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Ù×ûù××ÓßÏ Ù Óâ Üâ $×Ð ÛÓÙ �ÏûÓÌ ÜÔÿÓßÐÝÚÿÏ�Ó ÙÍßÐ×ÓÎÔÐ ÜÔØÔÚÐÎÙÐ	Ê%ÏùûÏ ÓÔØàûÔ ÓÔÞÿÏ ÿÔ×ÓÙÞÏÐÓ ×ÔßÐÝæÐÎ×ÓßÏÖ ûÔÞÿÏ Ðø ùÿÏÐÓ×� ÜÔØàÍÔÕßÏÓà×� ÑÏÓÐÑÏÓÙûÔøáâ�×ÎÔßÔø ×ÓÔØà æÙÝÔûÔÞÔ Ù×ÜÔØàÍÔßÏÎÙ� ÑÏÓÐÑÏÓÙÒÐ×ûÙú ÑÐÓÔÿÔß�ßØ�ÐÓ×� ×ÔÔÓßÐÓ×ÓßÙÐ ÑÐÚÿù ×ßÔø×ÓßÏÑÙ �ÙÍÙÒÐ×ûÙú Ù Ïþ×ÓÝÏûÓÎÌúÑÏÓÐÑÏÓÙÒÐ×ûÙú Ôþ�ÐûÓÔßâ ËÏÓÐÑÏÓÙÒÐ×ûÙ ÔÜÙ×Ïß ûÔØÙÒÐ×ÓßÐÎÎÌÐ ×ß�ÕÍÙ ÑÐÚÿù ÛØÐÑÐÎÓÏÑÙ ÎÐûÔÓÔÝÔÞÔ �ßØÐÎÙ�Ö Ù××ØÐÿÔßÏÓÐØà ÜÔØùÒÏÐÓ ÐÞÔÏþ×ÓÝÏûÓÎù� ÑÔÿÐØàâ &ÔÝÑÏØàÎÌø ÏÎÏØÙÍ ÑÔÿÐØÙ ÜÔÍßÔØ�ÐÓ ù×ÓÏÎÔßÙÓàÍÏûÔÎÌ ÙÍÑÐÎÐÎÙ� ÜÐÝÐÑÐÎÎÌú Ù ÿÝùÞÙÐ ÎÐÔþúÔÿÙÑÌÐ ×ßÔø×ÓßÏ ÑÏÓÐÑÏÕÓÙÒÐ×ûÔÞÔ ÝÐæÐÎÙ�Ö Ï ÍÏÓÐÑ × Ùú ÜÔÑÔ�à� ÜÔØùÒÙÓà ÎÔßÔÐ ÍÎÏÎÙÐ ÔþÙ×úÔÿÎÔÑ �ÙÍÙÒÐ×ûÔÑ Ôþ�ÐûÓÐâ ËÏÓÐÑÏÓÙÒÐ×ûÔÐ ÑÔÿÐØÙÝÔßÏÎÙÐ ÔþØÐÞÕÒÏÐÓ×� ÓÐÑÖ ÒÓÔ ÔÿÎÙ Ù ÓÐ ÚÐ ÍÏßÙ×ÙÑÔ×ÓÙ ÑÔÞùÓ ÔÜÙ×ÌßÏÓà �ßØÐÎÙ� ÝÏÍÕØÙÒÎÔø �ÙÍÙÒÐ×ûÔø ÜÝÙÝÔÿÌ 'ÎÏÜÝÙÑÐÝÖ ÙÍÑÐÎÐÎÙÐ ÓÔûÏ ß ()ÕûÔÎÓùÝÐÖûÔØÐþÏÎÙ� ×ÚÏÓÔø ÜÝùÚÙÎÌ Ù ÑÏÓÐÑÏÓÙÒÐ×ûÔÞÔ ÑÏ�ÓÎÙûÏ*â

çè+è ,-î.ò/òöõ ñëóíîôîððë0ë 1ìõ-õ
234353 67897:;<= >?9=>?9<@<
ËÏÓÐÑÏÓÙûÏ ÿÝÐßÎÐÞÔ ÑÙÝÏ ÙÑÐØÏ ÿÐØÔ ×Ô ×ÝÏßÎÙÓÐØàÎÔ ÜÝÔ×ÓÌÑÙ'× ×ÔßÝÐÑÐÎÎÔø ÓÔÒûÙ ÍÝÐÎÙ�* ÍÏÿÏÒÏÑÙ ý ÞØÏßÎÌÑ ÔþÝÏÍÔÑ ÙÍ ÔþØÏ×ÓÙÙÍÑÐÝÐÎÙ� ÜØÔ�ÏÿÐø Ù Ôþ�ÐÑÔßÖ Ï ÓÏûÚÐ Ï×ÓÝÔÎÔÑÙÙâ ËÏÓÐÑÏÓÙÒÐ×ûÙøÏÜÜÏÝÏÓÖ ßÔÍÎÙûæÙø ×ÎÏÒÏØÏ × ÝÏÍßÙÓÙÐÑ ÏØÞÐþÝÌÖ Ï ÍÏÓÐÑ ÿÙ��ÐÝÐÎ�ÙÕÏØàÎÔÞÔ Ù ÙÎÓÐÞÝÏØàÎÔÞÔ Ù×ÒÙ×ØÐÎÙ�Ö ÿÏØ ß ÝùûÙ Ð×ÓÐ×ÓßÔÙ×ÜÌÓÏÓÐØÐø ÙÙÎÚÐÎÐÝÔß ÑÔ�ÎÔÐ ×ÝÐÿ×ÓßÔ ÑÔÿÐØÙÝÔßÏÎÙ� ÿÐø×ÓßÙÓÐØàÎÔ×ÓÙÖ þÐÍ ûÔÓÔÕÝÔÞÔ ÎÐ þÌØÔ þÌ ×ÔßÝÐÑÐÎÎÔø ÎÏùûÙ Ù ÓÐúÎÙûÙâ �ÿÎÏûÔ Ù×ÜÔØàÍÔßÏÎÙÐÛÓÔÞÔ ÏÜÜÏÝÏÓÏ ÿÏØÐûÔ ÎÐ ß×ÐÞÿÏ ÜÝÙßÔÿÙØÔ û ÜÝÔ×ÓÌÑ Ù ÙÍ��ÎÌÑ �ÔÝÕÑùØÏÑâ AÚÐ ÿÏßÎÔ ßÌ�×ÎÙØÔ×àÖ ÒÓÔ	

• ÑÎÔÞÙÐ ÎÐÔÜÝÐÿÐØÐÎÎÌÐ ÙÎÓÐÞÝÏØÌ ÎÐ ÑÔÞùÓ þÌÓà ßÌÝÏÚÐÎÌ ÒÐÝÐÍÛØÐÑÐÎÓÏÝÎÌÐ �ùÎû�ÙÙB
• ÑÎÔÞÙÐ ùÝÏßÎÐÎÙ�Ö ß ÒÏ×ÓÎÔ×ÓÙ ý ùÝÏßÎÐÎÙ� ßÙÿÏ

a0x
n + a1x

n−1 + . . .+ an−1x+ an = 0

ÜÝÙ n ≥ 5 Ö ß Ôþ�ÐÑ ×ØùÒÏÐ ÎÐÝÏÍÝÐæÙÑÌ ß ÝÏÿÙûÏØÏúÖ Ù ÓÔÒÎÌÐÍÎÏÒÐÎÙ� Ùú ûÔÝÎÐø ÎÐ ÑÔÞùÓ þÌÓà ÜÔØùÒÐÎÌ ßÌÜÔØÎÐÎÙÐÑ ûÔÎÐÒÎÔÞÔÒÙ×ØÏ ÛØÐÑÐÎÓÏÝÎÌú ÿÐø×ÓßÙøB



d� C��D����
• ØÙæà ÝÐÿûÙÐ ÿÙ��ÐÝÐÎ�ÙÏØàÎÌÐ ùÝÏßÎÐÎÙ� ÙÑÐ�Ó ÝÐæÐÎÙ�ß ÛØÐÑÐÎÓÏÝÎÌú �ùÎû�Ù�úâ

�ÿÎÏûÔ ÝÐæÐÎÙÐ ÎÐ Ôþ�ÍÏÓÐØàÎÔ ÿÔØÚÎÔ ÙÑÐÓà ÏÎÏØÙÓÙÒÐ×ûÙø ßÙÿâ$ ûÔÎ�Ð ûÔÎ�Ôß ÿØ� ÜÝÏûÓÙûÙ ÎùÚÎÌ ÒÙ×ØÔßÌÐ ÝÐÍùØàÓÏÓÌ ÜÝÙ ûÔÎûÝÐÓÕÎÌú ÎÏþÔÝÏú Ù×úÔÿÎÌú ÿÏÎÎÌúÖ ÜÝÙÒÐÑ ÛÓÙ ÝÐÍùØàÓÏÓÌ ÑÔÞùÓ ÙÑÐÓà ÎÐûÔÕÓÔÝù� ÜÔÞÝÐæÎÔ×Óàâ ÷ØÐÿÔßÏÓÐØàÎÔÖ ÜÝÏûÓÙÒÐ×ûÙÑ �ÐØ�Ñ ÎÐ úùÚÐ �ÔÝÕÑùØ ÑÔÞùÓ ×ØùÚÙÓà �EFGH���I þÔØÐÐ Ôþ�ÐÞÔ ßÙÿÏÖ Óâ Ðâ ×ÔßÔûùÜÎÔ×ÓÙ�ÔÝÑÏØàÎÌú ÜÝÐÿÜÙ×ÏÎÙøÖ ÔÿÎÔÍÎÏÒÎÔ ÔÜÝÐÿÐØ���Ùú ÝÐÍùØàÓÏÓ ßÌÒÙ×ÕØÐÎÙø ÜÝÙ ÍÏÿÏÎÎÔÑ ÎÏþÔÝÐ Ù×úÔÿÎÌú ÿÏÎÎÌúâ JÙ×ØÐÎÎÌÐ ÑÐÓÔÿÌ ÒÏ×ÓÔÔûÏÍÌßÏ�Ó×� ùÎÙßÐÝ×ÏØàÎÐÐ ÏÎÏØÙÓÙÒÐ×ûÙúâ KÏûÖ �ÔÝÑùØÏ
b∫

a

f(x) dx =
n∑

i=1

Aif(xi)

ÜÝÙ ÿÔ×ÓÏÓÔÒÎÔ þÔØàæÔÑ n Ù ÎÏÿØÐÚÏ�ÐÑ ßÌþÔÝÐ ßÐ×ÔßÌú ûÔÛ��ÙÕ�ÙÐÎÓÔß {Ai} Ù ùÍØÔß ÙÎÓÐÞÝÙÝÔßÏÎÙ� {xi} ÑÔÚÐÓ ÔþÐ×ÜÐÒÙÓà Ø�Õþù� ÎÏÜÐÝÐÿ ÍÏÿÏÎÎù� ÓÔÒÎÔ×Óà ÿØ� ÜÝÔÙÍßÔØàÎÔø 'ÿÔ×ÓÏÓÔÒÎÔ ÞØÏÿûÔø*ÜÔÿÌÎÓÐÞÝÏØàÎÔø�ùÎû�ÙÙâ ËÐÓÔÿÌ ÒÙ×ØÐÎÎÔÞÔ ÝÐæÐÎÙ� ÑÏÓÐÑÏÓÙÒÐ×ûÙúÍÏÿÏÒ ÜùÓÐÑ ×ßÐÿÐÎÙ� Ùú û ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×ÓÙ ÏÝÙ�ÑÐÓÙÒÐ×ûÙú ÔÜÐÝÏÕ�Ùø Ù ×Ô×ÓÏßØ��Ó ÜÝÐÿÑÐÓ LIM�NE���EOPGQ ��������R� 'ÒÙ×ØÐÎÎÔÞÔÏÎÏØÙÍÏ*â÷ÓÏÎÔßØÐÎÙÐ ßÌÒÙ×ØÙÓÐØàÎÔø ÑÏÓÐÑÏÓÙûÙ ÜÝÔÙ×úÔÿÙØÔ ÜÏÝÏØØÐØàÕÎÔ × ÝÏÍßÙÓÙÐÑ ÊÒÙ×ÓÔøá ÑÏÓÐÑÏÓÙûÙÖ ÓÏûÚÐ ×ß�ÍÏÎÎÔø × ÙÑÐÎÏÑÙ %à�ÕÓÔÎÏÖ SÐøþÎÙ�ÏÖ ÷ÓÙÝØÙÎÞÏÖ TÐÝÎùØØÙÖ 
øØÐÝÏÖ SÏÞÝÏÎÚÏ Ù ÿÝâ �ÝùÜÎÐøÕæù� ÝÔØà ß ÐÐ ÝÏÍßÙÓÙÙ ÙÞÝÏØÙ ßÌÿÏ��ÙÐ×� Ýù××ûÙÐ ùÒÐÎÌÐ äâSâ JÐþÌÕæÐß Ù %â �âSÔþÏÒÐß×ûÙøâ äÐÝßÌø ß ÑÙÝÐ ûùÝ× ÜÝÙþØÙÚÐÎÎÌú ßÌÒÙ×ØÐÎÙøþÌØ ÜÝÔÒÙÓÏÎ ÏûÏÿâ ãâ %â �ÝÌØÔßÌÑÖ ûÔÓÔÝÔÑù ÜÝÙÎÏÿØÐÚÏÓ Ù ßÏÚÎÌÐÎÏùÒÎÌÐ ÝÐÍùØàÓÏÓÌ ß ÛÓÔø ÔþØÏ×ÓÙâ TÔØàæÔø ßûØÏÿ ß ßÌÒÙ×ØÙÓÐØàÎù�ÑÏÓÐÑÏÓÙûù ßÎÐ×ØÙ Ù ×ÔßÐÓ×ûÙÐ ùÒÐÎÌÐâËÏÓÐÑÏÓÙûÏ ÎÏæÙú ÿÎÐø ÙÎÓÐÎ×ÙßÎÔ ÝÏÍßÙßÏÐÓ×� ÜÔÿ ÿÐø×ÓßÙÐÑ ûÏûßÎùÓÝÐÎÎÙúÖ ÓÏû Ù ßÎÐæÎÙú ×ÓÙÑùØÔßâ $ÎùÓÝÐÎÎÙÐ ×ÓÙÑùØÌ ÿßÙÞÏ�Ó ÞØÏßÕÎÌÑ ÔþÝÏÍÔÑ ÒÙ×Óù� ÑÏÓÐÑÏÓÙûù ß ÎÏÜÝÏßØÐÎÙ�ú ØÔÞÙÒÐ×ûÔÞÔ ÍÏßÐÝæÐÕÎÙ�Ö ÔþÔþ�ÐÎÙ� Ù ßÍÏÙÑÔÜÝÔÎÙûÎÔßÐÎÙ� ÝÏÎÐÐ ×ÔÍÿÏÎÎÌú ÓÐÔÝÙø ý þÐÍÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔø ×ß�ÍÙ × ÜÝÙØÔÚÐÎÙ�ÑÙâ $ÎùÓÝÙÑÏÓÐÑÏÓÙÒÐ×ûÏ� �ÐÎÕÎÔ×Óà ÛÓÙú ÝÏþÔÓ ÎÐ×ÔÑÎÐÎÎÏ	 ÔÎÙ ×ÜÔ×Ôþ×Óßù�Ó ÝÏÍßÙÓÙ� ÑÏÓÐÑÏÓÙûÙß �ÐØÔÑâ ÊËÏÓÐÑÏÓÙûÏ ý ÛÓÔ þÔØàæÔø ÞÔÝÔÿÖ ÒàÙ ÜÝÐÿÑÐ×Óà� ÎÐ ÜÐÕÝÐ×ÓÏ�Ó ÝÏÍÝÏ×ÓÏÓà×� ÎÐ×ûÔØàûÔ úÏÔÓÙÒÐ×ûÙÑ ÔþÝÏÍÔÑ ÎÏ ÔûÝùÚÏ��ÐÑÐÞÔ ÜÝÔ×ÓÝÏÎ×ÓßÐÖ ß ÓÔ ßÝÐÑ� ûÏû �ÐÎÓÝ ÜÐÝÙÔÿÙÒÐ×ûÙ ÜÐÝÐ×ÓÝÏÙßÏÐÓ×�Ö×ØÐÿù� ûÏÚÿÌø ÝÏÍ ß×Ð þÔØÐÐ �×ÎÔÑù ÜØÏÎù Ù ×ÓÝÐÑ�×à ûÔ ß×Ð þÔØÐÐ Ù



���� ��������� ��� �!������ "#��� ds
þÔØÐÐ ßÐØÙÒÐ×ÓßÐÎÎÔÑù ÝÏ×ÜÔØÔÚÐÎÙ�Ö ß ÓÔ ßÝÐÑ� ûÏû ×ÓÏÝÌÐ ûßÏÝÓÏÕØÌ × Ùú ØÏþÙÝÙÎÓÔÑ ÜÐÝÐùØûÔß ×ÎÔ×�Ó×� ÿØ� ÓÔÞÔÖ ÒÓÔþÌ ÜÝÔØÔÚÙÓà ûÔûÝÏÙÎÐ ùØÙ�Ì ß×Ð þÔØÐÐ æÙÝÔûÙÐÖ ß×Ð þÔØÐÐ ùÿÔþÎÌÐá '%â TùÝþÏûÙÖ UV�ÖWâ �XY*â �ÿÎÏûÔ ÊÛû×ÜÔÝÓá ÎÔßÐøæÙú ÙÿÐø ÜÝÐÿÐØàÎÔø Ôþ�ÎÔ×ÓÙ ß ÜÝÙØÔÕÚÐÎÙ� Ù Ô×ÔþÐÎÎÔ ß ÑÏÓÐÑÏÓÙÒÐ×ûÔÐ ÔþÝÏÍÔßÏÎÙÐ ÜÝÙûØÏÿÎÙûÔß ÿÔØÚÐÎÔ×ù�Ð×ÓßØ�Óà×� × ûÝÏøÎÐø Ô×ÓÔÝÔÚÎÔ×Óà�â �Ïû ÔÓÑÐÒÐÎÔ ß U��YÖ ×ÔúÝÏÕÎ�ÐÓ×� ÓÐÎÿÐÎ�Ù� ÊÔþùÝþÏÒÙßÏÎÙ�á ß×Ð ÎÔßÌú ÝÏÍÿÐØÔß ÑÏÓÐÑÏÓÙûÙÖ ßÒÏ×ÓÎÔ×ÓÙ ßÌÒÙ×ØÙÓÐØàÎÔøâ �ÓÔøÿ� ÔÓ ÓÝÏÿÙ�Ùø 
øØÐÝÏ Ù ÿÝùÞÙú ÑÏÕÓÐÑÏÓÙûÔß ÊÍÔØÔÓÔÞÔ ÜÐÝÙÔÿÏáÖ ÑÏÓÐÑÏÓÙûÙ ÓÐÔÝÐÓÙûÔÕÑÎÔÚÐ×ÓßÐÎÎÔÞÔÎÏÜÝÏßØÐÎÙ� Z�H�N��E� LIM�NE��OâAÓßÐÝÚÿÐÎÙ� Ô ÝÐæÐÎÙÙ ÎÔ×�Ó ÊÛûÕÍÙ×ÓÐÎ�ÙÏØàÎÌøáúÏÝÏûÓÐÝý þÐÍ ùûÏÍÏÎÙ� ÜùÓÙ û ÎÐÑùâ ã×ÙÑÜÓÔÓÙÒÐ×ûÙÐÔ�ÐÎûÙ ÿÏ�Ó×� þÐÍ ùûÏÍÏÎÙ� ûÔÎ×ÓÏÎÓÌ ÙØÙ × ÎÐÙÑÔßÐÝÎÌÑ ÍÏßÌæÐÎÙÐÑÐÐâ �Ïû ß 
Ô××ÙÙ 'ÝÏÎÐÐ ý ß ÷÷÷
*Ö ÓÏû Ù ÎÏ [ÏÜÏÿÐ ÊùÒÙÓÐØ�Ö ùÜÔÓÝÐþÕØ�ßæÙÐ ÜÝÙ ûÏÚÿÔÑ ùÿÔþÎÔÑ ×ØùÒÏÐ ×ØÔßÔ \ÑÎÔÚÐ×ÓßÔ\Ö ×ÒÙÓÏ�Ó ×Ðþ�ÜÙÔÎÐÝÏÑÙ ÜÐÿÏÞÔÞÙÒÐ×ûÙú ÙÍÌ×ûÏÎÙøá U]^Ö ×â ��Yâ÷ ÿÝùÞÔø ×ÓÔÝÔÎÌÖ ÑÏÓÐÑÏÓÙÍÏ�Ù� ÎÔßÌú ÝÏÍÿÐØÔß ÎÏùûÙ Ù ÜÔÓÝÐþÕÎÔ×ÓÙ ÜÝÏûÓÙûÙ ÎÐÙÍþÐÚÎÔ ÔûÏÍÌßÏ�Ó ÔþÝÏÓÎÔÐ ßØÙ�ÎÙÐ ÎÏ ÑÏÓÐÑÏÓÙûùÖÜÝÐÚÿÐ ß×ÐÞÔ ÜÝÙûØÏÿÎù�â $ ÒÏ×ÓÎÔ×ÓÙÖ ÜÔ�ßÙØÙ×à ÎÔßÌÐ ÑÐÓÔÿÌÖ ÜÝÙÕ×ÜÔ×ÔþØÐÎÎÌÐ ÿØ� ÝÐæÐÎÙ� ÍÏÿÏÒ þÔØàæÔø ÝÏÍÑÐÝÎÔ×ÓÙÖ ÎÐûÔÝÝÐûÓÎÌúÖÜØÔúÔ Ôþù×ØÔßØÐÎÎÌúÖ ×ß�ÍÏÎÎÌú × ÊÎÐùÿÔþÎÌÑÙá ûÔÑþÙÎÏ�Ù�ÑÙ ÜÏÝÏÕÑÐÓÝÔß 'ÊÚÐ×ÓûÙÐá ×Ù×ÓÐÑÌ ÿÙ��ÐÝÐÎ�ÙÏØàÎÌú ùÝÏßÎÐÎÙø*Ö ÑÎÔÞÔÑÐÝÕÎÔø ÔÜÓÙÑÙÍÏ�ÙÙÖ ÜÝÔþØÐÑ ÑÏæÙÎÎÔø ÞÝÏ�ÙûÙ '×ÜØÏøÎÌ*â äÝÙûØÏÿÎÌÐÙ××ØÐÿÔßÏÎÙ� ÙÑÐ�Ó ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎù� ÔÓÿÏÒùB ÛÓÔ ù×ÙØÙßÏÐÓ ÿÔßÐÝÙÐÔþ�Ð×ÓßÏ û ÑÏÓÐÑÏÓÙûÐÖ ÝÏ×æÙÝ�ÐÓ ÜÔÎÙÑÏÎÙÐ ÐÐ ÜÝÔþØÐÑ Ù ×ÜÔ×Ôþ×ÓßùÕÐÓ ßØÔÚÐÎÙ� ×ÝÐÿ×Óß ß ÐÐ ÝÏÍßÙÓÙÐâ

234343 _?`a<9<= bcd
$ ÎÏæÙ ÿÎÙ ×ûÔØàûÔÕÎÙþùÿà ×ÐÝàÐÍÎÌÐ ßÌÒÙ×ØÐÎÙ� ßÌÜÔØÎ��ÓÕ×� ÓÔØàûÔ ÎÏ ßÌÒÙ×ØÙÓÐØàÎÌú ÑÏæÙÎÏú ý ÜÔÿ ùÜÝÏßØÐÎÙÐÑ ÝÐÏØÙÍù�Õ�Ùú ßÌÒÙ×ØÙÓÐØàÎÌÐ ÑÐÓÔÿÌ ÜÝÔÞÝÏÑÑâ 
Ô×Ó ÓÐúÎÙÒÐ×ûÙú úÏÝÏûÓÐÝÙ×ÓÙû
$ËÔþÞÔÎ�ÐÓ ×ÏÑù� þùÝÎù� �ÏÎÓÏÍÙ�â ËÐÎÐÐ ÒÐÑ ÍÏ e� ØÐÓ þÌ×ÓÝÔÿÐøÕ×ÓßÙÐ ÜÝÔ�Ð××ÔÝÏ ßÔÍÝÔ×ØÔ ÎÏ �� ÜÔÝ�ÿûÔßÖ ÓÔÞÿÏ ûÏû ×ûÔÝÔ×Óà ÜÐÝÐÿßÙÕÚÐÎÙ� ÒÐØÔßÐûÏ 'ÔÓ ÜÐæÐúÔÿÏ ÿÔ ûÔ×ÑÔÎÏßÓÏ* ý ØÙæà ß e��� ÝÏÍ U��Yâ%Ð ÑÐÎÐÐ ßÏÚÎÔ Ù ùßÐØÙÒÐÎÙÐ ÿÔ×ÓùÜÎÌú Ôþ�ÐÑÔß ÔÜÐÝÏÓÙßÎÔø ÜÏÑ�ÓÙ ýÏßÓÔÝ ÎÙûÔÞÿÏ ÎÐ ÍÏþùÿÐÓ ×ßÔÙ ÑùÒÙÓÐØàÎÌÐ ÜÔÜÌÓûÙ ùØÔÚÙÓà ÜÝÔÞÝÏÑÕÑù Ù ÿÏÎÎÌÐ ß ^��� ×ØÔß ËÕf� ß ÎÏÒÏØÐ �]V�Õú ÞÞâ %ÏûÔÎÐ�Ö ßÔÍÝÔ×ØÏÎÏÿÐÚÎÔ×Óà ßÌÒÙ×ØÙÓÐØàÎÌú ÑÏæÙÎÖ ×ÝÐÿÎÙÐ ÙÎÓÐÝßÏØÌ ÑÐÚÿù ÔÓûÏÍÏÕÑÙ ûÔÓÔÝÌú ÙÍÑÐÝ��Ó×� ùÚÐ ÎÐ ÐÿÙÎÙ�ÏÑÙ ÒÏ×ÔßÖ Ï ÞÔÿÏÑÙâ äÔ�ßÙØÙ×à



dy C��D����
ßÐûÓÔÝÎÌÐ ßÌÒÙ×ØÙÓÐØÙÖ Û��ÐûÓÙßÎÔ ÝÐÏØÙÍù��ÙÐ ÎÏûÔÜØÐÎÙÐ ×ûÏØ�ÝÕÎÌú ÜÝÔÙÍßÐÿÐÎÙø Ù ÙÎÌÐ ÑÏÓÝÙÒÎÌÐ ÔÜÐÝÏ�ÙÙÖ ÑùØàÓÙÜÝÔ�Ð××ÔÝÎÌÐ ÙÑÎÔÞÔÑÏæÙÎÎÌÐ ßÌÒÙ×ØÙÓÐØàÎÌÐ ûÔÑÜØÐû×Ìâ$ ÝÐÍùØàÓÏÓÐ ÎÐûÔÓÔÝÌÐ Ï×ÜÐûÓÌ ßÌÒÙ×ØÙÓÐØàÎÔø ÜÝÏûÓÙûÙ ÿØ� ÓÙÕÜÔßÌú ×ØùÒÏÐß ÝÏÿÙûÏØàÎÔ ÓÝÏÎ×�ÔÝÑÙÝÔßÏØÙ×àâ äÝÏûÓÙÒÐ×ûÙ ÜÔÓÐÝ�ÕØÙ ×ÑÌ×Ø ßÔÜÝÔ×Ì Ô ÝÏÍÝ�ÿÎÔ×ÓÙ ÜÝÔÑÐÚùÓÔÒÎÌú ßÌÒÙ×ØÐÎÙø Ù ÔÜÐÝÏÕÓÙßÎÔÑ ûÔÎÓÝÔØÐ Ùú ÜÝÏßÙØàÎÔ×ÓÙB ùÑÐÎàæÙØÏ×à ßÏÚÎÔ×Óà ÑÙÎÙÑÙÍÏ�ÙÙÔþ�ÐÑÏ ßÌÒÙ×ØÐÎÙø Ù ÓÝÐþùÐÑÔø ÔÜÐÝÏÓÙßÎÔø ÜÏÑ�ÓÙâ KÐÑ ÎÐ ÑÐÎÐÐ ß×ß�ÍÙ × ßÌæÐÜÐÝÐÒÙ×ØÐÎÎÌÑÙ ÓÐÎÿÐÎ�Ù�ÑÙ ß ÙÍÑÐÎÐÎÙÙ ÝÐæÏÐÑÌú ÍÏÿÏÒ×ÔúÝÏÎ��Ó ÏûÓùÏØàÎÔ×Óà ÜÝÔþØÐÑÌ ÝÏþÔÓÌ × ùÜÏûÔßÏÎÎÌÑÙ ÑÏÓÝÙ�ÏÑÙ×ÜÐ�ÙÏØàÎÔø ×ÓÝùûÓùÝÌÖ ù×ûÔÝÐÎÙ� ×úÔÿÙÑÔ×ÓÙ ÙÓÐÝÏ�ÙÔÎÎÌú ÜÝÔ�Ð××ÔßÝÐæÐÎÙ� ùÝÏßÎÐÎÙø Ù ÔÜÓÙÑÙÍÏ�ÙÙâ $ÔÍÝÔ× ÙÎÓÐÝÐ× û H�NZH�g�E�PPI�ßÌÒÙ×ØÐÎÙ�Ñ Ù ÒÙ×ØÐÎÎÌÑ ÑÐÓÔÿÏÑÖ ÜÝÙ×ÜÔ×ÔþØÐÎÎÌÑ ÿØ� ÎÙúâ

2343h3 ij7kj?>><j7a?;<= alm<8n=;<o
pÔÝÔæÔ ÙÍßÐ×ÓÎÏ ×ÓÏÎÿÏÝÓÎÏ� ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×Óà ÿÐø×ÓßÙø ÜÔØàÕÍÔßÏÓÐØ� 
$Ë	

�* ×ÔÿÐÝÚÏÓÐØàÎÏ� ÜÔ×ÓÏÎÔßûÏ ÍÏÿÏÒÙB
f* ÑÏÓÐÑÏÓÙÒÐ×ûÏ� �ÔÝÑùØÙÝÔßûÏ ÐÐB
q* ×þÔÝ Ù×úÔÿÎÌú ÿÏÎÎÌúB
^* ÿÙ×ûÝÐÓÙÍÏ�Ù� ÍÏÿÏÒÙ 'ßÌþÔÝ ÒÙ×ØÐÎÎÔÞÔ ÑÐÓÔÿÏ*B
e* ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙÐB
V* ÔÓØÏÿûÏ ÜÝÔÞÝÏÑÑÌB
r* ÝÏþÔÒÙø ×ÒÐÓB
X* ÔþÝÏþÔÓûÏ ÝÐÍùØàÓÏÓÔßâ

�ÿÎÏûÔ Ùú ×ÔÿÐÝÚÏÎÙÐ ÜÝÐÓÐÝÜÐØÔ ÍÏÑÐÓÎÌÐ ÙÍÑÐÎÐÎÙ�â 
Ï×æÙÝÙØ×� ÏÝÕ×ÐÎÏØ ÒÙ×ØÐÎÎÌú ÑÐÓÔÿÔßB ÙÍÑÐÎÙØÙ×à ûÝÙÓÐÝÙÙ ÜÝÐÿÜÔÒÓÙÓÐØàÎÔ×ÓÙ 'ûÜÝÙÑÐÝùÖ ÍÏÿÏÒÙ ÎÐØÙÎÐøÎÔø ÔÜÓÙÑÙÍÏ�ÙÙ ×ÐøÒÏ× ÝÐæÏ�Ó×� ÜÝÐÙÑù�ÐÕ×ÓßÐÎÎÔ ÑÐÓÔÿÏÑÙ ÜÔÙ×ûÏ ý þÐÍ Ù×ÜÔØàÍÔßÏÎÙ� ÓÐÔÝÐÑÌ �ùÎÏýKÏûûÐÝÏ*â�ÜÌÓ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� ÜÔûÏÍÌßÏÐÓÖ ÒÓÔ ûÏÒÐ×ÓßÔ ÜÝÔÞÝÏÑÑÌ ß ÝÐÕæÏ��Ðø ×ÓÐÜÐÎÙ ÍÏßÙ×ÙÓ ÔÓ ßÌþÝÏÎÎÔÞÔ ÏØÞÔÝÙÓÑÏ Ù ß ÍÎÏÒÙÓÐØàÎÔ ÑÐÎàÕæÐø ý ÔÓ ÜÝÙÑÐÎÐÎÎÌú ÜÝÙÐÑÔß ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ�â %ÏÜÝÙÑÐÝÖ ÝÐæÐÎÙÐ
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×Ù×ÓÐÑÌ ÙÍ �� ØÙÎÐøÎÌú ÏØÞÐþÝÏÙÒÐ×ûÙú ùÝÏßÎÐÎÙø ÑÐÓÔÿÔÑ sÏù××Ï ÓÝÐÕþùÐÓ ÜÝÙÑÐÝÎÔ ß q�� ��� ÝÏÍ ÑÐÎàæÐ ÏÝÙ�ÑÐÓÙÒÐ×ûÙú ÔÜÐÝÏ�ÙøÖ ÒÐÑÜÝÙÑÐÎÐÎÙÐ ÙÍßÐ×ÓÎÌú ÙÍ Ôþ�ÐÞÔ ûùÝ×Ï ÑÏÓÐÑÏÓÙûÙ �ÔÝÑùØ �ÝÏÑÐÝÏ 'ßÜÝÐÿÜÔØÔÚÐÎÙÙÖ ÒÓÔ ûÏÚÿÌø ÔÜÝÐÿÐØÙÓÐØà ßÌÒÙ×Ø�ÐÓ×� ûÏû ×ùÑÑÏ ÜÝÔÕÙÍßÐÿÐÎÙø ÜÔ �� ÑÎÔÚÙÓÐØÐø ß ûÏÚÿÔÑ*â 
ÓÔ Ôþ��×Î�ÐÓÖ ÜÔÒÐÑù úÔÝÔæÙøÜÝÔÞÝÏÑÑÙ×Ó ÿÔØÚÐÎ ÍÎÏÓà ßÌÒÙ×ØÙÓÐØàÎù� ÑÏÓÐÑÏÓÙûùâäÔ�ßÙØÔ×à ÑÎÔÚÐ×ÓßÔ �ÍÌûÔß ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ�Ö ß ÓÔø ÙØÙ ÙÎÔø×ÓÐÜÐÎÙ ÜÝÙÞÔÿÎÌú ÿØ� ÔÜÙ×ÏÎÙ� ÒÙ×ØÐÎÎÌú ÏØÞÔÝÙÓÑÔßÖ ß ×ß�ÍÙ × ÒÐÑßÔÍÎÙûØÏ ÜÝÔþØÐÑÏ ßÌþÔÝÏ ÝÏþÔÒÐÞÔ �ÍÌûÏâ $Ì×æÙø ÜÝÙÔÝÙÓÐÓ ÜÔØùÒÙØÙ�×ÎÔ×Óà Ù ØÔÞÙÒÐ×ûÏ� ÜÝÔ×ÓÔÓÏ ÜÝÔÞÝÏÑÑÌâËÎÔÞÙÐ ÓÙÜÔßÌÐ ÏØÞÔÝÙÓÑÌ ßÌÒÙ×ØÙÓÐØàÎÔø ÑÏÓÐÑÏÓÙûÙ ÝÐÏØÙÍÔÕßÏÎÌ ß ×Ô×ÓÏßÐ þÙþØÙÔÓÐû ×ÔÔÓßÐÓ×Óßù��Ùú ×Ù×ÓÐÑ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ�ÙØÙ ÜÏûÐÓÔß ÜÝÙûØÏÿÎÌú ÜÝÔÞÝÏÑÑâ $×Ð ÓÏûÙÐ ÜÏûÐÓÌ ÔþÐ×ÜÐÒÙßÏ�Ó ÑÏÓÕÝÙÒÎÌÐ ßÌÒÙ×ØÐÎÙ� × ÜÔÑÔ�à� t���NPGFG P�tGH� ÏØÞÔÝÙÓÑÔß ØÙÎÐøÎÔøÏØÞÐþÝÌ ý ß ÒÏ×ÓÎÔ×ÓÙÖ ÜÝÐÿ×ÓÏßØÐÎÙ� ÑÏÓÝÙ� Ôþ�ÐÞÔ ßÙÿÏ ß ßÙÿÐ ÜÝÔÕÙÍßÐÿÐÎÙ� ×ÜÐ�ÙÏØàÎÌúâ uØ� ÙÎÓÐÝÜÔØ��ÙÙ ÔÎÙ Ù×ÜÔØàÍù�Ó ÛÝÑÙÓÔßÌûùþÙÒÐ×ûÙÐ ûÝÙßÌÐ Ù ûÝÙßÌÐ TÐÍàÐÖ ÿØ� ßÌÒÙ×ØÐÎÙ� ÔÜÝÐÿÐØÐÎÎÌú ÙÎÓÐÕÞÝÏØÔß ÝÐûÔÑÐÎÿù�Ó ÏÿÏÜÓÙßÎÌÐ ÏØÞÔÝÙÓÑÌ ÙØÙ �ÔÝÑùØÌ �ÝÔÎÝÔÿÏâ$ ÒÙ×ØÐÎÎÌú ÑÐÓÔÿÏú ß×ÐÞÿÏ ÙÑÐÐÓ×� þÐÍÿÎÏ ØÔßùæÐûÖ Ô ûÔÓÔÝÌúÜÔØàÍÔßÏÓÐØà ÿÔØÚÐÎ þÌÓà ÜÝÐÿùÜÝÐÚÿÐÎ ý ÒÓÔþÌ ÔÎ ÑÔÞ ÜÝÏßÙØàÎÔ ÿÙÕÏÞÎÔ×ÓÙÝÔßÏÓà ÜÝÙÍÎÏûÙ ÊÒÙ×ØÐÎÎÔÞÔ ÎÐÍÿÔÝÔßà�á UqrÖ ×â �eYâ äÔÿÜÝÔÕÞÝÏÑÑÌ ÜÏûÐÓÔß ÜÝÔßÐÝ��Ó ÜÝÙÐÑØÐÑÔ×Óà ßúÔÿÎÌú ÜÏÝÏÑÐÓÝÔß Ù ßÌÿÏ�ÓÜÝÐÿùÜÝÐÚÿÏ��ÙÐ ×ÔÔþ�ÐÎÙ�â AÎÙßÐÝ×ÏØàÎÌÐ ÙØÙ ÜÝÙÑÐÎÙÑÌÐ û ÔÒÐÎàæÙÝÔûÔÑù ûÝùÞù ÍÏÿÏÒ ÜÝÔ�ÐÿùÝÌÖ ûÏû ÜÝÏßÙØÔÖ ÙÑÐ�Ó ÎÙÍûù� ÓÔÒÎÔ×Óà ÙÑÐÿØÐÎÎù� ×úÔÿÙÑÔ×Óà û ÓÔÒÎÌÑ ÍÎÏÒÐÎÙ�Ñâ 
ÓÔ ÓÝÐþùÐÓ ÔÜÝÐÿÐØÐÎÎÔÞÔùÝÔßÎ� ÜÔÎÙÑÏÎÙ� Ù×ÜÔØàÍùÐÑÌú ÑÐÓÔÿÔßâ÷ÔÍÿÏÎÌ ÙÎÓÐÞÝÙÝÔßÏÎÎÌÐ ×ÝÐÿÌ ÿØ� ÝÐæÐÎÙ� ÒÏ×ÓÎÌú ÑÏÓÐÑÏÓÙÕÒÐ×ûÙú ÍÏÿÏÒÖ ß ÓÔÑ ÒÙ×ØÐ ß ×ÙÑßÔØàÎÔø �ÔÝÑÐ 'vwxyz{wx|WwÖ vw}~zÖvwxy)��Ö vwx�w�Ö �z�|�zÖ �W|z�x|�W �����~wWz Ù ÿÝâ*â äÝÐÿØÔÚÐÎÌ ÎÔßÌÐÓÐúÎÔØÔÞÙÙ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� 'ß ÒÏ×ÓÎÔ×ÓÙÖ Ôþ�ÐûÓÎÔÕÔÝÙÐÎÓÙÝÔßÏÎÎÔÐ*ÖÙÑÐ��ÙÐ �ÐØà� ùÑÐÎàæÙÓà ÓÝùÿÔÐÑûÔ×Óà ÝÏÍÝÏþÔÓûÙ Ù ûÔØÙÒÐ×ÓßÔ ÔæÙÕþÔû ß ÜÝÔÞÝÏÑÑÏúâ

2343�3 �clm<8n<9=n�;l= @?�jl�
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×ÓùÿÐÎÓÔß* ×ÓÏØÔ ÎÏÓÏ×ûÙßÏÎÙÐ ÎÏ ÔþÐ×ÜÐÒÐÎÙÐ ×Ù�ÑÙÎùÓÎÌú ÜÔÓÝÐþÎÔÕ×ÓÐø	 ÿÏø ÝÐÍùØàÓÏÓ ÍÿÐ×à Ù ×ÐøÒÏ×Ö ÎÐ ßÎÙûÏ� ß ×ÜÔ×Ôþ ÐÞÔ ÜÔØùÒÐÎÙ�â
ÓÔ ÎÏÒÙÎÏÐÓ×� Ð�Ð ß æûÔØÐÖ ßÌÜù×ûÎÙûÙ ûÔÓÔÝÔø ß ×ßÔÐø ÑÏ××Ð ÎÐ ùÑÐ�ÓÿùÑÏÓà Ù ÜÏÎÙÒÐ×ûÙ þÔ�Ó×� ÑÙÎÙÑÏØàÎÔÞÔ ùÑ×ÓßÐÎÎÔÞÔ ù×ÙØÙ��â÷ØÏþÔÐ ÍÎÏÎÙÐ ÑÏÓÐÑÏÓÙûÙ Ô×ÎÔßÎÔø ÑÏ××Ôø ÜÔØàÍÔßÏÓÐØÐø ÔÜÝÐÿÐÕØ�ÐÓ ÜÝÐÔþØÏÿÏ��ÐÐ Ù×ÜÔØàÍÔßÏÎÙÐ ×ÏÑÌú ÜÝÙÑÙÓÙßÎÌú ÑÐÓÔÿÔßâ äÝÙÕßÐÿÐÑ ÔÜùþØÙûÔßÏÎÎÌÐ ÎÏ ÑÐÚÿùÎÏÝÔÿÎÔø ûÔÎ�ÐÝÐÎ�ÙÙ ÜÔ ÒÙ×ØÐÎÎÔÑùÜÝÔÞÝÏÑÑÎÔÑù ÔþÐ×ÜÐÒÐÎÙ� ×ÓÏÓÙ×ÓÙÒÐ×ûÙÐ ÿÏÎÎÌÐ Ô KÔûÙø×ûÔÑ ùÎÙßÐÝÕ×ÙÓÐÓÐ	 ÙÍ q�]^ ×ØùÒÏÐß ÒÙ×ØÐÎÎÔÞÔ ÙÎÓÐÞÝÙÝÔßÏÎÙ� ß ��X ÜÝÙÑÐÎ�Ø×�ÑÐÓÔÿ ÓÝÏÜÐ�ÙøÖ ß f^V� ý ÷ÙÑÜ×ÔÎÏÖ ß ^�� ý sÏù××Ï Ù ÓÔØàûÔ ß ��^ ýÜÝÏßÙØÔ 
ÔÑþÐÝÞÏâ KÏûÙÑ ÔþÝÏÍÔÑÖ X�� ÜÔØàÍÔßÏÓÐØÐø ÎÐ ÜÔæØÙ ÿÏØàæÐ�ÔÝÑùØ ÷ÙÑÜ×ÔÎÏâ %ÐÎÏÑÎÔÞÔ ØùÒæÐ Ôþ×ÓÔ�ØÔ ÿÐØÔ × ØÙÎÐøÎÔø ÏØÞÐþÝÔø	ÍÿÐ×à f�q ÍÏÿÏÒ ÝÐæÏØÙ×à ÑÐÓÔÿÔÑ sÏù××Ïâ
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$×ÐÞÔ VVf�

äÔÿ ßÌþÔÝÔÑ ÜÔÎÙÑÏÐÓ×� ßÌþÔÝ ßÐÿù�ÐÞÔ ÛØÐÑÐÎÓÏâ�ÞÝÔÑÎÌø ßÝÐÿ ÜÝÙÎÐ×ØÏ ûÔÎ�ÐÜ�Ù� ÊÎÐÜÝÔÞÝÏÑÑÙÝù��Ùúá ÜÔØàÕÍÔßÏÓÐØÐøÖ ÜÔÝÔÿÙßæÏ� ÏÝÑÙ� ÎÐ×ÜÔ×ÔþÎÌú û ×ÏÑÔù×ÔßÐÝæÐÎ×ÓßÔßÏÕÎÙ� ûÔÑÜà�ÓÐÝÙÍÔßÏÎÎÌú ÿÐþÙØÔßâ $ ÓÔÑ ÚÐ Ýù×ØÐ ÎÏúÔÿ�Ó×� ÜÔÜÌÓûÙ����P��O ÜÝÐÜÔÿÏßÏÎÙÐ ßÌÒÙ×ØÙÓÐØàÎÔø ÑÏÓÐÑÏÓÙûÙ ÝÐæÐÎÙÐÑ ÍÏÿÏÒ ßÔÿÎÔø ÙØÙ ÎÐ×ûÔØàûÙú ÙÍ ùÜÔÑ�ÎùÓÌú ÑÏÓÐÑÏÓÙÒÐ×ûÙú ×ÝÐÿâ

