOTEHIHANbHAas 3HEPrus obGpauiaercs B Gec-
KOHEYHOCTh (KHAeaNlbHble TBEP/ALIE CTEHKH), CBOJSITCS K TPEGOBAHHIO,
yTOGbI Ha 3THX TNOBEPXHOCTSIX BOJHOBas (GYHKLUHsi o6pallajack B
HyJb (YacTHLLA He MOXKeT NPoHHKaTb B obnactb U = o0), npous-
BOJHAs YK€ N0 HOPMaJH K NMOBEPXHOCTH MOXeT HMeTb, BOOGLIE ro-
BopA, CcKkayok. B cayuae Koweunbix sHauenuii U, uacTuua moxer
NPOHHKATh H B obnactk |x| > a/2. BonuoBbie GyHKuuH B 3THX 06-
jacTax Gyayt coBnapath ¢ ¢yukuueir (25,4), rme A onpegensercs
JJIs1 COCTOSIHHA MNOJIOXKHTENBHONH H OTPHLUATENBHOA YeTHOCTEH COOT-
BeTcTBeHHO uepe3 B u C ¢ nomompblo ypaBuenHit (25,5) u (25,10)
IS KaXKIOTO 3HAYEHHst KOPHst ypapHeuust (25,6) u (25,11).

Cornacio (25,12), B cayuae manmix suauenuis a YU, (men-
Kas siMa JIoCTaTOYHO MaJ/ol LIHPHHBI HJH Ty6OKas siMa OyeHb Ma-
JIofi LUMPHHBI) 4YaCTHLA MAacchl | HMEET TOJBKO ONUH MHUCKPETHHIf

YPOBEHb SHEPTHH, COOTBETCTBYIOUIHE 3HaueHUIo &y =~V 2uUo/h. IMpu

9TOM 3SHEPrus uacTHun &=~ U,, suauenue y=(2n/8) YU, —e ~ 0
H BoNHOBas ¢yukuusi (25,4) uacTHubl BHE SIMBI GYNET OTJHYHA OT
HYJIS1 HA CPAaBHHTEJBHO GOJBIIUX PACCTOSHUSIX BHE SIMBI.

B cnyyae TpexmepHofi NOTEHUHANBHON SIMBI CO 3HAauYEHHEM
U(x, y, 2), paBHbIM HYJIO BHYTPH NapajJiefienunena co CTOPOHaMH
a, b, ¢ ¥ paBHBIM GECKOHEUHOCTH BHE 3TOro napaJenenHnesna, ypas-
Hende (25,1) pacnajaercs Ha TPH HE3aBHCHMBIX OJIHOMEPHBIX ypas-
HeHusi THna (25,3). CnemoBartenbHo, 3Heprusi Gymer onpenessiThes
TpeMsi KBAHTOBBIMH YHClaMH

ﬂ2ﬁ2 n‘.Z 2 n2
Ennn= g+ 24 5). mm =123 @510

a2

CooTBeTcTBYIONIAA BOJIHOBAS! (PYHKIIHSI HMEET BHJ

wr‘f"v"’: = ‘p'h *) ‘pm @) ',Pﬂg (2), (25,15)
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rne
T X
——cos——a-‘—-. ecii n=1,3,5,...,

a
]/% sin22E | ecqm n =24, 6,...;

a

Py, (X) =

aHaJlOrHUHBLH BHI HMeEIOT QyHKLUH ¢, (¥), ¥, (2).

Korna a 5= b 5= ¢, KaXXIoMy 3HaYeHHIO SHEPTHH COOTBETCTBYET
ofHa BodHOBas ¢yHKuus (25,15). IpyruMu cioBaMH, B CHCTEME OT-
CYyTCTBYIOT BBIPOXKJEHHBIE COCTOAIHHA. JTOT pesyJbrTaT Henocpes-
CTBEHHO CJIE[lyeT H3 CBOHCTB CHMMETPHH NOTEHLHAJbHOH 3SHEPTHH.
[MoTeHuHanbHas 3HEPTUsi OCTAETCA HHBAPHAHTHON NpPH BPALIEHHAX
na 180° Bokpyr kKa)kmo# H3 ocefi KOOpAHHAT W NpH NpeobpasoBanHH
uEBepCcHH (Xyz——x, —y, —=). CnenosaTeNbHO, CHMMETPHSI NOJIS
oTHOCHTCsi K a6enepoii rpynne Doy B 370l rpynne pesyabrar np-
MeHeHHsi JABYX npeoGpasoBanuii CHMMETPHU HE 3aBHCHT OT TOrO,
B KaKoii MOCJeNOoBaTE/NBHOCTH OHHM BBINOJHSAIOTCA. Bee nenpHBomH-
MBI€ NpeJCcTaBlieHust 3T0fi rpynnbl OJHOMEPHH, H BHIPOXKIEHHE: OT-
cytersyer (cm. § 19).

Koraa a = b == ¢, 3Heprus yacTHLb BHpa)kaeTcsi GopMyJioH

252
Eﬂ[ﬂ,ﬂ, = ;paz (n% + n'g + n%)o (25,16)

B 3TOoM ciyyae CHMMETPHsi NOJIA COBNajaeT C CHMMeETpHel Ky6a.
CootsercTBylomias rpynna cuMmeTpui O CONEPIKHT ONHOMEPHEIE,
NByMEPHbI€ # TPEXMEPHbIE HENPHBOAHMEBIE NPEACTaB/EHHUS, NO3TOMY
OHa MOXET HMETh NBYKPAaTHO H TPeXKpaTHO BHIPOXKJEHHBIE 3Hepre-
THyeckHe yposuH. Hanpumep, TpeM BOMHOBHIM (YHKLHSIM, C KBaHTO-
BBIMH UYHCNAAMH Ny =05, no=1, n3 =1; my=1, ng=>5, ng=1;
m=1 ny=1, n3g=>5 cooTBercIByeT OAHHAKOBAs 3SHEPTHsA
T Jlerko, onHako, yGemHMTBCS, UTO 3TOH Ke 3HEPrHH 6Gynaer
COOTBETCTBOBATh H BOJHOBasi (DYHKLHSI C KBaHTOBHINH UHCIaMH
ny =3, ng=3, ng==3. 310 NONOJHHUTENbHOE BBLIPOXKIeHHe o0b6Yyc-
JIOBJIEHO OCOOBHIM XapakKTepoM 3aBHCHMOCTH MNOTEHIHAJBbHOH 3HEp-
THY OT KOOPAMHAT, a2 HE cHMMeTpHel noss. Takoe NONONHHTENbHOE
BHIPOXKIEHUE HA3BIBAIOT CAy4Qlinbin evbiposderuem. Ilpu Heenenopa-
HUH JBHXeHHsi 3JEKTPoHA B KyJaoHosckoM none (§§ 38, 39) wmmu
BCTPETHMCSI C AHAJOTHYHBIM JIOMOJIHHTEJbHBIM BBIPOXKIEHHEM 1O
KBaHTOBOMY 4HCy [, OTJIHYAIOIIHM KYJIOHOBCKOE nodie oT BCex ApYy-
THX LIEHTpPaJbHO-CHMMeTpHuHbiX nosefi (cm. rakxke § 37).
PaccMoTpuM Tenepb ONHOMEPHOE MIBUXKEHHE 4YacTHIUB C SHep-
ruedl, npesbilIaloNieli BHICOTY NOTEHLHANBHON SIMBL, T. €. npH & > U,

2
B 3tom cayyae y? =Tl;~(qu e) <0 u y sBaserca MuumMbiM. [lo-
STOMY KOHEYHbIE PEILEHHsi BHE MBI GYIyT CONEPKATb HE OfHY (KaK
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B cayyae e << Up), a nee nocrosuubix. CnenosaTensho, npa oj-
HOPOIHBIX YpPaBHEHHsl, NOJYYaeMble H3 YCJIOBHsI HENpepbBHOCTH

Y H %1:5-. Ha rpanHlle GyAyT colepkaTh TPH HEH3BeCTHHIX. Takue

ypaBHEHHsI pa3pelldMbl AJ1A JIOObIX 3HAueHWii k (UNH e) — KBaH-
TOBaHHe 3HEPrHH JBHIKEHHSA OTCYTCTBYeT.

VYposuu aueglmn GyAyT ABYKPaTHO BbIPOXAEHHbIMH. Kaxkmomy
snauennio e > U, cooTBeTcTBYET N1Ba pelleHHst, KOTOPHE BIAJH OT
fIMbl H306paxkalTcs QyHKUHAMH TUNa

w~exp{ EVE—0},
w~expl — 5 Vo —TU |-

Peluenne nepsoro THna COOTBETCTBYET JBHXKEHHIO 4acTHLbI BIOJb
OCH X, a pelLIeHHE BTOPOro THNa — OOpPaTHOMY JIBHYXEHHIO YacCTHIHL

ITpu HcenenoBaHiu ABHIKEHHS YACTHILI B NPSIMOYTOJNIbHOH MOTEH-
LHAJBHOH siMe MBl YCJIOBHJIHChH OTCYHTHLIBATH 3JHEPTHIO CHCTEMBI OT
JHA NOTEHUHANBHON AMbl, NO3TOMY BCE 3HAYEHHsI 3HEPrHH OblH no-
JIOXKHTeNbHbIMH, B (u3suke yacro B KauecTBe HyJisi OTCYETa 3HEPTHH
qpunﬂmaro*r NOTEHLHAJIBHYIO 3HEPTHIO GECKOHEYHO YJIAJIEHHBIX TOYEK.

0o6bl MEepelTH K 3ToH HOPMHPOBKe, Hano BhiuecTb Uy H3 HafimeH-
HbIX BBILLUE 3HAYEHHH SHEPrHH, Toraa

<0 pns gHMCKpeTHOro cmekTpa,

'= — -
E=E=U { >0 nans HenpepwBHOrO Cnekrpa.

Hccnenyem Gonee nompo6GHO pelUeHHs ONHOMEPHOTO ypaBHEHHS
(25,3) mnsi cocTosiHMii HENPepHIBHOTO CNEKTPAa NPH NBHXEHHH B
noJie ¢ NOTEHIHAJIBHOH 3HEpTHeH

— Uy, ecnn |x|<b;
U(")g‘"{ 0, ecan [x]>b. (25,17)

IMpu Takoli HOPMHPOBKE NOTEHUHANBHON SHEPrHH COCTOSIHHAM He-
NPepbIBHOrO CNEKTPa COOTBETCTBYET 3Heprus g > 0. B 3Tux cocrosn-
HHSIX YaCTHILA CBOGOJHO MBHIKETCS BHE MOTEHIHAJNbHOH SIMBI H Mo-
}KeT yfanarsca oT Hee KaK YrofiHO jaafiexo.

Ecau uactina ABHXETCs BAONB OCH X, TO, IOCTHras NOTEHIHAb-
HO# fIMbl, OHa HCNBITHIBAET paeficTBHe cull. Ilpu atom vactHua nu6o
oTpasHTcs, JHG0 «npoifieT» NOTEHUHANbHYI0 fMYy. BoiuHCaHM Be-
posiTHOCTH 3THX npoueccos. Hanomuum, uto B § 24 rtakas 3apmaua
pemanaes metopom BKB nans norenuuanbioro 6aprepa H noTeu-
uuagsHoi siMbl. B o6nacru [ (korma x < —b) peluenHe ypasHeHHs
(25,3) umeet BHA

rne hk,=1V 2pe.

¥, = Aetts* - Be—ibe,
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OyHKUHH Ae?* y Be—i#* oTHOCATCA COOTBETCTBEHHO K Ma-
AAaIolIHM H oTpaykeHHBIM wactHuam. B o6hactu [Il (xorpa x-> b)
pelueHHe GepeTcss B BHAE YXONALIHX OT AMBI BOJIH

Py = Ceho,
B o6nacru Il (korma —b << x << b) pewenne (25,3) umeer Bun
¥, =0et** | Be=*x, rme hk=V2u(e+Uy). (25,18)
YTo6bl BLIYHCAHTL KOI(GHIHEHTE NpoxoXaeHus D =.=| _%I?- H OTpa-

2
KeHHSA R=‘%| » Hano euipa3uTh amnautynbl C B B uepes A.

Hansi 3Toro npupasHsieM GYHKUMH Yy H Yo H HX NPOH3BOJIHBIE NO X
Ha rpaHHue x = b. B pesysnbrarte nojiyuaeM /iBa ypaBHEHHS

Cethb = qelt -} Boikb; k_,: Celkd — qelth — pe-it,
Pelenue 3THX ypaBHeHHHi HMeeT BHJ
a-—-C-—(1 + ) exp (i (ko — ) b}
=3 T e ’
B=-5(1 — %) exp & (% + 1) 0}

[TpupaBuHBas najiee Y1 u P H HX NPOU3BOMAHLIE NPH X = —b, Ha-
XOnHM

(25,19)

Ae=th¥" |- Beitd — ag=ikb |- Bel®,
Ae=thb — Beitd = (<) [ae=14 — pet®),

Pelias 3TH ypaBHeHHsi oTHocuTenbHo A u B, a 3ateM Hcnosb3ys
(25,19), nonyuaem

A= o[t ) (1 )emo (1= £)(s - )]
o= {1 =21+ e ()0~ )]

rpe a = 2b — mupuHa notesuHanvhol siMbl. Crnenosartensto, Kosd-
GHUMEHT NPOXOoXKAEHHs

D =_-{ 1 +%(*T°— k—’i)ﬂ sin2(ka) }"' . (25,20)

Takum e 06pasoM MOXHO BBLMHCIHTb KO3GbOHIHEHT OTpaXKeHHs
R w noxasate, uto R =1—D,
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Ecnu sin(ka) 5= 0, 10 K03((DHUHEHT NPOXOXKAEHHA OTJNHYAETCH
ot 1, T. e. HMeeTCsi onpe/ie/eHHasi BEPOSITHOCTh OTPaKeHHsi 4aCTH-
ubl oT notennHanbuofi simbl. OfHako npw

sin(ka) =0, wuan ka=nn, (25,21)

rae n— LeJoe yHeso, KoappHuKHeHT npoxoxaena D =11 R = 0.
IToncrasasis B (25,21) 3nauenue k u3 (25,18), HaxonHm 3Hepruu
£n, NPH KOTOPHIX KOI(PPHIHEHT OTPAXKEHHSI PABEH HYJIO:

2
o= i —Us >0, (25,29)

g

rie n— 1ejloe YHCJo.