çè�è �õö ��òì� ó��òñ�òìî��ðë� ôõìîôõìòöî

äÐÝÐÒÙ×ØÙÑ ÜÐÝßÔÔÒÐÝÐÿÎÌÐ ÓÝÐþÔßÏÎÙ� û �ÐØÐßÔø ù×ÓÏÎÔßûÐÖ×ÔÿÐÝÚÏÎÙ� Ù ÑÐÓÔÿÙûÐ ÔþùÒÐÎÙ� ßÌÒÙ×ØÙÓÐØàÎÔø ÑÏÓÐÑÏÓÙûÐ '$Ë*â��S]\^ zZ wT] h^Th\UbT] S WV�TVT^V\a S�pT W h\`]\nVV\ Vb_w UbT] l]� �U^�vb ���  ]TVUTViW X
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�â )ÓùÿÐÎÓ ÿÔØÚÐÎ ÍÎÏÓà þÏÍÔßÌÐ ÜÔÎ�ÓÙ� $Ë Ù Ùú ßÍÏÙÑÎÌÐ ×ß�ÕÍÙÖ ÙÿÐøÎÌÐ Ô×ÎÔßÌ Ù ÝÏ×ÒÐÓÎÌÐ ×úÐÑÌ ÓÙÜÔßÌú ÏØÞÔÝÙÓÑÔßÖ ×ÝÏßÕÎÙÓÐØàÎÌÐ ÿÔ×ÓÔÙÎ×ÓßÏ Ù ÔþØÏ×ÓÙ ÜÝÐÿÜÔÒÓÙÓÐØàÎÔÞÔ ÜÝÙÑÐÎÐÎÙ�ÜÔ×ØÐÿÎÙúÖ ×ÜÔ×ÔþÌ ûÔÎÓÝÔØ� ÜÝÏßÙØàÎÔ×ÓÙ ÝÐÍùØàÓÏÓÔßÖ ÓÝÐþÔßÏÕÎÙ� û ÜÝÔÞÝÏÑÑÎÔÑù ÜÝÔÿùûÓùâ
fâ [ÎÏÎÙÐ ÏØÞÔÝÙÓÑÔß ÿÔØÚÎÔ ÜÝÔßÐÝ�Óà×� ¢��P��� ��ZHGFH����HG£L��O ùûÏÍÏÎÎÌø ÑÐÓÔÿ '×Ñâ ÛÜÙÞÝÏ� û $ßÐÿÐÎÙ�*â ãßÓÔÝ ÙÑÐØ ÒÐ×ÓàùÒÏ×ÓßÔßÏÓà ß ÍÏ×ÐÿÏÎÙÙ ÷ÏÎûÓÕäÐÓÐÝþùÝÞ×ûÔÞÔ ÑÏÓÐÑÏÓÙÒÐ×ûÔÞÔÔþ�Ð×ÓßÏÖ ûÔÓÔÝÔÐ ÜÔ×ÓÏÎÔßÙØÔ ÊÑÔÒÙÓà ÎÏ ÑÐ×ÓÐá '$â $â äùÓÙÎ*ÜÝÐÜÔÿÏßÏÓÐØÐøÖ ÍÏ×ÓÏßØ���Ùú ßÝùÒÎù� ÔþÝÏ�ÏÓà ÑÏÓÝÙ�Ì ÒÐÓßÐÝÕÓÔÞÔ ÜÔÝ�ÿûÏâqâ uÔßÔÿÙÓà ÝÐÍùØàÓÏÓÌ ÿÔ ÒÙ×ØÏÖ ×ÝÏßÎÙßÏÓà ÏØàÓÐÝÎÏÓÙßÎÌÐ ×ÜÔ×ÔÕþÌ ÝÐæÐÎÙ� ÍÏÿÏÒÙ 'ÎÏÜÝÙÑÐÝÖ ÓÙÜ Ù ÜÔÝ�ÿÔû ûßÏÿÝÏÓùÝÎÌú �ÔÝÕÑùØ* ÎùÚÎÔ × ÜÔÑÔ�à� ÜÝÔÞÝÏÑÑ ÙØÙ ß ÑÏÓÐÑÏÓÙÒÐ×ûÙú ×ÝÐÿÏúâ÷ ÝÏþÔÓÔø ß ÜÔ×ØÐÿÎÙú ×ØÐÿùÐÓ ÍÎÏûÔÑÙÓà ÎÏ ZH�R��M�NR�¤ ÍÏÎ�ÕÓÙ�úâ
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$ÌÒÙ×ØÙÓÐØàÎÏ� ÑÏÓÐÑÏÓÙûÏ '$Ë* ý ÔÿÎÏ ÙÍ ÎÐÑÎÔÞÙú ÔþØÏ×ÓÐøÎÏùûÙÖ ÜÔ ûÔÓÔÝÔø ÜÝÔÿÔØÚÏÐÓ×� ÜÐÝÐÙÍÿÏÎÙÐ ûØÏ××ÙûÙ Ù ßÌÜù×û ÎÔÕßÔø ØÙÓÐÝÏÓùÝÌâ äÐÝÐÙÍÿÏÎÙ� Ù ûÎÙÞÙÖ ÔÝÙÐÎÓÙÝÔßÏÎÎÌÐ ÎÏ ×ÓÏÎÿÏÝÓÎÌøßÓùÍÔß×ûÙø ùÒÐþÎÌø ÜØÏÎÖ ûÏû ÜÝÏßÙØÔ ÎÐ ùÒÙÓÌßÏ�Ó Ôþ×ùÚÿÏßæÙÐ×� ßÌÕæÐ Ô×ÔþÐÎÎÔ×ÓÙ ×ÔßÝÐÑÐÎÎÔÞÔ ÛÓÏÜÏ ÜÝÏûÓÙûÙ ßÌÒÙ×ØÐÎÙøâ [ÎÏÒÙÓÐØàÎÏ�ÒÏ×Óà ØÙÓÐÝÏÓùÝÌ ÔÝÙÐÎÓÙÝÔßÏÎÏ ÎÏ �ÙÍÙûÔÕÑÏÓÐÑÏÓÙÒÐ×ûÙÐ ×ÜÐ�ÙÏØàÕÎÔ×ÓÙâ 
ÓÙ ûÎÙÞÙ ÒÝÐÍÑÐÝÎÔ ù×ØÔÚÎÐÎÌÖ ÜÐÝÐÞÝùÚÐÎÌ ÿÔûÏÍÏÓÐØà×ÓßÏÑÙÙ ùÿÐØ��Ó �ßÎÔ ÎÐÿÔ×ÓÏÓÔÒÎÔÐ ßÎÙÑÏÎÙÐ ÝÐÏØÙÍÏ�ÙÙ ÑÐÓÔÿÔßâ �ÍßÐ×ÓÎÔÖûÏû ùÜÔÝÎÔ þÔÝÔØ×� ×Ô Ê×ØÙæûÔÑ ÒÙ×ÓÌÑÙ ÑÏÓÐÑÏÓÙûÏÑÙáSâuâSÏÎÿÏùÖÿÔûÏÍÌßÏ� ÎÐÔþúÔÿÙÑÔ×Óà Ê×ÒÙÓÏ��Ùúá ÑÐÓÔÿÔßâ�ÜÏ×ÎÏ Ù ÜÝÔÓÙßÔÜÔØÔÚÎÏ� ûÝÏøÎÔ×Óà ý ùûØÔÎ ß ÒÙ×ÓÔ ÝÐ�ÐÜÓùÝÕÎù� ×ÓÔÝÔÎù ÊÙÎ�ÔÝÑÏ�ÙÔÎÎÌú ÓÐúÎÔØÔÞÙøá Ù ÎÏÓÏ×ûÙßÏÎÙÐ ×ÓùÿÐÎÓÔßÎÏ ÝÏþÔÓù × ÑÏÓÐÑÏÓÙÒÐ×ûÙÑÙ ÜÏûÐÓÏÑÙ þÐÍ ÜÔÎÙÑÏÎÙ� ×ùÓÙÖ ßÍÏÙÑÔ×ß�ÕÍÐøÖ ßÔÍÑÔÚÎÔ×ÓÐøÖ ÔÞÝÏÎÙÒÐÎÙø Ù ÔÜ�Óà ÚÐ ý H��E������ Ù×ÜÔØàÍùÐÑÌúÑÐÓÔÿÔßâ$ ×ß�ÍÙ × ÔþÔÙÑÙ ÝÏßÎÔ ÎÐÜÝÔÿùûÓÙßÎÌÑÙ ÊùûØÔÎÏÑÙá úÔÒÐÓ×� ÎÏÕÜÔÑÎÙÓà Ô ÿÏßÎÐø Ù ÜØÔÿÔÓßÔÝÎÔø ÓÝÏÿÙ�ÙÙ ÙÍùÒÐÎÙ� $Ë Ù ÜÝÔÞÝÏÑÑÙÕ
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&ÔÝÓÝÏÎÐâ ý Ëâ	 ËÙÝÖ �]V]*â KÏûÔÐ Ôþ�ÐÿÙÎÐÎÙÐ ßÐ×àÑÏ �ÐÎÎÔ Ù ÿØ�ÜÝÐÜÔÿÏßÏÎÙ� ZHGFH����HGL�P�� Ö ÜÔ×ûÔØàûù ÔþÐ×ÜÐÒÙßÏÐÓ ÜÔ×ÓÏÎÔßûùÝÐÏØàÎÌú Ù ×ÔÿÐÝÚÏÓÐØàÎÌú ÍÏÿÏÒâ

�ÓÑÐÓÙÑÖ ÎÏûÔÎÐ�Ö ÒÓÔ ÎÐÔþ��ÓÎÔ×Óà ÜÝÔþØÐÑÌÖ ÝÏÍÎÔÔþÝÏÍÙÐ ×ÜÐÕ�ÙÏØàÎÔ×ÓÐø Ù ØÙÒÎÔÞÔ ÎÏùÒÎÔÞÔ Ù ÜÐÿÏÞÔÞÙÒÐ×ûÔÞÔ ÔÜÌÓÏ ÜÝÐÜÔÿÏßÏÓÐÕØÐø ßÜÔØÎÐ ÔÜÝÏßÿÌßÏ�Ó ý þÔØÐÐ ÓÔÞÔÖ ÓÝÐþù�Ó ý ×ù�Ð×ÓßÔßÏÎÙ� P�tGH�ùÒÐþÎÙûÔß ÜÔ $ËâãßÓÔÝ ûÏÚÿÔø ûÎÙÞÙ ÜÔ ûØÏ××ÙÒÐ×ûÔÑù ÎÏÜÝÏßØÐÎÙ� ÎÏùûÙ Ôþ�ÍÏÎ×ÔÜÔ×ÓÏßÙÓà ÐÐ × ÏÎÏØÔÞÙÒÎÌÑÙ ÜùþØÙûÏ�Ù�ÑÙ ÜÔ×ØÐÿÎÙú ØÐÓâ TÔØàæÙÎÕ×ÓßÔ ÎÔßÌú ÙØÙ ÜÐÝÐÙÍÿÏÎÎÌú ùÒÐþÎÙûÔß U��Ö �eÖ ^VÖ XXÖ ��fY ÜÝÙ ß×ÐÑùßÏÚÐÎÙÙ û ÎÏùÒÎÔø ûßÏØÙ�ÙûÏ�ÙÙ Ùú ÏßÓÔÝÔß ÔÝÙÐÎÓÙÝÔßÏÎÔ ÎÏ ×ÓùÿÐÎÕÓÔß �ÙÍÙûÔÕÑÏÓÐÑÏÓÙÒÐ×ûÙú ×ÜÐ�ÙÏØàÎÔ×ÓÐø Ù û ÍÎÏÎÙ� ÎÏ ÓÏûÔÑ ùÝÔßÎÐÎÐ ÜÔÿßÔÿÙÓâ �ÎÙ ÜÐÝÐÞÝùÚÐÎÌ ÿØÙÎÎÌÑÙ ßÌûØÏÿûÏÑÙ Ù Ôþ×ùÚÿÐÎÙÐÑÒÏ×ÓÎÔ×ÓÐøâ ÷ÓÙØà Ùú ÎÏÜÙ×ÏÎÙ� ×ÔÔÓßÐÓ×ÓßùÐÓ ÿÏßÎÔ ÜÝÔæÐÿæÙÑ ßÝÐÑÐÕÎÏÑÖ ûÔÞÿÏ ß ÜÝÙûØÏÿÎÔÑ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙÙ ÒÐÓûÔ ÝÏÍÿÐØ�ØÙ×à �ùÎû�ÙÙÜÝÔÞÝÏÑÑÙ×ÓÔßÕûÔÿÙÝÔß�ÙûÔß Ù ÜÔ×ÓÏÎÔß�ÙûÔß ÍÏÿÏÒÙâKÐÜÐÝà 'ÜÔ ûÝÏøÕÎÐø ÑÐÝÐ ÿØ� ×ÓùÿÐÎÓÏ Ù ÑÔØÔÿÔÞÔ ×ÜÐ�ÙÏØÙ×ÓÏ* ÔÎÙ ×ÔßÑÐ�ÐÎÌÖ Ï ×ÐÝàÐÍÕÎÔÑù ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� ÝÏ×ÒÐÓÎÌú ÍÏÿÏÒ ÎÙûÓÔ ÎÐ ùÒÙÓâ �Í Ôþ×ùÚÿÏÐÑÔÕÞÔ ×ÜÙ×ûÏ ÓÔØàûÔ ß Û �Ö ^^Y ÜÝÙßÔÿ�Ó×� ÜÝÙÑÐÝÌ äÏ×ûÏØàÕÜÝÔÞÝÏÑÑâKÏûÙÐÜÝÙÑÐÝÌ ÔþÌÒÎÔ ÓÝÙßÙÏØàÎÌ Ù ÝÏ�ÙÔÎÏØàÎÌÑ ÜÝÙÐÑÏÑ ÜÝÔÞÝÏÑÑÙÝÔßÏÕÎÙ� ÎÐ ùÒÏÓâ �ÎÙÞÏ ÷â $â äÔÝæÎÐßÏ UrVY ÍÏ�ßØÐÎÎÔÞÔ ÜÝÏßÏ ÎÏÍÌßÏÓà×�ûùÝ×ÔÑ ØÐû�Ùø ÎÙûÏû ÎÐ ÍÏ×ØùÚÙßÏÐÓÖ ÜÔ×ûÔØàûù ÜÝÙÑÐÝÎÔ ÜÔØÔßÙÎÏ ÐÐÔÜÙ×ÌßÏÐÓ ÝÏþÔÓù × ÜÏûÐÓÔÑ vwx�w�Ö Óâ Ðâ ÜÔ×ß��ÐÎÏ ÓÐúÎÔØÔÞÙÙ ZH�R£��M�NR�¤ ��P���QÖ Ï ùÝÔßÐÎà ÐÐ ÓÐÔÝÐÓÙÒÐ×ûÔø ÒÏ×ÓÙ ×ÓÏÎÔßÙÓ×� �×ÎÌÑùÚÐ ÙÍ ÎÏÜÙ×ÏÎÙ� �ÏÑÙØÙÙ ûØÏ××ÙûÏ '®�¯y| ßÑÐ×ÓÔ )w�Wy° ± ×â �e]*â �ÎÙÕÞÏ Û rY ÜÔÍÙ�ÙÔÎÙÝÔßÏÎÏ ûÏû ÎÏÜÙ×ÏÎÎÏ� ÜÔ ×ÔßÐÓù ÏûÏÿâ ãâ ãâ ÷ÏÑÏÝ×ûÔÞÔÿØ� ÜÏÝÏØØÐØàÎÔÞÔ ÜÝÐÜÔÿÏßÏÎÙ� ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� Ù ßÌÒÙ×ØÙÓÐØàÎÔøÑÏÓÐÑÏÓÙûÙ 'ÍÏÑÐÓàÓÐ	 Z�H�EE�EOPGFGÖ Óâ Ðâ ÝÏÍÎÌÑÙ ÜÝÐÜÔÿÏßÏÓÐØ�ÑÙÖÏ ÎÐ ×ÔßÑÐ�ÐÎÎÔÞÔ*â
$ ÔÓØÙÒÙÐ ÔÓ þÔØàæÙÎ×ÓßÏ ùÒÐþÎÙûÔß ÜÔ ÒÙ×ØÐÎÎÌÑ ÑÐÓÔÿÏÑÖ ²��RP�F� ÎÏÜÙ×ÏÎÏ ÙÎÚÐÎÐÝÔÑ ×ÜÐ�ÙÏØàÎÔ ÿØ� ÙÎÚÐÎÐÝÔßâ äÝÐÿØÏÞÏÐÑÌøßÏÝÙÏÎÓ ùÒÙÓÌßÏÐÓ ßÌæÐùÜÔÑ�ÎùÓÌÐ Ô×ÔþÐÎÎÔ×ÓÙ ×Ô×ÓÔ�ÎÙ� ÓÐÔÝÐÓÙÕÒÐ×ûÙú Ô×ÎÔß $ËÖ ÝÏÍßÙÓÙ� ßÌÒÙ×ØÙÓÐØàÎÔø ÓÐúÎÙûÙÖ ÒÙ×ØÐÎÎÔÞÔ ÜÝÔÕÞÝÏÑÑÎÔÞÔ ÔþÐ×ÜÐÒÐÎÙ� Ù ûÔÎÓÙÎÞÐÎÓÏ ÔþùÒÏÐÑÌúâ %ÏæÐø �ÐØà� þÌØÔÜÔ�×ÎÙÓà Ô×ÎÔßÎÌÐ ÙÿÐÙ ÑÏÓÐÑÏÓÙÒÐ×ûÙú ÑÐÓÔÿÔß Ù Ôþ�ÙÐ ÍÏûÔÎÔÑÐÝÎÔÕ×ÓÙ ÝÏ××ÑÏÓÝÙßÏÐÑÌú �ßØÐÎÙøâ %ÏÜÝÔÓÙßÖ �ÔÝÑÏØàÎÌÐ ÿÔûÏÍÏÓÐØà×ÓßÏÖÝÏ××ÑÔÓÝÐÎÙÐ Ù×ûØ�ÒÐÎÙø Ù ù×ØÔÚÎ���Ùú �ÏûÓÔÝÔß ÜÔ ßÔÍÑÔÚÎÔ×ÓÙÔÜù�ÐÎÌâ �×ÎÔßÎÔø �ÐØà� þÌØÔ ßÔ×ÜÙÓÏÓà ù ×ÓùÿÐÎÓÔß ÜÝÙûØÏÿÎù� ÑÏÕ



�� � � D����¡ ����� d�
ÓÐÑÏÓÙÒÐ×ûù� ûùØàÓùÝùÖ ÝÏÍßÙÓà ÎÐÔþúÔÿÙÑÌÐ ÛÝùÿÙ�Ù� Ù ÙÎÓùÙ�Ù� ßßÔÜÝÔ×Ïú ÜÝÙÑÐÎÐÎÙ� ÑÏÓÐÑÏÓÙûÙÖ Ï ÓÏûÚÐ ØÔÞÙÒÐ×ûÔÐ Ù ÏØÞÔÝÙÓÑÙÒÐÕ×ûÔÐ ÑÌæØÐÎÙÐâ pÔÓÐØÔ×à þÌ ùþÐÿÙÓà Ùú ß ÓÔÑÖ ÒÓÔ ÑÏæÙÎÏÖ Ô×ßÔþÔÚÿÏ�ÎÏ× ÔÓ ÑÎÔÞÙú Ôþ�ÍÏÎÎÔ×ÓÐøÖ ÎÐ Ô×ßÔþÔÚÿÏÐÓ ÔÓ ÓÝÐú	 ÓßÔÝÒÐ×ûÙ ÑÌ×ØÙÓàÖßØÏÿÐÓà ÑÏÓÐÑÏÓÙÒÐ×ûÙÑ ÏÜÜÏÝÏÓÔÑ Ù ÜÝÔÞÝÏÑÑÙÝÔßÏÓàâ� ×ÔÿÐÝÚÏÎÙÙ ûÎÙÞÙ ÿÔ×ÓÏÓÔÒÎÔ �×ÎÔÐ ÜÝÐÿ×ÓÏßØÐÎÙÐ ÿÏÐÓ ÔÞØÏßÕØÐÎÙÐâ [ÿÐ×à ÑÌ ØÙæà ÔþÝÏÓÙÑ ßÎÙÑÏÎÙÐ ÎÏ ßÔæÐÿæÙÐ ß ÎÐÐ ÊÎÐÓÙÜÙÒÕÎÌÐá ÝÏÍÿÐØÌ	 ÔþÍÔÝ ×ÔßÝÐÑÐÎÎÔÞÔ &ÔÝÓÝÏÎÏB ÑÎÔÞÔÒÙ×ØÐÎÎÌÐ ÜÝÙÑÐÝÌ�ÔÝÓÝÏÎÔß×ûÙú ÝÐÏØÙÍÏ�Ùø ÏØÞÔÝÙÓÑÔß ÙØÙ Ùú ÒÏ×ÓÐøB �ÔÝÓÝÏÎÔß×ûÙÐÎÏùÒÎÌÐ þÙþØÙÔÓÐûÙB ÜÝÙÐÑÌ ÝÏ�ÙÔÎÏØàÎÔø ÔÝÞÏÎÙÍÏ�ÙÙ ßÌÒÙ×ØÐÎÙøÑÎÔÞÔÒØÐÎÔßÖ ×ÓÐÜÐÎÎÌú Ý�ÿÔß Ù ÎÐÜÝÐÝÌßÎÌú ÿÝÔþÐøÖ ÔÜÝÐÿÐØÐÎÎÌúÙÎÓÐÞÝÏØÔßB ÝÏþÔÓù × ÝÏÍÝÐÚÐÎÎÌÑÙ ÑÏÓÝÙ�ÏÑÙ ÝÐÞùØ�ÝÎÔø ×ÓÝùûÓùÝÌBÝÐæÐÎÙÐ ÎÐûÔÓÔÝÌú ÝÐÿûÔ Ôþ×ùÚÿÏÐÑÌú ûØÏ××Ôß ÑÏÓÝÙÒÎÌú ùÝÏßÎÐÎÙøâ$ ûÎÙÞù ÎÐ ßÔæØÙ ßÔÜÝÔ×Ì ÝÐæÐÎÙ� ûÝÏÐßÌú ÍÏÿÏÒÖ ÿÙ��ÐÝÐÎ�ÙÕÏØàÎÌú ùÝÏßÎÐÎÙø ß ÒÏ×ÓÎÌú ÜÝÔÙÍßÔÿÎÌúÖ ÓÐÔÝÙÙ ÔÜÓÙÑÏØàÎÔÞÔ ùÜÝÏßÕØÐÎÙ�Ö þÌ×ÓÝÔÞÔ ÜÝÐÔþÝÏÍÔßÏÎÙ� &ùÝàÐâ %Ï ÎÏæ ßÍÞØ�ÿÖ ß ÙÎÚÐÎÐÝÎÌúßùÍÏú ÛÓÙ ÜÝÔþØÐÑÌ ×ØÙæûÔÑ ×ÙØàÎÔ ÔûÝÏæÐÎÌ ûÔÎûÝÐÓÎÌÑÙ ÜÝÙØÔÚÐÕÎÙ�ÑÙÖ Ù Ùú ÜÝÐÿÜÔÒÓÙÓÐØàÎÔ ÙÍØÏÞÏÓà ß ×Ô×ÓÏßÐ ×ÜÐ�ÙÏØàÎÌú ÿÙ×�ÙÜØÙÎâ$ ÝÏÍÿÐØ ÔÜÓÙÑÙÍÏ�ÙÙ ßûØ�ÒÐÎÌ ÓÔØàûÔ ÓÐ ÑÐÓÔÿÌ ÎÐØÙÎÐøÎÔÞÔÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ�Ö ûÔÓÔÝÌÐ ÜÔ ×ßÔÐÑù ÑÏÓÐÑÏÓÙÒÐ×ûÔÑù ÏÜÜÏÝÏÓù ÎÐÜÔÕ×ÝÐÿ×ÓßÐÎÎÔ ÜÝÙÑÌûÏ�Ó û ßÌÒÙ×ØÙÓÐØàÎÔø ÑÏÓÐÑÏÓÙûÐâ ÷ÔÔÓßÐÓ×ÓßÐÎÎÔÖÔ×ÓÏßØÐÎÌ ß ×ÓÔÝÔÎÐ ×ÜÐ�Ù�ÙÒÐ×ûÙÐ ÜÝÔþØÐÑÌ ØÙÎÐøÎÔÞÔ Ù ÿÙÎÏÑÙÒÐÕ×ûÔÞÔ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� Ù ÍÏÿÏÒÙ ÎÏ ÞÝÏ�ÏúâuÔÜÔØÎÙÓÐØàÎÌÐ ×ßÐÿÐÎÙ� ÜÔ ß×ÐÑ Ôþ×ùÚÿÏÐÑÌÑ 'Ù Ô×ÓÏßæÙÑ×�ÊÍÏ þÔÝÓÔÑá* ßÔÜÝÔ×ÏÑ ÑÔÚÎÔ ÜÔÒÐÝÜÎùÓà ÙÍ Ù×ÓÔÒÎÙûÔßÖ ÜÐÝÐÒÙ×ØÐÎÕÎÌú ß ×ÜÙ×ûÐ ØÙÓÐÝÏÓùÝÌâ$ ×ß�ÍÙ × ÊÜÝÔÞÝÏÑÑÙ×Ó×ûÔøá ÔÝÙÐÎÓÏ�ÙÐø ùÒÐþÎÙûÏ ×ÓÐÜÐÎà ÜÔÕÿÝÔþÎÔ×ÓÙ ÒÙ×ØÔßÌú ÜÝÙÑÐÝÔß ÎÐ ÔÝÙÐÎÓÙÝÔßÏÎÏ ÎÏ ÝùÒÎÔø ×ÒÐÓâ äÔ ÓÔøÚÐ ÜÝÙÒÙÎÐ �ÐØÏ� ÒÏ×Óà ÒÙ×ØÏ ÔÓÿÐØ�ÐÓ×� ÔÓ ÿÝÔþÎÔø �GMRGQÖ Ï ß ÝÔØÙÝÏÍÿÐØÙÓÐØ� ÑÏÎÓÙ××Ì Ù Ûû×ÜÔÎÐÎ�ÙÏØàÎÔø ÒÏ×ÓÙ Ù×ÜÔØàÍùÐÓ×� ÜÝÙßÌÒÕÎÔÐ ÿØ� ÜÔØàÍÔßÏÓÐØ� 
$Ë Êzáâ $×Ð ÿÔûÏÍÏÓÐØà×ÓßÏ ÓÐÔÝÐÑ ÍÏßÐÝæÏ�Ó×�ÍÎÏûÔÑ

N âãßÓÔÝ ÑÎÔÞÔ ×ÙØ ÍÏÓÝÏÓÙØ ÎÏ ÜÔÜÌÓûÙ ùÎÙ�ÙûÏ�ÙÙ ÔþÔÍÎÏÒÐÎÙøÖ ÎÔù×ÜÐúÏ ÎÐ ÿÔ×ÓÙÞâ $ ûÏÒÐ×ÓßÐ ÜÝÙÑÐÝÏ ßÔÍÎÙûæÙú ÓÝùÿÎÔ×ÓÐø ×ÔæØÐÑ×�ÎÏ ÎÐÔþúÔÿÙÑÔ×Óà ÝÏÍØÙÒÐÎÙ� ß ÑÎÔÞÔÑÐÝÎÌú ÍÏÿÏÒÏú ÎÔÑÐÝÏ ÙÓÐÝÏ�ÙÙÙ ÎÔÑÐÝÏ ûÔÑÜÔÎÐÎÓÌ ßÐûÓÔÝÏâ äÐÝÐÎÔ× ÜÔ×ØÐÿÎÐø ß ßÐÝúÎÙø ÙÎÿÐû× ßÌÕÍÌßÏØ ÜÔ×ÓÔ�ÎÎÌÐ ÍÏÓÝùÿÎÐÎÙ� ÙÍÕÍÏ ÎÐÔþúÔÿÙÑÔ×ÓÙ ß ÜÔûÏÍÏÓÐØ�ú ×ÓÐÕÜÐÎÙÖ ùûÏÍÏÓÐØ�ú ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÙ� Ù Óâ Üâ uÝùÞÔø ÜÝÔþØÐÑÔø �ßÙØÔ×àæÝÙ�ÓÔßÔÐ ÝÏÍØÙÒÐÎÙÐ ×ûÏØ�ÝÔßÖ ßÐûÓÔÝÔß Ù ÑÏÓÝÙ�â pÔÓ� ÎÏþÔÝ ßÐûÕ



�e C��D����
ÓÔÝÔß ÜÔØùÚÙÝÎÌÑ æÝÙ�ÓÔÑ ßÐ×àÑÏ ÝÏ×ÜÝÔ×ÓÝÏÎÐÎÖ ß×ÓÝÐÒÏ�Ó×� ûÎÙÕÞÙÖ ÞÿÐ ÎÏÝ�ÿù × ÛÓÙÑ L�R�GHP�� ³¢PR��� ÎÏþÝÏÎÏ ÔþÌÒÎÌÑ æÝÙ�ÓÔÑâËÏÓÝÙ�Ì ÎÏþÙÝÏ�Ó×� ÓÔ ÚÙÝÎÌÑ æÝÙ�ÓÔÑÖ ÓÔ ÔþÌÒÎÌÑÖ Ï ß ûØÏ××ÙÕÒÐ×ûÔø ûÎÙÞÐ &â 
â sÏÎÓÑÏúÐÝÏ æÝÙ�ÓÔßÌÐ ßÌÿÐØÐÎÙ� ÿØ� ßÐûÓÔÝÔß ÙÑÏÓÝÙ� ÎÐ Ù×ÜÔØàÍù�Ó×� ßÔÔþ�Ðâ ÷ù�Ð×ÓßùÐÓ ÿÐ×�ÓÔû ÝÏÍÎÌú ÔþÔÍÎÏÒÐÕÎÙø ÿØ� ÞÝÏÿÙÐÎÓÏâ 
ÏÍÎÔÞÔ ÝÔÿÏ ÎÏÿÒÐÝûÙßÏÎÙ�Ö ÜÔÿÒÐÝûÙßÏÎÙ�Ö ÓÙØàÿÌÙ ÊûÝÌæûÙá ×ûÔÝÐÐ ÍÏÓÝùÿÎ��Ó ßÔ×ÜÝÙ�ÓÙÐÖ ÒÐÑ ÜÔÑÔÞÏ�Ó ÒÙÓÏÓÐØ�â�ÝÔÑÐ ÓÔÞÔÖ ×ØùÒÏøÎÌø ÜÝÔÜù×û ÔÿÎÔÞÔ ÙÍ ÍÏ�ßØÐÎÎÌú ùûÝÏæÐÎÙø ÑÔÚÐÓÙÍÑÐÎÙÓà ×ÑÌ×Ø ÑÏÓÐÑÏÓÙÒÐ×ûÔÞÔ ßÌÝÏÚÐÎÙ�â $ ×ß�ÍÙ × ÙÍØÔÚÐÎÎÌÑ ÏßÕÓÔÝ ÜÝÐÿÜÔÒÐØ Ù×ÜÔØàÍÔßÏÓà ÔÜÌÓ ßùÍÔß×ûÙú ÜÐÿÏÞÔÞÔß	 ØÐûÓÔÝ ù ÿÔ×ûÙÎÐ ÑÔÚÐÓ ÜÔØàÍÔßÏÓà×� æÝÙ�ÓÔßÌÑÙ ßÌÿÐØÐÎÙ�ÑÙ ß ÜÝÙÎ�ÙÜÐÖ ßÝÐÑ� ÎÏùÜÔÑ�ÎùÓÌÐ ùûÝÏæÐÎÙ� ÚÏØÐÐÓ Ù ÔþúÔÿÙÓ×� ×ÏÑÌÑÙ ÜÝÔ×ÓÌÑÙ ×ÝÐÿ×ÓßÏÕÑÙÖ ÜÝÐÿßÏÝÙÓÐØàÎÔ ÔÞÔßÔÝÙß Ô×ÔþÐÎÎÔ×ÓÙ ×ÙÓùÏ�ÙÙâ$ ÝÏÍÎÌú ûÎÙÞÏú ÜÝÙ ÝÏ×ÒÐÓÐ ×ûÏØ�ÝÎÔÞÔ ÜÝÔÙÍßÐÿÐÎÙ� ûÔÑÜØÐû×ÕÎÔÍÎÏÒÎÌú ßÐûÓÔÝÔß ×ÔÜÝ�ÚÐÎÎÌÑ þÐÝÐÓ×� ÓÔ ÜÐÝßÌøÖ ÓÔ ßÓÔÝÔø ßÐûÓÔÝâ�ÎÿÐû×Ï�Ù� ûÔÛ��Ù�ÙÐÎÓÔß ÑÎÔÞÔÒØÐÎÏ n Õø ×ÓÐÜÐÎÙ ÿÏÚÐ ß ÔÿÎÔø ûÎÙÕÞÐ ÎÏÒÙÎÏÐÓ×� ÓÔ × ÎùØ�Ö ÓÔ × n ý ß ÍÏßÙ×ÙÑÔ×ÓÙ ÔÓ ÝÐæÏÐÑÔø ÍÏÿÏÒÙÙ ß �ÐØ�ú þÔØàæÐø ÜÔÎ�ÓÎÔ×ÓÙ ÜÝÔÙ×úÔÿ��ÐÞÔâ TùûßÔø ∆ ÔþÔÍÎÏÒÏ�Ó×�ûÏû ÜÔÞÝÐæÎÔ×ÓàÖ ÓÏû Ù ÜÝÙÝÏ�ÐÎÙÐ ÜÐÝÐÑÐÎÎÔøâ 
ÓÔÓ ÜÐÝÐÒÐÎà ÑÔÚÎÔÜÝÔÿÔØÚÏÓà þÐ×ûÔÎÐÒÎÔâãßÓÔÝ ÎÐ ÝÐæÙØ×� ßÍ�Óà ÎÏ ×Ðþ� ÔÓßÐÓ×ÓßÐÎÎÔ×Óà ÍÏ ÊÎÏßÐÿÐÎÙÐÜÔÝ�ÿûÏá ß $Ë 'ß ÒÏ×ÓÎÔ×ÓÙÖ ÜÔÓÔÑùÖ ÒÓÔ ÜÝÐÿØÏÞÏÓà ß ÛÓÔø ×�ÐÝÐ ÝÏÿÙÕûÏØàÎÌÐ ÎÔßæÐ×ÓßÏ ÍÎÏÒÙÓ ÜÔÓÐÝ�Óà ÒÙÓÏÓÐØ� ßÔÔþ�Ð* Ù ÜÝÙÍÎÏÐÓ ×Ðþ�ÖÎÔ ÎÐ ÓÔØàûÔ ×Ðþ�Ö ÜÔßÙÎÎÌÑ ßÔ ß×Ðú ÜÐÝÐÒÙ×ØÐÎÎÌú ÞÝÐúÏúâ

ãßÓÔÝ ÜÔ×ß��ÏÐÓ ÛÓù ûÎÙÞù ×ßÐÓØÔø ÜÏÑ�ÓÙ ×ßÔÐÞÔ ùÒÙÓÐØ�Ù ×ÔÏßÓÔÝÏ ÜÔ U]fY ÿÔûÓÔÝÏ �ÙÍÙûÔÕÑÏÓÐÑÏÓÙÒÐ×ûÙú ÎÏùû ÜÝÔ�Ð××ÔÝÏpâ Sâ ÷ÑÔØÙ�ûÔÞÔ '�]�f±f��q*â



ĹMNM µ¶
�·ÉO¸¹MPQO Q º¸OÉº»NM
¼M»O¼M»Q½Oº¾·K·
¼·ÉOLQ¸·NMPQ¿

éèéè Àõìîôõìò�îñöëî ôë§î�òíëóõðòî

S�þÏ� �ÐØÐÎÏÜÝÏßØÐÎÎÏ� ÿÐ�ÓÐØàÎÔ×Óà ÜÝÐÿÜÔØÏÞÏÐÓ Ô�ÐÎûù ÝÐÕÍùØàÓÏÓÔß ÿÐø×ÓßÙøâ ËÐÓÔÿ ÜÝÔþ Ù ÔæÙþÔû ß ÛÓÔÑ ×ÑÌ×ØÐ ß×ÐÞÿÏ �ßØ�ÐÓÕ×� ÎÏÙúùÿæÙÑâ sÔÝÏÍÿÔ ßÌÞÔÿÎÐÐ 'ÿÐæÐßØÐÖ þÌ×ÓÝÐÐÖ þÐÍÔÜÏ×ÎÐÐ* ÜÝÔßÐÕ×ÓÙ ÑÔÿÐØÙÝÔßÏÎÙÐ ÙÎÓÐÝÐ×ù��ÐÞÔ ÎÏ× �ßØÐÎÙ� ÙØÙ ÜÝÔ�Ð××Ï Ù ÜÝÙÎ�ÓàÓÝÐþùÐÑÔÐ ÝÐæÐÎÙÐ 'ß ÎÏùûÐ ý ÞÙÜÔÓÐÍù* ÎÏ Ô×ÎÔßÐ ÏÎÏØÙÍÏ ÜÔßÐÿÐÎÙ��Gg�E�â %ÐÔþúÔÿÙÑÔ×Óà ß ÑÔÿÐØÙÝÔßÏÎÙÙ ßÔÍÎÙûÏÐÓ ÓÏûÚÐÖ Ð×ØÙ Ôþ�ÕÐûÓ ×ØÙæûÔÑ ßÐØÙû 'ûÔÝÏþØà* ÙØÙ ÑÏØ 'ÏÓÔÑ*B ùÿÏØÐÎ ÔÓ Ù××ØÐÿÔßÏÓÐØ�'ÞÏØÏûÓÙûÏ*B ÎÐÿÔ×�ÞÏÐÑ ßÔ ßÝÐÑÐÎÙ 'ÜÝÔæØÔÐ ÙØÙ þùÿù�ÐÐ*B ÿÔÝÔÞâ
�×ÎÔßÎÔø �ÐØà� ÑÔÿÐØÙÝÔßÏÎÙ� �ßØ�ÐÓ×� ÜÔ×ÓÏÎÔßûÏ ÎÏÿ ÑÔÿÐÕØà� Ûû×ÜÐÝÙÑÐÎÓÔß × ÜÔ×ØÐÿù��Ðø �P��HZH������Q Ùú ÝÐÍùØàÓÏÓÔß ÿØ�ÑÔÿÐØÙÝùÐÑÔø ×Ù×ÓÐÑÌâ ËÔÿÐØà RGP��P�H�H¢�� ß ×ÐþÐ ÍÏÜÙ×ÏÎÎù� ÎÏÔÜÝÐÿÐØÐÎÎÔÑ �ÍÌûÐ 'Ð×ÓÐ×ÓßÐÎÎÔÑÖ ÑÏÓÐÑÏÓÙÒÐ×ûÔÑÖ ÏØÞÔÝÙÓÑÙÒÐ×ûÔÑ*×ÔßÔûùÜÎÔ×Óà ÎÏæÙú ÍÎÏÎÙøÖ ÜÝÐÿ×ÓÏßØÐÎÙø Ù ÞÙÜÔÓÐÍ Ô ×ÔÔÓßÐÓ×Óßù��ÐÑÔþ�ÐûÓÐ ÙØÙ �ßØÐÎÙÙâ äÔ×ûÔØàûù ÛÓÙ ÍÎÏÎÙ� ÎÙûÔÞÿÏ ÎÐ þÌßÏ�Ó Ïþ×ÔØ�ÓÕÎÌÑÙÖ Ï ÞÙÜÔÓÐÍÌ ÑÔÞùÓ ßÌÎùÚÿÐÎÎÔ ÙØÙ ÎÏÑÐÝÐÎÎÔ ÎÐ ùÒÙÓÌßÏÓà ÎÐûÔÓÔÕÝÌÐ Û��ÐûÓÌÖ ÑÔÿÐØà ØÙæà ÜÝÙþØÙÚÐÎÎÔ ÔÜÙ×ÌßÏÐÓ ÜÔßÐÿÐÎÙÐ ÝÐÏØàÎÔø×Ù×ÓÐÑÌâ $ÏÚÎÐøæÏ� Ô×ÔþÐÎÎÔ×Óà ÑÔÿÐØÙ ×Ô×ÓÔÙÓ ß ßÔÍÑÔÚÎÔ×ÓÙ ÎÐÔÞÝÏÕÎÙÒÐÎÎÔÞÔ ÎÏûÔÜØÐÎÙ� ×ÜÐ�ÙÏØÙÍÙÝÔßÏÎÎÌú ÍÎÏÎÙø þÐÍ ÜÔÓÐÝÙ �ÐØÔ×ÓÎÔÕÞÔ ßÍÞØ�ÿÏ ÎÏ Ôþ�ÐûÓ Ù××ØÐÿÔßÏÎÙ�â S�þÌÐ ÎÏùÒÎÔÕÓÐúÎÙÒÐ×ûÙÐ ÝÏ×ÒÐÕÓÌ 'ÎÏ ÜÝÔÒÎÔ×ÓàÖ ù×ÓÔøÒÙßÔ×ÓàÖ ÎÏÿÐÚÎÔ×ÓàÖ þÐÍÔÜÏ×ÎÔ×ÓàÖ ÓÔÒÎÔ×Óà Ù



�� Á���� Â� ��D� Ã���� � � �D�#�� !�#�!�#�Ä������ !�D��� �����Å
Óâ Üâ* ý ßÏÚÎÐøæÙÐ ÛØÐÑÐÎÓÌ ÜÝÔ�Ð××ÙÔÎÏØàÎÔø ÿÐ�ÓÐØàÎÔ×ÓÙ ÙÎÚÐÎÐÝÏý ß ×ù�ÎÔ×ÓÙÖ �ßØ��Ó×� ×ÜÐ�ÙÏØÙÍÙÝÔßÏÎÎÌÑÙ ßÙÿÏÑÙ ÑÔÿÐØÙÝÔßÏÎÙ�â$ Uq]Y ÜÝÙßÔÿÙÓ×� Ý�ÿ ÜÔ×ÓÐÜÐÎÎÔ ù×ØÔÚÎ�ÐÑÌú ÑÔÿÐØÐø ÝÏÿÙÔÛØÐûÓÝÔÎÕÎÌú ù×ÓÝÔø×Óß ý ÔÓ ÿÙÔÿÏ ÿÔ ØÏÍÐÝÎÔÞÔ ÙÍØùÒÏÓÐØ�âäÝÙ Ù××ØÐÿÔßÏÎÙÙ ×ØÔÚÎÌú ×Ù×ÓÐÑ ÑÔÚÐÓ ÜÔÓÝÐþÔßÏÓà×� ÝÏÍÝÏþÔÓÕûÏ P�tGH� ÑÔÿÐØÐøÖ ×ÔÔÓßÐÓ×Óßù��Ùú ÝÏÍØÙÒÎÌÑ ÙÐÝÏÝúÙÒÐ×ûÙÑ ùÝÔßÎ�ÑÝÏ××ÑÔÓÝÐÎÙ� Ù�ùÎû�ÙÔÎÏØàÎÌÑ Ï×ÜÐûÓÏÑ ÿÐ�ÓÐØàÎÔ×ÓÙ ×Ù×ÓÐÑÌâKÏûÔÐÔÜÙ×ÏÎÙÐ ÎÏ ûÏÚÿÔÑ ùÝÔßÎÐ Ù×ÜÔØàÍùÐÓ ×ßÔø ÎÏþÔÝ ÜÔÎ�ÓÙø Ù ÓÐÝÑÙÎÔßâËÔÿÐØÙÝÔßÏÎÙÐ ÑÔÚÐÓ þÌÓà ÎÏÓùÝÎÌÑ '�ÙÍÙÒÐ×ûÙÑ*Ö ÑÏÓÐÑÏÓÙÒÐÕ×ûÙÑ Ù ûÔÑþÙÎÙÝÔßÏÎÎÌÑâ$ ×ÝÏßÎÐÎÙÙ × ÎÏÓùÝÎÌÑ Ûû×ÜÐÝÙÑÐÎÓÔÑ ÑÏÓÐÑÏÓÙÒÐ×ûÔÐ ÑÔÿÐØÙÕÝÔßÏÎÙÐ ÙÑÐÐÓ ×ØÐÿù��ÙÐ ÜÝÐÙÑù�Ð×ÓßÏ	

�â 
ûÔÎÔÑÙÒÎÔ×Óà Ù ×þÐÝÐÚÐÎÙÐ ÝÐ×ùÝ×Ôß ÝÐÏØàÎÔø ×Ù×ÓÐÑÌâ
fâ $ÔÍÑÔÚÎÔ×Óà ÝÏÍÿÐØÙÓà Ø�þÔÐ Ù××ØÐÿÔßÏÎÙÐ ÎÏ ZH�g���PI� ßÔÜÝÔÕ×ÌÖ ÔÓÎÔ×��ÙÐ×� û ÙÍùÒÏÐÑÌÑ Ôþ�ÐûÓÏÑÖ Ù EGF�M�NR��Ö ÝÏÍÝÐæÏÐÕÑÌÐ ×ÝÐÿ×ÓßÏÑÙ �ÍÌûÏâ
qâ $ÔÍÑÔÚÎÔ×Óà ÑÔÿÐØÙÝÔßÏÎÙ� ÞÙÜÔÓÐÓÙÒÐ×ûÙúÖ Óâ Ðâ ÎÐ ÝÐÏØÙÍÔßÏÎÎÌúß ÎÏÓùÝÐ Ôþ�ÐûÓÔß 'ÜÝÐÚÿÐ ß×ÐÞÔ ÎÏ ÝÏÍÎÌú ÛÓÏÜÏú ÜÝÔÐûÓÙÝÔßÏÎÙ�*â
^â $ÔÍÑÔÚÎÔ×Óà ÝÐÏØÙÍÏ�ÙÙ ÝÐÚÙÑÔßÖ ÔÜÏ×ÎÌú ÙØÙ ÓÝùÿÎÔßÔ×ÜÝÔÙÍÕßÔÿÙÑÌú ß ÎÏÓùÝÐ 'ÞØÔþÏØàÎÌÐ ÜÔ×ØÐÿ×ÓßÙ� ���ÕÑÐÞÏÓÔÎÎÔÞÔ �ÿÐÝÕÎÔÞÔ ûÔÎ�ØÙûÓÏÖ ûÝÙÓÙÒÐ×ûÙø ÝÐÚÙÑ �ÿÐÝÎÔÞÔ ÝÐÏûÓÔÝÏÖ ÝÏþÔÓÏ×Ù×ÓÐÑÌ ä
�*â
eâ $ÔÍÑÔÚÎÔ×Óà ÙÍÑÐÎÐÎÙ� ÑÏ×æÓÏþÏ ßÝÐÑÐÎÙâ
Vâ SÐÞûÔ×Óà ÑÎÔÞÔÏ×ÜÐûÓÎÔÞÔ ÏÎÏØÙÍÏâ
râ ÷ÚÏÓÙÐ ÙÎ�ÔÝÑÏ�ÙÙ Ù ÐÐ ÐÿÙÎÔÔþÝÏÍÎÔÐ ÜÝÐÿ×ÓÏßØÐÎÙÐÖ ×ÜÔ×Ôþ×ÓßùÕ��ÙÐ ù×ÑÔÓÝÐÎÙ� �ÐØÔÞÔâ
Xâ %ÏØÙÒÙÐ ×ÓÝÔÞÔ ×�ÔÝÑùØÙÝÔßÏÎÎÌú ÜÝÏßÙØÖ ÜÔÍßÔØ���ÐÐ	

Æ ß×ûÝÌÓà ØÔÚÎÔ×Óà ÎÐûÔÓÔÝÌú ÜÝÐÿùþÐÚÿÐÎÙøB
Æ ÍÏÑÐÎÙÓà ×ÔÿÐÝÚÏÓÐØàÎÌÐ ÝÏ××ùÚÿÐÎÙ� �ÔÝÑÏØàÎÌÑ ÜÝÐÔþÝÏÕÍÔßÏÎÙÐÑ ßÌÝÏÚÐÎÙø ý ß ÒÏ×ÓÎÔ×ÓÙÖ ßÌÜÔØÎÙÓà ÔÜÓÙÑÙÍÏ�Ù�B
Æ ßÌ�ßÙÓà ÞØùþÙÎÎÌÐ '×ù�ÎÔ×ÓÎÌÐ* ×ßÔø×ÓßÏ Ù ÔÓÎÔæÐÎÙ� Ù ûÏû×ØÐÿ×ÓßÙÐ ÜÔØùÒÙÓà þ ÇÔØàæù� ÜÝÔÞÎÔ×ÓÙÒÐ×ûù� ×ÙØù Ù ÜÔ×ÓÝÔÙÓàÝÏÍÎÔÔþÝÏÍÎÌÐ ÏÎÏØÔÞÙÙâ



Â�Â� È�#�!�#�Ä����� !�D��� ������ �s
]â AÎÙßÐÝ×ÏØàÎÔ×Óà ÓÐúÎÙÒÐ×ûÔÞÔ Ù ÜÝÔÞÝÏÑÑÎÔÞÔ ÔþÐ×ÜÐÒÐÎÙ� ÜÝÔÕßÔÿÙÑÔø ÝÏþÔÓÌ '
É$ËÖ ×Ù×ÓÐÑÌ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� Ù ÜÏûÐÓÌÜÝÙûØÏÿÎÌú ÜÝÔÞÝÏÑÑ æÙÝÔûÔÞÔ ÎÏÍÎÏÒÐÎÙ�*â


ÐÍùØàÓÏÓÌ ÝÏ×ÒÐÓÔß ÒÏ×ÓÔ ÜÔÍßÔØ��Ó ÜÝÐÿ×ûÏÍÌßÏÓà Ù ÔþÎÏÝùÚÙÕßÏÓà ÎÐ ÎÏþØ�ÿÏßæÙÐ×� ÝÏÎÐÐ �ßØÐÎÙ�âËÏÓÐÑÏÓÙÒÐ×ûÔÐ ÑÔÿÐØÙÝÔßÏÎÙÐ ÎÏ ÔÜÝÐÿÐØÐÎÎÌú ÛÓÏÜÏú Ù××ØÐÿÔÕßÏÎÙ� ÑÔÚÐÓ ×ÔÒÐÓÏÓà×� × ÎÏÓùÝÎÌÑâ �ØÏ××ÙÒÐ×ûÙÑ ÜÝÙÑÐÝÔÑ ÓÏûÔÞÔÜÔÿúÔÿÏ �ßØ�ÐÓ×� Ù××ØÐÿÔßÏÎÙÐ ÿÙÎÏÑÙûÙ ØÐÓÏÓÐØàÎÔÞÔ ÏÜÜÏÝÏÓÏ ÎÏ ûÔÑÕÜØÐû×Ð ÙÍ ÑÏÓÐÑÏÓÙÒÐ×ûÔø ÑÔÿÐØÙ ÿßÙÚÐÎÙ� ×ÏÑÔÞÔ ÏÜÜÏÝÏÓÏÖ ßÔ×ÜÝÔÙÍÕßÔÿÙÑÔø ÎÏ ÏÎÏØÔÞÔßÔø ÙØÙ �Ù�ÝÔßÔø 
$ËÖ Ù ÑÏûÐÓÏ ÝÐÏØàÎÔø ÏÜÜÏÝÏÕÓùÝÌ ùÜÝÏßØÐÎÙ�â äÝÏûÓÙÒÐ×ûÔÐ Ù×ÜÔØàÍÔßÏÎÙÐ ÑÔÿÐØÙ ßÔÍÑÔÚÎÔ ØÙæàÜÔ×ØÐ Ó�ÏÓÐØàÎÔÞÔ ÐÐ Ù××ØÐÿÔßÏÎÙ� Ù ÎÏ×ÓÝÔøûÙâËÔÿÐØÙÝÔßÏÎÙÐ ÓÝÐþùÐÓ ù×ÓÏÎÔßØÐÎÙ� RH���H��L ZGgGt�� Ö Óâ Ðâ�ÔÝÑùØÙÝÔßûÙ ÓÐú ù×ØÔßÙøÖ ÜÝÙ ûÔÓÔÝÌú ÑÔÿÐØà ÑÔÚÐÓ ×ÒÙÓÏÓà×� ÍÏûÔÎÔÕÑÐÝÎÔ ÔÓÝÏÚÏ��Ðø 'ß ÓÔÑ ÙØÙ ÙÎÔÑ ×ÑÌ×ØÐ* ÔÝÙÞÙÎÏØâ äÔØÎÌÑ ×ÒÙÓÏÐÓÕ×� ÜÔÿÔþÙÐ ßÔ ßÝÐÑÐÎÙ Ù ÜÝÔ×ÓÝÏÎ×ÓßÐ '× ÔÓßØÐÒÐÎÙÐÑ ÔÓ ÎÐ×ù�Ð×ÓßÐÎÎÌúÜÝÔ�Ð××Ôß*Ö ÎÐÜÔØÎÌÑý ÓÔØàûÔ ßÔ ßÝÐÑÐÎÙ ÙØÙ ß ÜÝÔ×ÓÝÏÎ×ÓßÐâ äÝÙ ÛÓÔÑßÔÍÑÔÚÎÔ ßßÐÿÐÎÙÐ ÑÏ×æÓÏþÔßâ $ UqÖ �^Y ÜÝÙßÐÿÐÎÌ ×ßÔÿûÙ ûÝÙÓÐÝÙÐß ÑÐÕúÏÎÙÒÐ×ûÔÞÔÖ ÞÙÿÝÔÿÙÎÏÑÙÒÐ×ûÔÞÔÖ ÓÐÜØÔßÔÞÔÖ ÛØÐûÓÝÙÒÐ×ûÔÞÔ ÜÔÿÔþÙ�â
$Ð×àÑÏ ÜÔùÒÙÓÐØàÎÌø ÜÝÙÑÐÝ ÑÔÿÐØÙÝÔßÏÎÙ� × Ù×ÜÔØàÍÔßÏÎÙÐÑûÝÙÓÐÝÙÐß ÜÔÿÔþÙ� ÜÝÙßÔÿÙÓ×� ß ßÔ×ÜÔÑÙÎÏÎÙ�ú ãâ %â �ÝÌØÔßÏ Ô ÐÞÔ×ØùÚþÐ ß ÔÜÌÓÔßÔÑ þÏ××ÐøÎÐ Ue�Ö ×â �qqY	 ÊÊ ÜÝÙûÏÍÏØ ßÌÒÙ×ØÐÎÙÐ ×ÔÜÝÔÕÓÙßØÐÎÙ� 'ßÔÿÌý ÿßÙÚÐÎÙ� ×ùÿÎÏ ý ËÌ ÍÌ* ÿÐØÏÓà ×ØÐÿù��ÙÑ ÔþÝÏÍÔÑâ�Í ÎÏþØ�ÿÐÎÎÔÞÔ ÜÝÙ ÝÏþÔÓÐ × ÑÔÿÐØà� ×ÔÜÝÔÓÙßØÐÎÙ� ßÌÒÐ×Óà ÝÏ××ÒÙÕÓÏÎÎÔÐ ×ÔÜÝÔÓÙßØÐÎÙÐ ÔÓ ÓÝÐÎÙ�	 ÜÔØùÒÙÓ×� Ô×ÓÏÓÔÒÎÔÐ ×ÔÜÝÔÓÙßØÐÎÙÐÖûÔÓÔÝÔÐ ùÑÎÔÚÏÐÓ×� ÎÏ ûùþ ÑÏ×æÓÏþÏ Ù ÿÏÐÓ Ô×ÓÏÓÔÒÎÔÐ ×ÔÜÝÔÓÙßØÐÎÙÐûÔÝÏþØ�â � ÛÓÔÑù Ô×ÓÏÓÔÒÎÔÑù ×ÔÜÝÔÓÙßØÐÎÙ� ÜÝÙþÏßØ�ÐÓ×� ÝÏ××ÒÙÓÏÎÕÎÔÐ ×ÔÜÝÔÓÙßØÐÎÙÐ ÔÓ ÓÝÐÎÙ� ÎÏ ûÔÝÏþØà ý ÜÔØùÒÙÓ×� ÜÔØÎÔÐ ×ÔÜÝÔÓÙßÕØÐÎÙÐ ûÔÝÏþØ� ÜÝÙ ×ûÔÝÔ×ÓÙ ÐÞÔÖ ×ÔÔÓßÐÓ×Óßù��Ðø ×ûÔÝÔ×ÓÙ ÑÔÿÐØÙáâ÷ÓÝùûÓùÝÏ ÑÔÿÐØÙÝÔßÏÎÙ� ÜÔûÏÍÏÎÏ ÎÏ ÝÙ×â �â�â



�y Á���� Â� ��D� Ã���� � � �D�#�� !�#�!�#�Ä������ !�D��� �����Å

oW`X YXYX �^kbVWpbiWn ab]Tab]WvT`c\k\ lc`hT^WaTV]b
$ ûÔÎÓÐû×ÓÐ ÿÏÎÎÔø ûÎÙÞÙ ÑÌ þùÿÐÑ Ôþ×ùÚÿÏÓà ÜÝÐÙÑù�Ð×ÓßÐÎÎÔÑÏÓÐÑÏÓÙÒÐ×ûÙÐ Ï×ÜÐûÓÌ ÑÔÿÐØÙÝÔßÏÎÙ�â

éè+è Îò§� ôõìîôõìò�îñöòÏ ôë§î�î�
ËÏÓÐÑÏÓÙÒÐ×ûÔÐ ÑÔÿÐØÙÝÔßÏÎÙÐ ÑÔÚÎÔ ÝÏÍÿÐØÙÓà ÎÏ ÏÎÏØÙÓÙÒÐÕ×ûÔÐÖ ÙÑÙÓÏ�ÙÔÎÎÔÐ Ù ûÔÑþÙÎÙÝÔßÏÎÎÔÐâ äÝÙ �P�E���M�NRG� ÑÔÿÐÕØÙÝÔßÏÎÙÙ ÜÝÔ�Ð××Ì �ùÎû�ÙÔÎÙÝÔßÏÎÙ� ÛØÐÑÐÎÓÔß ×Ù×ÓÐÑÌ ÍÏÜÙ×ÌßÏÕ�Ó ß ßÙÿÐ ÏØÞÐþÝÏÙÒÐ×ûÙúÖ ÙÎÓÐÞÝÏØàÎÌúÖ ÿÙ��ÐÝÐÎ�ÙÏØàÎÌúÖ ûÔÎÐÒÎÔÕÝÏÍÎÔ×ÓÎÌú Ù ÿÝùÞÙú ×ÔÔÓÎÔæÐÎÙø Ù ØÔÞÙÒÐ×ûÙú ù×ØÔßÙøâ$ ûÝùÞÐ ÏÎÏØÙÓÙÒÐ×ûÙú ÑÐÓÔÿÔß ÜÝÐÚÿÐ ß×ÐÞÔ ÎùÚÎÔ ßÌÿÐØÙÓà ÿÏÕ��ÙÐ Ôþ�ÐÐ ÜÝÐÿ×ÓÏßØÐÎÙÐ Ô �ßØÐÎÙÙâ ©�M�N�L�PP�� ÓÐÔÝÙ� ÿÙ��ÐÕÝÐÎ�ÙÏØàÎÌú ùÝÏßÎÐÎÙø ÜÔÍßÔØ�ÐÓ ßÌ�ßÙÓà ×ÓÝùûÓùÝù ß×Ðú ßÔÍÑÔÚÎÌúÝÐæÐÎÙø ý ÝÐÞùØ�ÝÎÌú Ù Ô×ÔþÌúâ $ ÐÐ Ô×ÎÔßÐ ØÐÚÙÓ ÜÔÎ�ÓÙÐ ³��GLGFG



Â��� C�DÐ !�#�!�#�Ä����Ñ !�D���¡ �~
ZGH�H��� ×Ù×ÓÐÑÌ	 ÓÝÏÐûÓÔÝÙÙ ×Ô×ÓÔ�ÎÙ� ß Ô×�ú ÊÜÐÝÐÑÐÎÎÏ� ý ÜÝÔÕÙÍßÔÿÎÏ� ÔÓ ÎÐÐáâ %Ï �ÏÍÔßÔø ÜØÔ×ûÔ×ÓÙ ÎÏÞØ�ÿÎÔ ßÙÿÎÌ ù×ÓÔøÒÙßÌø ÙÎÐù×ÓÔøÒÙßÌø ÜÝÔ�Ð××Ì '×úÔÿ��Ï�×� Ù ÝÏ×úÔÿ��Ï�×� ×ÜÙÝÏØÙ ×ÔÔÓßÐÓÕ×ÓßÐÎÎÔ*Ö ù×ÓÔøÒÙßÌÐ ûÔØÐþÏÎÙ� 'ÛØØÙÜ×*Ö ÏÓÓÝÏûÓÔÝÌ 'ÜÝÐÿÐØàÎÌÐ ÝÐÕÚÙÑÌ* Ù ÔþØÏ×ÓÙ Ùú ÜÝÙÓ�ÚÐÎÙ� Ù Óâ Üâ �ÏÒÐ×ÓßÐÎÎÌÐ ÑÐÓÔÿÌ ÜÔÍßÔØ��Óù×ÓÏÎÔßÙÓà ×ßÔø×ÓßÏ ×ÜÐûÓÝÏÖ ÑÔÎÔÓÔÎÎÔ×Óà ÍÏßÙ×ÙÑÔ×ÓÐøÖ ßÌÜùûØÔ×Óà ÙÓâ ÿâ 
ÓÔ ×ù�Ð×ÓßÐÎÎÔ ßØÙ�ÐÓ ÎÏ ßÌþÔÝ ÑÐÓÔÿÏ ÝÐæÐÎÙ�âäÔÿ �P�E���M�NR�� H�Ò�P��� ß ùÍûÔÑ ×ÑÌ×ØÐ ×ØÔßÏ ÜÔÎÙÑÏ�Ó�ßÎù��ÔÝÑùØùÖ ×ß�ÍÌßÏ��ù� Ù×ûÔÑù� ßÐØÙÒÙÎù × ÜÏÝÏÑÐÓÝÏÑÙ ÑÔÿÐØÙâåÐ Ù××ØÐÿÔßÏÎÙÐ ÿÏÐÓ ßÐ×àÑÏ �ÐÎÎù� ÙÎ�ÔÝÑÏ�Ù�â $ÔÍàÑÐÑÿØ� ÜÝÙÑÐÝÏ�ÔÝÑùØù äÔØ�ÒÐûÏýpÙÎÒÙÎÏ ÿØ� ×ÝÐÿÎÐÞÔ ßÝÐÑÐÎÙ ÔÚÙÿÏÎÙ� ÍÏ�ßûÙ ß×Ù×ÓÐÑÐ ÑÏ××ÔßÔÞÔ Ôþ×ØùÚÙßÏÎÙ� ßÙÿÏ M/G/1 	

w =
λb2

2(1 − λb1)
, ÓÔÕÖÕÔ×

ÞÿÐ λ ý ÙÎÓÐÎ×ÙßÎÔ×Óà ÜÔÓÔûÏ ÍÏ�ßÔûÖ Ï {bk} ý ÎÏÒÏØàÎÌÐ ÑÔÑÐÎÓÌÝÏ×ÜÝÐÿÐØÐÎÙ� ÿØÙÓÐØàÎÔ×ÓÙ Ôþ×ØùÚÙßÏÎÙ�â Ê×ÎÔÖ ÒÓÔ ÜÝÔÙÍßÐÿÐÎÙÐ λb1'ûÔÛ��Ù�ÙÐÎÓ ÍÏÞÝùÍûÙ ×Ù×ÓÐÑÌ* ÿÔØÚÎÔ þÌÓà ×ÓÝÔÞÔ ÑÐÎàæÐ ÐÿÙÎÙÕ�ÌÖ Ù ÜÝÙ ÐÞÔ ù×ÓÝÐÑØÐÎÙÙ û ÐÿÙÎÙ�Ð ×ÝÐÿÎÐÐ ßÝÐÑ� ÔÚÙÿÏÎÙ� ×ÓÝÐÑÙÓÕ×� û þÐ×ûÔÎÐÒÎÔ×ÓÙâ uÏØÐÐÖ ßÓÔÝÔø ÑÔÑÐÎÓ ÝÏ×ÜÝÐÿÐØÐÎÙ� Ôþ×ØùÚÙßÏÎÙ�
b2 = b21 + D Ö ÞÿÐ D ý ÿÙ×ÜÐÝ×Ù�â äÝÙ �Ùû×ÙÝÔßÏÎÎÌú λ Ù b1

ÔÚÙÕÿÏÎÙÐ w ÑÙÎÙÑÏØàÎÔ ÜÝÙ ÝÐÞùØ�ÝÎÔÑ Ôþ×ØùÚÙßÏÎÙÙ (D = 0) Ö Ï ÜÝÙÜÐÝÐúÔÿÐ û ÔþÌÒÎÔ Ù×ÜÔØàÍùÐÑÔÑù ÜÔûÏÍÏÓÐØàÎÔÑù ÍÏûÔÎù ùßÐØÙÒÙßÏÐÓ×�ÝÔßÎÔ ßÿßÔÐâKÏûÔÐ ÝÐæÐÎÙÐ 'ÊÍÏÑûÎùÓÔÐá* ß×ÐÞÿÏ ÜÝÐÿÜÔÒÓÙÓÐØàÎÔÖ ÎÔ ßÌßÐ×ÓÙÐÞÔ ÔþÌÒÎÔ ùÿÏÐÓ×� ØÙæà ÜÔ×ØÐ Ý�ÿÏ ùÜÝÔ�Ï��Ùú ÜÝÐÿÜÔØÔÚÐÎÙøâ $ÔÍÕÑÔÚÎÔ×Óà ÐÞÔ ÜÔØùÒÐÎÙ� ßÐ×àÑÏ ûÝÙÓÙÒÎÏ û ÙÍÑÐÎÐÎÙ�Ñ ÑÔÿÐØÙB ÍÿÐ×àÓÝÐþù�Ó×� ßÌ×ÔûÏ� ûßÏØÙ�ÙûÏ�Ù� Ù ÍÎÏÒÙÓÐØàÎÌÐ ÓßÔÝÒÐ×ûÙÐ ù×ÙØÙ�ÝÏÍÝÏþÔÓÒÙûÔßâ
ÐæÐÎÙÐ ÍÏÿÏÒÙ ÒÏ×ÓÔ ùÿÏÐÓ×� ÜÔØùÒÙÓà × ÜÔÑÔ�à� ÜÝÐÔþÝÏÍÔßÏÎÙø'SÏÜØÏ×ÏÖ&ùÝàÐ Ù ÿÝâ* Ù×úÔÿÎÌú �ùÎû�Ùø û ßÙÿùÖ ÞÿÐ ØÐÞÒÐ ßÌÜÔØÎ��Ó×�ÎùÚÎÌÐ ÔÜÐÝÏ�ÙÙ 'ÿÙ��ÐÝÐÎ�ÙÝÔßÏÎÙÐÖ ÙÎÓÐÞÝÙÝÔßÏÎÙÐÖ ×ßÐÝÓûÏ*â[ÏÓÐÑßÌÜÔØÎ�ÐÓ×� ÔþÝÏÓÎÌø ÜÐÝÐúÔÿâäÝÙ Ù××ØÐÿÔßÏÎÙÙ ÜÝÔ�Ð××Ôß ßÏÝÙÏ�ÙÔÎÎÌÑÙ ÑÐÓÔÿÏÑÙ ÜÝÔßÔÿÙÓ×�ÔÜÓÙÑÙÍÏ�Ù� ³¢PR��GP�E� ý �ùÎû�ÙÙ ÔÓ �ùÎû�ÙÙÖ ÜÝÙ ÔÜÓÙÑÏØàÎÔÑßÌþÔÝÐ ûÔÓÔÝÔø ÑÔÚÎÔ ÿÔ×ÓÙÒà ÑÙÎÙÑÏØàÎÌú ÜÝÔÑÏúÏÖ ÛÎÐÝÞÔÍÏÓÝÏÓ ÙØÙßÝÐÑÐÎÙ ÿÔ×ÓÙÚÐÎÙ� ÚÐØÏÐÑÔÞÔ ×Ô×ÓÔ�ÎÙ�â
sÔÝÏÍÿÔ ÒÏ�Ð ùÿÏÐÓ×� ÜÝÙÑÐÎÙÓà M�NE�PPI� ÑÐÓÔÿÌ ý ß Ô×ÔþÐÎÎÔÕ×ÓÙ ÜÝÙ ÎÏØÙÒÙÙ úÔÝÔæÐø þÙþØÙÔÓÐûÙ ÜÔÿÜÝÔÞÝÏÑÑâ JÙ×ØÐÎÎÌÐ ÑÐÓÔÿÌ
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ÿÏ�Ó ØÙæà ÒÏ×ÓÎÌÐ ÝÐÍùØàÓÏÓÌÖ ÜÔ ûÔÓÔÝÌÑ ÓÝùÿÎÔ ÿÐØÏÓà ÔþÔþ�Ï�Õ�ÙÐ ßÌßÔÿÌâuØ� ÔÜÓÙÑÙÍÏ�ÙÙ ÑÔÿÐØÙ ÎÐÔþúÔÿÙÑ ÑÎÔÞÔßÏÝÙÏÎÓÎÌø ×ÒÐÓâå×ØÙ ÝÐæÐÎÙÐÑ ÍÏÿÏÒÙ �ßØ�ÐÓ×� �ùÎû�Ù� ÎÐÜÝÐÝÌßÎÔø ÜÐÝÐÑÐÎÎÔøÖ ÓÔÛÓÏ �ùÎû�Ù� ÒÏ×ÓÔ ÍÏÑÐÎ�ÐÓ×� ×ÐÓÔÒÎÔø �ùÎû�ÙÐøÖ ÔÜÝÐÿÐØ�ÐÑÔø ØÙæàÿØ� ÎÐûÔÓÔÝÌú ÿÙ×ûÝÐÓÎÌú ÏÝÞùÑÐÎÓÔßâ äÔØùÒÏÐÑÌÐ ÏØÞÔÝÙÓÑÌ ÎÏÍÌßÏÕ�Ó ÝÏÍÎÔ×ÓÎÌÑÙ ×úÐÑÏÑÙâ ãÎÏØÙÍ ÝÏÍÎÔ×ÓÎÌú ×úÐÑ ÜÔÍßÔØ�ÐÓ ßÌÿÐØÙÓàÙú ×ÜÐ�ÙÏØàÎÌÐ ûØÏ××Ì ý ÔÿÎÔÝÔÿÎÌÐÖ ù×ÓÔøÒÙßÌÐÖ ÜÔÑÐúÔù×ÓÔøÒÙßÌÐÖÛûÔÎÔÑÙÒÎÌÐ Ù ÿÝâ$ÌþÔÝ ÑÔÿÐØÙ ÓÐÑ Û��ÐûÓÙßÎÐÐÖ ÒÐÑ þÔØàæÐ ÿÏÎÎÌú ÙÑÐÐÓ×� ÔûÔÎÐÒÎÔÑ ÝÐæÐÎÙÙ ÍÏÿÏÒÙâ $ ÜÝÔ�Ð××Ð ÜÝÙûÙÿÔÒÎÌú Ù××ØÐÿÔßÏÎÙø Ô×ùÕ�Ð×ÓßØ�ÐÓ×� ×ÝÏßÎÐÎÙÐ ßÐØÙÒÙÎ ÔÓÿÐØàÎÌú ÒØÐÎÔß ùÝÏßÎÐÎÙø ß ÙÍùÒÏÕÐÑÔÑ ÿÙÏÜÏÍÔÎÐ ÙÍÑÐÎÐÎÙ� ÜÐÝÐÑÐÎÎÌú Ù ÜÏÝÏÑÐÓÝÔß ÍÏÿÏÒÙâ �ÓÎÔ×ÙÕÓÐØàÎÔ ÑÏØÌÐ ×ØÏÞÏÐÑÌÐ ÔÓþÝÏ×ÌßÏ�Ó×�Ö ÎÐØÙÎÐøÎÌÐ ÍÏßÙ×ÙÑÔ×ÓÙ ØÙÎÐÕÏÝÙÍù�Ó×�Ö ×ØùÒÏøÎÌÐ ßÐØÙÒÙÎÌ ÍÏÑÐÎ��Ó×� Ùú ÑÏÓÐÑÏÓÙÒÐ×ûÙÑÙ ÔÚÙÕÿÏÎÙ�ÑÙâ �ÎÔÞÿÏ ÔûÏÍÌßÏÐÓ×� ÿÔ×ÓÏÓÔÒÎÌÑ ÿÏÚÐ ÞÝùþÔÐ ÜÝÙþØÙÚÐÎÙÐ'ÎÏÜÝÙÑÐÝÖ ÜÝÙ ÝÐæÐÎÙÙ ÍÏÿÏÒ ÔÜÓÙÑÙÍÏ�ÙÙ × ÜÔØÔÞÙÑÙ Ûû×ÓÝÐÑùÑÏÑÙ*â�ÿÎÏûÔ ß ÔûÝÐ×ÓÎÔ×ÓÙ Ûû×ÓÝÐÑùÑÏ ÏÜÜÝÔû×ÙÑÏ�Ù� ÿÔØÚÎÏ þÌÓà ÑÙÎÙÑùÑûßÏÿÝÏÓÙÒÎÔøâ�Ïû ÜÝÙ ÏÎÏØÙÓÙÒÐ×ûÙú ßÌûØÏÿûÏúÖ ÓÏû Ù ÜÝÙ ÒÙ×ØÐÎÎÔÑ ÝÐæÐÎÙÙÿÔØÚÎÌ ÜÝÔßÐÝ�Óà×�	

• WÔßÜÏÿÐÎÙÐ ÝÏÍÑÐÝÎÔ×ÓÐø ×ûØÏÿÌßÏÐÑÌú 'ßÌÒÙÓÏÐÑÌú* ßÐØÙÒÙÎB
• ×ÔþØ�ÿÐÎÙÐ ×ÜÐ�Ù�ÙÒÐ×ûÙú ÿØ� ÜÝÐÿÑÐÓÎÔø ÔþØÏ×ÓÙ ×ÔÔÓÎÔæÐÎÙøÓÙÜÏ ÍÏûÔÎÔß ×ÔúÝÏÎÐÎÙ�B
• Ô×ÑÌ×ØÐÎÎÔ×Óà ÝÐæÐÎÙ� ÜÝÙ ù×ÓÝÐÑØÐÎÙÙ ÜÏÝÏÑÐÓÝÔß û ÜÝÐÿÐØàÎÌÑÍÎÏÒÐÎÙ�Ñ 'ÎÏÜÝÙÑÐÝÖ ÎùØ�Ö ÐÿÙÎÙ�Ð ÙØÙ þÐ×ûÔÎÐÒÎÔ×ÓÙ*B
• �ÏûÓ ÍÏÿÏÎÙ� Ù ßÌÜÔØÎÐÎÙÐ ÎÏÒÏØàÎÌú Ù ÞÝÏÎÙÒÎÌú ù×ØÔßÙøB
• �ÙÍÙÒÐ×ûÙø ×ÑÌ×Ø ÜÝÔÑÐÚùÓÔÒÎÌú ÝÐÍùØàÓÏÓÔßB
• ÔÿÎÔÍÎÏÒÎÔ×Óà ÝÐæÐÎÙ�B
• ù×ÓÔøÒÙßÔ×Óà ÝÐæÐÎÙ� ÜÝÙ ÑÏØÌú ßÏÝÙÏ�Ù�ú ÜÏÝÏÑÐÓÝÔßâ

äÝÙ �������GPPG� ÑÔÿÐØÙÝÔßÏÎÙÙ ÝÐÏØÙÍù��Ùø ÑÔÿÐØà ÏØÞÔÕÝÙÓÑ ßÔ×ÜÝÔÙÍßÔÿÙÓ ÜÝÔ�Ð×× �ùÎû�ÙÔÎÙÝÔßÏÎÙ� ×Ù×ÓÐÑÌ ßÔ ßÝÐÑÐÎÙ Ùß ÜÝÔ×ÓÝÏÎ×ÓßÐÖ ÜÝÙÒÐÑ ÙÑÙÓÙÝù�Ó×� ×Ô×ÓÏßØ���ÙÐ ÜÝÔ�Ð×× ÛØÐÑÐÎÓÏÝÕÎÌÐ �ßØÐÎÙ� × ×ÔúÝÏÎÐÎÙÐÑ ÐÞÔ ØÔÞÙÒÐ×ûÔø Ù ßÝÐÑÐÎÎÔø ×ÓÝùûÓùÝÌâ �ÑÙÕÓÏ�ÙÔÎÎÔÐ ÑÔÿÐØÙÝÔßÏÎÙÐ ù×ùÞùþØ�ÐÓ ÎÐÿÔ×ÓÏÓûÙ ÒÙ×ØÐÎÎÔÞÔÖ ÎÔ ÍÏÓÔ



Â�Ø� Ù �Ú�����Å � !�#�!�#�Ä����! !�D��Å! ��
ÜÝÏûÓÙÒÐ×ûÙ ×ßÔþÔÿÎÔ ÔÓ ÔÞÝÏÎÙÒÐÎÙø ÎÏ ûØÏ×× ÝÐæÏÐÑÌú ÍÏÿÏÒâ �þÌÒÕÎÏ� ×�ÐÝÏ ÐÞÔ ÜÝÙÑÐÎÐÎÙ� ý ÿÙ×ûÝÐÓÎÌÐ ×ØùÒÏøÎÌÐ ÜÝÔ�Ð××Ì '×ÓÏ�ÙÔÕÎÏÝÎÌÐ*â$Ð×àÑÏ ÜÐÝ×ÜÐûÓÙßÎÔ RG�t�P�HGL�PPG� ÑÔÿÐØÙÝÔßÏÎÙÐÖ ×ÔÒÐÓÏ�Õ�ÐÐ 'ß ùÑÐØÌú ÝùûÏú* ÿÔ×ÓÔÙÎ×ÓßÏ ß×Ðú ÝÏ××ÑÔÓÝÐÎÎÌú ÜÔÿúÔÿÔßâ

éè�è ÛíîïëóõðòÜ ö ôõìîôõìò�îñöòô ôë§î�Üô

$ÔÍÑÔÚÎÔ×Óà Ù××ØÐÿÔßÏÎÙ� ÓÔÞÔ ÙØÙ ÙÎÔÞÔ �ßØÐÎÙ� ÝÐÏØàÎÔÞÔ ÑÙÝÏÎÐûÔÓÔÝÌÑ ÑÏÓÐÑÏÓÙÒÐ×ûÙÑ ÑÐÓÔÿÔÑ ÔÜÝÐÿÐØ�ÐÓ×� �ÔÝÑÏØàÎÌÑÙ ×ßÔøÕ×ÓßÏÑÙ ÜÔ×ÓÝÔÐÎÎÔø ÑÔÿÐØÙâ äÔÍÎÏÎÙÐ ÝÏÍÿÐØ�ÐÓ×� ÎÏ ÿßÏ ÛÓÏÜÏ	 �ÔÝÕÑÙÝÔßÏÎÙÐ ÑÏÓÐÑÏÓÙÒÐ×ûÔø ÑÔÿÐØÙ Ù ÜÔØùÒÐÎÙÐ ØÔÞÙÒÐ×ûÙú ×ØÐÿ×ÓßÙøÙÍ ÎÐÐâ �þÏ ÛÓÏÜÏ ÓÝÐþù�Ó GNG�P�P�� � M��RGQ ³�RN���� Ng�E�PPI¤gGZ¢Ý�P�Q � ZH�P��I¤ GFH�P�M�P�Q â ÷Ô×ÓÏßØÐÎÙÐ ÑÔÿÐØÙ ÓÝÐþùÐÓ ÜÝÔÕÎÙûÎÔßÐÎÙ� ß ÜÝÙÝÔÿù ßÐ�Ðø Ù ÿÔ×ÓÙÚÐÎÙ� LP�ÒP�FG ÜÝÏßÿÔÜÔÿÔþÙ� ýÿÔ×ÓÏÓÔÒÎÔø ×ÓÐÜÐÎÙ ÏÿÐûßÏÓÎÔ×ÓÙ ÑÏÓÐÑÏÓÙÒÐ×ûÔø ÑÔÿÐØÙ ÝÐÏØàÎÔÑùÔþ�ÐûÓù ÜÔ ÙÎÓÐÝÐ×ù��ÙÑ Ù××ØÐÿÔßÏÓÐØ� ×ßÔø×ÓßÏÑâäÔÿ LP¢�H�PP�� ÜÝÏßÿÔÜÔÿÔþÙÐÑ ÜÔÎÙÑÏÐÓ×� ÔÚÙÿÏÐÑÏ� ÓÔÒÕÎÔ×Óà ÝÐÏØÙÍÏ�ÙÙ ÑÏÓÐÑÏÓÙÒÐ×ûÙú ×ÔÔÓÎÔæÐÎÙøâ ËÐÚÿù ÎÙÑÙ ÿÔØÚÐÎþÌÓà ÝÏÍùÑÎÌø þÏØÏÎ×	 ÓÔÒÎÔ×Óà ßÌÒÙ×ØÐÎÙø ÿÔØÚÎÏ ×ÔÔÓßÐÓ×ÓßÔßÏÓàÓÔÒÎÔ×ÓÙ Ù×úÔÿÎÌú ÿÏÎÎÌúâ $ÔÍÑÔÚÎÌ Ù ÔÓûØÔÎÐÎÙ� ÔÓ ÛÓÔÞÔ ÜÝÙÎ�ÙÕÜÏ	 û ÑÏû×ÙÑÏØàÎÔÑù ùÝÔßÎ� ßÎùÓÝÐÎÎÐÞÔ ÜÝÏßÿÔÜÔÿÔþÙ� ÎÐÍÏßÙ×ÙÑÔ ÔÓùÝÔßÎ� ßÎÐæÎÐÞÔ ×ÓÝÐÑ�Ó×�Ö Ð×ØÙ	
• Ô×ù�Ð×ÓßØ�ÐÓ×� ÜÝÔßÐÝûÏ ßÎÐæÎÐÞÔ ÜÝÏßÿÔÜÔÿÔþÙ�B
• ÝÐÒà ÙÿÐÓ Ô ÝÏÍÝÏþÔÓûÐ ÎÔßÔÞÔ ÑÐÓÔÿÏ Ù××ØÐÿÔßÏÎÙøÖ ûÔÓÔÝÌø ÜÝÐÿÕÜÔØÏÞÏÐÓ×� ÜÝÙÑÐÎÙÓà û æÙÝÔûÔÑùÖ ÎÐ �Ùû×ÙÝÔßÏÎÎÔÑù ÍÏÝÏÎÐÐûØÏ××ù ÑÔÿÐØÐøâ


ÏÍùÑÐÐÓ×�Ö Ù×ûù××ÓßÐÎÎÔÐ ÜÔÎÙÚÐÎÙÐ ÓÔÒÎÔ×ÓÙ ×ÒÐÓÏ 'ÎÏÜÝÙÑÐÝÖ ×ÒÐÓ ßùûÔÝÔÒÐÎÎÔø ÜÔ ÔÓÎÔæÐÎÙ� û�ÔÝÑÏÓù ÑÏæÙÎÎÔÞÔ ×ØÔßÏ ÝÏÍÝ�ÿÎÔø ×ÐÓûÐÖÍÏÞÝùþØÐÎÙÐ ÏØÞÔÝÙÓÑÔß ÝÏ×ÒÐÓÏ ×ÓÏÎÿÏÝÓÎÌú ÑÏÓÐÑÏÓÙÒÐ×ûÙú �ùÎû�Ùø*þÐ××ÑÌ×ØÐÎÎÔâ$ÓÔÝÔø ÛÓÏÜ ÓÝÐþùÐÓ ùÑÐÎÙ� ÎÏøÓÙ Ù Ù×ÜÔØàÍÔßÏÓà ÎùÚÎÌø ÏÜÜÏÝÏÓâ%Ï ÜÔ×ØÐÿÎÙø ÒÏ×ÓÔ ÎÏÓÏØûÙßÏÐÓ ÝÏ××ÑÔÓÝÐÎÙÐ ÒÏ×ÓÎÌú ×ØùÒÏÐß Ù ÝÐÍùØàÕÓÏÓÔß ÒÙ×ØÐÎÎÌú ÝÏ×ÒÐÓÔßâ 
ÓÔ ÜÝÐÚÿÐ ß×ÐÞÔ ÔÓþÔÝ ßØÙ���Ùú �ÏûÓÔÝÔßÖÏ ÓÏûÚÐ ÜÝÐÿÐØàÎÔÐ ÜÔßÐÿÐÎÙÐ ÜÏÝÏÑÐÓÝÔß 'ÎÏÜÝÙÑÐÝÖ ß ÍÏÿÏÒÏú ÓÐÔÝÙÙÎÏÿÐÚÎÔ×ÓÙ ý þÌ×ÓÝÔÐ ßÔ××ÓÏÎÔßØÐÎÙÐÖ ÜÝÔ×ÓÐøæÙø ÜÔÓÔû ÔÓûÏÍÔß*â
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53h353 Þ�=@a?9;789�
ËÏÓÐÑÏÓÙÒÐ×ûÙø Ûû×ÜÐÝÙÑÐÎÓ ß×ÐÞÿÏ ÜÝÔßÔÿÙÓ×� ÎÏÿ Ïþ×ÓÝÏûÓÕÎÔø �Gg�EOß �ßØÐÎÙ�Ö ûÔÓÔÝÏ�Ö ÔÿÎÏûÔÖ ÑÔÚÐÓ ÔûÏÍÏÓà×� ÎÐÿÔ×ÓÏÓÔÒÎÔÏÿÐûßÏÓÎÔø ÔÝÙÞÙÎÏØùâ$×�ûÏ� ÑÔÿÐØà ÎÐ ùÒÙÓÌßÏÐÓ ÎÐûÔÓÔÝÌÐ ×ßÔø×ÓßÏ ÔÝÙÞÙÎÏØÏ Ù ÜÔÓÔÕÑù �ßØ�ÐÓ×� ÐÞÔ �tN�H�R���Qâ äÝÙßÐÿÐÑ ÎÏÙþÔØÐÐ ÜÔÜùØ�ÝÎÌÐ ÜÝÙÑÐÝÌÏþ×ÓÝÏû�Ùø	

• ËÔÿÐØà Ïþ×ÔØ�ÓÎÔ ÓßÐÝÿÔÞÔ ÓÐØÏ ý ùÝÏßÎÐÎÙ� ÿßÙÚÐÎÙ� ÓÐØ ßÏ×ÓÝÔÎÔÑÙÙÖ þÏØØÙ×ÓÙûÐÖ ÿÙÎÏÑÙûÐ ÜÔØÐÓÏ 'ÿØ� ÝÏûÐÓÌ × ÚÙÿûÙÑÓÔÜØÙßÔÑ ÓÏûÏ� ÑÔÿÐØà ÎÐ ÜÔÿúÔÿÙÓ*â
• ÷ÜØÔæÎÏ� ùÜÝùÞÏ� ×ÝÐÿÏ ß ÓÐÔÝÙÙ ùÜÝùÞÔ×ÓÙâ
• &ÐÝÑÏ × ÙÿÐÏØàÎÌÑÙ æÏÝÎÙÝÏÑÙ ß ×ÓÝÔÙÓÐØàÎÔø ÑÐúÏÎÙûÐâ
• $�ÍûÏ� ÚÙÿûÔ×Óà ß ÞÙÿÝÔÑÐúÏÎÙûÐâ
• �ÿÐÏØàÎÌø ÞÏÍ ý ùÝÏßÎÐÎÙ� 
øØÐÝÏ ÿØ� ÎÐß�ÍûÔÞÔ ÞÏÍÏâ
• �ÙÎÐÓÙÒÐ×ûÏ� ÓÐÔÝÙ� ÞÏÍÔß ý ùÝÏßÎÐÎÙ� TÔØà�ÑÏÎÏâ
• 
ûÔ×Ù×ÓÐÑÌ ÊúÙ�ÎÙû ý ÚÐÝÓßÏá ý ùÝÏßÎÐÎÙ� $ÔØàÓÐÝÝÏâ
• uÙÎÏÑÙûÏ þÔ� ý ùÝÏßÎÐÎÙ� SÏÎÒÐ×ÓÐÝÏÖ uÙÎÐÝÏ Ù ÿÝâ