HTaK, NPH TOJIOXKHTEJIBHBIX SHEPTHAX 8y, YAOBJIETBOPAIOIIHX pa-
BeHcTBy (25,22), ko3 ¢dHUMEHT npoxoxaeHHs D = 1. DTu 3Haue-
HHSI SHEPTHH HA3BIBAIOICS PE3OHAHCHbIMU 3nepeusimu. VI3 ycnosus
NMOJIOXKHTEJBHOCTH &, CJeAYET, UYTO KBAaHTOBbLIE YHCA PE30HAHCHDIX
SHEpPrui yNOBJIETBOPAIOT HEPABEHCTBY

a2l
n>—pt.

ITpu stom, cornacuo (25,21), a=ni, T. €. B IMe YKJaluiBaercs

nejsoe uHcho nosysosiH. Paccrosinve Mexpy OaHXadwHMH peso-
HaHCHBIMH SHEpTHﬂMH onpenenserca YpaBHEHHEM

n*h?
npl— 8 = ona? (2n+ l)

Qopmyna (25,22) coenapaer (mpH yueTe HOPMHPOBKH Hauana
oTcueTa 3HEprHH) c Bulpaxkenusmu (25,8) u (29,12), onpepensio-
IIHMH 3HEPrHI0 HHCKPETHBIX COCTOAAHHH 4acTHULI B rJyOOKO# fiMe.

YpoeuH suepruu (25,22) HHOra HA3LIBAIOT BUPTYQALHBIMU YpPOB-
uamu snepeuu (cm. § 123).

[Mpennonioxum, uto k, XapakTepH3YeT BHPTYaJbHBIH YPOBEHDL

2
¥t
2p

npd Kotopom D == 1. Onpenenum Bennuuny 8k, Takyio, 4To6bl npH
k= ky 1 8k Ko3pPpuuHeHT npoxoxkAeuns D =1/, Uz (25,20) cne-
LyeT, uTo JJIsi 3TOr0 HeoOXOAHMO BHIMOJHEHHEe PaBeHCTBa

|(hege — 22E% ) sinla (b, +00)) [ =2. (25,29

YuutbiBas (25,21) u HepasenctBo 6k < k,, MOXHO npeeGpasosatsb
(25,24) k BHny

g, =

=i (25,23)

| sin (adk) | = | adk |~ —kekn_

kg —k2 "



Mpocmeliwue npuMeHeHUs1 K8aHMOBOU MexaHUKU

117

Torna u3 (25,23) HaXonHM H3MEHEHHE SHEPTHH

B
2h%kek2 2500 fikn
Tl ok T w5
E Tk

npH Kotopom D ymenbinaercs o '/;. Beanuuny 8e,, onpenensiemyio
paBeHcTBOM (25,25), MOXHO yC/IOBHO Ha3BaTh ROAYULUPUHOL Bup-
TYAAbHO20 YPOBHA.

ITpeanonoXum, yTo yacTHua ¢ 3IHeprHed a=h2k§/(2u) <Us
NPOXOAHT uepe3 noTeHuHaNbubii 6apbep

U {-Ug, ecin b= x|, 2b=a;
x] o= 0, ecan b<|x|
B o6nactu 6apbepa pelieHHe ypasHeHHs (25,3) HMeeT BHJ
Vo =0e¥* + pe~V*, e hy=1V2u (U, —e).

Bue 6apbepa peweHHs Y1 H Pm COBNAAAIOT ¢ COOTBETCTBYIOLIHMH
pelleHHsIMHI IJls Clydyasi NOTeHUHANbHOH npsiMoyroabHof siMbl. Caoe-
NOBAaTeJNbHO, KO3((PHUHEHT NPOXOKACHHSI HPsIMOYroJibHOro Gapbepa
MOXHo Ha#iin H3 (25,20) nyreM ¢opManbHoro mnpeo6pasoBaHis
k— —iy. Torma, yuuthisas, uto

e % —¢*

sin(iz) = —5—,

noJiy4aem
1 (& 2 U =4
p— {1 s+ e emme—al)”,
O6b1uno BBINOJIHACTCS HepaseHcTBo 2ay 3> 1, nosTomy

D=~ 16( o‘f\f ) exp{ - ]/.2;;—({!0?3)].

Ecnu yactHua nponetaer Hajp 6apwepom, T0 D CHOBa onpenensiercs

dopmysofi (25,20), rae Halo NOACTABHTL k= LVonle—Uo).

B sak/iouenHe 3Toro naparpagda HccienyeM peienHe ofHOMep-
Horo ypasuenns (25,3). Hus acHMMeTpHYHON NOTEULHAJNbHOH MBI

Uy, ecnu x<0,
Ux)={ 0, ecan 0<<x<aq,
U,, ecni x> a.
Ilyets E << Uy, Uy Torna, Beoasi 0603HaueHHs

V 2nE 2ulU uU
k= L Y= “ﬁzo"kﬂo '\’Iﬁ"/”;;z_!'_ks

ﬁ ?
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MOXHO HanHcaTb ofLHe pelleHHs ypaeHenus (25,3) B Tpex obuna-
cTax (C MOCTOSHHBIMH 3HAYEHHSIMH NOTEHLHANbHOA 3JHEPrHH) B
BHJE

Aoe™V* + BeV*  (x <0),

Y(x)=) Asin(kx+08) (O<x<a),

A=V 4+ BieV* (x> a).
Uro6h QyHKUHs P(X) GbJla KOHEYHOH NMPH X — #=00, HEOOXOAHMO
noJioxkHTh A9 = By = 0. Ecau MBI HHTepecyeMcsi TOJIBKO BO3MOXK-
HBIMH 3HAYEHHMSIMH SHEPrHH, TO BMECTO TPeGOBaHHs HENpepbIBHOCTH

d
P(x) Ti:':" npu x =0 H a, AocraTouHo noTpeGoBaTb Henpephis-
1 dyp

HOCTH JiorapH(pMHUECKOH NPOH3BOAHOM T dx NpH Tex Xe 3Hauye-
HHaX X. TakiM o6pa3soM noJiyyaeM [Ba ypaBHEHHS
y=~Fkctgd, y,=— kctg(ka-+9d).

IToxcrasnssi 3HAYEHHA Yy H Y;, MOXHO Npeo6pas’oBaTh 3TH PaBEH-
CTBA K BHAY
kh

ki . kB
Vot sin é, Vol sin (ka + 9).

Uckatoyass 3HaueHHe O, HAXomHM TPAHCUEHACHTHO® YpAaBHEHHE,
onpenessioniee 3HaueHns &,

i kh 4 kh
ka = nn — arcsin ————— arcsin ; 25,26
V 2uU, ] E“Ul ( )

rnen=1, 2, 3, ... HyMEpPyIOT BO3MOXXHbIE€ 3HAUCHHsi kK B NOpsiKe
HX BO3paCTaHHsi; 3HAYEHHs1 apKCHHYyca Gepyrca B uutepsane 0, r/2;
3HaueHHsi K MOTYT JleXxaTb B HHTepBaJe

o<r<y/ 2,

Yacruua B AMe HMEET n JHCKPETHHIX 3HEPreTHUeCKHX ypoeuef,

ecan npu k =V 2uU,/h 3uauenne ak Gosbliie Npasofi yacTH paseH-
crea (25,26), 1. e. NnpH BHINOJHEHHH YCJOBHS

—%- VaulUs >=n (n — -—;-—) — arcsin "/%-“:. (25,27)