JÐÑ þÔØÐÐ ßÌ×Ôû ùÝÔßÐÎà ÔþÔþ�ÐÎÙ�Ö ÓÐÑ ÞÝùþÐÐ ÑÔÿÐØà Ù æÙÝÐ ÔþØÏ×ÓàÙÎÓÐÝÜÝÐÓÏ�ÙÙ ÝÐÍùØàÓÏÓÔß ÑÔÿÐØÙÝÔßÏÎÙ�âäÐÝßÌÑ æÏÞÔÑ ß ÝÐæÐÎÙÙ Ø�þÔø ÍÏÿÏÒÙ ÔþÌÒÎÔ �ßØ�ÐÓ×� ÜÔÕ×ÓÝÔÐÎÙÐ ØÙÎÐøÎÔø ÑÔÿÐØÙÖ ûÔÓÔÝÏ� ÜÔÍßÔØ�ÐÓ ÜÔØàÍÔßÏÓà×� ÜÝÙÎ�ÙÕÜÔÑ N¢Z�HZG�����	 ÝÐÏû�ÙÙ ÎÏ ûÔÑÜÔÎÐÎÓÌ ×ùÑÑÏÝÎÔÞÔ ×ÙÞÎÏØÏ ×ùÑÕÑÙÝù�Ó×�â JØÐÎÌ ÎÙÍûÔÞÔ ÜÔÝ�ÿûÏ ÝÏÍØÔÚÐÎÙ� �ùÎû�ÙÙ ß Ý�ÿ &ùÝàÐÎÐ×ùÓ ÔþÔþ�ÐÎÎù� ÙÎ�ÔÝÑÏ�Ù� Ô ÎÐøÖ ßÌ×ÔûÔÞÔ ý þÔØÐÐ ÒÏ×ÓÎù�â äÝÙÝÏ×ÜÔÍÎÏßÏÎÙÙ ÜØÔ×ûÙú �ÙÞùÝ ×ÔÜÔ×ÓÏßØ��Ó Ùú ÑÔÑÐÎÓÌ ÔÓÎÔ×ÙÓÐØàÕÎÔ ûÔÔÝÿÙÎÏÓÎÌú Ô×ÐøÖ ÎÏÒÙÎÏ� × ÑÔÑÐÎÓÔß ÎùØÐßÔÞÔ ÜÔÝ�ÿûÏ 'ÜØÔ�ÏÕÿÙ*â äÐÝßÌÐ ÑÔÑÐÎÓÌ ÔÜÝÐÿÐØ��Ó ÜÔØÔÚÐÎÙÐ �ÐÎÓÝÏ ÑÏ××Ö ßÓÔÝÌÐ ýÑÔÑÐÎÓÌ ÙÎÐÝ�ÙÙ Ù Óâ ÿâ ÷úÔÿ×ÓßÔ ÿßùú ÔþÝÏÍÔß Ô�ÐÎÙßÏÐÓ×� ÜÔ ×ÔßÜÏÿÐÕÎÙ� ÎÐ×ûÔØàûÙú ÎÏÒÏØàÎÌú ÑÔÑÐÎÓÔßâ ãÎÏØÔÞÙÒÎÌø ÜÔÿúÔÿ ÜÝÙÑÐÎ�ÐÓ×�Ù ÜÝÙ ×ÝÏßÎÐÎÙÙ ÝÏ×ÜÝÐÿÐØÐÎÙø ×ØùÒÏøÎÌú ßÐØÙÒÙÎâäÔÝÔø ùÿÏÐÓ×� ÜÔ×ÓÝÔÙÓà ÿÔ×ÓÏÓÔÒÎÔ ÜÝÔ×Óù� ÑÔÿÐØàÖ ûÔÓÔÝÏ� ÜÐÕÝÐÿÏÐÓ Ô×ÎÔßÎÌÐ ÓÐÎÿÐÎ�ÙÙ �ßØÐÎÙ� ß ÎÐûÔÓÔÝÔÑ ÿÙÏÜÏÍÔÎÐ ù×ØÔßÙøâ%ÏÜÝÙÑÐÝÖ ÏÛÝÔÿÙÎÏÑÙûÏ ÜÐÝßÔÎÏÒÏØàÎÔ ×ÓÝÔÙØÏ×à ß ÜÝÐÿÜÔØÔÚÐÎÙÙÖÒÓÔ ßÔÍÿùú �ßØ�ÐÓ×� ÙÿÐÏØàÎÔø ÎÐ×ÚÙÑÏÐÑÔø ÚÙÿûÔ×Óà�â KÏûÏ� ÑÔÿÐØà



Â�Ø� Ù �Ú�����Å � !�#�!�#�Ä����! !�D��Å! ��
×ÝÐÿÌ ÿÐø×ÓßÔßÏØÏ þÐÍÔÓûÏÍÎÔÖ ÜÔûÏ ×ûÔÝÔ×ÓÙ ×ÏÑÔØÐÓÔß ÎÐ ÜÝÐßÌæÏØÙ
f�� ûÑ�ÒÏ×âuÏØÐÐ ÜÔÓÝÐþÔßÏØÔ×à ùÒÙÓÌßÏÓà ×ÚÙÑÏÐÑÔ×Óà ßÔÍÿùúÏâ äÝÙÎÕ�ÙÜÙÏØàÎÌÐ ÙÍÑÐÎÐÎÙ� ÜÝÙæØÔ×à ßÎÐ×ÓÙ ÜÝÙ ÜÝÙþØÙÚÐÎÙÙ û ×ßÐÝúÍßùûÔÕßÌÑ ×ûÔÝÔ×Ó�Ñâ %ÏûÔÎÐ�Ö ÑÔÿÐØà ÞÙÜÐÝÍßùûÔßÔø ÏÛÝÔÿÙÎÏÑÙûÙ ùÒÙÓÌßÏÐÓ×ØÔÚÎÌÐ �ÙÍÙûÔÕúÙÑÙÒÐ×ûÙÐ ÜÝÔ�Ð××Ì ß þØÙÚÏøæÐø ÔûÝÐ×ÓÎÔ×ÓÙ ØÐÓÏÕÓÐØàÎÔÞÔ ÏÜÜÏÝÏÓÏ Ù ÎÏ ÐÞÔ ÜÔßÐÝúÎÔ×ÓÙâ

uÝùÞÔø ÜÝÙÑÐÝ ÜÝÔ×ÓÔø Ù Û��ÐûÓÙßÎÔø ÑÔÿÐØÙ ý Îà�ÓÔÎÔß×ûÏ�ÓÐÔÝÙ� Ó�ÞÔÓÐÎÙ�Ö ×ÔÍÿÏÎÎÏ� ÿØ� ÔÜÙ×ÏÎÙ� ×ÔØÎÐÒÎÔø ×Ù×ÓÐÑÌ 'ÎÐþÐ×ÎÌÐÓÐØÏ ÝÏ××ÑÏÓÝÙßÏØÙ×à ûÏû ÑÏÓÐÝÙÏØàÎÌÐ ÓÔÒûÙ*â �ÎÏ ÜÔÍßÔØÙØÏ ÔÜÝÐÿÐÕØÙÓà ÑÏ××Ì ÜØÏÎÐÓ Ù Ùú ÝÏ××ÓÔ�ÎÙ� ÔÓ ÷ÔØÎ�Ï ÙÖ þÔØÐÐ ÓÔÞÔÖ ZH�gNR����O×ù�Ð×ÓßÔßÏÎÙÐ ÿßùú ÜØÏÎÐÓ '%ÐÜÓùÎÏ Ù äØùÓÔÎÏ* Ù ÔÓûÝÌÓà Ùúâ �ÿÎÏûÔ ÐÐÜÝÙæØÔ×à ùÓÔÒÎ�Óà ÿØ� ÿßÙÚÐÎÙ� ËÐÝûùÝÙ� 'ÝÐØ�ÓÙßÙ×Ó×ûÙÐ Û��ÐûÓÌ*Ù ÎÙÍûÔÔÝþÙÓÏØàÎÌú ×ÜùÓÎÙûÔß Ù ÝÏûÐÓ 'ÎÐ�ÐÎÓÝÏØàÎÔ×Óà ÜÔØ� Ó�ÞÔÓÐÎÙ�[ÐÑØÙ Ù ÐÞÔ ØÔûÏØàÎÌÐ Ù×ûÏÚÐÎÙ�Ö ÑÔÿÐØÙÝùÐÑÌÐ ×Ù×ÓÐÑÔø ÿÔÜÔØÎÙÓÐØàÕÎÌú ÓÔÒÐÒÎÌú ÑÏ××*â
äÝÙ ÝÏÍÝÏþÔÓûÐ ÎÔßÔø ×Ù×ÓÐÑÌ ÿØ� ÎÏÒÏØÏ ×ÓÝÔÙÓ×� Ù ÔÜÓÙÑÙÍÙÝùÕÐÓ×� ×ÓÏÎÿÏÝÓÎÌÑÙ ÑÐÓÔÿÏÑÙ ÜÝÔ×ÓÐøæÏ� ÑÔÿÐØàÖ ùÒÙÓÌßÏ��Ï� ØÙæàßÏÚÎÐøæÙÐ �ÏûÓÔÝÌâ äÝÙ ÛÓÔÑ ßÌÒÙ×ØÐÎÙÐ ûÏÚÿÔÞÔ ÍÎÏÒÐÎÙ� �ùÎûÕ�ÙÙ ÔûÏÍÌßÏÐÓ×� ÑÐÎÐÐ ÓÝùÿÔÐÑûÙÑÖ ùÜÝÔ�ÏÐÓ×� ×ÓÝùûÓùÝÏ ØÙÎÙø ùÝÔßÕÎÐø 'ÜÔ×ÓÔ�Î×ÓßÏ ÍÎÏÒÐÎÙø* �ÐØÐßÔø �ùÎû�ÙÙâ [ÏÓÐÑ ÑÔÿÐØà ÜÔ×ÓÐÜÐÎÎÔù×ØÔÚÎ�ÐÓ×� ÍÏ ×ÒÐÓ ùÒÐÓÏ ß×Ð ÎÔßÌú Ù ÎÔßÌú �ÏûÓÔÝÔß Ù ×ÓÏß�Ó×� ÍÏÕÿÏÒÙ ÔÜÓÙÑÙÍÏ�ÙÙ ÜÔ ß×Ð þÔØàæÐÑù ÒÙ×Øù ÜÏÝÏÑÐÓÝÔßâ 
ÐæÐÎÙÐ ûÏÚÿÔøÙÍ ÎÙú ÔþÌÒÎÔ ÔûÏÍÌßÏÐÓ×� úÔÝÔæÙÑ ÎÏÒÏØàÎÌÑ ÜÝÙþØÙÚÐÎÙÐÑ ÿØ� ×ØÐÕÿù��Ðøâ A×ØÔÚÎÐÎÙÐ ÍÏûÏÎÒÙßÏÐÓ×�Ö ûÔÞÿÏ ßßÔÿ ÎÔßÌú ÿÔÜÔØÎÙÓÐØàÎÌú�ÏûÓÔÝÔß ÜÐÝÐ×ÓÏÐÓ ÍÏÑÐÓÎÔ ßØÙ�Óà ÎÏ �ÐØÐßù� �ùÎû�Ù�â
äÝÙ ÜÔ×ØÐÿÔßÏÓÐØàÎÔÑ ÝÐæÐÎÙÙ ÜÔÿÍÏÿÏÒ ÑÔÚÎÔ ùÚÐ ÜÔ×ØÐ ÜÔØùÕÒÐÎÙ� ÜÐÝßÌú ÝÐÍùØàÓÏÓÔß ÔþÎÏÝùÚÙÓà ÝÏ××ÔÞØÏ×ÔßÏÎÙÐ ÑÏÓÐÑÏÓÙÒÐ×ûÔøÑÔÿÐØÙ × Ù×úÔÿÎÌÑ ÜÝÔ�Ð××ÔÑ Ù ßÎÐ×ÓÙ ÎÐÔþúÔÿÙÑÌÐ ûÔÝÝÐûÓÙßÌâ å×ÓàÓÔÒûÏ ÍÝÐÎÙ� U��Ö ×â q^rYÖ ÒÓÔ ûÝÏøÎÐ ÓÝùÿÎÌÐ ÿØ� Ôþ×ÒÐÓÏ �ÐØÐßÌÐ �ùÎûÕ�ÙÙ × ùÍûÙÑÙ Ù ÿØÙÎÎÌÑÙ �ÑÏÑÙ 'ÊÔßÝÏÞÏÑÙá* ßÔÍÎÙûÏ�Ó ÜÝÙ ÎÐùÿÏÒÎÔÑßÌþÔÝÐ ÑÏÓÐÑÏÓÙÒÐ×ûÔø ÑÔÿÐØÙ �ßØÐÎÙ�â
KÔÒÎÏ� ÑÔÿÐØàÖ ûÏû ÜÝÏßÙØÔÖ ÙÑÐÐÓ þÔØÐÐ ùÍûù� ÔþØÏ×Óà ÜÝÙÑÐÎÐÕÎÙ�Ö ÍÏÓÔ ÜÝÐÿ×ÓÏßØ�ÐÓ ß ÎÐø þ ÇÔØàæù� ÜÝÏûÓÙÒÐ×ûù� �ÐÎÎÔ×Óàâ $ ÒÏ×ÓÕÎÔ×ÓÙÖ ÔÎÏ ÑÔÚÐÓ Ù×ÜÔØàÍÔßÏÓà×� ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔ ß ûÔÎÓùÝÐ ùÜÝÏßØÐÕÎÙ� ÜÝÔÙÍßÔÿ×ÓßÐÎÎÌÑ ÜÝÔ�Ð××ÔÑâ ÷ÝÏßÎÙßÏÐÑÌÐ ÑÔÿÐØÙ ÿÔØÚÎÌ þÌÓà×ÔÜÔ×ÓÏßÙÑÌ ý ÝÏþÔÓÏÓà ÜÝÙ ÔÿÎÙú Ù ÓÐú ÚÐ ßÎÐæÎÙú ù×ØÔßÙ�úâËÎÔÞÔÑÐÝÎÌÐ ÑÏÓÐÑÏÓÙÒÐ×ûÙÐ ÍÏÿÏÒÙ ÔþÌÒÎÔ ßÔÍÎÙûÏ�Ó ÙÍ ÔÜÙ×ÏÕÎÙ� ×ØÔÚÎÌú ÜÝÔ�Ð××Ôßâ 
ÓÙ ÔÜÙ×ÏÎÙ� �ßØ��Ó×� ÿÔßÔØàÎÔ ÞÝùþÌÑÙÖ ÙÜÝÙ ÝÐæÐÎÙÙ ÑÎÔÞÔÑÐÝÎÌú ÍÏÿÏÒ ×ØÐÿùÐÓ ÓÝÐþÔßÏÓà ÑÐÎàæÐø ÓÔÒÎÔ×ÓÙâ
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äÝÏûÓÙÒÐ×ûÔÐ Ù×ÜÔØàÍÔßÏÎÙÐ ÑÔÿÐØÙ ßÔÍÑÔÚÎÔ ØÙæà ÜÔ×ØÐ Ó�ÏÕÓÐØàÎÔÞÔ ÐÐ Ù××ØÐÿÔßÏÎÙ� Ù ÎÏ×ÓÝÔøûÙÖ ß ÜÝÔ�Ð××Ð ûÔÓÔÝÌú ÎÐÔþúÔÿÙÕÑÔ ÝÐæÙÓà ÍÏÿÏÒÙ ÜÝÔßÐÝûÙ ÏÿÐûßÏÓÎÔ×ÓÙÖ ÙÿÐÎÓÙ�ÙûÏ�ÙÙ ÜÏÝÏÑÐÓÝÔßÖÔ�ÐÎûÙ ÍÎÏÒÙÑÔ×ÓÙ ÜÏÝÏÑÐÓÝÔß Ù ×ÓÝùûÓùÝÎÔÞÔ ÜÝÐÔþÝÏÍÔßÏÎÙ�âàg�RL��PGN�O �Gg�E� ù×ÓÏÎÏßØÙßÏÐÓ×� ÜÝÔßÐÝûÔø ÿØ� ÎÐÐ Ô×ÎÔßÕÎÌú ÍÏûÔÎÔß ÜÝÐÿÑÐÓÎÔø ÔþØÏ×ÓÙ ÓÙÜÏ ÍÏûÔÎÔß ×ÔúÝÏÎÐÎÙ� Ù ×ÔÜÔ×ÓÏßØÐÕÎÙÐÑ ÝÐÍùØàÓÏÓÔß ÑÔÿÐØÙÝÔßÏÎÙ� ÒÏ×ÓÎÌú ßÏÝÙÏÎÓÔß × ÙÍßÐ×ÓÎÌÑÙ ÿØ�ÛÓÙú ßÏÝÙÏÎÓÔß ÝÐæÐÎÙ�ÑÙâ ãÿÐûßÏÓÎÔ×Óà ÑÔÿÐØÙ Ôþ�ÐûÓù ß×ÐÞÿÏ ÔÞÝÏÎÙÕÒÐÎÏ Ù ÍÏßÙ×ÙÓ ÔÓ �ÐØÙ ÑÔÿÐØÙÝÔßÏÎÙ�â 
ÐûÔÑÐÎÿùÐÓ×� ßÌþÙÝÏÓà ÑÔÿÐØàÑÙÎÙÑÏØàÎÔø ×ØÔÚÎÔ×ÓÙ ÜÝÙ ÍÏÿÏÎÎÔø ÓÔÒÎÔ×ÓÙ ØÙþÔ ÑÏû×ÙÑÏØàÎÔø ÓÔÒÕÎÔ×ÓÙ ý ÜÝÙ ÍÏÿÏÎÎÔø ×ØÔÚÎÔ×ÓÙâãÿÐûßÏÓÎÔ×Óà ÑÔÿÐØÙ ×ØÐÿùÐÓ ÝÏ××ÑÏÓÝÙßÏÓà ÓÔØàûÔ ÜÔ ÜÝÙÍÎÏûÏÑÖÜÝÙÎ�ÓÌÑ ß ÿÏÎÎÔÑ Ù××ØÐÿÔßÏÎÙÙ ÍÏ Ô×ÎÔßÎÌÐâ $Ì�×Î�ÐÓ×�Ö ÜÝÙßÔÿ�ÓØÙ ÜÝÙÎ�ÓÌÐ ÿÔÜù�ÐÎÙ� û ÜÝÙÐÑØÐÑÔø ÜÔÓÐÝÐ ÓÔÒÎÔ×ÓÙ ÙØÙ ÚÐ ÙÍ ÎÙúßÌÓÐûÏÐÓ ûÏÒÐ×ÓßÐÎÎÔÐ ÔÓØÙÒÙÐ ÑÔÿÐØÙ ÔÓ Ôþ�ÐûÓÏâ JÐÑ ßÌæÐ ZGtGMP��ÏÿÐûßÏÓÎÔ×ÓàÖ ÓÐÑ æÙÝÐ ÔþØÏ×Óà ÜÝÙÑÐÎÐÎÙ� ÑÔÿÐØÙâ[ÏÿÏÒÐø �g�P��³�R���� �ßØ�ÐÓ×� ÔÜÝÐÿÐØÐÎÙÐ ÍÎÏÒÐÎÙø ÝÏþÔÒÙúÜÏÝÏÑÐÓÝÔß ÑÔÿÐØÙ ÜÔ ÎÏþØ�ÿÐÎÙ�Ñ ÎÏÿ ÝÐÏØàÎÔø ×Ù×ÓÐÑÔøâ äÝÙ ÛÓÔÑÓÙÜ ÑÔÿÐØÙ ÜÝÐÿÜÔØÏÞÏÐÓ×� ÙÍßÐ×ÓÎÌÑâ 
ÓÏ ÍÏÿÏÒÏ ÔþÌÒÎÔ ×ÓÏßÙÓ×� ß�ÔÝÑÐ ÑÙÎÙÑÙÍÏ�ÙÙ �ùÎû�ÙÔÎÏØÏ ÔÓûØÔÎÐÎÙ� ÓÝÏÐûÓÔÝÙÙ ÑÔÿÐØÙ ÔÓÓÝÏÐûÓÔÝÙÙ Ù××ØÐÿùÐÑÔø ×Ù×ÓÐÑÌâ uØ� ÐÐ ÝÐæÐÎÙ� ÓÝÏÿÙ�ÙÔÎÎÔ ÜÝÙÑÐÕÎ��Ó×� ÑÐÓÔÿÌ ÎÏÙÑÐÎàæÙú ûßÏÿÝÏÓÔß Ù ÎÏÙþÔØàæÐÞÔ ÜÝÏßÿÔÜÔÿÔþÙ�â$Ì�ßØÐÎÙÐ �P�M��I¤ Z�H����HGL 'Ù ÜÝÐÎÐþÝÐÚÐÎÙÐ Ô×ÓÏØàÎÌÑÙ*ÜÔÍßÔØ�ÐÓ ùÑÐÎàæÙÓà ÝÏÍÑÐÝÎÔ×Óà ÜÝÔ×ÓÝÏÎ×ÓßÏ ÜÏÝÏÑÐÓÝÔßâ �ÎÔ þÏÍÙÕÝùÐÓ×� ÎÏ ÔÜÝÐÿÐØÐÎÙÙ ûÔÛ��Ù�ÙÐÎÓÔß Òùß×ÓßÙÓÐØàÎÔ×ÓÙ 'ÝÐÞÝÐ××ÙÙ* ßÌÕúÔÿÎÌú ÜÔûÏÍÏÓÐØÐø ÜÔ ÔÓÎÔæÐÎÙ� û ßúÔÿÎÌÑ Ù ÜÝÐÿ×ÓÏßØ�ÐÓ Ô×Ôþù� �ÐÎÕÎÔ×Óà ÜÝÙ ÝÐæÐÎÙÙ ÍÏÿÏÒ ÔÜÓÙÑÙÍÏ�ÙÙâ $ÏÚÎÌÑ ×ÜÔ×ÔþÔÑ ùÑÐÎàæÐÎÙ�ÝÏÍÑÐÝÎÔ×ÓÙ ÑÔÿÐØÙ �ßØ�ÐÓ×� ÝÐûÔÑÐÎÿùÐÑÌø ß ÓÐÔÝÙÙ ÜÔÿÔþÙ� ÜÐÝÐúÔÿû ÔþÔþ�ÐÎÎÌÑ ÜÏÝÏÑÐÓÝÏÑâäÝÙÎ�ÙÜ t�E�PN� �GMPGN�� ÓÝÐþùÐÓ ×ÔÙÍÑÐÝÙÑÔ×ÓÙ ÜÔÞÝÐæÎÔ×ÓÐøÖßÌÍÌßÏÐÑÌú ÝÏÍØÙÒÎÌÑÙ ÜÝÙÒÙÎÏÑÙ	 ÎÐÜÔØÎÔÓÔø ÑÔÿÐØÙÖ ÎÐÓÔÒÎÌÑ ÍÏÕÿÏÎÙÐÑ ÐÐ ÜÏÝÏÑÐÓÝÔßÖ ÜÔÞÝÐæÎÔ×Óà� ßÌþÝÏÎÎÔÞÔ ÒÙ×ØÐÎÎÔÞÔ ÑÐÓÔÿÏÖ×ÒÐÓÔÑ ß ÔÞÝÏÎÙÒÐÎÎÔø ÝÏÍÝ�ÿÎÔø ×ÐÓûÐ 'ÛÓÔ ÎÐ ÔÍÎÏÒÏÐÓ ÎÐÔþúÔÿÙÑÔ×ÓÙÙ×ûù××ÓßÐÎÎÔÞÔ ÍÏÞÝùþØÐÎÙ� ùÚÐ ÿÔ×ÓÙÞÎùÓÌú ÜÔûÏÍÏÓÐØÐø*â
53h343 á7jj=@9;789�
[ÏÿÏÒÏ ÎÏÍÌßÏÐÓ×� ÜÔ×ÓÏßØÐÎÎÔø ûÔÝÝÐûÓÎÔÖ Ð×ØÙ ÿØ� Ø�þÌú ÍÎÏÒÐÕÎÙø Ù×úÔÿÎÌú ÿÏÎÎÌú ÙÍ ÎÐûÔÓÔÝÔÞÔ ûØÏ××Ï ÐÐ ÝÐæÐÎÙÐ ×ù�Ð×ÓßùÐÓÖ ÐÿÙÎÕ



Â� � â��� �#��Å !�D��ã sd
×ÓßÐÎÎÔ Ù ù×ÓÔøÒÙßÔ ÜÔ Ù×úÔÿÎÌÑ ÿÏÎÎÌÑâ äÔ×ØÐÿÎÐÐ ÔÍÎÏÒÏÐÓ ÑÏØÔ×ÓàÙÍÑÐÎÐÎÙ� ÝÐÍùØàÓÏÓÔß ×ÒÐÓÏ ÜÝÙ ÎÐÍÎÏÒÙÓÐØàÎÌú ÙÍÑÐÎÐÎÙ�ú ßúÔÿÎÌúÿÏÎÎÌú 'ÝÏÍùÑÐÐÓ×�Ö ß ÜÝÙÑÐÎÐÎÙÙ û ù×ÓÔøÒÙßÌÑ ÝÐÏØàÎÌÑ ÜÝÔ�Ð××ÏÑ*â%Ðù×ÓÔøÒÙßÌÐ ÏØÞÔÝÙÓÑÌ Ù ÜØÔúÔ Ôþù×ØÔßØÐÎÎÌÐ ÍÏÿÏÒÙ ß×ÓÝÐÕÒÏ�Ó×� ÜÔÒÓÙ ßÔ ß×Ðú ÔþØÏ×Ó�ú ßÌÒÙ×ØÙÓÐØàÎÔø ÑÏÓÐÑÏÓÙûÙâ $Ô ÑÎÔÕÞÙú ùÒÐþÎÙûÏú �ÙÓÙÝùÐÓ×� ûØÏ××ÙÒÐ×ûÙø ÜÝÙÑÐÝ AÙØûÙÎ×ÔÎÏ ý ÝÏ×ÒÐÓûÔÝÎÐø ÑÎÔÞÔÒØÐÎÏ

P20(x) = (x− 1)(x− 2) . . . (x− 20) = x20 − 210x19 + . . . = 0.

äÝÙ ùßÐØÙÒÐÎÙÙ ßÓÔÝÔÞÔ ûÔÛ��Ù�ÙÐÎÓÏ ÎÏ 2−23 ≈ 10−7 ÜÔØÔßÙÎÏ ûÔÝÎÐø×ÓÏÎÔßÙÓ×� ûÔÑÜØÐû×ÎÌÑÙ U]]Yâ %Ðù×ÓÔøÒÙßÌÑÙ ÑÔÿÐØ�ÑÙ �ßØ��Ó×� ÍÏÕÿÏÒÙ ØÙÎÐøÎÔø ÏØÞÐþÝÌ × ÜØÔúÔ Ôþù×ØÔßØÐÎÎÌÑÙ ÑÏÓÝÙ�ÏÑÙÖ ÎÐûÔÓÔÝÌÐßÙÿÌ ÙÎÓÐÞÝÏØàÎÌú ùÝÏßÎÐÎÙø Ù ÿÝâäÝÙ ÝÐæÐÎÙÙ ÜØÔúÔ Ôþù×ØÔßØÐÎÎÌú ÍÏÿÏÒ ßÌþÔÝ ÑÐÓÔÿÏ ÎÐ ÜÔÑÔÕÚÐÓâ KÏûÙÐ ÑÔÿÐØÙ ÿÔØÚÎÌ þÌÓà ÜÔÿßÐÝÞÎùÓÌ H�F¢E�H������	 ÍÏÑÐÎÐÎÐûÔÝÝÐûÓÎÔø ÍÏÿÏÒÙ ÎÏ ×ÔÿÐÝÚÏ�ù� ÜÏÝÏÑÐÓÝ ûÔÝÝÐûÓÎù�Ö ûÔÓÔÝÏ� ÜÝÙù×ÓÝÐÑØÐÎÙÙ ÜÏÝÏÑÐÓÝÏ û ÎùØ� ÜÐÝÐúÔÿÙÓ ß Ù×úÔÿÎù� U]rYB ÍÏÑÐÎÐ ÓÔÒÕÎÔÞÔ ÝÐæÐÎÙ� ×Ù×ÓÐÑÌ ùÝÏßÎÐÎÙø ÎÏ ÜÝÙþØÙÚÐÎÎÔÐ ß ×ÑÌ×ØÐ ÑÙÎÙÑùÑÏ×ÝÐÿÎÐûßÏÿÝÏÓÙÒÐ×ûÔø ÎÐß�ÍûÙ ØÐßÔø Ù ÜÝÏßÔø ÒÏ×ÓÐøB ÜÏÝÏÑÐÓÝÙÍÏ�ÙÙÙ×ûÔÑÔø �ùÎû�ÙÙ U]]Y Ù Óâ Üâ Ê×ÎÔÖ ÒÓÔ ÜÝÏûÓÙÒÐ×ûù� �ÐÎÎÔ×Óà ÑÔÞùÓÙÑÐÓà ÓÔØàûÔ ù×ÓÔøÒÙßÌÐ ÑÔÿÐØÙâ

éè¥è äòñöíîìðõÜ ôë§î��


ÐæÐÎÙÐ ÍÏÿÏÒÙ ÝÐÿûÔ ùÿÏÐÓ×� ßÌÝÏÍÙÓà ûÔÎÐÒÎÔø�ÔÝÑùØÔøâ�×ÎÔßÕÎÌÑ ÙÎ×ÓÝùÑÐÎÓÔÑ �ßØ��Ó×� M�NE�PPI� ���GgIÖ ÜÔÍßÔØ���ÙÐ ×ßÐ×ÓÙÝÐæÐÎÙÐ ÍÏÿÏÒÙ û ßÌÜÔØÎÐÎÙ� ûÔÎÐÒÎÔÞÔ ÒÙ×ØÏ ÏÝÙ�ÑÐÓÙÒÐ×ûÙú ÿÐøÕ×ÓßÙøâ %ÐÍÎÏÎÙÐ ÑÐÓÔÿÔß ÑÔÚÐÓ ÜÝÙßÐ×ÓÙ û ÜÔ×ÓÏÎÔßûÐ ÑÏÓÐÑÏÓÙÒÐ×ûÔøÍÏÿÏÒÙÖ ÎÐ ÙÑÐ��Ðø ÔÓÎÔæÐÎÙ� û ÝÐÏØàÎÔ×ÓÙâ%ÐÔþúÔÿÙÑÔ×Óà ÜÔØùÒÐÎÙ� ÝÐÍùØàÓÏÓÏ ÍÏ ûÔÎÐÒÎÔÐ ÒÙ×ØÔ æÏÞÔß ÓÝÐÕþùÐÓ Ù×ÜÔØàÍÔßÏÎÙ� þÌ×ÓÝÔ ×úÔÿ��Ùú×� ÑÐÓÔÿÔßâ ÷úÔÿÙÑÔ×Óà ÔÍÎÏÒÏÐÓÜÝÙþØÙÚÐÎÙÐ ÜÝÔÑÐÚùÓÔÒÎÔÞÔ ÝÐæÐÎÙ� û Ù×ûÔÑÔÑù ÝÐÍùØàÓÏÓù 'ÜÝÙ ùßÐÕØÙÒÐÎÙÙ ÒÙ×ØÏ ÙÓÐÝÏ�ÙøÖ ùÑÐÎàæÐÎÙÙ æÏÞÏ*â �þØÏ×Óà ×úÔÿÙÑÔ×ÓÙ ×ÓÏÎÕÿÏÝÓÎÌú ÑÐÓÔÿÔß ÔþÌÒÎÔ ÑÏØÏâ äÔÛÓÔÑù ÜÝÙúÔÿÙÓ×� ÜÝÙÑÐÎ�Óà Ð×ÓÐÕ×ÓßÐÎÎÌÐ ÏÎÏØÔÞÙÙÖ ÜÝÏßÿÔÜÔÿÔþÎÌÐ ÝÏ××ùÚÿÐÎÙ�Ö ÜÔÙ×û ÎÏÒÏØàÎÌú ÜÝÙÕþØÙÚÐÎÙø ÎÏ ÞÝùþÔø ×ÐÓûÐ Ù Óâ Üâ $×Ð ÛÓÔ ÓÝÐþùÐÓ ÔÜÝÐÿÐØÐÎÎÔÞÔ ùÝÔßÎ�ÜÔÎÙÑÏÎÙ� Ù×ÜÔØàÍùÐÑÌú ÑÐÓÔÿÔß ÎÐÍÏßÙ×ÙÑÔ ÔÓ ÓÔÞÔÖ ûÏûù� ÒÏ×Óà ÑÏÕ



s� Á���� Â� ��D� Ã���� � � �D�#�� !�#�!�#�Ä������ !�D��� �����Å
ÓÐÑÏÓÙÒÐ×ûÔø ÑÔÿÐØÙ ßÌ ÜÝÔÞÝÏÑÑÙÝùÐÓÐ ×ÏÑÙÖ Ï ûÏûù� þùÿÐÓÐ Ôþ×ÒÙÓÌÕßÏÓà × ÜÔÑÔ�à� ×ÓÏÎÿÏÝÓÎÌú ÜÔÿÜÝÔÞÝÏÑÑ ÙØÙ ÑÏÓÐÑÏÓÙÒÐ×ûÙú ÜÏûÐÓÔß'×Ñâ ×úÐÑù ÝÙ×â �â�*â å��E¢MÒ�� RH���H��� ZGP���P�� ���Gg� �LE�£��N� NZGNGtPGN�O �FG ��ZHGFH����HGL��OâäÝÙ ÝÐæÐÎÙÙ ÜÝÙûØÏÿÎÌú ÍÏÿÏÒ ÜÝÙúÔÿÙÓ×� ÍÏÎÙÑÏÓà×� ÓÐÔÝÐÓÙÕÒÐ×ûÔø Ù Ûû×ÜÐÝÙÑÐÎÓÏØàÎÔø ÿÔßÔÿûÔø ×ÓÏÎÿÏÝÓÎÌú ÑÐÓÔÿÔßâ %ÏÜÝÙÑÐÝÖÿØ� ×Ù×ÓÐÑ ÎÐØÙÎÐøÎÌú ùÝÏßÎÐÎÙø Ù ÔÜÓÙÑÙÍÏ�ÙÙ ùÚÐ ÜÝÙ ùÑÐÝÐÎÎÔøÝÏÍÑÐÝÎÔ×ÓÙ ÍÏÿÏÒÙ ÎÐÓ ùÎÙßÐÝ×ÏØàÎÌú ÏØÞÔÝÙÓÑÔßâ $ ÓÔ ÚÐ ßÝÐÑ� ÙÍÕßÐ×ÓÎÌ Û��ÐûÓÙßÎÌÐ ÏØÞÔÝÙÓÑÌ ÿØ� ÍÏÿÏÒÖ ÙÑÐ��Ùú ×ÜÐ�Ù�ÙÒÐ×ûù�ßÎùÓÝÐÎÎ�� ×ÓÝùûÓùÝùâ
ÏÍßÙÓÙÐ ßÌÒÙ×ØÙÓÐØàÎÔø ÓÐúÎÙûÙ Ù ÓÐÔÝÙÙ ÒÙ×ØÐÎÎÌú ÑÐÓÔÿÔßÜÝÙßÔÿÙÓ û ÎÐÜÝÐÝÌßÎÔÑù ÜÐÝÐ×ÑÔÓÝù Ù ÎÐûÔÓÔÝÔÑù ×ùÚÐÎÙ� ×ÔßÔûùÜÕÎÔ×ÓÙ ÝÐÏØàÎÔ ÜÝÙÑÐÎ�ÐÑÌú ÑÐÓÔÿÔßâ ÷ÒÙÓÏÐÓ×�Ö ÒÓÔ Û��ÐûÓÖ ÿÔ×ÓÙÞÏÐÕÑÌø ÍÏ ×ÒÐÓ ×ÔßÐÝæÐÎ×ÓßÔßÏÎÙ� ÒÙ×ØÐÎÎÌú ÑÐÓÔÿÔßÖ ÜÔ ÜÔÝ�ÿûù ×ÝÏßÎÙÑ× Û��ÐûÓÔÑ ÜÔßÌæÐÎÙ� ÜÝÔÙÍßÔÿÙÓÐØàÎÔ×ÓÙ 
$Ëâ äÔ ÑÎÔÞÙÑ ÜÝÙÒÙÎÏÑßÐ×àÑÏ ÏûÓùÏØàÎÏ ÝÏÍÝÏþÔÓûÏ ÒÙ×ØÐÎÎÌú ÑÐÓÔÿÔß Ù ÜÝÔÞÝÏÑÑÎÌú ×ÝÐÿ×ÓßÿØ� ÑÎÔÞÔÜÝÔ�Ð××ÔÝÎÌú 
$Ëâ



ĹMNM æ¶
�ºP·Nç è·¸»¸MPM


ÐÏØÙÍÏ�Ù� ÿÙ×ûÝÐÓÎÔø ÑÏÓÐÑÏÓÙÒÐ×ûÔø ÑÔÿÐØÙ ÓÝÐþùÐÓ ÜÝÔÞÝÏÑÕÑÙÝÔßÏÎÙ� ÑÔÿÐØÙ ß �ÐØÔÑ ÙØÙ ÐÐ ÒÏ×ÓÐø ÎÏ 
$Ëâ &ÔÝÓÝÏÎ þÌØ ÜÐÝßÌÑ�ÍÌûÔÑ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� ÿØ� ÎÏùÒÎÔÕÓÐúÎÙÒÐ×ûÙú ÝÏ×ÒÐÓÔß Ù Ô×ÓÏÐÓ×�ØùÒæÙÑ ÙÎ×ÓÝùÑÐÎÓÔÑ ÿØ� ÎÙú '×Ñâ ÝÏÍßÐÝÎùÓù� ÏÝÞùÑÐÎÓÏ�Ù� ÜÔ ÛÓÔÑùÜÔßÔÿù ß UXeY*âäÝÙßÔÿÙÑÔÐ ÎÙÚÐ ÔÜÙ×ÏÎÙÐ ×ÝÐÿ×Óß ×ÔßÝÐÑÐÎÎÔÞÔ &ÔÝÓÝÏÎÏ '&ÔÝÕÓÝÏÎ ]� Ù ÐÞÔ ÜÔ×ØÐÿù��ÙÐ ÑÔÿÙ�ÙûÏ�ÙÙÖ ÿÏØÐÐ ß ×ÔßÔûùÜÎÔ×ÓÙ ÙÑÐÎùÕÐÑÌÐ &]�* ÿÏÐÓ ØÙæà ÑÙÎÙÑÏØàÎÌø Ôþ�ÐÑ ×ßÐÿÐÎÙøÖ ÎÐÔþúÔÿÙÑÌø ÿØ�ÜÔÎÙÑÏÎÙ� ÜÝÙßÔÿÙÑÌú ß ÜÔ×ØÐÿù��Ùú ÞØÏßÏú ÜÝÔÞÝÏÑÑÎÌú ÝÐÏØÙÍÏ�ÙøÑÐÓÔÿÔß ßÌÒÙ×ØÙÓÐØàÎÔø ÑÏÓÐÑÏÓÙûÙâ �ÎÔ ÎÐ ÑÔÚÐÓ ÝÏ××ÑÏÓÝÙßÏÓà×�ûÏû LLGgPIQ ûùÝ× ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ�â uØ� ×ÏÑÔ×ÓÔ�ÓÐØàÎÔø ÜÝÏûÓÙÒÐÕ×ûÔø ÝÏþÔÓÌ ÑÌ ÎÏ×ÓÔ�ÓÐØàÎÔ ÝÐûÔÑÐÎÿùÐÑ UXÖ XeY Ù ×ÔßÐÓùÐÑ ÔÓØÙÒÏÓàÔÜÙ×ÏÎÙ� �ÍÌûÏ ÔÓ ùÒÐþÎÙûÔß ZHGFH����HGL�P�� ÎÏ ÎÐÑâ

+èéè é�/õóòì ò -íëñìî�êòî öëðñìí�ö.òò

�Ø�ÒÐßÌÐ ×ØÔßÏ &ÔÝÓÝÏÎÏ ÝÏ×ÜÔÍÎÏ�Ó×� ÜÔ ûÔÎÓÐû×Óùâ �þ�ÐûÓÌÜÝÔÞÝÏÑÑÌ ÝÏÍØÙÒÏ�Ó×� ���P���Ö ûÔÓÔÝÌÐ ÎÏÒÙÎÏ�Ó×� × t¢RLI Ù ÑÔÕÞùÓ ßûØ�ÒÏÓà þùûßÌÖ ÍÎÏû ëÖ �Ù�ÝÌ Ù ×ÙÑßÔØ ÜÔÿÒÐÝûÙßÏÎÙ�â äÝÐÿÜÔÕÒÓÙÓÐØàÎÌ �P�M��I� ÙÑÐÎÏÖ ÔþØÐÞÒÏ��ÙÐ ×ÔÜÔ×ÓÏßØÐÎÙÐ ÜÝÔÞÝÏÑÑÌ ×ÑÏÓÐÑÏÓÙÒÐ×ûÔø ÜÔ×ÓÏÎÔßûÔø ÍÏÿÏÒÙâ$ ×ÓÝÔûÏú Ù ûÔÑÑÐÎÓÏÝÙ�ú ÿÔÜù×ÓÙÑÌ ûÙÝÙØØÙÒÐ×ûÙÐ ×ÙÑßÔØÌâ [ÏÕÞØÏßÎÌÐ Ù ÑÏØÌÐ þùûßÌ ÝÏÍØÙÒÏ�Ó×� ÓÔØàûÔ ß ×ÓÝÔûÏúâ uØ� þÔØàæÐøÎÏÞØ�ÿÎÔ×ÓÙ ßûØ�ÒÐÎÎÌÐ ß ÜÔ�×Î���Ùø ÓÐû×Ó ûÔÎ×ÓÝùû�ÙÙ &ÔÝÓÝÏÎÏÎÏþÝÏÎÌ ÍÏÞØÏßÎÌÑÙ þùûßÏÑÙâ



sy Á���� �� �����Ð ì� # ���
äÝÔþÐØÌ ß ÜÝÔÞÝÏÑÑÐ ÍÎÏÒÙÑÌ ÓÔØàûÔ ßÎùÓÝÙ ×ÙÑßÔØàÎÌú ×ÓÝÔûâ$×Ð ÑÐÓûÙ ß &]� ý �ÐØÌÐ ÒÙ×ØÏ þÐÍ ÍÎÏûÏ 'ÿÔ e ×ÙÑßÔØÔß*â ËÐÓÕûÙ ßÙÿÏ ���� Ù �� ×ÒÙÓÏ�Ó×� ÔÿÙÎÏûÔßÌÑÙâ $ ÜÝÐÿÐØÏú ÜÝÔÞÝÏÑÑÎÔøÐÿÙÎÙ�Ì ÑÐÓûÏ ÜÔßÓÔÝ�Óà×� ÎÐ ÿÔØÚÎÏâäÝÙÍÎÏûÔÑ ÿÐø×ÓßÙÓÐØàÎÔÞÔ ÒÙ×ØÏ �ßØ�ÐÓ×� ÎÏØÙÒÙÐ ÓÔÒûÙ ß ÑÏÎÕÓÙ××Ð Ù�ÙØÙ ÝÏÍÿÐØÙÓÐØà ííîïï 'ÿØ� ÿßÔøÎÔø ÓÔÒÎÔ×ÓÙ ííðïïñ ÑÐÚÿùÑÏÎÓÙ××Ôø Ù ÜÔûÏÍÏÓÐØàÎÔø ÒÏ×Óà�â

+è+è ¦/ëíô�îðòî -íë0íõôô�

äÝÔÞÝÏÑÑÏ ÿÔÜù×ûÏÐÓ ÍÏÜÙ×à ß ×ßÔþÔÿÎÔÑ �ÔÝÑÏÓÐâ ËÌ ÝÐûÔÑÐÎÕÿùÐÑ ÒÙÓÏÓÐØ� ÝÏÍÑÐ�ÏÓà ÒÙ×ØÔßÌÐ ÑÐÓûÙ × �Õø ÜÔÍÙ�ÙÙÖ Ï ÔÜÐÝÏÓÔÝÕÎÌø ÓÐû×Ó ý × rÕøÖ ÜÔûÏÍÌßÏ� ÔÓ×ÓùÜÏÑÙ ßØÔÚÐÎÎÔ×Óà ûÔÎ×ÓÝùû�Ùø �ÍÌûÏÙ ÜÏÝÎÔ×Óà ûØ�ÒÐßÌú ×ØÔßâ òLGtGgPIQ ³GH��� ÝÏÍÝÐæÏÐÓ×� ÍÏÿÏÎÙÐÑ×ÜÐ�ÙÏØàÎÔÞÔ ÝÐÚÙÑÏ ÜÝÙ ßÌÍÔßÐ ûÔÑÜÙØ�ÓÔÝÏâ ÷ÓÝÔûÏ ÑÔÚÐÓ þÌÓà ÎÏÕÒÏÓÏ × Ø�þÔø ûÔØÔÎûÙâ $ ÔÿÎÔø ×ÓÝÔûÐ ÑÔÚÎÔ ÝÏÍÑÐ×ÓÙÓà ÎÐ×ûÔØàûÔ ÔÜÐÕÝÏÓÔÝÔßÖ ÝÏÍÿÐØ�ÐÑÌú ÓÔÒûÔø × ÍÏÜ�ÓÔøâ äÝÙÍÎÏûÔÑ ÎÏØÙÒÙ� ù ÔÜÐÝÏÓÔÝÏÜÝÔÿÔØÚÐÎÙ� �ßØ�ÐÓ×� ÍÏßÐÝæÏ��Ùø ×ÓÝÔûù ÏÑÜÐÝ×ÏÎÿ 'ó*âäÝÙÍÎÏûÔÑ ÜÔØÎÔ×ÓÝÔÒÎÔÞÔ ûÔÑÑÐÎÓÏÝÙ� ×ØùÚÙÓ ÿßÔøÎÏ� ûÏßÌÒûÏß ÜÐÝßÔø ÜÔÍÙ�ÙÙâ JÙ×ÓÏ� ×ÓÝÔûÏ ÝÏ××ÑÏÓÝÙßÏÐÓ×� ûÏû ûÔÑÑÐÎÓÏÝÙø ÙÜÐÝÐúÔÿÙÓ ß ØÙ×ÓÙÎÞâ �ÔÑÑÐÎÓÏÝÙø û ÔÜÐÝÏÓÔÝù ÑÔÚÐÓ þÌÓà ÝÏÍÑÐ�ÐÎ×ÜÝÏßÏ ÔÓ ÎÐÞÔ ß ÓÔø ÚÐ ×ÓÝÔûÐ Ù ÔÓÿÐØ�ÐÓ×� ßÔ×ûØÙ�ÏÓÐØàÎÌÑ ÍÎÏûÔÑâ