B uactioctH, npu n =1 u3 (25,27) nonyuaeM ycJoOBHE TOrO, 4TO
B sIMe HMeeTcs no kpafine#i mepe omuu yposenb. Ecin Uy 5= Uy, TO
BCerna BO3MOXKHBI CTONb Madbie 3HaueHHss @ | Uy» npH KoTopuix B
fiMe He OyleT HH OJHOTO paspelieHHoro yposHsi 3Heprid. Hanom-
HMM, 4YTO B KjlaccuuecKoll MexaHHKe 4YacTHIla MOXKET COBEpLIaTh
¢uHHTHOE nBHXKenue B J06of sMe, €c/H ee 3HEPrHs HOCTATOUHO
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mana, I[Ipu Uy = U, ycnosue (25,27) nepexomHT B paccMOTpeHHOE
philie ycyosHe (25,18), Kotopoe Bcerma BhiNoJHAETCS npu n == 1.
DTOT BHIBOX OTHOCHTCA KO BCeM OJHOMepHHIM 3amavam. HMmenno,
ec/IH acHMnToTHYecKHe 3HaueHuss U(oo) == U(—o0) H mMexpay HHMH
HAXOIMTCA ONHH MHHHMYM, TO HMEETCsl N0 KpafiHe# Mepe ONHH CBs-
saunbifi yposeub. Ecn U(oo) 5= U(—o0), TO CBAA3aHHOrO COCrosi-
HHSI MOXKeT He GhiTb. B cayuae mByx H Tpex uamepenufi B Hersly-
GOKHX Yy3KHX fIMaX MOXXET He GHIThb CBA3AHHBIX COCTOAHHF — yacTH-
11a «HE 3aXBaTLIBAETCs» SIMOH H coBeplIaeT HHOHHHTHOE NBHXKEHHE.

§ 26, F'apmoHuueckuii OCUMANATOP

INoTennuanbHas 3HEPTHS MHOTHX (pH3HYECKHX CHCTEM o6Jaamaer
MHHHMYMOM B HEKOTOpPOH Touke mpocTpancrsa. Pasnaras noteu-
LIIHAJIBHYIO 3HEPrHI0 B PAA NO CTENEHSIM OTKJOHEHHIH OT 3TOH TOUKH,
MOHO HanucaThb :

- L .Q’E)
U=UQ©+3(57), "+ - (26,1)
rjue X — OTKJIOHEHHE OT NOJIOXKEHHAI paBHOBECHS, OnpenejsieMoro yc-
JIoBHEM (%% n=O. Ecau yacTHua macch p cosepliaer mMaJjibie Ko-

JNeGaHHsi OKOJIO MOJIOXKEHHs1 paBHOBecHst, To B psany (26,1) moxho
COXPaHHTb TOJIBKO IBa NepBHIX useHa. Bynem oTcuHTHIBaTH SHEPIHIO
cucrembl ot 3Havends U(0); Torna knaccuueckas ¢pyukuna FaMunn-
TOHA MOXeT GhITh 3anHCaHa B BHJE

Ho=L + £

=5 5 ¥ (26,2)
2

rne k=(%gr-)0,. [MTonoxum panee, 4To BHA NOTEHUHAJNBHON 3HEp-

run B (26,2) coxpausercs H npH GONBLIMX 3HAueHHsX X (HMmeaH3a-

uHsi peajibHOfi CHCTEMB).

Kuaccuueckoe ypaBHeHHE MBHIKEHHs 4YacTHLbL, ONHCHIBaeMol
¢byukuuedi I'amunbTona (26,2), HMeeT npocToii BHI:

X({f)==Acos (ot ), rne o=VEk/p. (26,3)

B atom cayyae roBopsAT, UTO YaCTHLUA COBEPLIAET TraPpMOHHYECKHE
KoJleGaHHsl OKOJIo MOJIOXKEHHs1 PABHOBECHSI, a2 COOTBETCTBYIOIIHE CHC-
TeMbl HA3LIBAIOT 2apmonukeckumu ocyuararopamu. K Takomy pony
IBHXXEHHI MOXHO OTHECTH KoJleGaHHsi aTOMOB B MOJIEKYJlaX H TBep-
AbIX Teaax, KoJieGaHHsi NOBEPXHOCTH C(pEpHUECKHX ATOMHBIX siEP
H JIp.

N3 (26,2) u (26,3) cnenyer, uro SHEPrusi KNaCCHYECKHX KoJieba-
HHfI TapPMOHHUECKOTO OCLHJISITOPA ONpefeNisieTcst BhIpaXKeHHeM

= 5 BA = o () (26,4)
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T. €. 3aBHCHT OT KBaJpaTta aMIJIHTYHhH KoJieb6anus A HIH cpenunero
3HAYEHHs1 KBaJpaTa OTKJIOHEHHA

()gn = A2m =‘%2"

OnpenesnumM cTauHoHapHbE COCTOAHHS TAPMOHHYECKOro OCLHJIJISA-
Topa MeTOfaMH KBAHTOBOH MexaHWkH. 3amenss B (26,2) knaccuue-
CKHe BeJHYHHBI COOTBETCTBYIOIIHMH ONEPATOPAMH B KOOPAMHATHOM
npeacTasJeHuH, nosyuim ypasueuue [llpexunrepa

d? 0?p2x? 2uE
{ a2 e + 12 }‘p(x)=0'

[Tepelinem B 3TOM ypaBHEHHH K 6e3pa3sMepHbBIM NepeMeHHBIM

§=x'/ %, =-—§vf—;. (26,5)

Torpa nonyunm ypaBHeHHe BTOpPOro nopsiika
dz2

(f —2+e)v@=0. (26,6)
IMoncraeus 3unauenne P(E) = v(E) exp (—E/2) B (26,6), naxomum
ypaeuenue ans GyHkuHH v (&)

v” — 280" (e — 1) v =0,
rae ITPHX o3Havaer aHpdepenuuposanre no g YUrobu §P(E) Gu0
KOHEYHBIM, HEOOXOAHMO, 4ro6hl pelIeHHs1 U NpeAcTaBJsiH coboi

NOIHHOMB! KOHEYHOTO NOPANKa OTHOCHTENbHO E. TakHe pelleHus cy-
IIECTBYIOT, €CJH

8_1=2n| n—';o. 1, 2, LI
Kaxkjomy 3HAYEHHIO n COOTBETCTBYET NOJHHOM N-TO MOPSKA,
KOTOPHIH HA3LIBAETCS NOAUHOMOM SpMura
dﬂ.
H,(8) =(—1)"e¥ riag e ¥,

HopmupoBantbie BoJIHOBBIE (YHKUHH CTaHOHAPHBIX COCTOSIHHE
rapMOHHYECKOTO OCLH/JISITOPA HMEKT BHJI

v ® =[n12" V™" H, € exp (— £/2). (26,7)
Hcnonbays (26,5), HaxomuM 3HaueHHe 3HEPTHH
Eﬂ. = ho (n + 112)3 (26:8)

KOTOpoMYy cooTBercTByer ofHa ¢yekuua (26,7), caenoBaressHo,
BLIPOXK/ICHHE OTCYTCTBYyeT. DHEPrHA OCHOBHOTO COCTOAHHSI Eg =
= hw/2 nasbiBaercs Hy.aeeoll saxepauell.

[TockoNBKY mnoTeHuHaNbHAs SHEPrHsi OCLHJVIATOPa HHBApHAHTHA
OTHOCHTEJIBHO Npeo6pasoBaHHsi HHBEPCHH, TO CTALHOHAPHEIE CO-
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CTOSIHHSI NIONPA3NENSIOTCsI HA yeTHBIE H HeueTHhie. Bee cocTosinusa c
YeTHBIMH N OTHOCATCS K 4eTHBIM cocrosinksiM. CocTosiuns ¢ neuer-
HBIMH n— K HEUYETHBIM, HX BOJIHOBbiE (DYHKILHH MEHSIIOT 3HAK MNpH
npeobpasoBaHuH x — —x. B 3T0M serko y6enHThCs, €CIH BHINHCATD
sIBHBEIH BHJ NEPBBHIX NOJHHOMOB JPMHTa

Hy(()=1, H,()=2, H,(E)=48—2, H;=8—I1%.
B oflieM C/lyya€ yCJIOBHE UETHOCTH ONPEENAETCS PABEHCTBOM

(26,7). TlonuHoMbl JpMHTA yAOBJETBOPSIOT NMPOCTHIM PEKypPPeHT-
HBIM COOTHOIUEHHSIM:

EHp (8) = nH ey 8) + 5 Hopt ), (26,9)
“j;n =9nH,_, (&), (26,10)

3HAHHE KOTOPHIX MOJIE3HO NPH BBIUHCJIEHHSIX.
BhiuHC/IHM, HanpHMep, cpeaHee KBAaApPaTHYHOE OTKIOHEHHe OT
cpeHero 3HaueHusi § B COCTOAHHH Yn(E). Cpenuee snauenne

L]

®= [wErda=0,

—oo

TaK KaK MoJ HHTerpajioM ctoHt HeuetHas (yukuHs § [TosTomy

(A8 = (0= [ ¥nk™pa dE. (26,11)
Hcnoawsys (26,9), naxonum -
o=V % Vot + Y ZEL s (26,12)

anMeHﬂﬂ 3TO COOTHOILEHHE elle paa, HMEeM
B () =5 Ve —1) $peo+ (1 + ) ¥u+
43 VEFDOT2) Yose (26,13

lNoncrasassi (26,13) B (26,11) u yunThiBas OpTOHOPMHPOBaHH'bCTb
GyuKuHi Pn (E), nonyuaem

E=n+g, wm De=(n+3).  (2614)

[Npu nanmcauwWH nocaennero Bhpa)keHmss Mb yuan (26,5). Hs
(26,14) caenyer, uro cpefiHee 3HaueHHe KBaApaTa aMIVIHTYbl HYJEs
BBIX KosieOaHHii onpenessiercs shipakeHHeM

h

=55
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Ipn nomown. (26,14) ¢opmyny (26,8) moxuo npeob6pasoBaTh K
BHILY
E, = pna?{(x?),. (26,15)
CpaBunBas (26,15) u (26,4), Mbl BHOHM, uTO 3HEPrHsi B KjiacCHye-
CKOff M KBaHTOBOfi TE€OPHH OJHHAKOBO BBLIPAXKa€TCsl yepe3 cpeaHee
3HayeHHEe KBaJpaTa OTKJOHEHHsi OT MOJIOXeHHs] paBHOBECHSI.
IMonwsysicb (26,12) u yuuthiBasi OPTOHOPMHpPYeMOCTh (byHKUMI
{n, JIETKO BBIYHCIHTH MaTPHYHblE 3JIeMEHThI ONlepaTopa KOOPIHHATHI

R P
Wl x| Pn) = (Yl E]‘I’n)]/ Bo == [ﬁ(n-l-l) %

2o ﬁm_ ntle

Huddepennrpys Gynkuuio P, no E v yuuthias (26,10), waxopum
3 i
L N e (26,16)

ﬁ ]/2 ‘pn—""‘l/ Jﬂ+1'l’n-+l

U3 cootHomenHs (26,16) npu yyere (26,12) cnemyior pa nosesusix
COOTHOLIEHHs1

HJIK

V— (g—}- ag)"’" Vi Yoy,

e (b= 2) e = VAT T e

Beenem onepatop p‘=-iai§-, KoTopeifi B cuaty (26,5) cesasan

C onepaTopoM HMNYJbca Py = — ih-% COOTHOILEHHEM
b, =V nho p, (26,18)
Torpa cootHomenus (26,15) MoxxHo 3anucarh B BHJe
= V_n—"bn-—ln d*"’n = Vn + 1 Vot1s (26,19)

I'Zie onepaTophl Ol'lpe,[leJIEHbI paBeHCTBaMH

V_ e+ ) ,,_ &+ ify),
@t =i (1= 2) = € — if)-
V2 ot V2

C mnomomeio (26,19) MoXHo mTocnefOBaTeNbHEIM NPHMEHEHHEM
onepatopa &% nony4kTe BOMHOBYIO (YHKLUMIO A-TO COCTOSHHS M3

(26,20)
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BOJIHOBON (PYHKIHH HYJIEBOIO COCTOAHHA:
smada [P
‘IJN. —— Vf—ll— (a*) 'IJ(J' (26,21)

Bupx BOJIHOBO# (YHKUHH Yo C TOYHOCTHIO O MHOXKHTEJs HOPMH-
POBKH MOXeT ObiTh NMoJiyyeH H3 ychoBHs Ao = 0, koTOpoe chenyer
u3 (26,19). IMoncrasiiss sBHBIA BHA Oonepatopa & B KOOPAHHATHOM
npencrasieHHd (26,21), nonyyum nHddepeHUHadbEHOE YpaBHEHHE

(e+5)w@®=0

onpenensiiouiee QyHKUHH Po(E) B KOOPAHHATHOM NpEACTaBJEHHH.
Pemlente 31oro ypasHenHsi HMeeT NPOCTO#H BHJ
o (§) = Noe™¥2,
INonwaysice (26,20), nerko yGemuTbesi, 4TO omeparopbl yaOBJETBO-
pPAIOT NepecTaHOBOYHBIM COOTHOLIEHHAM
[4, ] =1. (26,22)

ITyrem nocnenosatesibhoro npumenenns (26,19) MoxHo mokasath
paBeHCTBa
Ad", =(n+ 1) ¥,
4 Yo=(+1)¢ } (26,23)
atay, == NPy,
H3 KOTOpBIX Tak¥Xe cienyetr (26,22).

N3 (26,23) HaxonpuM, uTO coGCTBEeHHBlE 3HayeHHs1 TIPOH3BEAEHHT
oneparopos A44* m 4¥@ paeubi cootBerctBeHHO (n 1) u n. Cre-
NOBaTeNlbHO, MaTPHIbI 3THX ONepaTOpPOB B CBOEM COGCTBEHHOM FMpEJ-
CTaBJleHHH JHaroHaJlbHBbI:

(@Y mn=(n+ 1)bpas (418 n0y = Ny, (26,24)

Ecau ucnonbsosath (26,24), T0 Jlerko BBIYHCIHTL COGCTBEHHBIE
3HayeHHsi oneparopa aMuAbTOHa, Moayyaemoro u3 (26,2) npu ne-
pexone k ofiepatopam. HefictBuTenbHO, npH yyete (26,5) n (26,18)
HaXoAHM

=@+, (26,25)

C npyroii cTOpOHBI, COrJlacHO ompejeseHHI0 onepatopoB (26,24),
HMeeM

ata + aa* =§ + .
Takum o6Gpasom,
Hpp =22 (@ + £2),,, =25 (00 + 80" =10 (1 + 5) S =E i
HIH '

Ey=ho (n +3).
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3JEMEHTAPHAS TEOPUS ITPEACTABJEHUI

§ 27. PazninuHble npeAcTAB/IEHHS] BEKTOPa COCTOSTHUS

B §§ 2 u 3 ansa nsoGpakenns COCTOAHAS MBI HCHOJNbB30BAJH BOJI-
HOBYI0 (yHKLHIO Yo (E, f), sBasnowyiocs (yHKIHEeHi COBOKYMHOCTH
KoopnuHat § B onpenenenubifi MomedtT Bpemenn f. Hupexkcom a
y BOJIHOBO#H (yHKUHH 0603HaYal0T Habop 3Ha4eHUH (H3NYECKHX Be-
JINYHH HJH COOTBETCTBYIOUINX KBAHTOBBIX 4HCEJ, KOTOPHIE OMNpefe-
asior cocrosinbe. B cBsism ¢ 3THM HHAeKC @ OGBIYHO HasHIBAIOT
UHOEKCOM COCTOAHUSA.