+è�è Ûò-� §õðð�Ï
÷ÓÏÎÿÏÝÓÎÌÑ ß &]� ×ÒÙÓÏÐÓ×� ÒÐÓÌÝÐúþÏøÓÔßÔÐ ÜÝÐÿ×ÓÏßØÐÎÙÐ ÜÐÕÝÐÑÐÎÎÌú ÓÙÜÏ ôõö÷ø÷ùÖ úûøôüýúÖ ù÷ýúÖ üûþÿú÷� 'ß ÜÔ×ØÐÿÎÐÑ ×ØùÒÏÐ ÔÓÕßÔÿ�Ó×� ÜÔ ^ þÏøÓÏ ÜÔÿ ßÐ�Ð×ÓßÐÎÎù� Ù ÑÎÙÑù� ÒÏ×ÓÙ*â äÝÙ Ôþ��ßØÐÎÙÙÓÏûÙú ÜÐÝÐÑÐÎÎÌú Ùú ÿØÙÎù ß þÏøÓÏú ÑÔÚÎÔ ÎÐ ùûÏÍÌßÏÓàâ ÷ÓÏÎÿÏÝÓÎÔÐÜÝÐÿ×ÓÏßØÐÎÙÐ ÔþÐ×ÜÐÒÙßÏÐÓ ÎÏÙþÔØÐÐ þÌ×ÓÝÔÿÐø×Óßù��ù� ÝÐÏØÙÍÏ�Ù�â�ÝÔÑÐ ÓÔÞÔÖ ÿÔÜù×ÓÙÑÌ ÓÙÜÌ

ù÷ýú�� ���û��ú÷ ÿù÷üô�ôûõñüûþÿú÷��	
 ���û��ú÷ üûþÿú÷�ñ



�� � CÐ �Ã���Å s~
uØ� ×ÙÑßÔØàÎÌú ×ÓÝÔû ß×ÐÞÿÏ ùûÏÍÌßÏÐÓ×� ÓÝÐþùÐÑÔÐ ÒÙ×ØÔ þÏøÓÔß	ü�ýùýüö÷ù�õâ

%ÐÔþ��ßØÐÎÎÌÑ ÜÐÝÐÑÐÎÎÌÑ ÜÔ ùÑÔØÒÏÎÙ� ÎÏÍÎÏÒÏÐÓ×� ×ÓÏÎÿÏÝÓÕÎÌø ÓÙÜ ß ×ÔÔÓßÐÓ×ÓßÙÙ × Z�HLGQ t¢RLGQ ���P� 'ôõö÷ø÷ù ÿØ� ô�õÖ ù÷ýúß Ô×ÓÏØàÎÌú ×ØùÒÏ�ú*â

+è¥è Î�íõ
îðòÜ

$ ÔÓØÙÒÙÐ ÔÓ äÏ×ûÏØ�Ö ß &ÔÝÓÝÏÎÐ ÙÑÐÐÓ×� ÔÜÐÝÏ�Ù� �� ßÔÍßÐÿÐÕÎÙ� ß ×ÓÐÜÐÎàâ äÝÙ ßÌÜÔØÎÐÎÙÙ ÏÝÙ�ÑÐÓÙÒÐ×ûÙú ÔÜÐÝÏ�Ùø ÏßÏÝÙøÎÔ ÍÏÕßÐÝæÏ�Ó×�	 ÿÐØÐÎÙÐ ÎÏ ÎùØàÖ ÜÐÝÐÜÔØÎÐÎÙÐ ÜÔÝ�ÿûÏÖ ØÔÞÏÝÙ�ÑÙÝÔßÏÎÙÐÎÐÜÔØÔÚÙÓÐØàÎÔÞÔ ÒÙ×ØÏÖ ÜÔÜÌÓûÏ ßÔÍßÐÿÐÎÙ� ÔÓÝÙ�ÏÓÐØàÎÔÞÔ ÒÙ×ØÏ ßßÐ�Ð×ÓßÐÎÎù� ×ÓÐÜÐÎàâäÝÙ ÿÐØÐÎÙÙ �ÐØÔÞÔ ÒÙ×ØÏ ÎÏ �ÐØÔÐ ÿÝÔþÎÏ� ÒÏ×Óà ÔÓþÝÏ×ÌßÏÐÓÕ×�â KÏûÙÑ ÔþÝÏÍÔÑÖ ßÌÒÙ×ØÐÎÙÐ 1/2 + 1/2 ÿÏ×Ó ÎùØàâ uØ� ÜÝÐÿùÜÝÐÚÿÐÕÎÙ� ÓÏûÔÞÔ Û��ÐûÓÏ úÔÓ� þÌ ÔÿÙÎ ÙÍ ÔÜÐÝÏÎÿÔß ÿÐØÐÎÙ� ÿÔØÚÐÎ þÌÓà³GH��EOPG ßÐ�Ð×ÓßÐÎÎÌÑâäÝÙ ßÌÜÔØÎÐÎÙÙ ÏÝÙ�ÑÐÓÙÒÐ×ûÙú ÿÐø×ÓßÙø × ÔÜÐÝÏÎÿÏÑÙ ÝÏÍØÙÒÕÎÌú ÓÙÜÔß ÜÝÔÙÍßÔÿÙÓ×� ÏßÓÔÑÏÓÙÒÐ×ûÔÐ ÜÝÐÔþÝÏÍÔßÏÎÙÐ ÔÜÐÝÏÎÿÏ ÑÐÕÎÐÐ Ôþ�ÐÞÔ ÓÙÜÏ 'ß ÒÏ×ÓÎÔ×ÓÙÖ ÑÐÎàæÐø ÿØÙÎÌ* û ÔÜÐÝÏÎÿù þÔØÐÐ Ôþ�ÐÕÞÔ ÓÙÜÏâ KÙÜ ÍÎÏÒÐÎÙ� ßÌÝÏÚÐÎÙ� ù×ÓÏÎÏßØÙßÏÐÓ×� ÜÔ ÓÙÜù ÜÔ×ØÐÿÎÐøßÌÜÔØÎÐÎÎÔø ÔÜÐÝÏ�ÙÙâuØ� ÍÏÜÙ×Ù ÔÓÎÔæÐÎÙø Ù×ÜÔØàÍùÐÓ×� ×ÓÏÎÿÏÝÓÎÏ� ÑÏÓÐÑÏÓÙÒÐ×ûÏ�×ÙÑßÔØÙûÏ 'ÎÏÜÝÙÑÐÝÖ Ê � á ßÑÐ×ÓÔ ÓÝÏÿÙ�ÙÔÎÎÔÞÔ Êâ��âá*âäÝÙ ßÌÜÔØÎÐÎÙÙ ÔÜÐÝÏÓÔÝÏ ÜÝÙ×ßÏÙßÏÎÙ� ÍÎÏÒÐÎÙÐ ßÌÝÏÚÐÎÙ� ÜÝÐÕÔþÝÏÍùÐÓ×� û ÓÙÜù ØÐßÔø ÒÏ×ÓÙâ äÝÙ×ßÏÙßÏÎÙÐ ßÐ�Ð×ÓßÐÎÎÔÞÔ ÍÎÏÒÐÎÙ��ÐØÔø ÜÐÝÐÑÐÎÎÔø ÜÝÙßÔÿÙÓ û G�tH�NIL�P�ß ÿÝÔþÎÔø ÒÏ×ÓÙâ



s� Á���� �� �����Ð ì� # ���
+è�è Àõññòó� ò §î�ñìóòÜ ðõ§ ðòôò
43�353 �8;7a;l= 7�j=�=n=;<:
ËÏ××ÙßÔÑ ÎÏÍÌßÏÐÓ×� ùÜÔÝ�ÿÔÒÐÎÎÔÐ ÑÎÔÚÐ×ÓßÔ GgPG��ZPI¤ ÍÎÏÕÒÐÎÙø 'ÜÝÔÐû�ÙÙ ßÐûÓÔÝÏÖ ÓÏþØÙ�Ï ÝÐÍùØàÓÏÓÔß Ûû×ÜÐÝÙÑÐÎÓÏÖ ÑÏÓÝÙ�ÏÜÝÐÔþÝÏÍÔßÏÎÙ� ûÔÔÝÿÙÎÏÓ*â 
ØÐÑÐÎÓÌ ÑÏ××ÙßÔß ÔþÌÒÎÔ ÔþÝÏþÏÓÌßÏ�ÓÕ×� ÎÐûÔÓÔÝÌÑ ×ÓÏÎÿÏÝÓÎÌÑ ÔþÝÏÍÔÑâ ÷×ÌØûÏ ÎÏ ÛØÐÑÐÎÓ ÑÏ××ÙßÏ ×Ô×ÓÔÙÓÙÍ Ôþ�ÐÞÔ ÙÑÐÎÙ ÑÏ××ÙßÏ Ù 'ß ûÝùÞØÌú ×ûÔþûÏú* ÎÏþÔÝÏ ÙÎÿÐû×ÔßÖ úÏÝÏûÕÓÐÝÙÍù��Ùú ÜÔØÔÚÐÎÙÐ ß ÎÐÑ ÙÍþÝÏÎÎÔÞÔ ÛØÐÑÐÎÓÏ	 ý�ô��ñ ÔÍÎÏÒÏÐÓ ÛØÐÕÑÐÎÓ ÑÏÓÝÙ�Ì ý ÎÏ ÜÐÝÐ×ÐÒÐÎÙÙ ôÕø ×ÓÝÔûÙ Ù �ÕÞÔ ×ÓÔØþ�Ïâ KÐÑ ×ÏÑÌÑÔÓÜÏÿÏÐÓ ÎÏÿÔþÎÔ×Óà ß ×ÔÓÎ�ú ÝÏÍØÙÒÎÌú ÙÑÐÎ ÿØ� ÝÔÿ×ÓßÐÎÎÌú Ôþ�ÐûÕÓÔß ÜÝÔÞÝÏÑÑÌâ �ÎÿÐû×Ì ×ÏÑÙ ÑÔÞùÓ þÌÓà ÛØÐÑÐÎÓÏÑÙ ÑÏ××ÙßÔßâ ußÏÑÏ××ÙßÏ ×ÒÙÓÏ�Ó×� ÝÏßÎÌÑÙÖ Ð×ØÙ ÝÏßÎÌ ß×Ð Ùú ÛØÐÑÐÎÓÌÖ N�G�Ý�� LGg�P�RGLI¤ ZG�����¤ âËÏ××ÙßÌ úÏÝÏûÓÐÝÙÍù�Ó×� ÓÙÜÔÑ ÍÎÏÒÐÎÙø Ùú ÛØÐÑÐÎÓÔßÖ H�PFG� ýÒÙ×ØÔÑ ÙÍÑÐÝÐÎÙø 'ÎÐ þÔØÐÐ ×ÐÑÙ*� Ù ÞÝÏÎÙÒÎÌÑÙ ÜÏÝÏÑÙý ÿÙÏÜÏÍÔÎÔÑÙÎÿÐû×Ôß ÜÔ ûÏÚÿÔÑù ÙÍÑÐÝÐÎÙ�â sÝÏÎÙ�Ì ûÏÚÿÔÞÔ ÿÙÏÜÏÍÔÎÏ ÝÏÍÿÐØ�Õ�Ó×� ÿßÔÐÓÔÒÙÐÑB ÎÙÚÎ�� ÞÝÏÎÙ�Ï �� ÜÝÙ ÔÜÙ×ÏÎÙÙ ÑÔÚÐÓ þÌÓà ÔÜù�ÐÎÏ'ßÑÐ×ÓÐ × ÿßÔÐÓÔÒÙÐÑ*â äÝÙßÐÿÐÑ ÎÐ×ûÔØàûÔ ÜÝÙÑÐÝÔß ÔÜÙ×ÏÎÙ� ÑÏ××ÙÕßÔß	
�î�� ��� �����î î� !ð�"î�#�$� ��%&'ñ� � �(�)ñ� ��(�)ñ� !�
ñ

$ÓÔÝÔø ßÏÝÙÏÎÓ ÓÔÞÔ ÚÐ ÔÜÙ×ÏÎÙ� ùûÏÍÌßÏÐÓ ÿØ� ûÏÚÿÔÞÔ Ôþ�ÐûÓÏ ÜÔØÎÌøÎÏþÔÝ ÏÓÝÙþùÓÔß	
���î î�� *���"î�î� && ��(�î��� ð�"î�#�$� && ��%&�+	ñ
�î��� ð�"î�#�$� �(�)ñ && � �����î î�� ð�"î�#�$� && !�
ñ

[ÿÐ×à ÿØ� ÍÏÿÏÎÙ� ÞÝÏÎÙ�Ì ÑÏ××ÙßÏ ý ÜÝÙÑÐÎÐÎÔ RGPN��P�PG� ßÌÝÏÕÚÐÎÙÐÖ ûÔÓÔÝÔÐ ßÌÒÙ×Ø�ÐÓ×� ÎÏ ÛÓÏÜÐ ûÔÑÜÙØ��ÙÙâ %ÏÜÔÑÎÙÑÖ ÒÓÔ ÞÝÏÕÎÙÒÎÌÐ ÜÏÝÌ ÑÔÞùÓ þÌÓà ùûÏÍÏÎÌ Ù ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔ ß ÔÜÙ×ÏÎÙÙ ÓÙÜÏâ�¤T h�]b]| ` ^bVk\a ab]^Wiu,
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�Í ÝÏ××ÑÔÓÝÐÎÎÌú ÜÝÙÑÐÝÔß ×ØÐÿùÐÓÖ ÒÓÔ ÏÓÝÙþùÓÌ ÑÔÞùÓ ÍÏÿÏßÏÓàÕ×� ûÏû ÜÔÝÔÍÎàÖ ÓÏû Ù ßÑÐ×ÓÐÖ ÜÝÙÒÐÑ Ôþ�ÐûÓÌ × Ôþ�ÙÑÙ ÏÓÝÙþùÓÏÑÙ ÑÔÚÕÎÔ ÞÝùÜÜÙÝÔßÏÓà ß ÐÿÙÎÌø ×ÜÙ×Ôûâ $ÓÔÝÔø ßÏÝÙÏÎÓ ûÏû þÔØÐÐ ù×ÓÔøÒÙßÌøû ÔæÙþûÏÑ ×ÒÙÓÏÐÓ×� ÜÝÐÿÜÔÒÓÙÓÐØàÎÌÑâ

äÝÔÓ�ÚÐÎÎÔ×Óà ÑÏ××ÙßÏ ÜÔ ÎÐûÔÓÔÝÔÑù ÙÍÑÐÝÐÎÙ� ÎÏÍÌßÏÐÓ×� ÐÞÔ²RN��P�G� Ö Ï ùÜÔÝ�ÿÔÒÐÎÎÌø ÜÔØÎÌø ÎÏþÔÝ Ûû×ÓÐÎÓÔß ý ³GH�GQ ÑÏ××ÙÕßÏâ ËÏ××ÙßÌ ÔÿÙÎÏûÔßÔø �ÔÝÑÌ ×ÒÙÓÏ�Ó×� RGP³GH�PI�� â äÔÿÒÐÝûÎÐÑÖÒÓÔ gE� RGP³GH�PGN�� ��NN�LGL NGLZ�g�P�� FH�P�MPI¤ Z�H P� �H�£t¢��N� â ÷ûÏØ�Ý ×ÒÙÓÏÐÓ×� ûÔÎ�ÔÝÑÎÌÑ × Ø�þÌÑ ÑÏ××ÙßÔÑâ äÝÔÙÍßÐÕÿÐÎÙÐ Ûû×ÓÐÎÓÔß ÍÏÿÏÐÓ H����H ÑÏ××ÙßÏâ ÷ûÏØ�Ý ³GH��EOPG ÎÐ �ßØ�ÐÓ×�ÑÏ××ÙßÔÑ ÎùØÐßÔÞÔ ÝÏÎÞÏ × ÐÿÙÎÙÒÎÌÑ Ûû×ÓÐÎÓÔÑ Ù ÜÔÓÔÑù ÎÐ ÑÔÚÐÓ ÜÔÿÕ×ÓÏßØ�Óà×� ßÑÐ×ÓÔ ÓÏûÔßÔÞÔâ

ØÐÑÐÎÓÌ ÑÏ××ÙßÔß ÝÏ×ÜÔØÏÞÏ�Ó×� ß ÜÏÑ�ÓÙ ÓÏûÙÑ ÔþÝÏÍÔÑÖ ÒÓÔÜÐÝßÌÑ ÑÐÎ�ÐÓ×� ×ÓÏÝæÙø '×ÏÑÌø ØÐßÌø* ÙÎÿÐû×â $ ÒÏ×ÓÎÔ×ÓÙÖ ÑÏÓÝÙ�ÌÝÏÍÑÐ�Ï�Ó×� ZG N�GEt���â 
ÓÔ Ôþ×ÓÔ�ÓÐØà×ÓßÔ ×ØÐÿùÐÓ ùÒÙÓÌßÏÓà ÜÝÙÔÝÞÏÎÙÍÏ�ÙÙ ßßÔÿÏ Ù ßÌßÔÿÏ ÑÎÔÞÔÑÐÝÎÌú ÑÏ××ÙßÔßâ
43�343 clj=`@< < 8=m=;<: >?88<a7a
uØ� ××ÌØûÙ ÎÏ ÛØÐÑÐÎÓ ÑÏ××ÙßÏ ÍÏÿÏÐÓ×� ÙÎÿÐû×ÙÝÔßÏÎÎÏ� ÜÐÝÐÑÐÎÕÎÏ�B ÎÏ ÑÏ××Ùß ß �ÐØÔÑ ××ÌØÏ�Ó×� ÜÔ ÐÞÔ ÙÑÐÎÙâ $&]� Ð×Óà ßÔÍÑÔÚÎÔ×ÓàÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔ ÝÏþÔÓÏÓà × ÒÏ×Ó�ÑÙ ÑÏ××ÙßÏ ý ßÌÝÐÍûÏÑÙ Ù ×ÐÒÐÎÙ�ÑÙâ.IH��R� ÙÍ ÑÏ××ÙßÏ ÜÝÐÿ×ÓÏßØ�ÐÓ ×ÔþÔø ÜÔÿÑÏ××Ùß ßÙÿÏ
í/0120344/53ï�í6/37389:ï�;;;�í6/37389:ïñ


ØÐÑÐÎÓÌ ßÌÝÐÍûÙ ÙÍ ÑÏ××ÙßÏ ÑÔÞùÓ þÌÓà ßÍ�ÓÌ × æÏÞÔÑÖ ÔÓØÙÒÎÌÑ ÔÓÐÿÙÎÙ�Ìâ $ ÛÓÔÑ ×ØùÒÏÐ ßÌÝÐÍûÏ ÜÔ ×ÔÔÓßÐÓ×Óßù��ÐÑù ÙÍÑÐÝÐÎÙ� ÍÏÕÿÏÐÓ×� ùÚÐ ÎÐ ÞÝÏÎÙÒÎÔø ÜÏÝÔøÖ Ï �H�ZE��G� â KÏûÖ ý�ô�<&� &<ñ ý ÛÓÔÒÐÓÎÌÐ ÛØÐÑÐÎÓÌ ôÕø ×ÓÝÔûÙ ÑÏÓÝÙ�Ì ýâ =ÏÞ 'ÓÝÐÓà� ÜÔÍÙ�Ù� ÓÝÙÜØÐÕÓÏ* ÑÔÚÐÓ þÌÓà Ù ÔÓÝÙ�ÏÓÐØàÎÌÑB ÓÔÞÿÏ ßÓÔÝÔø ÛØÐÑÐÎÓ ÓÝÙÜØÐÓÏ ÿÔØÚÐÎþÌÓà ÑÐÎàæÐ ÜÐÝßÔÞÔÖ Ù ÛØÐÑÐÎÓÌ Ù×úÔÿÎÔÞÔ ÑÏ××ÙßÏ þùÿùÓ ßÌþÙÝÏÓà×� ßÔþÝÏÓÎÔø ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×ÓÙâ �Üù�ÐÎÎÌÐ ÎÙÚÎÙÐ ÙØÙ ßÐÝúÎÙÐ ÞÝÏÎÙ�ÌßÌÝÐÍûÙ ÍÏÙÑ×Óßù�Ó×� ù ÑÏ××ÙßÏ ß �ÐØÔÑâ å×ØÙ ÜÔ ûÏûÔÑùÕÓÔ ÙÍÑÐÝÐÕÎÙ� ÔÜù�ÐÎÌ ÔþÐ ÞÝÏÎÙ�Ì ßÌÝÐÍûÙ 'ÿßÔÐÓÔÒÙÐ ÿÔØÚÎÔ þÌÓà ×ÔúÝÏÎÐÎÔ*ÖÓÔ ÞÔßÔÝ�Ó Ô N�M�P�� ÑÏ××ÙßÏ	 ý�ô�&ñ ÔÍÎÏÒÏÐÓ ôÕ� ×ÓÝÔûù ùÜÔÑ�ÎùÓÔøÑÏÓÝÙ�Ì ýâ äÔÎ�ÓÙÐ ûÔÎ�ÔÝÑÎÔ×ÓÙ ÑÏ××ÙßÔßÖ Ð×ÓÐ×ÓßÐÎÎÔÖ ÜÐÝÐÎÔ×ÙÓ×�Ù ÎÏ ßÌÝÐÍûÙâ



s� Á���� �� �����Ð ì� # ���
43�3h3 >?�?;<= >?88<a7a
uØ� ÔÍÎÏÒÙßÏÎÙ� ÑÏ××ÙßÔß ×ù�Ð×Óßù�Ó ×ØÐÿù��ÙÐ ×ÝÐÿ×ÓßÏ	

• ÔÜÙ×ÏÎÙÐ ÎÏÒÏØàÎÌú ÍÎÏÒÐÎÙøB
• ÔÜÐÝÏÓÔÝ ßßÔÿÏB
• ÔÜÐÝÏÓÔÝ ÜÝÙ×ßÏÙßÏÎÙ�â

äÝÙßÐÿÐÑ ÜÝÙÑÐÝÌ Ù×ÜÔØàÍÔßÏÎÙ� ÛÓÙú ×ÝÐÿ×Óß 'ûÝÔÑÐ ßßÔÿÏÖ Ôþ×ùÚÿÏÐÕÑÔÞÔ ÔÓÿÐØàÎÔ*â äÐÝÐÑÐÎÎÌÐ Ù ÑÏ××ÙßÌ ÑÔÚÎÔ ÙÎÙ�ÙÏØÙÍÙÝÔßÏÓà ÜÝ�ÑÔß ÔÜÙ×ÏÎÙÙ ÓÙÜÏ	
�î�� && ?�%;%���î î�� ð�"î�#�$� �(ñ && " @<�A�		@���î î�� ð�"î�#�$� �'ñ && !��@	�(�A�)@ñ

'ÍÏÜÙ×à ß ÜÝÏßÔø ÒÏ×ÓÙ ÜÔ×ØÐÿÎÐÞÔ ÔÜÙ×ÏÎÙ� ÎÏÍÌßÏÐÓ×� RGPN�H¢R�GHG���NN�L�*â $ ÓÐú ÚÐ �ÐØ�ú ÑÔÚÎÔ Ù×ÜÔØàÍÔßÏÓà ÔÜÐÝÏÓÔÝð��� í47/49B29CDEBF95ï@í47/49B28:3GE:/Hï@ÞÿÐ í47/49B29CDEBF95ï ßûØ�ÒÏÐÓ ÜÐÝÐÑÐÎÎÌÐ Ù ÎÐ�ßÎÌÐ �ÙûØÌâ äÝÙÔÍÎÏÒÙßÏÎÙÙ ÜÝÔÙ×úÔÿÙÓ ÜÔÛØÐÑÐÎÓÎÔÐ ×ÔÜÔ×ÓÏßØÐÎÙÐ ÔþÔÙú ×ÜÙ×ûÔß ×ùÒÐÓÔÑ ×ÓÝùûÓùÝÌ Ôþ�ÐûÓÔß 'ÑÏ××ÙßÔß* Ù ÜÔßÓÔÝÙÓÐØÐø ßÙÿÏ '� ß ×ÜÙ×ûÐÍÎÏÒÐÎÙø	
���î î� ��I���î î�� *���"î�î� && ��'� "�����+	ñ@<�î�� J����ñð��� ��J���Iñ� I�	��ñ� ��	��ñ @"�	;%@

[ÿÐ×à ÍÏÜÔØÎ�ÐÓ×� ßÐ�Ð×ÓßÐÎÎÌÑÙ ÐÿÙÎÙ�ÏÑÙ ÎÙÚÎ�� ÓÝÐùÞÔØàÎÏ� ÒÏ×ÓàÑÏÓÝÙ�Ì K ÝÏÍÑÐÝÔÑ ú�úâ �þÝÏÓÙÓÐ ßÎÙÑÏÎÙÐ ÎÏ Ù×ÜÔØàÍÔßÏÎÙÐ ß ÛÓÔÑÜÝÙÑÐÝÐ ÙÑÐÎÔßÏÎÎÌú ûÔÎ×ÓÏÎÓ Ù ûÔÎ×ÓÏÎÓÎÌú ßÌÝÏÚÐÎÙøL
�ÓÑÐÓÙÑ ÿÔÜÔØÎÙÓÐØàÎÔÖ ÒÓÔ	

• �ÙûØÙÒÐ×ûÙø ×ÜÙ×Ôû ÍÏûØ�ÒÏÐÓ×� ß ×ûÔþûÙB
• �ÙûØÙÒÐ×ûÙø ×ÜÙ×Ôû ÑÔÚÐÓ þÌÓà ßØÔÚÐÎÎÌÑB
• ßÔ ß×Ðú �ÙûØÏú ÑÔÚÎÔ ÿÔÜÔØÎÙÓÐØàÎÔ ùûÏÍÏÓà ÜÔ×ØÐ ßÓÔÝÔø ÞÝÏÎÙ�ÌæÏÞ ÜÝÙÝÏ�ÐÎÙ� ÜÏÝÏÑÐÓÝÏ 'ÜÔ ùÑÔØÒÏÎÙ� ��*B
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• ûÏÚÿÏ� ÜÐÝÐÑÐÎÎÏ� ÙØÙ ÒÏ×Óà ÐÐ ß ÜÝÔÞÝÏÑÑÐ ÑÔÞùÓ ÙÎÙ�ÙÏØÙÍÙÝÔÕßÏÓà×� ÓÔØàûÔ ÔÿÙÎ ÝÏÍB
• ÜÝÙ ÝÏÍØÙÒÙÙ ß ÓÙÜÏú ÛØÐÑÐÎÓÔß ÑÏ××ÙßÏ Ù ÍÏÿÏßÏÐÑÌú ÍÎÏÒÐÎÙøÜÝÔÙ×úÔÿÙÓ ÏßÓÔÑÏÓÙÒÐ×ûÔÐ ÜÝÐÔþÝÏÍÔßÏÎÙÐ ÜÔ×ØÐÿÎÙú 'ûÏû ß ÔÜÐÝÏÕÓÔÝÏú ÜÝÙ×ßÏÙßÏÎÙ�*â

äÏÝ ×ÜÙ×ûÔß 'ûÏû Ù ×ÏÑÙú ÔÜÐÝÏÓÔÝÔß �ýöý* ÑÔÚÐÓ þÌÓà ÎÐ×ûÔØàûÔâ
43�3�3 M=o89a<: ;?� >?88<a?>< a N=n7>
%Ïÿ ûÔÎ�ÔÝÑÎÌÑÙ ÑÏ××ÙßÏÑÙ ß &]� ÿÔÜù×ûÏ�Ó×� ÏÞÝÐÞÏÓÎÌÐ ÔÜÐÕÝÏ�ÙÙ ×ØÔÚÐÎÙ�Ö ßÌÒÙÓÏÎÙ� Ù ÜÝÙ×ßÏÙßÏÎÙ�Ö ßÌÜÔØÎ�ÐÑÌÐ ÜÔûÔÑÜÔÎÐÎÓÕÎÔâ ÷ûÏØ�ÝÎÏ� ÜÐÝÐÑÐÎÎÏ� ×ÒÙÓÏÐÓ×� ûÔÎ�ÔÝÑÎÔø Ø�þÔÑù ÑÏ××ÙßùÖ ÒÓÔÜÔÍßÔØ�ÐÓ ÔÿÎÙÑ ÔÜÐÝÏÓÔÝÔÑ	

• ÜÝÙ×ßÔÙÓà ß×ÐÑ ûÔÑÜÔÎÐÎÓÏÑ ÑÏ××ÙßÏ ×ûÏØ�ÝÎÔÐ ÍÎÏÒÐÎÙÐ 'ÎÏÜÝÙÕÑÐÝÖ ÎùØÐßÔÐ*B
• ùÑÎÔÚÏÓà ÛØÐÑÐÎÓÌ ÑÏ××ÙßÏ ÎÏ ×ûÏØ�Ý ÙØÙ ÿÔþÏßØ�Óà ÐÞÔ û ÎÙÑâ

� ÑÏ××Ùßù ß �ÐØÔÑ ÑÔÚÐÓ ÜÔûÔÑÜÔÎÐÎÓÎÔ ÜÝÙÑÐÎ�Óà×� Ø�þÏ� �ùÎû�Ù�×ûÏØ�ÝÎÔÞÔ ÏÝÞùÑÐÎÓÏâ $Ô �ÝÏÞÑÐÎÓÐ
�î�� * �Añ� J�Añ� ��)ñ*�( ;%��' ;
)J�*+%;����( &)ñ*�îO* �*ñ

ÜÐÝßÌÐ ÿßÏ ÜÝÙ×ßÏÙßÏÎÙ� ÝÏÍÝÐæÐÎÌ ÙÍÕÍÏ ûÔÎ�ÔÝÑÎÔ×ÓÙ ×ûÏØ�ÝÏ Ù ÜÝÔÕÙÍßÔØàÎÔÞÔ ÑÏ××ÙßÏB ÓÝÐÓàÐ ÿÔÜù×ÓÙÑÔ þØÏÞÔÿÏÝ� ßÌþÝÏÎÎÔø ÜÝÔÓ�ÚÐÎÕÎÔ×ÓÙ ßÌÝÐÍûÙ Ù ÜÔÛØÐÑÐÎÓÎÔÑù úÏÝÏûÓÐÝù ×ØÔÚÐÎÙ� ßÐûÓÔÝÔßB ÒÐÓßÐÝÓÔÐÔÜÝÐÿÐØ�ÐÓ ÜÔÛØÐÑÐÎÓÎÔÐ ßÌÒÙ×ØÐÎÙÐ ÜÔûÏÍÏÓÐØàÎÔø �ùÎû�ÙÙâ
43�3�3 clP7j7m;l= �=o89a<:
�ÔÎ×ÓÝùû�Ù� Q�÷ù÷ ÜÔÍßÔØ�ÐÓ ÍÏÜÝÔÞÝÏÑÑÙÝÔßÏÓà ÿÐø×ÓßÙ� × ÎÐûÔÕÓÔÝÌÑÙ ÛØÐÑÐÎÓÏÑÙ ÑÏ××ÙßÏÖ ÔÓþÙÝÏÐÑÌÑÙ ß ×ÔÔÓßÐÓ×ÓßÙÙ × ØÔÞÙÒÐ×ûÙÑÑÏ××ÙßÔÑ ÓÔø ÚÐ �ÔÝÑÌ '��NRGQ*â KÏûÖ ßÔ �ÝÏÞÑÐÎÓÐ
RSî�î ��í%ñ ��%



ye Á���� �� �����Ð ì� # ���
ß×Ð ÔÓÝÙ�ÏÓÐØàÎÌÐ ÛØÐÑÐÎÓÌ ÑÏÓÝÙ�Ì ý þùÿùÓ ÍÏÑÐÎÐÎÌ ÎùØ�ÑÙâ [ÏÑÐÕÓÙÑÖ ÒÓÔ ß×Ð ûÔÑÜÔÎÐÎÓÌ ÛÓÔø Ù ÝÔÿ×ÓßÐÎÎÌú Ðø ûÔÎ×ÓÝùû�Ùø �ßØ��Ó×�ÑÏÓÝÙÒÎÌÑÙâ %ÏÙþÔØÐÐ Ôþ�ÙÑ �ßØ�ÐÓ×� ÔÜÐÝÏÓÔÝ

RSî�î �íTUV0344/5ïñí7W/453/53:/120344/595ïî�#îRSî�îí7W/453/53:/120344/595ïî�ð RSî�î
'þØÔû ÷ú�÷Q�÷ù÷ ÎÐ Ôþ�ÍÏÓÐØÐÎ*â �ÜÐÝÏÓÔÝÔß ÜÝÙ×ßÏÙßÏÎÙ� ß ûÏÚÿÔÑþØÔûÐ ÑÔÚÐÓ þÌÓà ÎÐ×ûÔØàûÔÖ ÎÔ ß×Ð ÔÎÙ ÿÔØÚÎÌ ÔÓÎÔ×ÙÓà×� û ÑÏ×Õ×ÙßÏÑ ÔÿÙÎÏûÔßÔø �ÔÝÑÌÖ ×ÔßÜÏÿÏ��Ðø × �ÔÝÑÔø ÑÏ×ûÙâ SÔÞÙÒÐ×ûÔÐßÌÝÏÚÐÎÙÐÕÑÏ××Ùß ÑÔÚÐÓ ÜÔÝÔÚÿÏÓà×� ÜÔûÔÑÜÔÎÐÎÓÎÌÑ ßÌÜÔØÎÐÎÙÐÑÔÜÐÝÏ�ÙÙ ÔÓÎÔæÐÎÙ� ÙØÙ ÜÝÔÙÍßÔØàÎÔ �ÔÝÑÙÝùÐÑÔø ØÔÞÙÒÐ×ûÔø ÑÏ×ûÔø	

�î�� O�	%%ñ���î î� #*��#î �	%%ñ
�$ ����� ð�"î�#�$� �	%%ñ && "�#!;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;
"�#!�	&	%%&<ñ� ;��Xî;RSî�î�"�#!ñ

O�O+	;%#*��#î�	î�ð RSî�î

$ ÛÓÔÑ ÜÝÙÑÐÝÐ ûÏÚÿÌø ÎÐÒÐÓÎÌø ÛØÐÑÐÎÓ ÙÍ � þùÿÐÓ ùßÐØÙÒÐÎ ÎÏÐÿÙÎÙ�ùÖ Ï ÙÍ �ÿýù�÷ ÜÔØùÒÙÓ ÐÿÙÎÙÒÎÔÐ ÍÎÏÒÐÎÙÐâ÷ÐÒÐÎÙ� ùÜÝÏßØ��Ó ßÌþÔÝûÔø ÛØÐÑÐÎÓÔß ÑÏ××ÙßÏ ÜÔ ûÔÔÝÿÙÎÏÓÏÑÖÓÔÞÿÏ ûÏû ÔÜÐÝÏÓÔÝ Q�÷ù÷ ý ÜÔ ù×ØÔßÙ�â �ÜÐÝÏÓÔÝ Yûùýúú '&]e* ÜÔÍßÔÕØ�ÐÓ Ôþ�ÐÿÙÎ�Óà ÔþÏ ÛÓÙú ×ÜÔ×ÔþÏâ åÞÔ ×ÙÎÓÏû×Ù×	
Z$���� �í/:6EB4:9E25[W3\E:/Eï ]�í4B3^1W:312^9_/GE4B312034B3ï`ñí97EW3F9W27W/453/53:/1ï
äÝÙ×ßÏÙßÏÎÙÐ ßÌÜÔØÎ�ÐÓ×� ÿØ� ß×Ðú ùûÏÍÏÎÎÌú ß ØÐßÔø ÒÏ×ÓÙ ûÔÑÕþÙÎÏ�Ùø ÙÎÿÐû×ÔßÖ ûÔÓÔÝÌÑ ÔÓßÐÒÏÐÓ Ù×ÓÙÎÎÔÐ ÍÎÏÒÐÎÙÐ ÑÏ×ûÙâ å×ÕØÙÖ ÎÏÜÝÙÑÐÝÖ ß×Ð ÎÐÎùØÐßÌÐ ÛØÐÑÐÎÓÌ ÑÏ××ÙßÏ ß ÿÙÏÜÏÍÔÎÐ ÙÎÿÐû×Ôß�<&
�( &õ+	ñ ÎùÚÎÔ ÍÏÑÐÎÙÓà ÎÏ ÙÑ ÔþÝÏÓÎÌÐÖ ×ØÐÿùÐÓ ÍÏÜÙ×ÏÓà	Z$���� ���<&
� I�( &�+	� ù���Iña�%ñ ù���Iñ�	;%@ù���Iñ



��-� È�����Ð � D�¡�#��Å ��D ��!� yd
äÝÙ ÎÐÔþúÔÿÙÑÔ×ÓÙ ß ÎÐ×ûÔØàûÙú ÔÜÐÝÏÓÔÝÏú ÜÝÙ×ßÏÙßÏÎÙ� Ùú ×ÔßÔûùÜÕÎÔ×Óà ÍÏßÐÝæÏÐÓ×� ÷õ� Yûùýúúâ $×Ð ÓÏûÙÐ ÔÜÐÝÏÓÔÝÌ ßÌÜÔØÎ��Ó×� ×ÓÝÔÕÞÔ ÜÔ×ØÐÿÔßÏÓÐØàÎÔâå�Ð ÔÿÙÎ ÜÝÙÑÐÝ ÜÝÔÞÝÏÑÑÌ ÎÏ Yûùýúú ÍÏÜÔØÎ�ÐÓ ÐÿÙÎÙ�ÏÑÙÎÙÚÎ�� ØÐßù� ÒÏ×Óà ÑÏÓÝÙ�Ì 'ßûØ�ÒÏ� ÞØÏßÎù� ÿÙÏÞÔÎÏØà*	

*�$ ��" �Z$�������î î�� *���"î�î� & ��'���î î� ��I
�î�� O�� ��ñ
O�%Z$���� ���	�� � I�	�� � �ï�Iñ O���Iñ�	;%
R���î ���(ñ ��O���Iñ� I�	��ñ� ��	��ñ( Z$�"�� �	O�í�ïî	' ;Añî�ð


ÓÔÓ ÜÝÙÑÐÝ ÎÏÝ�ÿù × ÜÝÙÑÐÎÐÎÙÐÑ Yûùýúú ÙØØ�×ÓÝÙÝùÐÓ ZGN�HGMPIQßÌßÔÿ ÝÐÍùØàÓÙÝù��Ðø ÑÏÓÝÙ�Ì Ù ÜÝÙÑÐÎÐÎÙÐ ×ÙÑßÔØàÎÔÞÔ ùûÏÍÏÓÐØ�ûÝÏÓÎÔ×ÓÙ ß ×ÜÐ�Ù�ÙûÏ�ÙÙ �ÔÝÑÏÓÏâ
43�3b3 d?88<al 8 �=j=>=;;l>< kj?;<N?><
&]� ÝÏÍÝÐæÏÐÓ 'ÎÔ ÎÐ ß ÞØÏßÎÔø ÜÝÔÞÝÏÑÑÐ* g�P���M�NR�� ÑÏ××ÙÕßÌÖ ÜÔÍßÔØ���ÙÐ ßÌÿÐØÙÓà ÜÏÑ�Óà ß ÎùÚÎÌø ÑÔÑÐÎÓ ßÌÜÔØÎÐÎÙ� ÜÝÔÕÞÝÏÑÑÌÖ ÜÔ �ÏûÓÙÒÐ×ûÔø ÜÔÓÝÐþÎÔ×ÓÙ Ù ÜÔÿ ÿÏÎÎÌÐ ���LE�PPGQ N�H¢R£�¢HI â �ÏÚÿÌø ÿÙÎÏÑÙÒÐ×ûÙø ÑÏ××Ùß ÿÔØÚÐÎ þÌÓà Ôþ��ßØÐÎ ß ÔÜÙ×ÏÎÙÙÓÙÜÏ Ù�ÙØÙ ×ÓÝùûÓùÝÌ × ÏÓÝÙþùÓÔÑ ýúúûüýöý�ú÷â $ ÛÓÔÑ Ôþ��ßØÐÎÙÙùûÏÍÌßÏ�Ó×� ÓÔØàûÔ ÓÙÜ ÍÎÏÒÐÎÙø Ù ûÔØÙÒÐ×ÓßÔ ÙÍÑÐÝÐÎÙø 'ÜÔ×ØÐÿÎÐÐ ýÜÔ×ÝÐÿ×ÓßÔÑ ÿßÔÐÓÔÒÙøÖ ûÏÚÿÔÐ ÙÍ ûÔÓÔÝÌú ÜÝÐÿ×ÓÏßØ�ÐÓ ÔÿÎù ÞÝÏÎÙÒÕÎù� ÜÏÝù*âuØ� ûÝÏÓûÔ×ÓÙ þùÿÐÑ ÙÑÐÎÔßÏÓà ÓÏûÙÐ ÑÏ××ÙßÌ ãÕÑÏ××ÙßÏÑÙâãÕÑÏ××ÙßÌ ÎÐ ûÔÎ�ÔÝÑÎÌ ÎÙûÏûÙÑ ÙÎÌÑ 'ß ÓÔÑ ÒÙ×ØÐ ÿÝùÞÙÑ ÑÏ××ÙßÏÑ ×ÛÓÙÑ ×ßÔø×ÓßÔÑ* Ù ÜÔÓÔÑù ÎÐ ÿÔÜù×ûÏ�Ó ß ÜÏÝÐ × ÎÙÑÙ ÏÞÝÐÞÏÓÎÌú ÔÜÐÝÏÕ�Ùøâ äÏÝÌ ÑÏ××ÙßÕ×ûÏØ�Ý Ù ×ûÏØ�ÝÎÏ� �ùÎû�Ù� ÔÓ ÑÏ××ÙßÏ Ù×ûØ�ÒÐÎÙÐÑÎÐ �ßØ��Ó×�â
ÐÏØàÎÔÐ ßÌÿÐØÐÎÙÐ ÜÏÑ�ÓÙ ÿØ� ûÏÚÿÔÞÔ ãÕÑÏ××ÙßÏ ÜÝÔÙ×úÔÿÙÓ ÎÏæÏÞÐ ßÌÜÔØÎÐÎÙ� ÜÔ ÔÜÐÝÏÓÔÝù ýúúûüýö÷Ö ùûÏÍÌßÏ��ÐÑù �ÏûÓÙÒÐ×ûÙÐÞÝÏÎÙÒÎÌÐ ÜÏÝÌâ äÔ×ØÐÿÎÙÐ ÑÔÞùÓ þÌÓà ÍÏÿÏÎÌ ÏÝÙ�ÑÐÓÙÒÐ×ûÙÑÙ ßÌÝÏÕÚÐÎÙ�ÑÙÖ ß×Ð ÜÐÝÐÑÐÎÎÌÐ ß ×Ô×ÓÏßÐ ûÔÓÔÝÌú û ÑÔÑÐÎÓù ßÌÿÐØÐÎÙ� ÜÏÑ�ÕÓÙ ÿÔØÚÎÌ þÌÓà ÔÍÎÏÒÐÎÌâ�×ßÔþÔÚÿÐÎÙÐ ÜÏÑ�ÓÙÖ ÍÏÓÝÐþÔßÏÎÎÔø ÜÔÿ ãÕÑÏ××ÙßÌÖ ÜÝÔÙÍßÔÿÙÓÕ



y� Á���� �� �����Ð ì� # ���
×� ÔÜÐÝÏÓÔÝÔÑ �÷ýúúûüýö÷ × ÍÏûØ�ÒÐÎÎÌÑ ß ×ûÔþûÙ ×ÜÙ×ûÔÑ Ô×ßÔþÔÚÿÏÐÕÑÌú Ôþ�ÐûÓÔßâ äÝÙÑÐÎÐÎÙÐ �÷ýúúûüýö÷ û Ôþ�ÐûÓÏÑÖ ÜÏÑ�Óà ÜÔÿ ûÔÓÔÝÌÐß ÓÐûù�Ùø ÑÔÑÐÎÓ ÎÐ ßÌÿÐØÐÎÏÖ ÜÝÙßÔÿÙÓ û ÎÐÜÝÐÿ×ûÏÍùÐÑÌÑ ÜÔ×ØÐÿÕ×ÓßÙ�Ñâ