Onucalne cOCTOsIHHA C NOMOLUBIO (YHKLHH, 3aBHCALIEH OT KOOP-
nuHat (BosHOBOW (yHKUHMH), HasbiBaeTcss KOOpOUHATHLIM Npeo-
crasaenuenm. Kpaapat Moxy/isi HOPMHPOBaHHOH BOJIHOBOH (YyHKLHH
KOOPJIMHATHOrO NpeiCTaB/elns OnpefessieT NJIOTHOCTh BEPOSTHOCTH
OGHapy>KeHHs1 B JaHHOM COCTOSIHHH ONpEHe/IeHHBIX sHadeHHH KOOp-
nunar & Byksa §, oGosHayaiomass COBOKYMHOCTb 3Ha4yeHHH mnepe-
MeHHBIX, OT KOTOPBIX 3aBHCHT BOJIHOBasi (DYHKLHsi, Ha3biBaeTCs UH-
Oexcom npedcrasrenus. '

B nepBhix Tpex maparpagax 3TOo#H IM1aBbl MBI GyfeM HCCAeN0BaTh
COCTOSIHHSI B OJIUH ONpefleJieHHbIi MOMEHT BpeMeHH, NMO3TOMY BpeMs
saBHO He Oyner yKashkiBathesi. Hapsay ¢ paHee HCNOAB3OBaHHBIM
oGosHayeHneM BOJHOBOF (QYHKUHH YPq(E) B KOOpPAHMHATHOM npej-
craBieHnn OyfeM noJb3oBaThCsi BBefeHHBIM JlupakoM cko6ourbim
o6o3niauenuen (§|a), 1. e. nonoxuM

Vo (8) = (&|a). (27,1)

¥YnobcTBo CKOGOYHBIX 0003HayeHHH MPOSIBHTCA B NajbHeHIleM H3-
goxennu. CorsnacHo Hupaky [11], mo6oe coctosisue a kBaHTOBOM
CHCTeMbl MOKHO onmucarb (HesaBHCHMO OT BhIOOpa NnpejcTaBl/ieHHs)
HeKOTOpOH BEJNHYHHOH, KOTCPaa HasbiBaeTcsl «KeT»-6eKTopom H 000-
sHayaetcsi CHMBOJIOM |a). BcaemctBue npuHUMNAZ CynepnosHIUHM
(§ 3) «ker»-BEKTOpbI MOXKHO CKJaNbiBaTh H YMHOXAaTh HAa KOM-
MJIeKCHble CKaJifipHble BEJHYHMHBI W N0Jy4aTh HOBBIE «KET»-BEKTOPHI.
CoBOKYNMHOCTb BCEX BO3MONKHBIX <KeT»-BEeKTOpOB o6pasyer a6-
CTPAaKTHOE KOMIUIEKCHOE BEKTOPHOEe MpOCTPaHCTBO GEeCKOHEYHOro
YUC/I2 H3MEPEeHHH, KOTOpOe HasblBalOT 2UAbOEPTOBLIM NPOCTPaH-
CTBOM,



OnemeHmapHas meopusi npedcmasneHull 125

KaxmoMy «ker»-BeKTOpPy |a@) MOXHO COMOCTaBHTH AyasbHEIf
BEKTOp COCTOsiHHsI «Gpa», KOTopbii oGosHadaercsi cumsosoM (a|
H CBfi3aH C «KET»-BeKTOPOM MNpOCTHIM cooTHowenueM (a|==|a)t.
ITosToMy Mo6oe coCTOsiHHEe AHHAMHYECKOH CHCTeMBI MOXKHO OMHCATh
KaK <«KeT»-BeKTOpOM, TaK H «Opa»-BeKTOpoM. COBOKYNHOCTH BCEX
BO3MOXHBIX «6pa»-BeKTOpPOB 0OpasyeT NpPOCTPaHCTBO, AyaJbHOe K
rubGepTOBOMY MPOCTPaHCTBY «KeT»-BeKTOpoB. «KeT»- n «Gpav-Bek-
TOPH HMeIOT pasJH4HYI0 NPHPOAY, MO3TOMY HX HeJb3fl CKJaIbiBATh.
CnenoBartesibHO, OHH He MOTyT ObITh pa3OHTBI Ha YHCTO BellleCTBeH-
HYI0O H YHCTO MHHMYIO 4acCTH. TO KOMMJIEKCHble BeJIHYHHBI 0cOGOro
pona. dpmuroBhie onepatopbl F == F' peficTByloT Ha «Ker»-BeKTOpHI
cneBa, a Ha «6pa»-BeKTOpbl — ClipaBa H NpeoOpasyioT HX B Apyrue
BEKTOpPBE! COCTOSIHME COOTBETCTBEHHO «KeT» MK «Opa». Hanpumep,
ecJu

|6y =F | ay,
TO
(b1=(F| a))t =(a|F*=(alF.

Haspanua «Gpa» H «KeT» COOTBETCTBYIOT JIBYM 4acCTAIM aHIJVIHACKOro
cnosa bracket —ckoOka, Tak Kak cKajlsipHOe NpOH3BeleHHE JBYX
«KeT»-BeKTOpOB |a) u |b) o6osnayaerca ckobkoit {b|a). Ono obpa-
3yerca MyTeM YMHOMEHHsI <KeT»-BeKTopa |a) Ha <«Gpa»-BeKTOp,
nyanpHBIl K «ker»-BekTopy |b). Ckansipuoe npoussenenne (b|a)
ABJsieTCs1 OOBIYHBIM KOMIIEKCHBIM YHCJIOM H YJOBJIETBOPSIET pa-
BeHctBy (b|a) = (a|b) *.

BcnenctBre NMpHHLMNZ CYyNeprno3HLUHK COCTOsiHHEe KBaHTOBOH cH-
CTEMBl XapaKTepH3yeTCsi TOJbKO HallpaBjeHHeM BeKTopa |a) B
rub6epTOBOM NPOCTpaHCTBe, a He ero BesuynHoil. Ilosromy o6biy-
HO BEKTOpPbI COCTOSIHMI HOPMHPYIOTCSi K eAuHHLE *) ycjaoBHeM
(ala) = 1. Tlocaennee ycnOBHe ONpejesieT BEKTOpP COCTOSIHHSI €
TOYHOCTBIO J10 (hasoBoro MHOXKHTeNst exp(ip) C BelleCTBEHHBIM ¢,
TaK KaK BeKtophl |a) u |a)exp(ip) umeoT oxHy B Ty Xe IIHHY.