äÝÙßÐÿÐÑ ×úÐÑù ÜÝÔÞÝÏÑÑÌ × ÿÙÎÏÑÙÒÐ×ûÙÑÙ ÑÏ××ÙßÏÑÙ	

�î�� îZZð�"î�#�$� îZZ ]���$������î`�&�&ñ;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;
��!"�!+I;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;
���$���î �îZZ�� �"ññ;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;ðî���$���î �îZZñ;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;

�ßÏÿÝÏÓÎÌÐ ×ûÔþûÙÖ ÔþÝÏÑØ���ÙÐ ýúúûüýöý�ú÷Ö ×ÙÎÓÏû×ÙÒÐ×ûÙ Ôþ�ÍÏÕÓÐØàÎÌâ

+ècè Îñìíëîðð�î /�ðö.òò

$ ûØÏ××ÙÒÐ×ûÔÑ&ÔÝÓÝÏÎÐ ß×ÓÝÔÐÎÎÌÐ ÜÝÔ�ÐÿùÝÌÖ ÝÐÏØÙÍù��ÙÐ ÔÿÕÎù Ù Óù ÚÐ ×ÓÏÎÿÏÝÓÎù��ùÎû�Ù�Ö ß ÍÏßÙ×ÙÑÔ×ÓÙ ÔÓ ÓÙÜÏ ÏÝÞùÑÐÎÓÏ ÙÑÐØÙÝÏÍØÙÒÎÌÐ ÒÏ×ÓÎÌÐ ÙÑÐÎÏâ %ÏÜÝÙÑÐÝÖ ÎÏÓùÝÏØàÎÌø ØÔÞÏÝÙ�Ñ ÔþÔÍÎÏÒÏØÕ×� ûÏû ýúûø ý ÿØ� ù÷ýú�'Ö �úûø ý ÿØ� ù÷ýú��Ö üúûø ý ÿØ� üûþÿú÷���â$ &]� ÑÔÚÎÔ ××ÌØÏÓà×� ÎÏ Ôþ�ÐÐ 'ÝÔÿÔßÔÐ* ÙÑ� �ùÎû�ÙÙâuØ� ØÔÞÏÝÙ�ÕÑÏ ÛÓÔ úûøÖ Ï ÿØ� Ô×ÓÏØàÎÌú ÑÏÓÐÑÏÓÙÒÐ×ûÙú �ùÎû�Ùø ý ÒÏ×ÓÎÌÐ ÙÑÐÕÎÏÖ ×ÔÔÓßÐÓ×Óßù��ÙÐ �ÔÝÑÏÓù ù÷ýú�'â �ÔÎûÝÐÓÎÏ� �ùÎû�Ù� ×ÐÑÐø×ÓßÏßÌþÙÝÏÐÓ×� ûÔÑÜÙØ�ÓÔÝÔÑ ß ÍÏßÙ×ÙÑÔ×ÓÙ ÔÓ ÓÙÜÏ ÏÝÞùÑÐÎÓÔßâ
$×ÓÝÔÐÎÎù� �ùÎû�Ù� ß ÝÔØÙ �ÏûÓÙÒÐ×ûÔÞÔ ÜÏÝÏÑÐÓÝÏ ÜÝÔ�ÐÿùÝÌ×ØÐÿùÐÓ ÜÔÿ×ÓÏßØ�Óà ÐÐ M�N�PI� ÙÑÐÎÐÑâ 
ÓÔ ÒÏ×ÓÎÔÐ ÙÑ� ÿÔØÚÎÔ þÌÓà×ÜÐ�Ù�Ù�ÙÝÔßÏÎÔ ß ßÌÍÌßÏ��Ðø ÜÝÔ�ÐÿùÝÐ ûÏû ôõöùôõ�ôüâ



��d� e�f��#�����Å ys
+ègè hõióîìó�îðòÜ

� ×ÝÐÿ×ÓßÏÑ ÝÏÍßÐÓßØÐÎÙ� ×ÓÏÎÿÏÝÓÎÔÞÔ &ÔÝÓÝÏÎÏ ß &]� ÿÔþÏßØÐÎÊþØÔÒÎÌø ôYá	
ôY �íTU	ïñ ö�÷õ

íj^9B2	ï÷ú�÷íj^9B2<ï÷õ� ôY
[ÿÐ×à TU ý ØÔÞÙÒÐ×ûÙÐ ßÌÝÏÚÐÎÙ�Ö Ï þØÔûÙ ý ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×Óà ÔÜÐÕÝÏÓÔÝÔßâ $ ÔÓØÙÒÙÐ ÔÓ �ÍÌûÏ ÷ÙÖ þØÔû P� P¢kPG ÍÏûÏÎÒÙßÏÓà ÜÐÝÐÕÿÏÒÐø ùÜÝÏßØÐÎÙ� ÜÝÐÐÑÎÙûù ÜÔØÎÔÞÔ ù×ØÔßÎÔÞÔ ÔÜÐÝÏÓÔÝÏâ ôYÕÞÝùÜÜÌÑÔÞùÓ þÌÓà ßØÔÚÐÎÎÌÑÙâ$ÔÍÑÔÚÐÎ Ù ×ÔûÝÏ�ÐÎÎÌø ù×ØÔßÎÌø ÔÜÐÝÏÓÔÝÖ ÎÏÜÝÙÑÐÝ	ôY �õ ;úö ;%ñ ö�÷õ

��Võl�<�m÷õ� ôY
$ ×ØùÒÏÐ ÔÿÎÔÞÔ ÜÔÿÔÜÐÝÏÓÔÝÏ ù×ØÔßÎÌø ÔÜÐÝÏÓÔÝ ÍÏÜÙ×ÌßÏÐÓ×� ß �ÔÝÑÐôY �õ ;úö ;%ñ ��Võ
äÐÝÐúÔÿÌ ÙÍßÎÐ û ÜÔÿÔÜÐÝÏÓÔÝÏÑ þØÔÒÎÔÞÔ ôY Ù �ÙûØÏ ÍÏÜÝÐ�Ï�Ó×�â

+ènè oòö��

äÝÔ×ÓÐøæÙÐ �ÙûØÌ &ÔÝÓÝÏÎÏ ý × æÏÞÔÑ	
�û í73W30EFWï � í:3G3^9ï� íB9:EpïíFE^92p/B^3ï÷õ� �û

å×ØÙ æÏÞ ÔÓØÙÒÐÎ ÔÓ �Ö ÔÎ ùûÏÍÌßÏÐÓ×� ÿÔÜÔØÎÙÓÐØàÎÔ ÓÝÐÓàÙÑ ÏÝÞùÑÐÎÕÓÔÑ ÍÏÞÔØÔßûÏâ $ &]� ÿÔþÏßØÐÎÌ ×ØÐÿù��ÙÐ ßÔÍÑÔÚÎÔ×ÓÙ	
• �ÙûØ W ØÔÞÙÒÐ×ûÙÑ ù×ØÔßÙÐÑ ý ÍÏÞÔØÔßÔû ßÙÿÏ �û Q�ôú÷ �íTUïñB
• ÔÜÐÝÏÓÔÝ qmüú÷Ö ÔþÐ×ÜÐÒÙßÏ��Ùø ÜÐÝÐÿÏÒù ùÜÝÏßØÐÎÙ� ÍÏÞÔØÔßûù�ÙûØÏB



yy Á���� �� �����Ð ì� # ���
• ÔÜÐÝÏÓÔÝ ÷�ôö ßÌúÔÿÏ ÙÍ �ÙûØÏ ß ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔ Ôþ�ÐÑØ��ù�ûÔÎ×ÓÝùû�Ù�â


Ï××ÑÔÓÝÙÑ ÙØØ�×ÓÝÙÝù��ù� Ùú ÜÝÔÞÝÏÑÑù ßÌÒÙ×ØÐÎÙ� ×ùÑÑÌ
1 + x+ x2/2 ! + . . .+ xn−1/(n− 1) ! + xn/n !

∞∑

i=n

(x/n)i−n

× ùÒÐÓÔÑ ×ØÏÞÏÐÑÌúÖ ÜÝÐßÌæÏ��Ùú �â��eâ
*�$ ��" #X"ð��� ��O�#�� ���î*# @	� %;A� 	;%� 	;%� 	;%� %;%%A@ð$ RS��î ��;�î;	%%ñ rr BW3F:94Fs :38:3GE:3 4 8373490����O@��Z ���#��ñ;�î;î*#ñ �Sî�îO��î�#î

#�#+�î�ð �Z
���+	�Z ��;�� ;�ñ �Sî����+	î�#î

�t��îî�ð �Z
î�ð ð$
R���î �
�u�	* �î	
 ;
ñuñ #î�ð

+èvè êíë0íõôôõ ò îî öëô-ëðîðì�

äÝÔÞÝÏÑÑÏ ÎÏ &]� ÜÝÐÿ×ÓÏßØ�ÐÓ ×ÔþÔø ÔÜÝÐÿÐØÐÎÎÌÑ ÔþÝÏÍÔÑÔ�ÔÝÑØÐÎÎù� ×ÔßÔûùÜÎÔ×Óà ÔÜÐÝÏÓÔÝÔßâ �ÎÏ ÑÔÚÐÓ þÌÓà ÑÔÎÔØÙÓÎÔøÙØÙ ×Ô×ÓÏßÎÔøâËÙÎÙÑÏØàÎÌø ×Ô×ÓÏß ÍÏûÔÎÒÐÎÎÔø ÜÝÔÞÝÏÑÑÌ ý ÓÔØàûÔ FGEGLP��ZHGFH����â �ÿÎÏûÔ Ø�þÏ� ÿÔ×ÓÏÓÔÒÎÔ ×ØÔÚÎÏ� ÜÝÔþØÐÑÏ ÓÝÐþùÐÓ ÐÐ ÝÏ×Õ×ÑÔÓÝÐÎÙ� ÎÏ ÎÐ×ûÔØàûÙú ùÝÔßÎ�ú ÿÐÓÏØàÎÔ×ÓÙ Ù ÑÔÚÐÓ þÌÓà ÝÏÍÿÐØÐÎÏÎÏ ÔÓÎÔ×ÙÓÐØàÎÔ ×ÏÑÔ×ÓÔ�ÓÐØàÎÌÐ ÜÔÿÍÏÿÏÒÙÖ ÒÓÔ ÔÜÝÐÿÐØ�ÐÓ ÙÐÝÏÝúÙÕÒÐ×ûÔÐ ÜÔ×ÓÝÔÐÎÙÐ ÜÝÔÞÝÏÑÑÌ ÙÍ ÎÐ×ûÔØàûÙú ×ùþÜÝÔÞÝÏÑÑ 'ÜÝÔ�ÐÿùÝ*â



��w� x �� �!!� � �� ��!�����#Ð y~
�þÌÒÎÔ ÎÐûÔÓÔÝÌÐ ÙÍ ÜÔÿÍÏÿÏÒ ÔÓÎÔ×�Ó×� û ×ÓÏÎÿÏÝÓÎÔÑù ÏÝ×ÐÎÏØù ÑÏÓÐÕÑÏÓÙûÏ ÙØÙ ÓÙÜÙÒÎÌÿØ� ÝÏ××ÑÏÓÝÙßÏÐÑÔÞÔ ûÝùÞÏ ÜÝÙØÔÚÐÎÙøý ×ØÐÿÔßÏÕÓÐØàÎÔÖ ùÚÐ þÌØÙ ÙØÙ ÿÔØÚÎÌ þÌÓà ÍÏÜÝÔÞÝÏÑÑÙÝÔßÏÎÌ ÿØ� ÑÎÔÞÔûÝÏÓÕÎÔÞÔ ÜÝÙÑÐÎÐÎÙ�â �×ÜÔØàÍÔßÏÎÙÐ ÜÝÔ�ÐÿùÝ ÿÐØÏÐÓ ÜÝÔÞÝÏÑÑù ß �ÐØÔÑûÔÑÜÏûÓÎÔø Ù ÔþÔÍÝÙÑÔøB ùÑÐÎàæÏÐÓ ÓÝùÿÔÐÑûÔ×Óà ÝÏÍÝÏþÔÓûÙ Ù ß Ô×ÔÕþÐÎÎÔ×ÓÙ ÔÓØÏÿûÙB ÜÔÍßÔØ�ÐÓ ÝÏ×ÜÏÝÏØØÐØÙÓà ÝÏÍÝÏþÔÓûù ÑÐÚÿù ÎÐ×ûÔØàÕûÙÑÙ Ù×ÜÔØÎÙÓÐØ�ÑÙB ÔþØÐÞÒÏÐÓ ßÎÐ×ÐÎÙÐ Ù×ÜÝÏßØÐÎÙø ß ×ØÔÚÎÌø ÏØÞÔÕÝÙÓÑ × ÔÿÎÔÓÙÜÎÌÑÙ �ÝÏÞÑÐÎÓÏÑÙâ

äÝÔ�ÐÿùÝÌ ÑÔÞùÓ þÌÓà ßÎùÓÝÐÎÎÙÑÙÖ ßÎÐæÎÙÑÙ Ù ÑÔÿùØàÎÌÑÙâ�ÜÙ×ÏÎÙÐ LP¢�H�PP�Q ÜÝÔ�ÐÿùÝÌ ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔ ßûØ�ÒÏÐÓ×� ß ÓÐû×ÓÔúßÏÓÌßÏ��Ðø ÜÝÔÞÝÏÑÑÎÔø ÐÿÙÎÙ�Ì 'ÎÔ×ÙÓÐØ�* ÜÔ×ØÐ �$�����# Ù ÎÐÑÔÚÐÓ ×ÔÿÐÝÚÏÓà ßØÔÚÐÎÎÌú ÜÝÔ�ÐÿùÝâ .P�ÒP�� ÜÝÔ�ÐÿùÝÏ ×ù�Ð×ÓßùÐÓÏßÓÔÎÔÑÎÔâ �Ñ� ÓÏûÔø ÜÝÔ�ÐÿùÝÌ ÎÐ Ôþ�ÍÏÎÔ ×ÔßÜÏÿÏÓà × ÙÑÐÎÐÑ ×ÔÿÐÝÕÚÏ�ÐÞÔ ÐÐ �ÏøØÏâyHGFH���PI� �g�P��I þÌßÏ�Ó ×ØÐÿù��Ùú ßÙÿÔß	 ÞØÏßÎÏ�ÜÝÔÞÝÏÑÑÏÖ ßÎÐæÎ�� ÜÝÔ�ÐÿùÝÏÖ ÑÔÿùØà Ù þØÔû ÿÏÎÎÌúâ �ÏÚÿÏ� ÙÍ ÎÙú	

• �ÙÍÙÒÐ×ûÙ ÔÓÿÐØÐÎÏ ÔÓ ÿÝùÞÙúB

• ÎÏÒÙÎÏÐÓ×� ÔÜÐÝÏÓÔÝÔÑÕÍÏÞÔØÔßûÔÑÖ ×ÔÿÐÝÚÏ�ÙÑ ×ÜÐ�Ù�ÙÒÐ×ûÔÐ ÿØ�ÿÏÎÎÔø ÜÝÔÞÝÏÑÑÎÔø ÐÿÙÎÙ�Ì ûØ�ÒÐßÔÐ ×ØÔßÔ	 ÿùûøùýþÖ ���ùû�öôõ÷Ö
Y�õüöôûõÖ þû��ú÷Ö �úûüz �ýöýB

• ÍÏûÏÎÒÙßÏÐÓ×� ÜÝÐÿØÔÚÐÎÙÐÑ ÷õ� × ÜÔßÓÔÝÐÎÙÐÑ 'ÙÎÔÞÿÏ ÎÐ Ôþ�ÍÏÕÓÐØàÎÌÑÖ ÎÔ ÝÐûÔÑÐÎÿùÐÑÌÑ* ßÌæÐùÜÔÑ�ÎùÓÔÞÔ ûØ�ÒÐßÔÞÔ ×ØÔßÏ Ù×Ôþ×ÓßÐÎÎÔÞÔ ÙÑÐÎÙ ÜÝÔÞÝÏÑÑÎÔø ÐÿÙÎÙ�ÌB

• ÔþÝÏþÏÓÌßÏÐÓ×� ûÔÑÜÙØ�ÓÔÝÔÑ ÔÓÿÐØàÎÔ ÔÓ Ô×ÓÏØàÎÌúâ

$ÌÜÔØÎ�ÐÑÏ� ÜÝÔÞÝÏÑÑÏ ×Ô×ÓÔÙÓ ÙÍ ÞÔØÔßÎÔø ÜÝÔÞÝÏÑÑÌ ÙÜÝÔÙÍßÔØàÎÔÞÔ ÒÙ×ØÏ Ô×ÓÏØàÎÌú ÜÝÔÞÝÏÑÑÎÌú ÐÿÙÎÙ�â JÏ×Óà� ÞÔØÔßÕÎÔø ÜÝÔÞÝÏÑÑÌ ÑÔÞùÓ þÌÓà ßÎùÓÝÐÎÎÙÐ ÜÝÔ�ÐÿùÝÌâ �þÔþ�ÐÎÎÌø ßÏÝÙÏÎÓ×ÓÝùûÓùÝÌ ÜÝÔÞÝÏÑÑÌ ÜÔûÏÍÏÎ ÎÏ ÝÙ×â fâ�â



y� Á���� �� �����Ð ì� # ���

ßÎùÓÝâ ÜÝÔ�ÐÿùÝÏ
ßÎùÓÝâ ÜÝÔ�ÐÿùÝÏ
ßÎùÓÝâ ÜÝÔ�ÐÿùÝÏ

ßÎùÓÝâ ÜÝÔ�ÐÿùÝÏ
ßÎùÓÝâ ÜÝÔ�ÐÿùÝÏ

ßÎùÓÝâ ÜÝÔ�ÐÿùÝÏ
ßÎùÓÝâ ÜÝÔ�ÐÿùÝÏ
ßÎùÓÝâ ÜÝÔ�ÐÿùÝÏ

ßÎùÓÝâ ÜÝÔ�ÐÿùÝÏ
ßÎùÓÝâ ÜÝÔ�ÐÿùÝÏ

c;={;:: �j7N=�|j?

}7n7a;?: �j7kj?>>?

d7�|n�;?: �j7N=�|j?

d7�|n�;?: �j7N=�|j?
d7�|n�

oW`X fXYX g]^�c]�^b h^\k^baau
$ØÔÚÐÎÎÌÐ ÜÝÔ�ÐÿùÝÌ Ø�þÔÞÔ ßÙÿÏ ÙÑÐ�Ó ÿÔ×ÓùÜ ûÔ ß×ÐÑ Ôþ�ÐûÓÏÑ×ßÔÐÞÔ ÎÔ×ÙÓÐØ�â¨Gg¢EO ÑÔÚÐÓ ×ÔÿÐÝÚÏÓà ÎÐ×ûÔØàûÔ ÑÔÿùØàÎÌú ÜÝÔ�ÐÿùÝÖ ÜÝÙ ÎÐÔþÕúÔÿÙÑÔ×ÓÙ ßûØ�ÒÏ��Ùú ß ×Ðþ� ßÎùÓÝÐÎÎÙÐâ �ÝÔÑÐ ÓÔÞÔÖ ß ÎÐÑ ÑÔÞùÓ×ÔÿÐÝÚÏÓà×� ÔÜÙ×ÏÎÙ� ÿÏÎÎÌúÖ ÔÜÝÐÿÐØÐÎÙ� ÜÝÔÙÍßÔÿÎÌú ÓÙÜÔßÖ ÙÎÓÐÝÕ�Ðø×ÎÌÐ þØÔûÙâ �þÌÒÎÔ ÑÔÿùØÙ ×ÔÍÿÏ�Ó ×ÜÐ�ÙÏØÙÍÙÝÔßÏÎÎù� ×ÝÐÿù ÙÙÎ×ÓÝùÑÐÎÓÏÝÙø ÿØ� ÝÐæÐÎÙ� ÎÐûÔÓÔÝÔÞÔ ûØÏ××Ï ÍÏÿÏÒ 'ÝÏþÔÓÏ × ùÜÏÕûÔßÏÎÎÌÑÙ ÑÏÓÝÙ�ÏÑÙ Ù ÑÏÓÝÙ�ÏÑÙ ×ÜÐ�ÙÏØàÎÔÞÔ ßÙÿÏÖ ÙÎÓÐÝßÏØàÎÏ�ÏÝÙ�ÑÐÓÙûÏÖ ÏØÞÐþÝÏ ÎÐÒÐÓûÙú ÑÎÔÚÐ×Óß*â~EGR� g�PPI¤ ×ÔÿÐÝÚÏÓ ÓÔØàûÔ ÔÜÙ×ÏÓÐØàÎÌÐ ÔÜÐÝÏÓÔÝÌâ�ÎÙ Ù×ÜÔØàÍù�Ó×� ÿØ� ÙÎÙ�ÙÏØÙÍÏ�ÙÙ ÜÐÝÐÑÐÎÎÌú ß ÙÑÐÎÔßÏÎÎÌúÔþ�Ùú þØÔûÏúâ�GEGLP�� ZHGFH���� ÙÑÐÐÓ ×ØÐÿù��Ùø ßÙÿ	

]*�$ ��" í/0127W9_W300[ï`]í97EW3F9W[297/43:/1ï`]í/479^:1E0[E297EW3F9W[ï`]�$�����#í5:�FWE::/E27W9pE6�W[ï`î�ð ]*�$ ��" ]í/0127W9_W300[ï``



��Â�� x�D� �� �!!Ð y�
[ÿÐ×à ß ûßÏÿÝÏÓÎÌÐ ×ûÔþûÙ ÍÏûØ�ÒÐÎÌ ÎÐÔþ�ÍÏÓÐØàÎÌÐ ÛØÐÑÐÎÓÌâ �ÜÐÕÝÏÓÔÝ ÷õ� ÔÞÝÏÎÙÒÙßÏÐÓ ÓÐû×Ó ÜÝÔÞÝÏÑÑÎÔø ûÔÑÜÔÎÐÎÓÌ Ù ÍÏßÐÝæÏÐÓ ÐÐßÌÜÔØÎÐÎÙÐâ äÝÐûÝÏ�ÐÎÙÐ ßÌÜÔØÎÐÎÙ� ÜÝÔÞÝÏÑÑÌ ß ÜÝÔÙÍßÔØàÎÔÑ ÑÐ×ÓÐÍÏÿÏÐÓ×� ÔÜÐÝÏÓÔÝÔÑ �öûÿâ.P�ÒP�� ZHG��g¢H� ÔÓØÙÒÏÐÓ×� ÔÓ ÞÔØÔßÎÔø ÜÝÔÞÝÏÑÑÌ ÓÔØàûÔ ÍÏÕÞÔØÔßûÔÑ Ù ûØ�ÒÐßÌÑ ×ØÔßÔÑ ß ÍÏßÐÝæÏ��Ðø ×ÓÝÔûÐâ �ÎÏ ÜÝÙßÔÿÙÓ×�ß ÿÐø×ÓßÙÐ ÙÍ ßÌÍÌßÏ��Ðø ÜÝÔÞÝÏÑÑÎÔø ÐÿÙÎÙ�Ì ÔÜÐÝÏÓÔÝÔÑ üýúú ÙØÙùûÏÍÏÓÐØÐÑ �ùÎû�ÙÙ 'ÿØ� �ùÎû�Ùø*â �ÑÐÎÏ ßÎÐæÎÙú ÜÝÔ�ÐÿùÝ Ù �ÔÝÕÑÏØàÎÌÐ ÜÏÝÏÑÐÓÝÌÕÜÝÔ�ÐÿùÝÌ ÿÔØÚÎÌ þÌÓà ×ÜÐ�Ù�Ù�ÙÝÔßÏÎÌ ß ßÌÍÌÕßÏ��Ðø ÜÝÔ�ÐÿùÝÐ ûÏû ÷�ö÷ùõýú ØÙþÔ ôõöùôõ�ôüâ.P¢�H�PP�� ZHG��g¢HI ßÌÞØ�ÿ�Ó ÓÏû ÚÐÖ ûÏû ÑÔÿùØàÎÌÐÖ ÎÔ ÎÐÑÔÞùÓ ÙÑÐÓà ßØÔÚÐÎÎÌú ß ÎÙú ÜÝÔ�ÐÿùÝâäÔ×ØÐ ÍÏÞÝùÍûÙ ß×ÐÞÔ ÜÝÔÞÝÏÑÑÎÔÞÔ ûÔÑÜØÐû×Ï ß ÔÜÐÝÏÓÙßÎù�ÜÏÑ�Óà ùÜÝÏßØÐÎÙÐ ÜÐÝÐÿÏÐÓ×� ÞÔØÔßÎÔø ÜÝÔÞÝÏÑÑÐâ

+èéçè êë§-íë0íõôô�
[ÏÞÔØÔßÔû ÜÝÔ�ÐÿùÝÌÕÜÔÿÜÝÔÞÝÏÑÑÌ ÙÑÐÐÓ ßÙÿ	

#X��$X���î í/0127W9pE6�W[ï�í47/49B2�9W03^s:[�273W30EFW95ïñ
&ÔÝÑÏØàÎÌÐ ÜÏÝÏÑÐÓÝÌ ßßÔÿ�Ó ÔþÔÍÎÏÒÐÎÙ� ÿØ� ÔÜÙ×ÏÎÙ� ×ÓÏÎÿÏÝÓÎÌúÿÐø×ÓßÙøÖ ßÌÜÔØÎ�ÐÑÌú ÜÝÔ�ÐÿùÝÔøâ .I�GL ÜÔÿÜÝÔÞÝÏÑÑÌ ÜÝÔÙÍßÔÿÙÓ×�ÔÜÐÝÏÓÔÝÔÑ

���� í/0127967W9_W300[ï�í47/49B23W_�0E:F95ïñÙ ÔÓÝÏþÏÓÌßÏÐÓ×� ß ÜÐÝßÔÑ ÜÝÙþØÙÚÐÎÙÙ ûÏû ÐÐ ÓÐØÔ 'ÔÜÙ×ÏÎÙÐ* × ÍÏÕÑÐÎÔø �ÔÝÑÏØàÎÌú ÜÏÝÏÑÐÓÝÔß �ÏûÓÙÒÐ×ûÙÑÙ ý ÏÝÞùÑÐÎÓÏÑÙâ pÔÝÔæÐÐÜÝÐÿ×ÓÏßØÐÎÙÐ Ô ÜÝÔÙ×úÔÿ��ÐÑ ÿÏÐÓ ÏÎÏØÔÞÙ� ÜÝÔ�ÐÿùÝÌ × ÜàÐ×Ôøâ ÷ÜÐÕ�Ù�ÙûÏ�ÙÙ ÜÏÝÏÑÐÓÝÔß ÑÔÚÎÔ ùÜÔÿÔþÙÓà ÏÎÎÔÓÙÝÔßÏÎÎÔÑù ×ÜÙ×ûù ÿÐøÕ×Óßù��Ùú ØÙ�Ö ÓÐØÔ ÜÝÔ�ÐÿùÝÌ ý ÓÐû×Óù ÜàÐ×ÌÖ ßÌÍÔß ÜÝÔ�ÐÿùÝÌ ýÙ×ÜÔØÎÐÎÙ� ÜàÐ×Ì ûÔÎûÝÐÓÎÌÑ ×Ô×ÓÏßÔÑ ÏûÓÐÝÔßâ �ÒÐßÙÿÎÔ ÓÝÐþÔßÏÎÙÐ×ÔÔÓßÐÓ×ÓßÙ� ÏÝÞùÑÐÎÓÔß ÜÏÝÏÑÐÓÝÏÑ ÜÔ ûÔØÙÒÐ×ÓßùÖ ÓÙÜù Ù ×ÑÌ×Øùâ ÷ÔßÕÜÏÿÐÎÙÐ ÙÑÐÎ �ÏûÓÙÒÐ×ûÙú Ù �ÔÝÑÏØàÎÌú ÜÏÝÏÑÐÓÝÔß ÎÐ Ôþ�ÍÏÓÐØàÎÔÖÎÔ ÿÔÜù×ÓÙÑÔâäÔ×ûÔØàûù úÏÝÏûÓÐÝ �ÔÝÑÏØàÎÌú ÜÏÝÏÑÐÓÝÔß ÔÜÝÐÿÐØ�ÐÓ Ùú ÜÝÐÿÕ×ÓÏßØÐÎÙÐ Ù ÔþÝÏþÔÓûù ÎÏ ÑÏæÙÎÎÔÑ ùÝÔßÎÐÖ ÔÎÙ ÿÔØÚÎÌ þÌÓà ×ÜÐ�ÙÕ�Ù�ÙÝÔßÏÎÌ 'Ôþ��ßØÐÎÌ* ßÎùÓÝÙ ÜÝÔ�ÐÿùÝÌâ �ÝÔÑÐ ÓÔÞÔÖ ÿØ� ÎÙú ÑÔÕÚÐÓ 'ÙÎÔÞÿÏ ý ÿÔØÚÐÎ* þÌÓà ù×ÓÏÎÔßØÐÎ L�g NL��� ý ÏÓÝÙþùÓ ôõö÷õö ×



y� Á���� �� �����Ð ì� # ���
ùûÏÍÏÎÙÐÑ ß ×ûÔþûÏú ÔÿÎÔÞÔ ÙÍ ßÏÝÙÏÎÓÔß ôõ� û�ö � ôõû�ö 'ßúÔÿÎÔøÖ ßÌÕúÔÿÎÔøÖ ÜÐÝÐÔÜÝÐÿÐØ�ÐÑÌø*â ãÝÞùÑÐÎÓÖ ÍÏÑÐ�Ï��Ùø ßúÔÿÎÔø ÜÏÝÏÑÐÓÝÖÑÔÚÐÓ þÌÓà ßÌÝÏÚÐÎÙÐÑB ÓÔÞÿÏ ÐÞÔ ÍÎÏÒÐÎÙÐ ßÌÒÙ×Ø�ÐÓ×� Ù �Ùû×ÙÝùÐÓÕ×� ÜÝÙ ßúÔÿÐ ß ÜÝÔ�ÐÿùÝùâ $ÌúÔÿÎÔÑù Ù ÜÐÝÐÔÜÝÐÿÐØ�ÐÑÔÑù ÜÏÝÏÑÐÓÝÏÑÑÔÚÐÓ ×ÔÔÓßÐÓ×ÓßÔßÏÓà ÓÔØàûÔ ÜÐÝÐÑÐÎÎÏ� 'ß ÒÏ×ÓÎÔ×ÓÙÖ ÑÏ××Ùß ÙØÙ ÐÞÔ×ÐÒÐÎÙÐ*âäÝÙÑÐÝâ äù×Óà ÎÐÔþúÔÿÙÑÔ ßÌÒÙ×ØÙÓà

y =
f(x) + 2f(2x)

x− f 2(x+ 0.5)
,

ÞÿÐ f(u) = sinu− e−u Ù x��âfâ 
Óù ÍÏÿÏÒù ÝÐæÏÐÓ ÜÝÔÞÝÏÑÑÏ
*�$ ��" **

�î�� t�t	�t<�t(� O@%;<@���� * �O�t	ñ� ���� * �<;%�O�t<ñ� ���� * �O+%;A�t(ñ
t��t	+<;%�t<ñ@�OVt(��<ñ*���� �� ut � u�tî�ð *�$ ��" **

#X��$X���î * ���?ñ
�î�� ��??�#�� ��ñVîO* �V�ñî�ð #X��$X���î *

+èééè ��ðö.òò

�þÝÏ�ÐÎÙÐ û ³¢PR��� ÑÔÚÐÓ Ô×ù�Ð×ÓßØ�Óà×� ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔ ÙÍßÌÝÏÚÐÎÙ�Ö Ù ßÔÍßÝÏ�ÏÐÑÔÐ ÍÎÏÒÐÎÙÐ Ù×ÜÔØàÍùÐÓ×� ß ÓÔÑ ÚÐ ßÌÝÏÚÐÎÙÙâ
ÓÔ ÍÎÏÒÐÎÙÐ �ßØ�ÐÓ×� ÐÿÙÎ×ÓßÐÎÎÌÑ ÝÐÍùØàÓÏÓÔÑ ÝÏþÔÓÌ �ùÎû�ÙÙ 'ßÔÍÕÑÔÚÎÔÖ ×ÓÝùûÓùÝÙÝÔßÏÎÎÌÑÖ Óâ Ðâ ÑÏ××ÙßÔÑ*â �ÎÔ ×ÔÜÔ×ÓÏßØ�ÐÓ×� ÙÑÐÎÙ�ùÎû�ÙÙB ÜÔÛÓÔÑù ß ÍÏÞÔØÔßûÐ �ùÎû�ÙÙ ÔÓ×ùÓ×ÓßùÐÓ ÔÓßÐÓÎÌø ÜÏÝÏÑÐÓÝÖÏ ß ×ÜÐ�Ù�ÙûÏ�ÙÙ ÿØ� ÙÑÐÎÙ�ùÎû�ÙÙ ùûÏÍÌßÏ�Ó×� ÏÓÝÙþùÓÌ ÝÐÍùØàÓÏÓÏ	���î î� ZX����$� #X"���#�Oñ'ÜÝÙ ÔÓ×ùÓ×ÓßÙÙ ÓÏûÔÞÔ ÔÜÙ×ÏÎÙ� ß ÍÏÞÔØÔßûÐ ÙØÙ ßÎùÓÝÐÎÎÙú ÔÜÐÝÏÓÔÕÝÏú Ôþ��ßØÐÎÙ� ÏÓÝÙþùÓÔß ÓÙÜ ÝÐÍùØàÓÏÓÏ þùÿÐÓ ÎÏÍÎÏÒÐÎ ÜÔ ùÑÔØÒÏÕÎÙ� ß ×ÔÔÓßÐÓ×ÓßÙÙ × ÜÐÝßÔø þùûßÔø ÙÑÐÎÙ �ùÎû�ÙÙ*â $ÌÒÙ×ØÐÎÙÐ �ùÎûÕ�ÙÙ ÿÔØÚÎÔ ÍÏûÏÎÒÙßÏÓà×� ÜÝÙ×ßÏÙßÏÎÙÐÑ ÐÐ ÙÑÐÎÙ ÔÓßÐÓÎÔÞÔ ÍÎÏÒÐÎÙ�ÖÜÔ×ØÐ ûÔÓÔÝÔÞÔ ×ØÐÿùÐÓ ÍÏßÐÝæÏ��Ùø î�ð ZX����$� ]í/01ï`â



��Â�� e������Ã���� ��� �#� �� y�
�Ñ� �ùÎû�ÙÙ ÿÔØÚÎÔ þÌÓà Ôþ��ßØÐÎÔ ß LI�IL�ßÝ�Q ÜÝÔ�ÐÿùÝÐ ×ÏÓÝÙþùÓÏÑÙ ßÔÍßÝÏ�ÏÐÑÔÞÔ ÍÎÏÒÐÎÙ�âäÝÙ Ù×ÜÔØàÍÔßÏÎÙÙ ßÎÐæÎÐø ÜÝÔ�ÐÿùÝÌÕ�ùÎû�ÙÙ ÜÝÔÞÝÏÑÑÏÜÔ×ÓÏßØÐÎÎÔø ÎÏ ×â ^X ÍÏÿÏÒÙ ÑÔÚÐÓ ÙÑÐÓà ßÙÿ	

*�$ ��" *Z
�î�� Z�t�O@;<@
t��Z�Oñ+<�Z�<�Oññ@�OVZ�O+ ;Añ��<ñ*���� � �u t � u�tî�ð *�$ ��" *Z

ZX����$� Z��ñ
�î�� �Z�#�� ��ñVîO* �V�ñî�ð ZX����$� Z

+èé+è hõñ-ë�ë
îðòî ë-îíõìëíëó

äÝÙßÐÿÐÑ ×ßÔÿÎù� ÓÏþØÙ�ù ÔÓÎÔ×ÙÓÐØàÎÔÞÔ ÝÏ×ÜÔØÔÚÐÎÙ� ÔÜÐÝÏÓÔÕÝÔß ÜÝÔÞÝÏÑÑÎÔø ÐÿÙÎÙ�Ì 'ÓÏþØâ fâ�*â
�b_wWib fXYX g] �̂c]�^b h^\k^baaV\x TUWVWiu��������� �������� ������������������� ��� �� �¡���������� ������¡���� ���������������������� ��������� ���¡������������� ��������� ����¢���£�¤ ����¥¦�¢£�§ ����¦������� ��������� �£���¨�©ª£�� «��¬���  ��� ��������� ���ª�£�¤ ���� �¢�­®�� ��������� ���ª�£�¤¯ª���£¤�°�� ����������������� ��������±£­���££�� ��� °�¢­�²£�� ���³�¢­���������� �� 

�ÓÎÔ×ÙÓÐØàÎÌø ÜÔÝ�ÿÔû ûÔÎ×ÓÝùû�Ùø ÙÍ ßÐÝÓÙûÏØàÎÌú þØÔûÔß ÓÏþØÙÕ�ÌÖ ÙÑÐ��Ùú Ôþ�ÐÐ ÞÔÝÙÍÔÎÓÏØàÎÔÐ ×ÐÒÐÎÙÐÖ ÜÝÔÙÍßÔØÐÎâ $×Ð ÔÜÐÝÏÓÔÕÝÌ ÔÜÙ×ÏÎÙ� ÿÏÎÎÌú ÿÔØÚÎÌ ÜÝÐÿæÐ×ÓßÔßÏÓà ßÌÜÔØÎ�ÐÑÌÑ ÔÜÐÝÏÓÔÝÏÑâ�ÜÐÝÏÓÔÝÌÖ ÝÏÍÿÐØÐÎÎÌÐ ÞÔÝÙÍÔÎÓÏØàÎÌÑÙ ØÙÎÙ�ÑÙÖ ÜÐÝÐÑÐÚÏÓà×� ÎÐÑÔÞùÓâ



~e Á���� �� �����Ð ì� # ���
+èé�è ¦ï�õñìò óò§òôëñìò ôîìëö ò òôîð
.�g��I�� ÎÏÍÌßÏ�Ó×� Ôþ�ÐûÓÌÖ ÎÏ ûÔÓÔÝÌÐ ÑÔÚÎÔ ××ÌØÏÓà×� ÙÍÿÏÎÎÔÞÔ ÑÐ×ÓÏ ÜÝÔÞÝÏÑÑÌâ �ÑÐÎÏ ÜÝÔÞÝÏÑÑÎÌú ûÔÑÜÔÎÐÎÓ Ù ßÎÐæÎÙúÜÝÔ�ÐÿùÝ ÞØÔþÏØàÎÌÖ Óâ Ðâ ÿÔ×ÓùÜÎÌ ÙÍ Ø�þÔÞÔ ÑÐ×ÓÏ ÜÝÔÞÝÏÑÑÌâ �ÏÚÿÔÐÙÍ ÎÙú ÿÔØÚÎÔ ÔÓØÙÒÏÓà×� ÔÓ ß×Ðú Ô×ÓÏØàÎÌúÖ Ï ÓÏûÚÐ ÔÓ ÙÑÐÎ ØÔûÏØàÎÌúÔþ�ÐûÓÔßâ �ÏÚÿÔÐ ÙÑ� ßÙÿÙÑÔ ÙÍ ×ßÔÐÞÔ ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔÞÔ ÎÔ×ÙÓÐØ�Ö Ù×ÕûØ�ÒÏ� ÓÐ ßØÔÚÐÎÎÌÐ ûÔÎ×ÓÝùû�ÙÙ 'ÜÝÔ�ÐÿùÝÌÖ ÙÎÓÐÝ�Ðø×ÎÌÐ þØÔûÙ ÙÿÐûØÏÝÏ�ÙÙ ÜÝÔÙÍßÔÿÎÌú ÓÙÜÔß*Ö ÞÿÐ ÔÎÔ ÜÐÝÐÔÜÝÐÿÐØ�ÐÓ×�â ãÎÏØÔÞÙÒÎÔÔþ×ÓÔÙÓ ÿÐØÔ × Ù×ÜÔØàÍÔßÏÎÙÐÑ ÒÙ×ØÔßÌú ÑÐÓÔûâS�þÔø ÔÜÐÝÏÓÔÝ ÜÐÝÐúÔÕÿÏ øûöû ßÔÍÑÔÚÐÎ ÓÔØàûÔ ÎÏ ßÙÿÙÑù� ÙÍ ÿÏÎÎÔø ÓÔÒûÙ ÑÐÓûùâ äÔ×ûÔØàûùÜÐÝÐúÔÿÌ ßÎùÓÝà þØÔûÔßÖ ÑÙÎù��ÙÐ Ùú ÎÏÒÏØÔÖ ÜÔÓÐÎ�ÙÏØàÎÔ ÔÜÏ×ÎÌÖûÔÑÜÙØ�ÓÔÝ ÜÝÙ ÔþÎÏÝùÚÐÎÙÙ ÓÏûÙú ×ÙÓùÏ�Ùø ßÌÿÏÐÓ ÜÝÐÿùÜÝÐÚÿÐÎÙ�â

+èé¥è Îð�ìíîððòî -íë.î§�í�

�ÜÙ×ÏÎÙ� ßÎùÓÝÐÎÎÙú ÜÝÔ�ÐÿùÝ 'ûÏû ÜÔÿÜÝÔÞÝÏÑÑÖ ÓÏû Ù �ùÎûÕ�Ùø* ÝÏÍÑÐ�Ï�Ó×� ß ûÔÎ�Ð ÞØÏßÎÔø ÜÝÔÞÝÏÑÑÌÖ ßÎÐæÎÐø ÙØÙ ÑÔÿùØàÎÔøÜÝÔ�ÐÿùÝÌ ÜÔ×ØÐ ûØ�ÒÐßÔÞÔ ×ØÔßÏ üûõöýôõ�â �þÌÒÎÔ ÓÏû Ô�ÔÝÑØ��ÓÒÏ×ÓÎÌÐ ÏØÞÔÝÙÓÑÌÖ Ô×ÔþÐÎÎÔ ÓÐ×ÎÔ ×ß�ÍÏÎÎÌÐ × ûÔÎûÝÐÓÎÔø ÍÏÿÏÒÐøâ$ÎùÓÝÐÎÎ�� ÜÝÔ�ÐÿùÝÏ ÝÏþÔÓÏÐÓ ß ×ÝÐÿÐ ×ßÔÐÞÔ ÎÔ×ÙÓÐØ� Ù ÑÔÚÐÓ þÌÓàßÌÍßÏÎÏ ÓÔØàûÔ ÙÍ ÎÐÞÔ ÙØÙ ÿÝùÞÔø ßÎùÓÝÐÎÎÐø ÜÝÔ�ÐÿùÝÌ ÓÔÞÔ ÚÐ ÎÔÕ×ÙÓÐØ�â �ÎÏ ÑÔÚÐÓ ××ÌØÏÓà×� ÎÏ ØÔûÏØàÎÌÐ ÙÑÐÎÏ Ôþ�ÐûÓÔß ×ßÔÐÞÔ ÎÔÕ×ÙÓÐØ�Ö ÒÓÔ ÜÔÍßÔØ�ÐÓ ÜÐÝÐÿÏßÏÓà Ðø ÙÎ�ÔÝÑÏ�Ù� ÜÔÑÙÑÔ ÜÏÝÏÑÐÓÝÔßÖùÑÐÎàæÏÐÓ ÓÝÐþùÐÑÔÐ ÒÙ×ØÔ ÓÏûÔßÌú Ù ùÜÝÔ�ÏÐÓ ÐÐ ßÌÍÔßâ $ ÜÝÐÿÐØàÎÔÑ×ØùÒÏÐ ßÔÍÑÔÚÎÔ Ù×ÜÔØàÍÔßÏÎÙÐ ßÎùÓÝÐÎÎÙú ÜÝÔ�ÐÿùÝ þÐÍ ÜÏÝÏÑÐÓÝÔßâäÝÙ Ù×ÜÔØàÍÔßÏÎÙÙ ßÎùÓÝÐÎÎÐø ÜÝÔ�ÐÿùÝÌÕ�ùÎû�ÙÙ Ôþ×ùÚÿÏßæÏ�Õ×� ßÌæÐ ÍÏÿÏÒÏ Ô�ÔÝÑØ�ÐÓ×� ×ØÐÿù��ÙÑ ÔþÝÏÍÔÑ	
*�$ ��" *Z

�î�� t�O@%;<@
t��Z�Oñ+< ;%�Z�<;%�Oññ@�OVZ�O+%;Añ��<ñ*���� �� ut � u�t�$�����#ZX����$� Z��ñ

�î�� �Z�#�� ��ñVîO* �V�ñ



��Â-� ´�#� ��¡� � ���Dµ ~d
î�ð ZX����$� Z

î�ð *�$ ��" *Z


ÏÍùÑÐÐÓ×�Ö ÔÎÏ ÑÔÚÐÓ þÌÓà ÝÐæÐÎÏ Ù × ÜÔÑÔ�à� ßÎùÓÝÐÎÎÐø ÜÔÿÜÝÔÕÞÝÏÑÑÌâ$ÎùÓÝÐÎÎÙÐ ÜÝÔ�ÐÿùÝÌ ÎÐ ÑÔÞùÓ ×ÔÿÐÝÚÏÓà ßØÔÚÐÎÎÌú ß ÎÙú ÿÝùÞÙúßÎùÓÝÐÎÎÙú ÜÝÔ�ÐÿùÝ Ù þÌÓà �ÏûÓÙÒÐ×ûÙÑÙ ÜÏÝÏÑÐÓÝÏÑÙ ÔþÝÏ�ÐÎÙø ûÿÝùÞÙÑ ÜÝÔ�ÐÿùÝÏÑâ
ÓÔ ÎÐ ÜÔÍßÔØ�ÐÓÖ ÎÏÜÝÙÑÐÝÖ ÜÝÙÑÐÎÙÓà ×ÓÏÎÿÏÝÓÎù�ÜÝÔ�ÐÿùÝù ÒÙ×ØÐÎÎÔÞÔ ÙÎÓÐÞÝÙÝÔßÏÎÙ� ÿØ� ßÎùÓÝÐÎÎÐø ÜÔÿÙÎÓÐÞÝÏØàÎÔø�ùÎû�ÙÙÖ ÒÏ×Óà Ôþ�ÐûÓÔß ûÔÓÔÝÔø ÔÜÝÐÿÐØÐÎÏ ß ÐÐ ÎÔ×ÙÓÐØÐâ

+èé�è ¶ðìîí/î�ñ -íë.î§�í
·P��H³�QNG� ÜÝÔ�ÐÿùÝÌ ÎÏÍÌßÏÐÓ×� ÑÙÎÙÑÏØàÎÔ ÎÐÔþúÔÿÙÑÏ�ÿØ� ÐÐ ßÌÍÔßÏ ×ÔßÔûùÜÎÔ×Óà ×ßÐÿÐÎÙø Ô ÎÐø	 ÜÔÿÜÝÔÞÝÏÑÑÏ ÛÓÔ ÙØÙ �ùÎûÕ�Ù�Ö ûÏûÔßÌ ×ÓÝùûÓùÝÏ ×ÜÙ×ûÏ ÜÏÝÏÑÐÓÝÔß Ù ÏÓÝÙþùÓÌ ÜÔ×ØÐÿÎÙúâ TùÿùÒÙ×ÔÔþ�ÐÎÎÔø ûÔÑÜÙØ�ÓÔÝùÖ ÔÎÏ ÜÔÍßÔØ�ÐÓ ×ÔÜÔ×ÓÏßØ�Óà ÓÙÜÌ�ÏûÓÙÒÐ×ûÙúÙ �ÔÝÑÏØàÎÌú ÜÏÝÏÑÐÓÝÔß ÎÏ ÛÓÏÜÐ ûÔÑÜÙØ��ÙÙâ 
ÓÔ ùÑÐÎàæÏÐÓ ÝÙ×ûÔæÙþÔû �ÏÍÌ ßÌÜÔØÎÐÎÙ�â�ÎÓÐÝ�Ðø× ßÎùÓÝÐÎÎÐø ÜÝÔ�ÐÿùÝÌ ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔ ÿÔ×ÓùÜÐÎ ûÔÑÕÜÙØ�ÓÔÝù Ù ÜÔÓÔÑù ×ÒÙÓÏÐÓ×� �ßÎÌÑâ uØ� ù×ÜÐæÎÔø ûÔÑÜÙØ��ÙÙ LP�Ò£P�¤ ÜÝÔ�ÐÿùÝ Ùú ÙÑÐÎÏ ÿÔØÚÎÌ þÌÓà ÜÐÝÐÒÙ×ØÐÎÌ ß ÔÜÐÝÏÓÔÝÐ ÷�ö÷ùõýúßÌÍÌßÏ��Ðø ÜÝÔÞÝÏÑÑÎÔø ÐÿÙÎÙ�Ì ÜÐÝÐÿ ÜÐÝßÌÑ Ù×ÜÔØÎ�ÐÑÌÑ ÔÜÐÝÏÕÓÔÝÔÑâ �ÎÓÐÝ�Ðø× ÿØ� ûÏÚÿÔø ÙÍ ÎÙú ÿÔØÚÐÎ þÌÓà ÍÏÿÏÎ �ßÎÔ ß þØÔûÐôõö÷ùYýü÷ ÓÙÜÏ

���î�Z��î �$ #X��$X���î "Z����I�* �� �" ��� �"Zñ���î î� I�� ��� �" ð$X��î *�î��#�$� * �"Zð�"î�#�$� * �%&Iñ�"Z���ñî�ð
$×Ð ×ÓÝÔûÙ þØÔûÔß ôõö÷ùYýü÷ ÿÔØÚÎÌ ÎÏÒÙÎÏÓà×� × Z�HLGQ ÜÔÍÙÕ�ÙÙâ TùûßÐÎÎÌÐ ÔþÔÍÎÏÒÐÎÙ� ÜÏÝÏÑÐÓÝÔß ß ôõö÷ùYýü÷ Ù ÜÔÝ�ÿÔû Ùú ÜÐÕÝÐÒÙ×ØÐÎÙ� ÎÐ Ôþ�ÍÏÎÌ ×ÔßÜÏÿÏÓà ×Ô ×ÜÙ×ûÔÑ �ÔÝÑÏØàÎÌú ÜÏÝÏÑÐÓÝÔß ßÔÜÙ×ÏÎÙÙ ÜÝÔ�ÐÿùÝÌ 'ÿÔÜù×ÓÙÑÏ ÙÎÏ� ÞÝùÜÜÙÝÔßûÏ ÜÏÝÏÑÐÓÝÔß Ù ÏÓÝÙþùÕÓÔß*â



~� Á���� �� �����Ð ì� # ���
uØ� ÏßÓÔÑÏÓÙÒÐ×ûÔø ß×ÓÏßûÙ þØÔû ôõö÷ùYýü÷ ÿÔØÚÐÎ ÎÏúÔÿÙÓà×� ßÓÔÑ ÚÐ �ÏøØÐÖ ÒÓÔ Ù ßÌÍÌßÏ��Ï� ÜÝÔ�ÐÿùÝÏâAÿÔþÎÏ ÐÞÔ ß×ÓÏßûÏ ÜÝÐÜÝÔÕ�Ð××ÔÝÔÑ ÜÔ ÝÐÚÙÑù ôõüú��÷ ÙÍ ÜÝÐÿßÏÝÙÓÐØàÎÔ ÍÏÞÔÓÔßØÐÎÎÔÞÔ ÎÏþÔÝÏÙÎÓÐÝ�Ðø×Ôß û þÙþØÙÔÓÐÒÎÌÑ ÜÝÔ�ÐÿùÝÏÑâ�×ÜÔØàÍÔßÏÎÙÐ þØÔûÏ ÙÎÓÐÝ�Ðø×Ï Ôþ�ÍÏÓÐØàÎÔÖ Ð×ØÙ ßÎÐæÎ��ÜÝÔ�ÐÿùÝÏ	

• ßÌÍÌßÏÐÓ×� × ûØ�ÒÐßÌÑ ÙØÙ ÎÐÔþ�ÍÏÓÐØàÎÌÑ ÏÝÞùÑÐÎÓÔÑB
• �ÔÝÑÙÝùÐÓ ÔÓßÐÓÎÌø ÑÏ××Ùß ØÙþÔ ×ÓÝÔûù ÜÐÝÐÑÐÎÎÔø ÿØÙÎÌB
• �ßØ�ÐÓ×� �ÔÝÑÏØàÎÌÑ ÙØÙ �ÏûÓÙÒÐ×ûÙÑ ÜÏÝÏÑÐÓÝÔÑB
• ßÌÍÌßÏÐÓ×� ÜÔ ÝÔÿÔßÔÑù ÙÑÐÎÙâ�ÎÓÐÝ�Ðø× ÿÔØÚÐÎ þÌÓà ÜÔÑÐ�ÐÎ ÿÔ ÜÐÝßÔÞÔ ßÌÍÔßÏ ×ÔÔÓßÐÓ×Óßù��ÐøÜÝÔ�ÐÿùÝÌâTØÔû ôõö÷ùYýü÷ ØÙæà RGP�HGE�H¢�� ×ÔÔÓßÐÓ×ÓßÙÐ ÓÙÜÔß�ÏûÓÙÒÐÕ×ûÙú ÜÏÝÏÑÐÓÝÔß ÓÙÜÏÑ �ÔÝÑÏØàÎÌúÖ ÎÔ ÎÐ ÜÝÔßÔÿÙÓ Ùú ÜÝÙÎùÿÙÓÐØàÎÔÐ×ÔÞØÏ×ÔßÏÎÙÐâ �ÿÎÏûÔ ÎùÚÎÔ ÙÑÐÓà ß ßÙÿùÖ ÒÓÔ ÜÝÙ ÔÓ×ùÓ×ÓßÙÙ ûÔÎÓÝÔØ�Ù ÝÏ××ÔÞØÏ×ÔßÏÎÙÙ ÓÙÜÔß ÝÐÍùØàÓÏÓ ßÌÍÔßÏ ÜÝÔ�ÐÿùÝÌ ÎÐÜÝÐÿ×ûÏÍùÐÑâ

+èécè ,-î.òõ��ð�î ñ���õò-õíõôîìíëó -íë.î§�í
435b353 d?88<al @?@ �?j?>=9jl

ÓÔÓ ÝÏÍÿÐØ ÑÌ ÎÏÒÎÐÑ × ÜÝÙÑÐÝÏ ÍÏÞÔØÔßûÏ ÜÝÔ�ÐÿùÝÌÖ ×ÜÐ�Ù�ÙÕ�ÙÝù��ÐÞÔ ÝÏÍÎÌÐ ßÙÿÌ �ÔÝÑÏØàÎÌú ÜÏÝÏÑÐÓÝÔßÕÑÏ××ÙßÔß	

#X��$X���î X* �� �* ���#��ñ�î��� ð�"î�#�$� �	&	A�A�	%ñ && * r 4 15:[0/ _W3:/p30/�î��� ð�"î�#�$� �&�A&ñ && # r 796W38�0E53E09H �9W0[
�î��� ð�"î�#�$� �� ��+<ñ && � r 35F903F/GE4B/H

ËÌ ÝÐûÔÑÐÎÿùÐÑ ÜÔÿÔþÎù� ÍÏÜÙ×à ÍÏÞÔØÔßûÏ ÜÝÔ�ÐÿùÝÌ '× ÿÔÜÔØÎÙÓÐØàÕÎÌÑ ùûÏÍÏÎÙÐÑ ß ûÔÑÑÐÎÓÏÝÙ�ú ÎÏÍÎÏÒÐÎÙ� ÜÝÔ�ÐÿùÝÌÖ ÙÿÐÙ ÙØÙ ××ÌØûÙÎÏ ÔÜÙ×ÏÎÙÐ ÏØÞÔÝÙÓÑÏÖ ¸�INE� �ÔÝÑÏØàÎÌú ÜÏÝÏÑÐÓÝÔß* ÿØ� Ø�þÔÞÔ×ÐÝàÐÍÎÔÞÔ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ�â



��Â¹� �������ã�Ð� ��µÄ�� �� �!�# �� � ���Dµ ~s
àL�G����M�NR�� ÎÏÍÌßÏÐÓ×� ÑÏ××Ùß × ÜÐÝÐÑÐÎÎÌÑÙ ÞÝÏÎÙ�ÏÑÙÖûÔÓÔÝÌÐ ÜÝ�ÑÔ ÙØÙ ûÔ×ßÐÎÎÔ ßÌÝÏÚÏ�Ó×� ÒÐÝÐÍ ÜÏÝÏÑÐÓÝÌ	 ÎÏÜÝÙÑÐÝÖ�ôþ÷õ�ôûõ ö��ôl÷�ýññâ �Î ÑÔÚÐÓ þÌÓà ûÏû �ÔÝÑÏØàÎÌÑ ÜÏÝÏÑÐÓÝÔÑÜÝÔ�ÐÿùÝÌÖ ÓÏû Ù ØÔûÏØàÎÌÑ Ôþ�ÐûÓÔÑ ÐÐâËÏ××Ùß ZGgH��¢��L���GQ ³GH�I ÍÏÙÑ×ÓßùÐÓ ÛÓù �ÔÝÑù 'Óâ Ðâ ÎÏÕþÔÝ Ûû×ÓÐÎÓÔß* ù ×ß�ÍÏÎÎÔÞÔ × ÎÙÑ�ÏûÓÙÒÐ×ûÔÞÔ ÜÏÝÏÑÐÓÝÏ × ßÔÍÑÔÚÎÌÑ×ÿßÙÞÔÑ ÞÝÏÎÙ� ÙÎÿÐû×Ôßâ $ ßÌæÐÜÝÙßÐÿÐÎÎÔÑ ÜÝÙÑÐÝÐ ù ÑÏ××ÙßÏ � ÎÙÚÕÎÙÐ ÞÝÏÎÙ�Ì ÙÎÿÐû×Ôß þùÿùÓ � Ù e ×ÔÔÓßÐÓ×ÓßÐÎÎÔ ÎÐÍÏßÙ×ÙÑÔ ÔÓ ÎÙÚÎÙúÞÝÏÎÙ� ÏÝÞùÑÐÎÓÏâ å×ØÙÖ ÎÏÜÝÙÑÐÝÖ �ÏûÓÙÒÐ×ûÙø ÑÏ××Ùß Q ÔÜÙ×ÏÎ ûÏû�î��� ð�"î�#�$� �% &	%� %&	<ñ && RÏ �ÔÝÑÏØàÎÌø YQ ý ûÏû
�î��� ð�"î�#�$� �&�&ñ && ZRÓâ Ðâ × ÐÿÙÎÙÒÎÌÑÙ 'ÜÔ ùÑÔØÒÏÎÙ�* ÎÙÚÎÙÑÙ ÞÝÏÎÙ�ÏÑÙÖ ÓÔ ÛØÐÑÐÎÓù

Q �ô��ñ þùÿÐÓ ×ÔÜÔ×ÓÏßØÐÎ YQ �ô+	��+	ñâJÙ×ØÔ ÜÏÝÏÑÐÓÝÔß ÑÔÚÎÔ ùÑÐÎàæÙÓàÖ Ð×ØÙ ÞÝÏÎÙ�Ì �ÏûÓÙÒÐ×ûÙúÏÝÞùÑÐÎÓÔßÕÑÏ××ÙßÔß ÔÜÝÐÿÐØ�Óà ÔþÝÏ�ÐÎÙÐÑ û ß×ÓÝÔÐÎÎÔø �ùÎû�ÙÙ
#�?î�í/01273W30EFW320344/53ï�íð�"ïñÞÿÐ í�ôþï ý ÎÔÑÐÝ ÙÎÓÐÝÐ×ù��ÐÞÔ ÎÏ× ÙÍÑÐÝÐÎÙ�â $ ÝÐÍùØàÓÏÓÐ ÑÔÚÎÔÍÏÜÙ×ÏÓà ÜÝÔ�ÐÿùÝù ÔþÝÏ�ÐÎÙ� ÑÏÓÝÙ�Ì ÙØÙ ÝÐæÐÎÙ� ×Ù×ÓÐÑÌ ØÙÎÐøÎÌúùÝÏßÎÐÎÙøÖ ùûÏÍÏß ØÙæà ÙÑ� ÑÏÓÝÙ�ÌâuØ� ÜÝÔ�ÐÿùÝ × ÜÏÝÏÑÐÓÝÏÑÙÕÑÏ××ÙßÏÑÙ Ôþ×ùÚÿÏÐÑÔÞÔ ßÙÿÏ Ôþ�ÕÍÏÓÐØàÎÔ ÎÏØÙÒÙÐ ß ÓÐû×ÓÐ ßÌÍÌßÏ��Ðø ÜÝÔ�ÐÿùÝÌ þØÔûÏ ÙÎÓÐÝ�Ðø×Ï ×ßÌÍÌßÏÐÑÔø ÜÝÔ�ÐÿùÝÔøâJÓÔþÌ ×ÓÝùûÓùÝÏ ÜÏÝÏÑÐÓÝÏ ÜÐÝÐÎÙÑÏØÏ×à ù ÏÝÞùÑÐÎÓÏ ZGEPGN�OßÖ×ÜÐ�Ù�ÙûÏ�Ù� ÜÏÝÏÑÐÓÝÏ �ôþ÷õ�ôûõ ÜÔ ûÏÚÿÔÑù ÙÍÑÐÝÐÎÙ� ÿÔØÚÎÏßûØ�ÒÏÓà ß ×Ðþ� ÎÙÚÎ�� ÞÝÏÎÙ�ùâå×ØÙ ÝÐÍùØàÓÏÓ �ùÎû�ÙÙ ß&]�ý ��NN�LÖ ÓÔ ß ÐÐ ÍÏÞÔØÔßûÐ ÿÔØÚÎÏÜÝÙ×ùÓ×ÓßÔßÏÓà ×ÜÐ�Ù�ÙûÏ�Ù� �ù÷��úö í/01ïñÖ Ï ÿØ� ÑÏ××ÙßÏ ß ×ÜÐ�ÙÕ�ÙûÏ�ÙÙ ÜÏÝÏÑÐÓÝÔß ×ØÐÿùÐÓ ùûÏÍÏÓà �ßÎÌÐ ÞÝÏÎÙ�Ìâ �ÓßÐÓÎÔÐ ÍÎÏÒÐÎÙÐÜÔØùÒÏÐÓ ÑÏ××ÙßÖ ×ÜÐ�Ù�Ù�ÙÝÔßÏÎÎÌø ß ù÷��úöâ
435b343 ij7N=�|jl @?@ �?j?>=9jl
äÏÝÏÑÐÓÝÔÑ ÜÔÿÜÝÔÞÝÏÑÑÌ '�ùÎû�ÙÙ* ÑÔÚÐÓ þÌÓà ÿÝùÞÏ� ÜÔÿÜÝÔÕÞÝÏÑÑÏ ÙØÙ �ùÎû�Ù�â äÔÿÔþÎÌÐ ÜÏÝÏÑÐÓÝÌ ÎÐÔþúÔÿÙÑÌ ß ×ÓÏÎÿÏÝÓÕÎÌú ³¢PR��GP�EOPI¤ ÜÝÔ�ÐÿùÝÏú	 ÏÜÜÝÔû×ÙÑÏ�ÙÙÖ ÙÎÓÐÞÝÙÝÔßÏÎÙ� ÙÿÙ��ÐÝÐÎ�ÙÝÔßÏÎÙ� ÜÝÔÙÍßÔØàÎÌú �ùÎû�ÙøÖ ÝÐæÐÎÙ� ùÝÏßÎÐÎÙø Ù Óâ ÜâãÓÝÙþùÓ ôõö÷õö ÿØ� ÓÏûÔÞÔ ÜÏÝÏÑÐÓÝÏ ÎÐ ÎùÚÐÎÖ Ï þØÔû ôõö÷ùYýü÷ß ßÌÍÌßÏ��Ðø ÜÝÔ�ÐÿùÝÐ ý Ôþ�ÍÏÓÐØÐÎâ



~y Á���� �� �����Ð ì� # ���
äÐÝÐÿÏßÏÐÑÏ� �ùÎû�Ù� '�ÏûÓÙÒÐ×ûÙø ÜÏÝÏÑÐÓÝ* ÿÔØÚÎÏ þÌÓà ßÎÐæÕÎÐø ÙØÙ ÑÔÿùØàÎÔøâ uØ� ÒØÐÎÏ N���QN�L� ÜÝÔ�ÐÿùÝ ÎÐØàÍ� ùûÏÍÌßÏÓàÝÔÿÔßÔÐ ÙÑ�â $×ÓÝÔÐÎÎÌÐ ÜÝÔ�ÐÿùÝÌÖ Ù×ÜÔØàÍùÐÑÌÐ ûÏû ÜÏÝÏÑÐÓÝÌÖÿÔØÚÎÌ ×ÜÐ�Ù�Ù�ÙÝÔßÏÓà×� × ÏÓÝÙþùÓÔÑ ôõöùôõ�ôüâ $ÎùÓÝÐÎÎÙÐÜÝÔ�ÐÿùÝÌ ß Ôþ×ùÚÿÏÐÑÔø ÝÔØÙ ßÌ×ÓùÜÏÓà ÎÐ ÑÔÞùÓâ�ÓÑÐÒÐÎÎÌÐ ÔÞÝÏÎÙÒÐÎÙ� ÔÓÎÔ×�Ó×� û ×ØùÒÏ�Ö ûÔÞÿÏ ÜÝÔ�ÐÿùÝÏÜÐÝÐÿÏÐÓ×� ûÏû ZH�L�EG ÿØ� ÜÔØùÒÐÎÙ� ÍÎÏÒÐÎÙ�â �G�GLI� ÍÎÏÒÐÎÙ�'×ÓÏÓÙÒÐ×ûÙÐ �ÔÝÑÏØàÎÌÐ ÜÏÝÏÑÐÓÝÌ* ÏßÓÔÑÏÓÙÒÐ×ûÙ ßÌÒÙ×Ø��Ó×�ÜÐÝÐÿ ßúÔÿÔÑ ß ÜÝÔ�ÐÿùÝù 'ÔÿÎÔûÝÏÓÎÔ*â

+èégè hîö�íñòóð�î -íë.î§�í�

äÔ ùÑÔØÒÏÎÙ� ÜÝÔ�ÐÿùÝÏ ÎÐ ÑÔÚÐÓ ßÌÍßÏÓà ×ÏÑÏ ×Ðþ� ÎÙ ÜÝ�ÑÔÖ ÎÙûÔ×ßÐÎÎÌÑ ÔþÝÏÍÔÑâ �ÿÎÏûÔ ÝÐûùÝ×Ù� ÙÎÔÞÿÏ ÚÐØÏÓÐØàÎÏ ÿØ� ÜÝÔþØÐÑÖûÔÓÔÝÌÐ ÑÔÞùÓ þÌÓà ÝÐæÐÎÌ ûÏû ×ÐÝÙ� ÍÏÿÏÒ ÑÐÎàæÐÞÔ ÝÏÍÑÐÝÏ '×ÔÝÕÓÙÝÔßûÙÖ ßÌÒÙ×ØÐÎÙÐ ûÝÏÓÎÔÞÔ ÙÎÓÐÞÝÏØÏ*â $ ÜÔ×ØÐÿÎÐÑ ×ØùÒÏÐ ßÎÐæÎÙøÙÎÓÐÞÝÏØ Ù×ÜÔØàÍùÐÓ ß ûÏÒÐ×ÓßÐ ÜÔÿÌÎÓÐÞÝÏØàÎÔø �ùÎû�ÙÙ ßÎùÓÝÐÎÎÙøÖ ÙÔþÏ ÑÔÞùÓ þÌÓà ßÌÒÙ×ØÐÎÌ ÜÔßÓÔÝÎÌÑ ÔþÝÏ�ÐÎÙÐÑ û ÔÿÎÔø Ù ÓÔø ÚÐ ÜÝÔÕ�ÐÿùÝÐ ÒÙ×ØÐÎÎÔÞÔ ÙÎÓÐÞÝÙÝÔßÏÎÙ�â [ÏÞÔØÔßÔû ÓÏûÔø ÜÝÔ�ÐÿùÝÌ ÿÔØÚÐÎßûØ�ÒÏÓà ß ×Ðþ� ÜÝÐ�Ùû× ù÷ü�ù�ôº÷âå×ØÙ �ùÎû�Ù� ßÌÍÌßÏÐÓ ×Ðþ� ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔÖ ÓÔ ÿØ� ÐÐ ÝÐÍùØàÓÏÕÓÏ ÎÐÔþúÔÿÙÑÔ ÙÑ�Ö ÔÓØÙÒÎÔÐ ÔÓ ÙÑÐÎÙ �ùÎû�ÙÙâ KÔÞÿÏ ÔÓßÐÓÎÔÐ ÍÎÏÒÐÕÎÙÐ ÜÝÙ×ßÏÙßÏÐÓ×� ßÌþÝÏÎÎÔÑù ÙÑÐÎÙÖ Ù ÔÎÔ ÚÐ ùûÏÍÌßÏÐÓ×� ß ÍÏÞÔØÔßûÐÜÝÔ�ÐÿùÝÌ ÜÔ×ØÐ ×ÜÙ×ûÏ ÜÏÝÏÑÐÓÝÔß ß �ÔÝÑÐ ù÷��úö�í/01ïñâ

+èénè Îóë§»ó�óë§
435¼353 ½9j|@9|j? 7�=j?97j7a aa7�?¾ala7�?
�ÜÐÝÏÓÔÝÌ ßßÔÿÏÕßÌßÔÿÏ ß ×ÓÏÎÿÏÝÓÎÔÑ &ÔÝÓÝÏÎÐ ÙÑÐ�Ó ßÙÿ	ù÷ý�

Qùôö÷
} X Z� í47/49B255963V5[5963ï

JÙ×ØÔ � ý ÛÓÔ ÎÔÑÐÝ ù×ÓÝÔø×ÓßÏ '�ÏøØÏ*Ö ùÒÏ×Óßù��ÐÞÔ ß ÔþÑÐÎÐâ %ÏÜÐÝ×ÔÎÏØàÎÌú 
$Ë ×ÓÏÎÿÏÝÓÎÌÑÙ ÎÔÑÐÝÏÑÙ ßÎÐæÎÙú ù×ÓÝÔø×Óß �ßØ�Õ



��Â¿� C��DÀ�Ð��D ~~
�Ó×� Êeá ÿØ� ûØÏßÙÏÓùÝÌ Ù ÊVá ý ÿØ� ÛûÝÏÎÏâ TùûßÏ Y ÜÝÐÿ×ÓÏßØ�ÐÓÑÐÓûù ÔÜÐÝÏÓÔÝÏ Yûùþýöâ TÐ×�ÔÝÑÏÓÎÌø ßÌßÔÿ 'ÓÔÒÎÐÐÖ ßÌßÔÿ ß �ÔÝÑÏÕÓÐÖ ×ÔÔÓßÐÓ×Óßù��ÐÑ ÔÜÙ×ÏÎÙ� ÜÐÝÐÑÐÎÎÔø* ÜÝÔÙÍßÔÿÙÓ×� ÔÜÐÝÏÓÔÝÔÑÿùôõöâ

435¼343 Á7j>?9l aa7�?¾ala7�?
%ÏÙþÔØÐÐ ùÜÔÓÝÐþÙÓÐØàÎÌ �ÔÝÑÏÓÌ	

�� ý n ÜÝÔþÐØÔß 'ÿØ� ÜÐÒÏÓÙ × ÎÔßÔø ×ÓÝÔûÙ ×ÜÙ×Ôû �ÔÝÑÏÓÔß ÿÔØÚÐÎÎÏÒÙÎÏÓà×� × úÔÓ� þÌ ÔÿÎÔÞÔ ÜÝÔþÐØÏ*B
ý ý ÓÐû×ÓÔßÌø '×Ù×ÓÐÑÏ ×ÏÑÏ ÜÔÿ×ÒÙÓÌßÏÐÓ ÒÙ×ØÔ ÍÎÏûÔß ß ×ÓÝÔûÐ*B
ô� ý �ÐØÔÐ ÒÙ×ØÔ ß ÜÔØÐ ÙÍ n ÜÔÍÙ�ÙøB
Y�	;�< ý ÒÙ×ØÔ × �Ùû×ÙÝÔßÏÎÎÔø ÓÔÒûÔø ß ÜÔØÐ ÙÍ n1 ÜÔÍÙ�Ùø × n2ÍÎÏûÏÑÙ ÜÔ×ØÐ ÓÔÒûÙB
÷�	;�< ý ÒÙ×ØÔ × ÜØÏßÏ��Ðø ÓÔÒûÔø ß ÜÔØÐ ÙÍ n1 ÜÔÍÙ�Ùø × n2 ÍÎÏûÏÑÙÑÏÎÓÙ××Ì ÜÔ×ØÐ ÓÔÒûÙ 'ÝÐûÔÑÐÎÿùÐÓ×� n1 = n2 + 9 *â
&ÔÝÑÏÓ ÿÔØÚÐÎ þÌÓà ×ÔÞØÏ×ÔßÏÎ × ÓÙÜÔÑ ßÌßÔÿÙÑÔÞÔ Ôþ�ÐûÓÏâ å×ØÙ ÜÔÕØÐ ÎÐÿÔ×ÓÏÓÔÒÎÔ ÿØ� ÝÏÍÑÐ�ÐÎÙ� Ôþ�ÐûÓÏ ßÌßÔÿÏÖ ßÑÐ×ÓÔ ÛÓÔÞÔ Ôþ�ÐûÓÏþùÿùÓ ÎÏÜÐÒÏÓÏÎÌ ÍßÐÍÿÔÒûÙâ

435¼3h3 ½�<87@ aa7�?¾ala7�?
uØ� ßÌßÔÿÏ ×ûÏØ�ÝÏ ÙØÙ ÑÏ××ÙßÏ ß ÜÔÝ�ÿûÐ úÝÏÎÐÎÙ� ÐÞÔ ÛØÐÑÐÎÓÔßß ÜÏÑ�ÓÙ ÿÔ×ÓÏÓÔÒÎÔ ùûÏÍÏÓà ß ×ÜÙ×ûÐ ßÌßÔÿÏ ÙÑ� ÎùÚÎÔÞÔ Ôþ�ÐûÓÏâ äÝÙßÌßÔÿÐ ÒÏ×ÓÙÒÎÔÑ ÙØÙ ß ÙÎÔø ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×ÓÙ ÜÝÙÑÐÎ��Ó×� ��RE�£M�NR�� NZ�NR�	
R���î ���	%%ñ uÂF�^$: u�uq5î*FB�u	%% Z$�"���)O����O��ñ
R���î ���<%%ñ �î�Iñ�Z�Iñ� I�	�
ñ<%% Z$�"���	O�<î	' ;Añ

å×ØÙ ÍÏÜÙ×ÏÓà	
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~� Á���� �� �����Ð ì� # ���
ÓÔ ×ÎÏÒÏØÏ þùÿùÓ ßÌßÐÿÐÎÌ ß×Ð ÛØÐÑÐÎÓÌ ÷Ö Ï ÍÏÓÐÑ ý ß×Ð ÛØÐÑÐÎÓÌ YâãÎÏØÔÞÙÒÎÌø ÜÝÙÐÑ ÜÝÙúÔÿÙÓ×� Ù×ÜÔØàÍÔßÏÓà Ù ÿØ� ßÌßÔÿÏ ÑÏÓÝÙ�Ì ÜÔ×ÓÝÔûÏÑ 'ß &ÔÝÓÝÏÎÐ ÑÏÓÝÙ�Ì úÝÏÎ�Ó×� ZG N�GEt���*â $ ÛÓÔÑ ×ØùÒÏÐ×ÜÙ×Ôû ßÌßÔÿÏ þùÿÐÓ ßØÔÚÐÎÎÌÑâäÝÙ ÔÓÝÏþÔÓûÐ ßÌßÔÿÏ ÛØÐÑÐÎÓÌ ÐÞÔ ×ÜÙ×ûÏ '× ùÒÐÓÔÑ ßÔÍÑÔÚÎÔøÏÞÝÐÞÏÓÎÔø ×ÓÝùûÓùÝÌ Ùú* ÜÔ×ØÐÿÔßÏÓÐØàÎÔ ×ÔÜÔ×ÓÏßØ��Ó×� ×Ô ÍÎÏÒÙÑÌÕÑÙ ÛØÐÑÐÎÓÏÑÙ ×ÜÙ×ûÏ �ÔÝÑÏÓÔß ý × ùÒÐÓÔÑ ÜÔßÓÔÝÙÓÐØÐøâ äÝÙ Ù×ÒÐÝÕÜÏÎÙÙ NZ�NR� ³GH���GL ÜÔ×ØÐÿÎÙø ÜÝÔ×ÑÏÓÝÙßÏÐÓ×� × ÎÏÒÏØÏâ



ĹMNM Ã¶
ÄÅÅO¾»QNP·O
Æ¸·K¸M¼¼Q¸·NMPQO

�èéè �õöìëí� 1//îöìòóðëñìò

$ÔÜÝÔ× Ôþ Û��ÐûÓÙßÎÔ×ÓÙ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� ×ØÐÿùÐÓ ÝÏ××ÑÏÓÝÙÕßÏÓà ûÔÑÜØÐû×ÎÔ Ù ß ÔÜÝÐÿÐØÐÎÎÔÑ ûÔÎÓÐû×ÓÐâ $ ÿÏÎÎÔø ûÎÙÞÐ ×ÜÝÏßÐÿÕØÙßÔ ÔÞÝÏÎÙÒÙÓà×� ÜÝÔþØÐÑÔø ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� ßÌÒÙ×ØÙÓÐØàÎÌú ÍÏÕÿÏÒâ äÝÐÚÿÐ ß×ÐÞÔ ÜÐÝÐÒÙ×ØÙÑ ßÔÍÑÔÚÎÌÐ ÜÔûÏÍÏÓÐØÙ Û��ÐûÓÙßÎÔ×ÓÙÜÝÔÞÝÏÑÑÎÔÞÔ ÙÍÿÐØÙ�	
• ÎÏÿÐÚÎÔ×ÓàB
• þÌ×ÓÝÔÿÐø×ÓßÙÐB
• ÿØÙÎÏ ÜÝÔÞÝÏÑÑÌB
• Ôþ�ÐÑ ÜÝÔÑÐÚùÓÔÒÎÌú ÿÏÎÎÌúB
• ÛûÔÎÔÑÙÒÎÔ×ÓàB
• ÿÝùÚÐ×ÓßÐÎÎÔ×Óà û ÜÔØàÍÔßÏÓÐØ�â

�ÓÎÔ×ÙÓÐØàÎÏ� ÍÎÏÒÙÑÔ×Óà Ùú ÍÏßÙ×ÙÓ ÔÓ ÓÙÜÏ ÜÝÔÞÝÏÑÑÎÔÞÔ ÙÍÿÐØÙ�	
• ÒÏ×ÓÎÏ� ÜÝÔÞÝÏÑÑÏ ÝÏÍÔßÔÞÔ ÜÝÙÑÐÎÐÎÙ�B
• ØÙÒÎÏ� ÜÝÔ�ÐÿùÝÏB
• ØÙÒÎÏ� þÙþØÙÔÓÐûÏB
• þÙþØÙÔÓÐûÏ æÙÝÔûÔÞÔ ÜÝÙÑÐÎÐÎÙ� 'ß ÑÏ×æÓÏþÏú ÔÝÞÏÎÙÍÏ�ÙÙ*B



~� Á���� Ø� Ç����#����� � �� �!!� ������
• ûÔÑÑÐÝÒÐ×ûÙø ÜÝÔÞÝÏÑÑÎÌø ÜÝÔÿùûÓB
• ÜÝÔÞÝÏÑÑÎÔÐ ÔþÐ×ÜÐÒÐÎÙÐÖ ß×ÓÝÔÐÎÎÔÐ ß ×Ù×ÓÐÑÌ ùÜÝÏßØÐÎÙ�â

$ Ø�þÔÑ ×ØùÒÏÐ ÜÝÙÔÝÙÓÐÓÎÔø �ßØ�ÐÓ×� P�g�kPGN�O ý ß ×ÑÌ×ØÐ ûÔÝÕÝÐûÓÎÔ×ÓÙ ÝÏþÔÓÌ Ù ÍÏ�Ù�ÐÎÎÔ×ÓÙ ÔÓ ÎÐÜÝÏßÙØàÎÔÞÔ Ù×ÜÔØàÍÔßÏÎÙ�âäùÎûÓÌ ßÌæÐÜÝÙßÐÿÐÎÎÔÞÔ ÜÐÝÐÒÎ� ÝÏ×ÜÔØÔÚÐÎÌ ÜÔ ßÔÍÝÏ×ÓÏÎÙ� ÓÝÐþÔÕßÏÎÙø û ÎÐøâ ÷ÔÔÓßÐÓ×ÓßÐÎÎÔ þùÿùÓ ßÔÍÝÏ×ÓÏÓà Ù ÍÏÓÝÏÓÌ ÎÏ ÝÏÍÝÏþÔÓûùßÔ ßÝÐÑÐÎÎÇÔÑ Ù ×ÓÔÙÑÔ×ÓÎÔÑ Ù×ÒÙ×ØÐÎÙÙâ
�×ÎÔßÌ ûÏÒÐ×ÓßÏ ÜÝÔÞÝÏÑÑÎÔÞÔ ÙÍÿÐØÙ� ÍÏûØÏÿÌßÏ�Ó×� ÎÏ ÜÐÝßÌúÛÓÏÜÏú ÐÞÔ ÝÏÍÝÏþÔÓûÙÖ ûÔÓÔÝÌÑÙ �ßØ��Ó×�	

�â �ÔÎ�ÐÜÓùÏØàÎÏ� ÜÝÔÝÏþÔÓûÏ ÑÏÓÐÑÏÓÙÒÐ×ûÔø ÑÔÿÐØÙâ
fâ äÝÔßÐÝûÏ ûÔÝÝÐûÓÎÔ×ÓÙ ÜÔ×ÓÏßØÐÎÎÔø ÍÏÿÏÒÙ Ù 'ÜÝÙ ÎÐÔþúÔÿÙÑÔ×ÓÙ*ÐÐ ÝÐÞùØ�ÝÙÍÏ�Ù�â
qâ äÝÐÔþÝÏÍÔßÏÎÙÐ ÍÏÿÏÒÙ û �ÔÝÑÐÖ ÔþÐ×ÜÐÒÙßÏ��Ðø þ ÇÔØàæù�ÓÔÒÎÔ×Óà ÝÐæÐÎÙ�â
^â �×ÜÔØàÍÔßÏÎÙÐ ÏÜÝÔþÙÝÔßÏÎÎÌú ÑÏÓÐÑÏÓÙÒÐ×ûÙú ÑÐÓÔÿÔßâ
eâ $Ì�×ÎÐÎÙÐ ÔþØÏ×ÓÐø ÜÝÙÑÐÎÐÎÙ� Ù ÔÞÝÏÎÙÒÐÎÙø ßÌþÝÏÎÎÌú ÑÐÓÔÿÔßÙ ×ÔÜÔ×ÓÏßØÐÎÙÐ Ùú × Ô×ÔþÐÎÎÔ×Ó�ÑÙ ÜÔ×ÓÏßØÐÎÎÔø ÍÏÿÏÒÙâ
Vâ äÝÙÑÐÎÐÎÙÐ 'ÜÔ ßÔÍÑÔÚÎÔ×ÓÙ* ÜÝÔ�Ð××ÙÔÎÏØàÎÔ ×Ô×ÓÏßØÐÎÎÌúÜÔÿÜÝÔÞÝÏÑÑâ

�è+è Àîìë§ ò -íë0íõôôõ

$ÏÚÎÔ ÝÏÍØÙÒÏÓà ÑÐÓÔÿ Ù ÜÔÿÜÝÔÞÝÏÑÑùâ ËÐÓÔÿ ÔþÌÒÎÔ ÑÔÚÐÓ þÌÓàÔÜÙ×ÏÎ ÎÐ×ûÔØàûÙÑÙ ÜÝÔ×ÓÌÑÙ �ÔÝÑùØÏÑÙâ JÐÑ ÓÔÎàæÐ Ù ØùÒæÐ ûÏÚÐÓ×�ÑÐÓÔÿÖ ÓÐÑ úùÚÐ ÔÎ ÑÔÚÐÓ ÜÔßÐ×ÓÙ ×Ðþ� ß ÎÐÜÔÿúÔÿ��Ùú ù×ØÔßÙ�úâäÝÔÞÝÏÑÑÏ �ßØ�ÐÓ×� ÞÔÝÏÍÿÔ þÔØÐÐ ×ØÔÚÎÌÑ Ôþ�ÐûÓÔÑâ �ÎÏ ÿÔØÚÕÎÏ ÜÝÐÿù×ÑÏÓÝÙßÏÓà ÓÏûÙÐ ÿÐÓÏØÙÖ ûÏû ßÌþÔÝ ßÐØÙÒÙÎÌ æÏÞÏB ûÔÎÕÓÝÔØà ÔæÙþûÙB ùÜÝÏßØÐÎÙÐ ßÝÐÑÐÎÎÔø ÜÏÑ�Óà�B ÔþÎÏÝùÚÐÎÙÐ ÍÏ�ÙûØÙÕßÏÎÙ�Ö ßÔÍÑÔÚÎÌú ÝÏÍÝÌßÔß Ù Ô×ÔþÐÎÎÔ×ÓÐøB ßÍÏÙÑÔÿÐø×ÓßÙÐ × ÿÝùÞÙÑÙÜÝÔÞÝÏÑÑÏÑÙB ßÌ�ßØÐÎÙÐ ÔæÙþÔû ß ßÌÍÌßÏ��Ðø ÜÝÔÞÝÏÑÑÐâ



Ø�Ø� x ����� � �� �!!� �����Å ~�
�è�è êíë.îññ -íë0íõôôòíëóõðòÜ

�ÒÐÎà ßÏÚÎÔÖ ÒÓÔþÌ ÜÝÔÞÝÏÑÑÏ ÜÔÿÝÏÍÿÐØ�ØÏ×à ÎÏ ÔÓÿÐØàÎÌÐ þØÔÕûÙ × ÒÐÓûÔ ØÔûÏØÙÍÔßÏÎÎÌÑÙ �ùÎû�Ù�ÑÙâ äÝÔÞÝÏÑÑÌ ×ØÐÿùÐÓ ×Ô×ÓÏßØ�ÓàÜÔþØÔÒÎÔ Ù ÜÔ ßÔÍÑÔÚÎÔ×ÓÙ × ÍÏÜÏ×ÔÑ Ôþ�ÎÔ×ÓÙ ý ß ÝÏ×ÒÐÓÐ ÎÏ ÜÔßÓÔÝÕÎÔÐ Ù×ÜÔØàÍÔßÏÎÙÐâ
ÏþÔÓù ÎùÚÎÔ ÜØÏÎÙÝÔßÏÓà ÓÏûÖ ÒÓÔþÌ ÑÏû×ÙÑÏØàÎÔ ùßÐØÙÒÙÓà æÏÎÕ×Ì ÍÏÑÐÓÙÓà ÒÓÔÕØÙþÔ ÎÐÔþÌÒÎÔÐâ å×ØÙ ÑÔÚÎÔ ßûØ�ÒÙÓà ß ÜÝÔ�Ð×× ×ÒÐÓÏûÏûÙÐÕØÙþÔ ÿÔÜÔØÎÙÓÐØàÎÌÐ ÜÝÔßÐÝûÙ ÙØÙ ÏØàÓÐÝÎÏÓÙßÎÌÐ ÑÐÓÔÿÌ ÜÔØùÕÒÐÎÙ� ÓÔÞÔ ÚÐ ÝÐÍùØàÓÏÓÏÖ ÛÓÔ Ôþ�ÍÏÓÐØàÎÔ ×ØÐÿùÐÓ ×ÿÐØÏÓàâ $ÌÜÔØÎÐÎÙÐÜÔÿÔþÎÌú ÜÝÔßÐÝÔû ÜÔÍßÔØÙÓ	 Ô�ÐÎÙÓà ßÔÍÑÔÚÎÔ×ÓÙ ×ÝÏßÎÙßÏÐÑÌú ÑÐÓÔÕÿÔßB ùÓÔÒÎÙÓà ÔþØÏ×ÓÙ Ùú ÜÝÙÑÐÎÐÎÙ�B ÞØùþÚÐ ÜÔÎ�Óà Ù×úÔÿÎù� ÑÏÓÐÑÏÕÓÙÒÐ×ûù� ÑÔÿÐØàB ÜÔßÌ×ÙÓà ×ÓÐÜÐÎà ùßÐÝÐÎÎÔ×ÓÙ ß ÜÝÏßÙØàÎÔ×ÓÙ ÝÐÍùØàÕÓÏÓÔßâ%Ð ÔÞÝÏÎÙÒÙßÏøÓÐ×à ßÌÿÏÒÐø ÓÔØàûÔ ûÔÎÐÒÎÔÞÔ ÝÐÍùØàÓÏÓÏâ � ÜÝÙÕÑÐÝùÖ ÜÔ úÔÿù ÔÜÓÙÑÙÍÏ�ÙÙ ßÏÚÎÔ Ô�ÐÎÙÓà Ù ûÝùÓÙÍÎù �ÐØÐßÔø �ùÎû�ÙÙ ßÔûÝÐ×ÓÎÔ×ÓÙ Ûû×ÓÝÐÑùÑÏâ 
ÓÔ ÜÔÍßÔØÙÓ ù×ÓÏÎÔßÙÓàÖ ÑÔÚÎÔ ØÙ ÜÝÙÑÐÎ�ÓàÜÝÙþØÙÚÐÎÎÌÐ ÑÐÓÔÿÌÖ ûÏûÔø �ÐÎÔø ÿÔ×ÓÙÞÏÐÓ×� ùØùÒæÐÎÙÐ ÎÏ ÎÏÒÏØàÕÎÔÑ Ù ÎÏ ûÔÎÐÒÎÔÑ ÛÓÏÜÐâ$ÏÚÎÔ ÜÔÎ�Óà ÜÝÙÒÙÎÌ ÜÐÝßÔÎÏÒÏØàÎÔø ÎÐùÿÏÒÙ	 ÎÐÜÔØÎÔÓÏ ÑÔÿÐÕØÙÖ ÔæÙþûÏ ß ÐÐ �ÔÝÑÏØÙÍÏ�ÙÙÖ ß ßÌþÔÝÐ ÑÐÓÔÿÏ ÙØÙ ÐÞÔ ÜÏÝÏÑÐÓÝÔßÖß ÜÝÔÞÝÏÑÑÎÔø ÝÐÏØÙÍÏ�ÙÙâ