KoopausathHoe npencrasjieHne BeKTOpa COCTOsiHHst |a) u306pa-
®Kaetcsi BOJMIHOBOW (ynkumed (27,1), saBucsimedt or koopmmsat E.
CornacHo onpefieleHHIO CKa/lsipHOTO  NPOHM3BEEHHsl, BOJHOBYIO
(yHKILHIO KOOpAHMHATHOrO npeactasienus (27,1) MoXHO paccmar-
pHBaTh KaK CKa/isipHOe NpOmM3Be/leHHe BEKTOpa COCTOsiHHs |a@) u
BeKTOpoB coctosiHui |E) mis Bcex smayeHmH koopmuHat E, pac-
CMaTpHBaeMbIX KaK HHIEKCH coctosiHuii. Jlpyrumu ciiosamm, cOBo-
Kyngoctb gHadenuii (E|a) npencraBaser COGOH  COBOKYMHOCTH
NpoekuUuii BeKTOpa COCTOStHHSI Ha MOJIHYI0 Ga3HCHYIO CHCTeMY

*) B § 10 6uno nokasaHo, 4To cOBCTBEHHHIE (YHKUMH ONEPATOpOB C Hempe-
PHIBHEIM CMEKTPOM HeNb3d HOPMUPOBaTh OOHMMHEIM nyteM. CooTBETCTBYIOUIME STHM
COCTOAHHSM «KeT»-BeKTOPH TaK)Xe HMeloT GeCKOHEeYHYIO ANHHY.
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BeKTopoB |E). Bosnosas ¢ynkuus (E|a), Kak m Apyrue ckansipHe
TIpOH3BeJleHHS, ABJAETCA OObIYHBIM KOMIJIEKCHBIM YHCJIOM.

Koopaunatuoe npencrasienne (27,1) BekTopa COCTOsIHHA HE AB-
nsaercs enuHcTBeHHbIM. ITono6HO TOMY Kak B OGBIYHOM TpeXMepHOM
npocTpaHcTBe JIOOOH TpeXMepHbili BeKTOp MOXeT OHITH OnNpejelieH
CBOMMH KOOpJHHaTaMH B HEKOTOpPOH NPOH3BOJILHO BHIOpaHHO¥ CH-
CTeMe TpeX OpTOroHaJbHHIX €IHHHYHBIX Ga3HCHBIX BeKTOPOB &), €z,
€3, TaK H BEKTOD COCTOSIHHSI B THIbOEPTOBOM NpOCTPaHCTBE MOXKET
OBITH OfpenesieH uepe3 3HAYEHHS! KCBOMX KOOPAHHAT» — BOJHOBBIX
¢yuknufi. B runs6epToBOM NpoCTpaHCTBe B KayeCTBe 6a3HCHBIX BEK-
TOPOB HCMOJB3YIOTCSI MOJHbIE CHCTEMBI OPTOHOPMHPOBaHHBIX BEK-
TOpPOB HJH COOTBeTCTBYIOUIHX HM OasucHBIX yHKIHA. Mbl yxKe
sHaeM (cm. §§ 9 u 10), yTo COBOKYNHOCTH COOGCTBEHHBIX (QYHKLMHA
mo60ro 3pMHTOBOTO ONepaTopa KBAaHTOBOH MeXaHWKH OOpasyer
TIOJIHYI0O OPTOHOPMHPOBAHHYIO CHCTeMy (yHKIHH, nosToMy Jobyio
TaKyl0 COBOKYMHOCTh (PYHKLUHH MOXKHO HCHOJB30BAaTh B KayecTBe
6a3HCHOH CHCTEMBL.

Cosokynuocte ko duuuesto {F|a) pasnoxkenns |a)=

= M| F)(F|a) Bextopa cOCTOsiHHS |a) MO COGCTBEHHBIM BEKTO-
F

am |F) onepartopa F HasbiBaeTcsi BOJHOBOH (PyHKILHell COCTOSIHMS
T“) B TIpe[CTaBJIEHHH, COOTBETCTBYlouleM onepatopy F, wiu F-npen-
craBJleHHeM. TakuMm 0Opa3oM, BeKTOp COCTOSIHHSI MOKHO 3ailHCaTh
B SHepreTnyeckoM npexncrasieHnn (E-npencrabienne), B HMNOYJIbC-
HOM Npeacraeiiednn (p-npeacraBieHne) W T. N.

IosicHuM BBIlecKasaHHOe NpuMepaMH. PaccMOTpHM 1 HPOCTO-
Tbl COCTOsIHHE NBHKeHHst OMHOM YacTuubl s onucaHus cocTosHMs
BoiOepeM nBe cHCTeMBl 6asucHBIX ¢yHkuui: 1) cob6crBeHHBIE (YHK-
IHH, COOTBETCTBYIOUIHE ONepaTopy, HMelolleMy AHCKPETHHIH CHEKTp
coOCcTBEHHBIX 3HauyeHud, 2) cobGcTBeHHBIE (DYHKLHH, COOTBETCTBYIO-
ulHe omepaTopy, HMelouleMy HelpepbIBHEIE CHEKTp COGCTBEHHBIX
sHauennfl. [lonyueHHbie pesy/aBTaThl JlerkKo OGOOGWIHTE Ha chayyad
onepaTopoB, HMeIOWMX KaK MHHCKpeTHbI, Tak U HenpepbiBHBIA
CnekTp cOOCTBEHHBIX 3HaYeHu.

a) DuepreTnyeckoe npencraBnesne (E-npexcras-
nenue). lna nsobpakeHusi BeKTOpa COCTOsiHHsi |a) BhiGepeM B Ka-
yectBe OasncHbiX (yHKuuA coGCcTBeHHBle (yHKuun omeparopa I'a-
MHJIbTOHA, HMEIOLIEro JHCKPeTHBbH CNEKTp COOCTBEHHBIX 3HaueHHH.
OGosnaunm 3TH GYHKUHH B KOODIHHATHOM INpefCTaBleHHH Yepes

9g, O =(E|E,). (27,2)
Jns KOMIITEKCHO COnpsizKeHHBIX (pyﬂx-n-nﬁ Hcnosb3dyeM 00603HayeHMe

Takum obGpasom,

(Eq 1By =(E | E,". (27,4)
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CeoficTBO OpPTOHOPMHpPYEMOCTH COOCTBeHHBIX (yHkumii  (27,2)
MOXXHO 3anHCaTh B BHJE

[ dtop ® e, ©)=2; £, (27,5)
HJIH, HCTIONTb3Ys cKOOOUYHBIE 0603HaYeHHs A (DYHKILHH,
[ dE(EmI€) (& |En) =(En| Es) =0,,5,.  (27,52)

UYro6hl mepeiiTn 0T KOOpaMHATHOrO Ya(E) = {&|a) k sHeprern-
YeCKOMY NIpEACTaBJEHHIO BEKTOpa COCTOSIHHS g == |@), PasIOKHM
()YHKIHH KOOPAHHATHOIO NpEACTaBJEHHsi N0 GasHCHHIM (QYHKIHIM
(27,2); Torpa nony4yuMm B NBYX (pOpMax 3amHCH:

Yo &)= 2 0z () ¥, (E,) (27.6)
(€lay= 2 (R 1Eq) (En |a). (27,62)

Ha6op koaddunmentos pasnoxenns Ya(En) = (En|a) n asnsercs
BOJIHOBOH (hyHKLHefi COCTOsiHHSI |@) B 3SHEPreTHYECKOM MNpeACTaB-
JIEHHH.

Hesasucumoii nepemensoii BosnoBo#l ¢yHkuux B E-npencrasne-
HHH SIBJSIETCSI 9HEPTHsi CHCTEMBI, Npolerawouwas JHCKPETHBIE psi
snayennit. KBampar moayns BossoBoH ¢yHKuuu B E-npencrasieHun
onpelle/isieT BepOSITHOCTh HafiTH CHCTeMy C TOOTBETCTBYIOUIMM 3Ha-
yeHHeM 3HEpruH, T. e.

W (En) =| ¥a (Ep) P=I|(Ep |a) P.

Ecnun ¢yHKIEH KOOPAHHATHOrO NpejicTaBieHusi ObLTH HOPMHPOBaHBL,
TO OyAyT HOpMHpOBaHB M (DYHKUHH B HOBOM MpeJCTaB/eHHH.
B 3TOM slerko yGemMThCSs, ec/ii NMOACTABHTh B YCJOBHE HOPMHPOBKH
(GysKUHH KOOpAMHATHOrO NpejacTaBieHus (E-npencrasieHue)

[ de(alErElay=1

3HAYEHHS
(@l8) =X (a|E)(EalE) n (Ela)= X (E|E,)(E,]a).
Torna, yunreiBas (27,52), naxonum

; (a|Ep)(E,|a) == ?"]’a (En) P=1,

YTO M SBJSIETCS YCJIOBHeM HOPMHPOBKH BOJIHOBHIX (YHKUM B
E-npepcrasnenns.
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IMoabsysck cBOWCTBOM OpTOHOpMEHpyeMocTH (27,5a) Ga3HCHBIX
¢byskunii (27,2), moxso u3 (27,6) noayymtb oGpartHOe mpeobGpaso-
BaHHe

Vo (E)=| dggp (8) ¥, (©). @7.7)
HJTH
(Enlay= [ dE(E,|E) (& a). (27,72)

Us (27,72) crenyer, uto npeoGpasoBanne ¢yHKuufi KoopAHHAT-
Horo mnpexacrasnenns (E|a) B ¢yskuun (En|a) sHeprernueckoro
NpeACTaBACHHs] OCYUIECTBASIETCsE ¢ NoMowbio (GyHKunii (En|E) =
= (&|Ex)*. IlpeoGpasoBaunte (27,6a) nepeBomur Gyskunu E-npen-
craBjaeHusi B QyHKuun E-npeAactasielns. 1o NpeobpasoBaHue ocCy-
wectBasietcss  QyHKuusMH (E|En), sBAsiOWEMHCSH COGCTBEHHBIMH
@yskunsiMmu onepatopa I'aMuibTOHa B KOOpPAHHATHOM IpeiCTaB-
JIeHHH.

6) HMnyabcuoe npepctaBaeHne. B uMnyascHoM npen-
craBJleHnH (p-npemcTaBieHue) OGasHCHBIMH (YHKLHSAMH SIBJISIOTCS
co6cTBeHHble YHKIHH onepaTopa HMIyJbCa ‘

Py &) = (& | p). 27,9)
y,llOBﬂETBOPHlOIII.’He COOTHOLIIEHUAM OpTOHOpMHpYeMOCTH
[ deo;, ® 0, (&) =5 ("— b,
HITH

[ 1 EIn=@ =00 —p. @79

Pasnaras ¢yskuno §g(§) cocrosnus a no nosHoh cucreMe (QyHK-
uuit (27,8), Haxonum

o &) = [ dpw, (&) va (),
HJTH

Elay= [ dp(Elp)(pla). 7,10)
Oyrkunn Yo (p) = (p|a) onpepeasior BekTOp cocTosiHHs |a)

B HMNyJbCHOM npeactaBnednn. KBampar Moayis 3Tux (QyHKuuH
paBeH IVIOTHOCTH BepOSITHOCTH B HMINYJILCHOM NMpPOCTpaHCTBe

aw ‘
o () =L, | (play =] ¥a(p) P @7,11)
Ilpeo6pasosanme, o6pathoe k (27,10), nmeer Bug ‘

(play= [ d&(p|E) & |a).
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Hrak, BeKTOp COCTOsIHHsi CHCTeMbl |@) MOXKeT GbiTh H306paiKeH
HECKOJIbKHMH BOJIHOBHIMH (YHKUHAMH, 3aBHCALUIAME OT pa3HHIX Ie-
peMeHHBIX, YTO MOXKHO 3alucath B BHJIe CXeMB

(tla), E-npeficraBnenue;
(E,l|a), E-npéncraBneHue;
{(pla), p-npencrasnenue;

la)—>

B ofweM ciyyae nepexop oT BosHOBoH (yHkuuu (m|a), onpe-
Jesiollle COCTOsIHHE B M-Npe/iICTaBlAeHHH, K KaKoMy-JIH060 ApyromMy
npeacTaBAeHHIO, HanpHMep ¢-NPEACTaBJEHHIO, OCYIIECTBASIETCS C
NOMOLIBIO COOTHOUIEHHS

(glay= = (glm)(mla), 7,12)

rne ¢ysxuun npeo6pasoBahns (g|m) sBASOTCS COGCTBEHHBIMU
(hyHKIHSIMH ONepaTopa, COOTBETCTBYIOlLEro (husnyeckoll BeJHyHHE
m B g-npeactasienunn. O6patHoe k (27,12) npeoOpasoBaHne HMeeT
BUJ,

(mla)=§ (m1q){qa), (27,13)

rpe ¢ynxkuup npeo6pasopadus (m|g) = (g|m)* sBasorcs coG-
cTBeHHBIMH (YHKLUHAMH ONepaTopa, COOTBETCTBYIOWLEro (pH3HYecKoi
BeJluyHHe ¢, B m-npeacrasiednn. Ecan nepemennbie m B (27,12)
uwan ¢ B (27,13) npoberaior HeNpephiBHble 3HayeHHsi, TO CyMMHpPO-
BaHHe CJlelyeT 3aMeHHTb HHTEPHPOBAaHHEM [0 BCEM 3HAYEHHSM
370l MepeMeHHON.

Qopmyanbr (27,12) n (27,13) nokashiBaioT ymoOGCTBO AHPAKOB-
ckux (CkOOOYHBIX) 0603HayeHHH BeKTOPOB COCTOsiHHH NpH HccJe-
NOBaHHH BONPOCOB Nepexoja OT ONHOro NMpeACTABJEHHS K APYromy.

B camom pene, ¢popmyan (27,12) u npyrune MOXHO nucaTh ¢op-
MaJibHO, eC/TH y4eCTb, YTO B CHJYy YCJOBHH MOJHOTH COGCTBEHHBIX
¢yuxuni oneparopos (§§ 9, 10) umeroT MecTO COOTHOLIEHHS

Yl amP=Y1mym|=1, wan [dplapP=[dplp)(pl=1

(27,14)
H T. . TakuMm oOpasoM, HampHMep,

(glay= [ dp(glp)(pla).

Aot npouecc MOXHO NpoaoJ¥KaTth, HallpHMep,

(g1a) = [ dp{q1p){pla) = [ dpdtqIp)<pI®) (Ela).



130 asa V

PaccmorpumM siBHBIE BHE HeKOTOpHIX (yHKUHF NpeoOpasoBaHus
OT OJIHOrO NpeACTaBJEeHHs K JPYroMmy.

1) SlBunifi Bum HOpMHpOBaHHOH ycsnoBueM (27,9) cobcTBeHHOM
¢yskuun mMnysabca (27,8) B KOOpPAMHATHOM NpeA