�è¥è ¶iôîíîðòî óíîôîðò
ó�-ë�ðîðòÜ -íë0íõôô�

h3�353 È`>=j=;<= 9j|�7=>@789< |m?89@?
uØ� ÝÏ×ÒÐÓÏ ßÝÐÑÐÎÙ ßÌÜÔØÎÐÎÙ� ùÒÏ×ÓûÏ ÜÝÔÞÝÏÑÑÌ ÑÔÚÎÔ ÜÝÙÕÑÐÎÙÓà ÜÝÔ�ÐÿùÝù �ýö÷2ýõ�2öôþ÷â åÐ ÔÓßÐÓÎÌø ûØ�ÒÐßÔø ÜÏÝÏÑÐÓÝ

É��Xî# ÜÝÐÿÜÔØÏÞÏÐÓ ÑÏ××Ùß ÙÍ X �ÐØÌú ÒÙ×ÐØÖ ÒÐÓÌÝàÑ� ÜÔ×ØÐÿÎÙÑÙûÔÑÜÔÎÐÎÓÏÑÙ ûÔÓÔÝÔÞÔ �ßØ��Ó×� ÒÏ×Ì 'y*Ö ÑÙÎùÓÌ '{*Ö ×ÐûùÎÿÌ '¯*ÖÓÌ×�ÒÎÌÐ ÿÔØÙ ×ÐûùÎÿÌ 'x*â äÔÛÓÔÑù �ÝÏÞÑÐÎÓ
;;;;;;;;;;;;;;;;;���î î� ���ñ���î î� S �" �#�� � ðS �ð" �ð#�ð�



�e Á���� Ø� Ç����#����� � �� �!!� ������
�î�� ��"î���� ð��î2��ð2��"î�É��Xî#��ñS���Añ� "���
ñ� #���)ñ� �����ñí /80EW1E0[H �G34F9Bï���� ð��î2��ð2��"î�É��Xî#��ñðS���AñVS � ð"���
ñV" � ð#���)ñV#� ð�����ñV���"î��ðS�
%+ð"ñ�
%+ð#+%;%%	�ð�

ÔþÐ×ÜÐÒÙÓ ÔÜÝÐÿÐØÐÎÙÐ ßÝÐÑÐÎÙ ÜÝÔÞÔÎÏ ùÒÏ×ÓûÏ ß ×ÐûùÎÿÏú '× ÓÔÒÎÔ×Óà�ÿÔ ×ÔÓÌú ÿÔØÐø*â
h3�343 ij7Ê<n<j7aË<@
å×ØÙ ×ØÔÚÎÏ� ÜÝÔÞÝÏÑÑÏ ÝÏþÔÓÏÐÓ ×ØÙæûÔÑ ÿÔØÞÔÖ ×ØÐÿùÐÓ ù×ÓÏÎÔÕßÙÓà ÝÏ×ÜÝÐÿÐØÐÎÙÐ ÓÝùÿÔÐÑûÔ×ÓÙ ÜÔ ÐÐ ×Ô×ÓÏßÎÌÑ ÒÏ×Ó�Ñâ 
Óù ÙÎ�ÔÝÕÑÏ�Ù� ÑÔÚÎÔ ÜÔØùÒÙÓà × ÜÔÑÔ�à� ×ÜÐ�ÙÏØàÎÔÞÔ ÙÎ×ÓÝùÑÐÎÓÏ ý ZHG³�£E�HGLÝ�R�â %ÏÙþÔØÐÐ ÓÝùÿÔÐÑûÙÐ ùÒÏ×ÓûÙ ÜÔÿØÐÚÏÓ þÔØÐÐ Ó�ÏÓÐØàÎÔÑùÏÎÏØÙÍù Ù ÜÐÝÐÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� ý ßÔÍÑÔÚÎÔÖ ÎÏ �ÍÌûÐ Ï××ÐÑþØÐÝÏâ÷ ÜÔÑÔ�à� ÜÝÔ�ÙØÙÝÔß�ÙûÏ ÑÔÚÎÔ ÓÏûÚÐ ßÌ�ßÙÓà ÎÐ ßÌÜÔØÎ�ßæÙÐ×�ÒÏ×ÓÙ ÜÝÔÐûÓÏÖ ÒÓÔ ×ù�Ð×ÓßÐÎÎÔ ÿØ� ùÜÝÏßØÐÎÙ� ÜÝÔ�Ð××ÔÑ ÔÓØÏÿûÙ ÙÿØ� ÔÜÝÐÿÐØÐÎÙ� þÐÍÔÜÏ×ÎÔ×ÓÙ ÍÏÙÑ×ÓßÔßÏÎÎÌú ÜÝÔÞÝÏÑÑâäÝÔ�ÙØÙÝÔß�Ùû &]e ßÌÜÔØÎ�ÐÓ ÓÝÙ ÝÏÍØÙÒÎÌú ÜÝÔÞÝÏÑÑÌ	 ÿù÷ÿÖÿùûYôú÷Ö ÿúô�öÖ ÙÍ ûÔÓÔÝÌú ÜÐÝßÏ� ÞÔÓÔßÙÓ ÙÍÑÐÝÐÎÙ�Ö ßÓÔÝÏ� Ùú ßÌÜÔØÕÎ�ÐÓÖ Ï ÓÝÐÓà� ÔÝÞÏÎÙÍùÐÓ ßÌßÔÿâij7Ê<n<j7a?;<= Ê|;@N<o ÑÔÚÐÓ ÜÔûÏÍÏÓà	

• ßÝÐÑ�Ö ÍÏÓÝÏÒÐÎÎÔÐ ÎÏ ßÌÜÔØÎÐÎÙÐ �ùÎû�ÙÙÖ Ù ûÝÏÓÎÔ×Óà ÐÐ ßÌÍÔßÏB
• ÓÔØàûÔ ûÔØÙÒÐ×ÓßÔ ßÌÍÔßÔßB
• ×ÜÙ×ûÙ ßÌÜÔØÎ�ßæÙú×� Ù ÎÐ ßÌÜÔØÎ�ßæÙú×� �ùÎû�Ùø 'ÜÔûÝÌÓÙÐ�ùÎû�Ùø*B
• ßØÔÚÐÎÎÔ×Óà ßÌÍÔßÔß '×ÓÐû ÜÔÿÜÝÔÞÝÏÑÑ ÎÏ ÑÔÑÐÎÓ ßÌÍÔßÏ*âij7Ê<n<j7a?;<= 89j7@ ÿÏÐÓ ûÝÏÓÎÔ×Óà ßÌÜÔØÎÐÎÙ� ûÏÚÿÔø×ÓÝÔûÙ ûÔÿÏ 'ß ÒÏ×ÓÎÔ×ÓÙÖ ÎùØÐßù�*â 
ÓÔÓ ÝÐÚÙÑ ÓÝÐþùÐÓ ×þÔÝÏ ÔÓØÏÿÔÒÕÎÔø ÙÎ�ÔÝÑÏ�ÙÙâ
ÏÍÔßù� Ù ÛÜÙÍÔÿÙÒÐ×ûù� ÜÔÓÝÐþÎÔ×Óà ß ÜÝÔ�ÙØÙÝÔßÏÎÙÙ ÜÝÔ�ÐùÿÔßØÐÓßÔÝÙÓà ÊÿÔÑÏæÎÙÑÙ ×ÝÐÿ×ÓßÏÑÙáÖ Óâ Ðâ ×Ôþ×ÓßÐÎÎÔÝùÒÎÔ ÎÏÜÙÕ×ÏÎÎÌÑÙ ß×ÓÏßûÏÑÙ × ÜÝÙÑÐÎÐÎÙÐÑ üÿ�2öôþ÷ Ù ×ÏÑÔÿÐØàÎÌú ×ÒÐÓÒÙûÔßûÝÏÓÎÔ×ÓÐøâ



Ø�-� x��ÐÌ���� ÚÐ�# �D�¡�#��Å � �� �!! �d
�è�è êëó�êîðòî ï�ñìíë§î�ñìóòÜ -íë0íõôô
h3�353 ½9j?9=k<m=8@<o |j7a=;�

Ô×Ó ÓÏûÓÔßÔø ÒÏ×ÓÔÓÌ Ù ÜÝÔ×ÓÝÏÎ×ÓßÏ ÔÜÐÝÏÓÙßÎÔø ÜÏÑ�ÓÙ×ÔßÝÐÑÐÎÎÌú 
$Ë WÎÙÍÙØÙ ÏûÓùÏØàÎÔ×Óà ÜÔßÌæÐÎÙ� þÌ×ÓÝÔÿÐø×ÓßÙ�ÜÝÔÞÝÏÑÑ Ù ùÑÐÎàæÐÎÙ� ÓÝÐþùÐÑÌú Ôþ�ÐÑÔß ÜÏÑ�ÓÙâ �ÿÎÏûÔ ×Ôß×ÐÑ×þÝÏ×ÌßÏÓà Ùú ×Ô ×ÒÐÓÔß ÎÐØàÍ�â $×ÐÞÿÏ þÌØÙ Ù þùÿùÓ ÍÏÿÏÒÙÖ ÝÐæÐÎÙÐûÔÓÔÝÌú ÎÏúÔÿÙÓ×� ÎÏ ÜÝÐÿÐØÐ 'Ù ÿÏÚÐ ÍÏ ÜÝÐÿÐØÏÑÙ* ßÔÍÑÔÚÎÔ×ÓÐø ßÌÕÒÙ×ØÙÓÐØàÎÔø ÓÐúÎÙûÙ ÓÐûù�ÐÞÔ ÿÎ�â TÌ×ÓÝÔÿÐø×ÓßÙÐ ÜÝÔÞÝÏÑÑÌ ØÐÞÒÐÙ ÝÏÿÙûÏØàÎÐÐ ß×ÐÞÔ ÑÔÚÎÔ ÜÔßÌ×ÙÓà ÎÏ �EFGH����M�NRG� ùÝÔßÎÐ	

• ùÜÝÔ�ÐÎÙÐÑ ÑÏÓÐÑÏÓÙÒÐ×ûÔø ÑÔÿÐØÙ Ù ÐÐ ÝÐÞùØ�ÝÙÍÏ�ÙÐøB
• ÝÏ�ÙÔÎÏØàÎÌÑ ßÌþÔÝÔÑ ×ÓÝùûÓùÝÌ ÿÏÎÎÌúB
• ßÌþÔÝÔÑ ÜÔÿúÔÿ��ÐÞÔ û ×ÙÓùÏ�ÙÙ NZ����E���HGL�PPGFG ÑÐÓÔÿÏB
• ÝÏÍùÑÎÌÑ Ù ×þÏØÏÎ×ÙÝÔßÏÎÎÌÑ ÍÏÿÏÎÙÐÑ ÓÝÐþÔßÏÎÙø ÜÔ ÓÔÒÎÔ×ÓÙB
• ÜÝÙÑÐÎÐÎÙÐÑ ÜÝÐÿßÏÝÙÓÐØàÎÔ ÜÝÔßÐÝÐÎÎÌú ÏÜÜÝÔû×ÙÑÏ�ÙøB
• ùØùÒæÐÎÙÐÑ ÎÏÒÏØàÎÌú ÜÝÙþØÙÚÐÎÙø Ù ù×ûÔÝÐÎÙÐÑ ×úÔÿÙÑÔ×ÓÙÙÓÐÝÏ�ÙÔÎÎÌú ÜÝÔ�Ð××Ôß ý ÜÔ ßÔÍÑÔÚÎÔ×ÓÙÖ × ÔÜÐÝÏÓÙßÎÔø Ô�ÐÎÕûÔø ÓÐûù�Ðø ÜÔÞÝÐæÎÔ×ÓÙB
• ÜÝÙÑÐÎÐÎÙÐÑ ÝÐûùÝÝÐÎÓÎÌú ßÌÒÙ×ØÙÓÐØàÎÌú ×úÐÑ '×Ñâ ÜÝÙÑÐÝ ßÝÏÍÿâ eâf*â

h3�343 Í?@9<m=8@<o |j7a=;�
�ÔÑÜÙØ�ÓÔÝÌ × ×ÔßÝÐÑÐÎÎÌú �ÍÌûÔß ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� �ÐÎÔøùßÐØÙÒÐÎÙ� ÓÝùÿÔÐÑûÔ×ÓÙ ûÔÑÜÙØ��ÙÙ ÑÔÞùÓ ÑÙÎÙÑÙÍÙÝÔßÏÓà ßÝÐÑ� ×ÒÐÕÓÏ Ù�ÙØÙ ÓÝÐþùÐÑù� ÜÏÑ�Óàâ äÐÝÐÒÙ×ØÙÑ ÎÐûÔÓÔÝÌÐ ÙÍ ßÌÜÔØÎ�ÐÑÌú ÙÑÙÔÜÓÙÑÙÍÙÝù��Ùú ÜÝÐÔþÝÏÍÔßÏÎÙøâc89?a@? 9=n �j7N=�|jÎ ÎÏ×ÓÝÔÐÎÎÌú ÎÏ ÏÝÞùÑÐÎÓÌ ÔÒÐÝÐÿÎÔÞÔßÌÍÔßÏÖ ßÍÏÑÐÎ ÔÜÐÝÏÓÔÝÔß ßÌÍÔßÏ 'ùûÏÍÏÓÐØÐø �ùÎû�Ùø*â_=7jk?;<`?N<: ;=:a;lÏ N<@n7a ß ×ÜÙ×ûÏú ßßÔÿÏ�ßÌßÔÿÏâclm<8n=;<= @7;89?;9;lÏ alj?Ð=;<oÎ ß ÓÔÑ ÒÙ×ØÐ ÜÔ×ÓÔ�ÎÎÌúûÔÑÜÔÎÐÎÓ ÏÿÝÐ×Ôß ÿØ� ÛØÐÑÐÎÓÔß ÑÏ××ÙßÔßâb@7;7><: �7a97j:ÑË<Ï8: �7�alj?Ð=;<oâ



�� Á���� Ø� Ç����#����� � �� �!!� ������
Ò<89@? N<@n7aÓ ßÌÎÐ×ÐÎÙÐ ÙÍ ÎÙú ÜÔßÓÔÝ���Ùú×� ÜÔÿßÌÝÏÚÐÎÙøÖÍÏÑÐÎÏ ÙÎÿÐû×ÙÝùÐÑÌú ÛØÐÑÐÎÓÔß ×ûÏØ�ÝÏÑÙ 'ÎÏÜÝÙÑÐÝÖ ÎÏûÔÜØÐÎÙÐ ×ùÑÕÑÌ ÜÏÝÎÌú ÜÝÔÙÍßÐÿÐÎÙø ÜÝÙ ÜÐÝÐÑÎÔÚÐÎÙÙ ÑÏÓÝÙ� ß ×ûÏØ�ÝÐ ßÑÐ×ÓÔÔÓßÐÓÎÔÞÔ ÛØÐÑÐÎÓÏ × ÿßùÑ� ÙÎÿÐû×ÏÑÙ*âi=j=|�7j:�7m=;<= N<@n7aÓ ×ÔÞØÏ×ÔßÏÎÙÐ × ÝÏÍÑÐ�ÐÎÙÐÑÛØÐÑÐÎÓÔß ÑÏ××ÙßÔß ß ÜÏÑ�ÓÙB ÎÏ×ÓÝÔøûÏ ÎÏ ÝÏþÔÓù × ûÛæÕÜÏÑ�Óà� ÿØ�ÑÙÎÙÑÙÍÏ�ÙÙ ÔþÝÏ�ÐÎÙø û Ô×ÎÔßÎÔøB Ôþ�ÐÿÙÎÐÎÙÐ �ÙûØÔß × ÙÍßÐ×ÓÎÌÑÒÙ×ØÔÑ ÜÔßÓÔÝÐÎÙø Ù ÔÿÙÎÏûÔßÌÑÙ ÍÏÞÔØÔßûÏÑÙâÔ?89j7o@? Ê7j><j|=>7k7 @7�? ÎÏ ûÔÎûÝÐÓÎÌø ÓÙÜ ÜÝÔ�Ð××ÔÝÏâ
ÓÙ ÿÐø×ÓßÙ� ÝÏ×ÜÝÐÿÐØÐÎÌ ÜÔ ¢HGLP�� GZ���������Ö ûÏÚÿÌø ÙÍûÔÓÔÝÌú ßûØ�ÒÏÐÓ ßÔÍÑÔÚÎÔ×ÓÙ ÜÝÐÿÌÿù�Ùúâ
�Í ÿÔÜÔØÎÙÓÐØàÎÌú ÑÐÝÖ ÿÔ×ÓùÜÎÌú ÜÝÔÞÝÏÑÑÙ×ÓùÖ ùûÏÚÐÑ Ù×ÜÔØàÕÍÔßÏÎÙÐ 'ÜÔ ßÔÍÑÔÚÎÔ×ÓÙ*	

• þÔØÐÐ þÌ×ÓÝÌú ß ÔþÝÏþÔÓûÐ ÓÙÜÔß ÿÏÎÎÌú	 ß ÜÔÝ�ÿûÐ ùþÌßÏÎÙ� ÜÝÐÿÕÜÔÒÓÙÓÐØàÎÔ×ÓÙ �ÐØÌú 'ÿØÙÎÔø ß þÏøÓÖ ÜÔØù×ØÔßÔ Ù ×ØÔßÔ*Ö ßÐ�ÐÕ×ÓßÐÎÎÌú ÔÿÙÎÏÝÎÔø Ù ÿßÔøÎÔø ÝÏÍÝ�ÿÎÔ×ÓÙÖ ûÔÑÜØÐû×ÎÌúB
• þÌ×ÓÝÌú ÏØàÓÐÝÎÏÓÙßÎÌú ÔÜÐÝÏ�Ùø	 Ù×ÜÔØàÍÔßÏÎÙÐ �ÐØÌú ÜÔûÏÍÏÓÐÕØÐø ×ÓÐÜÐÎÙ ßÑÐ×ÓÔ ßÐ�Ð×ÓßÐÎÎÌúB ÍÏÑÐÎÏ ßÔÍßÐÿÐÎÙ� ß ×ÓÐÜÐÎà �âeÔþÝÏ�ÐÎÙÐÑ û �Kùö�· ñB
• ßÌÝÏÚÐÎÙøÖ ÎÐ ÓÝÐþù��Ùú ÜÝÐÔþÝÏÍÔßÏÎÙ� ÓÙÜÔßB
• ÜÝÔ�ÐÿùÝÖ ÜÝÙ ÝÏþÔÓÐ × ÊÑÏ××ÙßÎÌÑÙá ÜÏÝÏÑÐÓÝÏÑÙ ÎÐ ÓÝÐþù��Ùú×ÔÍÿÏÎÙ� RGZ�Q ÏÝÞùÑÐÎÓÔßâ

$ UrrY ÜÝÙßÐÿÐÎÏ ÓÏþØÙ�Ï ×ÝÏßÎÙÓÐØàÎÔø ÓÝùÿÔÐÑûÔ×ÓÙ ÑÏæÙÎÎÌúÔÜÐÝÏ�Ùø	 ÜÝÙ×ßÏÙßÏÎÙÐ �ÐØÌú ý �Ö �ÐØÔÒÙ×ØÐÎÎÔÐ ×ØÔÚÐÎÙÐ ý �âeÖ ÜÝÙÕ×ßÏÙßÏÎÙÐ ßÐ�Ð×ÓßÐÎÎÌú ý fÖ ×ØÔÚÐÎÙÐ ßÐ�Ð×ÓßÐÎÎÌú ý qÖ ùÑÎÔÚÐÎÙÐßÐ�Ð×ÓßÐÎÎÌú ý eÖ ÜÝÐÔþÝÏÍÔßÏÎÙÐ �ÐØÔÞÔ ß ßÐ�Ð×ÓßÐÎÎù� �ÔÝÑù ý VÖ�ÐØÔÒÙ×ØÐÎÎÔÐ ùÑÎÔÚÐÎÙÐ ý XÖ ÿÐØÐÎÙÐ ý ]Ö ßÔÍßÐÿÐÎÙÐ ß �ÐØù� ×ÓÐÜÐÎàý qeÖ ßÔÍßÐÿÐÎÙÐ ß ßÐ�Ð×ÓßÐÎÎù� ×ÓÐÜÐÎà ý ��eÖ ßÌÒÙ×ØÐÎÙÐ ×ÓÏÎÿÏÝÓÕÎÌú �ùÎû�Ùø ý �e�â
ØÐûÓÝÔÎÎÏ� ÿÔûùÑÐÎÓÏ�Ù� û )�{}wÕ Ö|¯�w~ ×��x�w� ÝÐûÔÑÐÎÿùÐÓÍÏÑÐÎ�Óà �ßÎÔ ÝÏ×ÜÙ×ÏÎÎÌÐ �ÙûØÌ × æÏÞÔÑ ÎÏ ß×ÓÝÔÐÎÎÌÐ �ùÎû�ÙÙÙ ÔÜÐÝÏÓÔÝÌ ÝÏþÔÓÌ × ÑÏ××ÙßÏÑÙ	 ÊÑÏ××ÙßÎÌÐá ÜÝÙ×ßÏÙßÏÎÙ�Ö ûÔÎÕ×ÓÝùû�ÙÙ Q�÷ù÷ Ù YûùýúúÖ Ï ÓÏûÚÐ ÜÝÙÑÐÎ�Óà ÔÜÐÝÏ�ÙÙ ßßÔÿÏÕßÌßÔÿÏû ÑÏ××ÙßÏÑ ß �ÐØÔÑâ



Ø�¹� �Ú����Ä���� ��D�Ã���#� �s
�ècè ¦ïîñ-î�îðòî ðõ§î
ðëñìò
h3b353 �8;7a;l= �|9<
%ÏÍßÏÎÎÏ� ÜÝÔþØÐÑÏ ÜÔÿÝÔþÎÔ Ôþ×ùÚÿÏÐÓ×� ß ØÙÓÐÝÏÓùÝÐ ÜÔ ÓÐúÕÎÔØÔÞÙÙ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� ý ×Ñâ UX�Y Ù ÓÐÑÏÓÙÒÐ×ûÙø ßÌÜù×û ÚùÝÎÏØÏÊäÝÔÞÝÏÑÑÎÌÐ ÜÝÔÿùûÓÌ Ù ×Ù×ÓÐÑÌá Ø ^ ÍÏ �]]X Þâ %ÏÍÔßÐÑ Ô×ÎÔßÎÌÐÜùÓÙ ÜÔßÌæÐÎÙ� ÎÏÿÐÚÎÔ×ÓÙ ÒÙ×ØÐÎÎÔÞÔ ÜÝÔÞÝÏÑÑÎÔÞÔ ÔþÐ×ÜÐÒÐÎÙ�	

�â äÝÔ×ÓÔÓÏ ûÔÎ�ÐÜ�ÙÙ ÜÝÔÞÝÏÑÑÌâ $ ÒÏ×ÓÎÔ×ÓÙÖ ÑÔÚÐÓ ÔûÏÍÏÓà×� �ÐÕØÐ×ÔÔþÝÏÍÎÌÑ ×ÔÍÿÏÎÙÐ ÝÐûùÝ×ÙßÎÔø ÜÔÿÜÝÔÞÝÏÑÑÌÖ ÜÝÔÙÞÝÌßÏ�Õ�Ðø ÔþÌÒÎÔÑù ßÏÝÙÏÎÓù ÜÔ þÌ×ÓÝÔÿÐø×ÓßÙ� Ù Ôþ�ÐÑù ÜÏÑ�ÓÙÖ ÎÔÜÝÐÿÐØàÎÔ �×ÎÔø ÜÔ ÙÿÐÐâ KÔ ÚÐ ÔÓÎÔ×ÙÓ×� Ù û ÔÓÿÐØàÎÌÑ ÜÝÙÐÑÏÑÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ�â
fâ )ÓÝÏÓÐÞÙ� ÝÏÍÝÏþÔÓûÙ ÜÔ ×úÐÑÐ ÊþÌ×ÓÝÌø ÜÝÔÓÔÓÙÜá × ÜÔ×ØÐÿù�Õ�ÙÑ ÎÏÝÏ�ÙßÏÎÙÐÑ ßÔÍÑÔÚÎÔ×ÓÐøâqâ ÷ÔßÝÐÑÐÎÎÌÐ ÔÝÞÏÎÙÍÏ�Ù�Ö ÓÐúÎÙÒÐ×ûÔÐ Ù ÜÝÔÞÝÏÑÑÎÔÐ ÔþÐ×ÜÐÒÐÎÙÐÝÏÍÝÏþÔÓûÙâ^â ÷ÔÍÿÏÎÙÐ ÿÔûùÑÐÎÓÏ�ÙÙ ß ÜÝÔ�Ð××Ð ÝÏÍÝÏþÔÓûÙÖ ß ÒÏ×ÓÎÔ×ÓÙ ý ûÔÑÕÑÐÎÓÙÝÔßÏÎÙÐ Ù×úÔÿÎÌú ÓÐû×ÓÔß ÜÝÔÞÝÏÑÑâ
eâ �þ�ÍÏÓÐØàÎÏ� ÜÝÔßÐÝûÏ ÝÏþÔÓÔ×ÜÔ×ÔþÎÔ×ÓÙ ÜÝÔÞÝÏÑÑÌ × ÔÓØÏÿÔÒÕÎÌÑÙ ÔÜ�Ù�ÑÙâVâ K�ÏÓÐØàÎÔÐ ÓÐ×ÓÙÝÔßÏÎÙÐâ

h3b343 Í=89<j7a?;<=
äÐÝÐÒÙ×ØÙÑ ×ÜÐ�Ù�ÙÒÐ×ûÙÐ ÑÐÓÔÿÌ ÓÐ×ÓÙÝÔßÏÎÙ� ÒÙ×ØÐÎÎÔÞÔÜÝÔÞÝÏÑÑÎÔÞÔ ÔþÐ×ÜÐÒÐÎÙ�â>?�?m? 8 <`a=89;l> j={=;<=>Ó ÒÙ×ØÐÎÎÔÐ ÙÎÓÐÞÝÙÝÔßÏÎÙÐÖÿÙ��ÐÝÐÎ�ÙÝÔßÏÎÙÐÖ ÝÐæÐÎÙÐ ÎÐØÙÎÐøÎÌú ùÝÏßÎÐÎÙøâ_={=;<= a`?<>77Pj?9;lÏ `?�?mÓ ÜÔÿ×ÓÏÎÔßûÏ ÎÏøÿÐÎÎÔÞÔ ÝÐÕæÐÎÙ� ß Ù×úÔÿÎÔÐ ùÝÏßÎÐÎÙÐB ÜÐÝÐÑÎÔÚÐÎÙÐ ÜÝ�ÑÔø Ù ÎÏøÿÐÎÎÔø ÔþÝÏÓÕÎÔø ÑÏÓÝÙ�B ÔþÝÏ�ÐÎÙÐ ÎÏøÿÐÎÎÔø ÔþÝÏÓÎÔø ÑÏÓÝÙ�Ì × �ÐØà� ÜÔØùÒÐÎÙ�Ù×úÔÿÎÔøB ÝÏ×ÒÐÓ ÏÜÜÝÔû×ÙÑÙÝù��ÐÞÔ ÝÏ×ÜÝÐÿÐØÐÎÙ� ÜÔ ÍÏÿÏÎÎÔÑù ÎÏþÔÕÝù ÑÔÑÐÎÓÔß Ù ßÌÒÙ×ØÐÎÙÐ ÑÔÑÐÎÓÔß ÏÜÜÝÔû×ÙÑÏ�ÙÙâi=j=@j=89;7= 9=89<j7a?;<= þÙþØÙÔÓÐÒÎÌú ÜÔÿÜÝÔÞÝÏÑÑ ÎÏ ÜÐÕÝÐ×ÐÒÐÎÙÙ ÔþØÏ×ÓÐø Ùú ÜÝÙÑÐÎÐÎÙ�â %Ï ÝÙ×â qâ� ÜÝÙßÐÿÐÎÌ ÝÐÍùØàÓÏÓÌ



�y Á���� Ø� Ç����#����� � �� �!!� ������
ÓÐ×ÓÙÝÔßÏÎÙ� ÎÏ ÝÏÍØÙÒÎÌú ÑÔÿÐØ�ú ×Ù×ÓÐÑ ÑÏ××ÔßÔÞÔ Ôþ×ØùÚÙßÏÎÙ�'÷Ë�* ÜÔÿúÔÿ��Ùú ÜÝÔ�ÐÿùÝ ÙÍ ÝÏÍÝÏþÔÓÏÎÎÔÞÔ ÏßÓÔÝÔÑ ÜÏûÐÓÏ ÜÝÔÕÞÝÏÑÑ UX�Ö X^Yâ�þÔÍÎÏÒÐÎÙ� ÑÔÿÐØÐø Ù ÜÔÿÜÝÔÞÝÏÑÑÿÏÎÌ ß ×ÔÔÓßÐÓ×ÓßÙÙ× ÎÔÓÏ�ÙÐø �ÐÎÿÏØØÏ A/B/n Ö ÞÿÐ A ý ÓÙÜ ÝÏ×ÜÝÐÿÐØÐÎÙ� ÙÎÓÐÝßÏØÔßÑÐÚÿù ÍÏ�ßûÏÑÙÖ B ý ÓÙÜ ÝÏ×ÜÝÐÿÐØÐÎÙ� ÿØÙÓÐØàÎÔ×ÓÙ Ôþ×ØùÚÙßÏÎÙ�Ö
n ý ÒÙ×ØÔ ûÏÎÏØÔßâ �þ�ÐÜÝÙÎ�ÓÏ� ×ÙÞÎÏÓùÝÏ ÓÙÜÔß ÝÏ×ÜÝÐÿÐØÐÎÙø	
M ý ÜÔûÏÍÏÓÐØàÎÔÐ '× ÑÏÝûÔß×ûÙÑ ×ßÔø×ÓßÔÑ*Ö
Ek

ý ÛÝØÏÎÞÔß×ûÔÐ k ÕÞÔ ÜÔÝ�ÿûÏÖ
Hk

ý ÞÙÜÐÝÛû×ÜÔÎÐÎ�ÙÏØàÎÔÐ k ÕÞÔ ÜÔÝ�ÿûÏÖ
D ý ÿÐÓÐÝÑÙÎÙÝÔßÏÎÎÔÐ 'ÎÐ×ØùÒÏøÎÏ� ßÐØÙÒÙÎÏ*Ö
G ý Ôþ�ÐÐ 'ÍÏÿÏÐÓ×� ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔ ÑÔÑÐÎÓÏÑÙ*â

oW`X tXYX �T`]W^\SbVWT h^\iTU�^ ^b`vT]b ^bp\acV�]u� `W`]Ta
JÙ×ØÏ ÎÏ ÜÐÝÐ×ÐÒÐÎÙÙ ÙÑÐÎ ÑÔÿÐØÙ Ù ÑÔÿùØ� ùûÏÍÌßÏ�Ó ÔÚÙÿÏÐÕÑù� ÿØÙÎù ÔÒÐÝÐÿÙ	 ÛÓÔÓ ÜÔûÏÍÏÓÐØà ûÔÑÜÏûÓÐÎÖ ÙÎßÏÝÙÏÎÓÐÎ û ÑÏ×æÓÏþùßÝÐÑÐÎÙ Ù þÔØÐÐ Òùß×ÓßÙÓÐØÐÎ û ×ÜÔ×Ôþù ÝÏ×ÒÐÓÏÖ ÒÐÑ ÔÚÙÿÏÐÑÔÐ ÒÙ×ØÔÍÏ�ßÔû ß ×Ù×ÓÐÑÐâ



ĹMNM Ù¶
Ú¸QÛLQ¹OPPçO Nç½QºLOPQ¿

¥èéè �ëô-ëðîðì� -ë0íîêðëñìò

KÔÒÎÔ×Óà ÜÝÙþØÙÚÐÎÎÌú ÒÙ×ÐØ ÔÜÝÐÿÐØ�ÐÓ×� Ùú ZGFH�ÒPGN�OßâäÔÞÝÐæÎÔ×ÓÙÖ ß×ÓÝÐÒÏ��ÙÐ×� ß ÑÏÓÐÑÏÓÙÒÐ×ûÙú ÍÏÿÏÒÏúÖ ÑÔÞùÓ þÌÓàÝÏÍþÙÓÌ ÎÏ X ÞÝùÜÜ	
�â äÔÞÝÐæÎÔ×ÓÙ �ÙÍÙÒÐ×ûÔø ÑÔÿÐØÙ 'ÔÓßØÐÒÐÎÙÐ ÔÓ �ÏûÓÔÝÔßÖÝÏ××ÑÏÓÝÙßÏÐÑÌú ûÏû ßÓÔÝÔ×ÓÐÜÐÎÎÌÐ*â
fâ äÔÞÝÐæÎÔ×ÓÙÖ ×ß�ÍÏÎÎÌÐ × ÜÔ×ÓÏÎÔßûÔø ÑÏÓÐÑÏÓÙÒÐ×ûÔø ÍÏÿÏÒÙâËÏÓÐÑÏÓÙÒÐ×ûÙÐ �ÔÝÑùØÙÝÔßûÙ ÝÐÿûÔ ÓÔÒÎÔ ÔÓÔþÝÏÚÏ�Ó ÝÐÏØàÎÌÐ�ßØÐÎÙ�	 ÔÎÙ ÔþÌÒÎÔ ÿÏ�Ó ØÙæà þÔØÐÐ ÙØÙ ÑÐÎÐÐ ÙÿÐÏØÙÍÙÝÔßÏÎÎÌÐÑÔÿÐØÙâ �Ïû ÜÝÏßÙØÔÖ ÜÝÙ ÙÍùÒÐÎÙÙ ÓÐú ÙØÙ ÙÎÌú �ßØÐÎÙø ÜÝÙÝÔÕÿÌ ÑÌ ßÌÎùÚÿÐÎÌ ÜÝÙÎ�Óà ÎÐûÔÓÔÝÌÐ ùÜÝÔ�Ï��ÙÐ ÜÝÐÿÜÔØÔÚÐÎÙ�ÖÒÓÔ ÜÔÝÔÚÿÏÐÓ ÜÔÞÝÐæÎÔ×Óà ÍÏÿÏÒÙâqâ �ÎÔÞÿÏ þÌßÏÐÓ Ù ÓÏûÖ ÒÓÔ ÝÐæÙÓà ÍÏÿÏÒù ß ÓÔÒÎÔø ÜÔ×ÓÏÎÔßûÐ ÓÝùÿÎÔÙØÙ ÎÐßÔÍÑÔÚÎÔâ KÔÞÿÏ ÐÐ ÍÏÑÐÎ��Ó ÍÏÿÏÒÐøÖ þØÙÍûÔø ÜÔ ÔÚÙÿÏÐÕÑÌÑ ÝÐÍùØàÓÏÓÏÑÖ ÎÔ ÝÐæÏÐÑÔøÖ Ù ßÔÍÎÙûÏÐÓ ÜÔÞÝÐæÎÔ×Óà ���Gg�â^â äÔÞÝÐæÎÔ×Óà ÙÍÕÍÏ ÎÐÓÔÒÎÔÞÔ ÍÎÏÎÙ� ÒÙ×ØÔßÌú ÜÏÝÏÑÐÓÝÔß ÑÔÿÐØÙ'ÎÏÒÏØàÎÏ� ÜÔÞÝÐæÎÔ×Óà*â
eâ äÔÞÝÐæÎÔ×ÓÙÖ ÜÔÝÔÚÿÏÐÑÌÐ ÓÐÔÝÐÓÙÒÐ×ûÙ þÐ×ûÔÎÐÒÎÌÑÙ ÜÝÔ�Ð××ÏÕÑÙÖ ÜÝÐÿÐØÏÑÙ ûÔÓÔÝÌú �ßØ��Ó×� Ù×ûÔÑÌÐ ÝÐæÐÎÙ� ÙØÙ Ùú ûÔÑÕÜÔÎÐÎÓÌÖ Ù ûÔÓÔÝÌÐ ÔþÝÌßÏ�Ó×� ÜÔ×ØÐ ûÔÎÐÒÎÔÞÔ ÒÙ×ØÏ æÏÞÔß'Ô×ÓÏÓÔÒÎÏ� ÜÔÞÝÐæÎÔ×Óà*âVâ äÔÞÝÐæÎÔ×ÓÙ ÿÙ×ûÝÐÓÙÍÏ�ÙÙ ßÔ ßÝÐÑÐÎÙ Ù ÜÝÔ×ÓÝÏÎ×ÓßÐ 'ûÔÎÐÒÎÏ�ßÐØÙÒÙÎÏ ×ÔÔÓßÐÓ×Óßù��Ùú æÏÞÔß*â



�� Á����  � x �Ú��Ã���Ð� �ÐÄ������Å
râ äÔÞÝÐæÎÔ×ÓÙ ÔûÝùÞØÐÎÙ� ÜÝÙ ÜÝÐÿ×ÓÏßØÐÎÙÙ ÒÙ×ÐØ ß 
$Ëâ �ÿÙÎ ÙÍÙ×ÓÔÒÎÙûÔß ÜÔÞÝÐæÎÔ×ÓÙý ÜÐÝÐßÔÿ ÒÙ×ÐØ ÙÍ ÿÐ×�ÓÙÒÎÔø ß ÿßÔÙÒÎù�×Ù×ÓÐÑù Ù ÔþÝÏÓÎÔâ
Xâ äÔÞÝÐæÎÔ×ÓÙ ÿÐø×ÓßÙø × ÜÝÙþØÙÚÐÎÎÌÑÙ ÒÙ×ØÏÑÙâ

äÔÞÝÐæÎÔ×ÓÙÖ ÜÔÝÔÚÿÏÐÑÌÐ ÜÐÝßÌÑÙ ÿßùÑ� ÜÝÙÒÙÎÏÑÙÖ ÔÓ ßÌÒÙ×ÕØÙÓÐØ� Ù Ù×ÜÔØàÍùÐÑÌú ÙÑ ÓÐúÎÙÒÐ×ûÙú ×ÝÐÿ×Óß ÎÐ ÍÏßÙ×�Ó Ù ×ÒÙÓÏ�Ó×�ÎÐù×ÓÝÏÎÙÑÌÑÙý ßÔ ß×�ûÔÑ ×ØùÒÏÐÖ ÔÎÙ ÎÐ ÑÔÞùÓ þÌÓà ùÑÐÎàæÐÎÌ ÙÍÑÐÕÎÐÎÙÐÑ ÔÝÞÏÎÙÍÏ�ÙÙ ßÌÒÙ×ØÐÎÙøâ uØ� ßÌÒÙ×ØÙÓÐØ� ÜÔÞÝÐæÎÔ×Óà ÍÏÿÏÒÙ×ØÐÿùÐÓ ×ÒÙÓÏÓà ÎÐù×ÓÝÏÎÙÑÔøÖ úÔÓ� ÜÔ×ÓÏÎÔß�Ùû ÍÏÿÏÒÙ ÙÎÔÞÿÏ ÑÔÚÐÓÐÐ ÙÍÑÐÎÙÓàâ %ÐÓ ×ÑÌ×ØÏ ÝÐæÏÓà ÍÏÿÏÒù ×ù�Ð×ÓßÐÎÎÔ ÓÔÒÎÐÐÖ ÒÐÑ ÛÓÔÿÙûÓùÐÓ×� ÜÔÞÝÐæÎÔ×Óà� Ù×úÔÿÎÌú ÿÏÎÎÌúâ$ØÙ�ÎÙÐ Ô×ÓÏØàÎÌú Ù×ÓÔÒÎÙûÔß ÑÔÚÐÓ þÌÓà Ô×ØÏþØÐÎÔ ßÌþÔÝÔÑ þÔÕØÐÐ ÓÔÒÎÌú ÑÐÓÔÿÔß ÙØÙ ÔÓÿÐØàÎÌú ÜÏÝÏÑÐÓÝÔß ÑÐÓÔÿÔßÖ Ï ÓÏûÚÐ ùÿØÙÕÎÐÎÙÐÑ ÝÏÍÝ�ÿÎÔø ×ÐÓûÙâ $ ûùÝ×Ïú ÜÝÙþØÙÚÐÎÎÌú ßÌÒÙ×ØÐÎÙø ÙÍùÒÏ�Ó×�ÙÑÐÎÎÔ ÛÓÔ ßÔÜÝÔ×Ìâ�Ïû ÜÝÏßÙØÔÖ ÜÔÞÝÐæÎÔ×Óà ÒÙ×ØÐÎÎÔÞÔ ÑÐÓÔÿÏ ÑÔÚÐÓ þÌÓà ùÑÐÎàÕæÐÎÏ ÿÔ Ø�þÔÞÔ ÝÏÍùÑÎÔÞÔ ÍÎÏÒÐÎÙ� ÜùÓÐÑ ßÌþÔÝÏ ÎÐûÔÓÔÝÔÞÔ ÜÏÝÏÑÐÓÝÏ'ûÔØÙÒÐ×ÓßÏ ùÒÓÐÎÎÌú ÒØÐÎÔß Ý�ÿÏÖ ×ÓÐÜÐÎÙ ÏÜÜÝÔû×ÙÑÙÝù��ÐÞÔ ÜÔØÙÎÔÕÑÏÖ ßÐØÙÒÙÎÌ æÏÞÏÖ ÒÙ×ØÏ ÙÓÐÝÏ�Ùø Ù Óâ Üâ*â äÔÞÝÐæÎÔ×Óà ÑÐÓÔÿÏ ×ÓÏÝÏÕ�Ó×� ×ÿÐØÏÓà ÎÐ×ûÔØàûÔ ÑÐÎàæÐø ÜÔÞÝÐæÎÔ×ÓÙ Ù×úÔÿÎÌú ÿÏÎÎÌúâ$ ÜÝÏûÓÙÒÐ×ûÙú ßÌÒÙ×ØÐÎÙ�ú ÚÐØÏÓÐØàÎÏ ÓÏûÏ� ÔÝÞÏÎÙÍÏ�Ù� ×ÒÐÓÏÖûÔÞÿÏ ÓÝÐþùÐÑÏ� ßÐØÙÒÙÎÏ ÜÝÐÿ×ÓÏßØÐÎÏ ûÏû ÑÏØÏ� ÜÔÜÝÏßûÏ û úÔÝÔæÐÑùÜÝÙþØÙÚÐÎÙ�âäÐÝÐøÿÐÑ û ×ÜÔ×ÔþÏÑ Ô�ÐÎûÙ ÜÔÞÝÐæÎÔ×ÓÐøâ

¥è+è éïñë�Üìð�î ò ëìðëñòìî��ð�î -ë0íîêðëñìò

äù×Óà A ý ÓÔÒÎÔÐ ÍÎÏÒÐÎÙÐ ÎÐûÔÓÔÝÔø ßÐØÙÒÙÎÌÖ a ý ÒÙ×ØÔÖ ÜÝÙÕÎ�ÓÔÐ ÍÏ ÐÐ ÜÝÙþØÙÚÐÎÎÔÐ ÍÎÏÒÐÎÙÐâ $ ÛÓÔÑ ×ØùÒÏÐ ÜÙæùÓ A ≈ a â å×ØÙÙÍßÐ×ÓÎÔÖ ÒÓÔ a < A 'a > A *Ö ÓÔ a ÎÏÍÌßÏ�Ó ÜÝÙþØÙÚÐÎÙÐÑ ÜÔ ÎÐÿÔÕ×ÓÏÓûù 'ÜÔ ÙÍþÌÓûù*â
ÏÍÎÔ×Óà A − a ÎÏÍÌßÏ�Ó ZGFH�ÒPGN�Oß ÜÝÙþØÙÚÐÎÎÔÞÔ ÍÎÏÒÐÕÎÙ� a Ö ÑÔÿùØà ÜÔÞÝÐæÎÔ×ÓÙý Ïþ×ÔØ�ÓÎÔø ÜÔÞÝÐæÎÔ×Óà� ÜÝÙþØÙÚÐÎÎÔÞÔÍÎÏÒÐÎÙ� a â TùÿÐÑ ÔþÔÍÎÏÒÏÓà ÐÐ ÒÐÝÐÍ ∆̄ '∆̄a *	
∆̄ = |A− a|.



 ��� ÝÚ���Þ#�Ð� � �#����#��ã�Ð� ��� �Ì���#� ��
%ÏúÔÚÿÐÎÙÐ ∆̄ ÎÐßÔÍÑÔÚÎÔ þÐÍ ÔÜÝÐÿÐØÐÎÙ� ÓÔÒÎÔÞÔ ÍÎÏÒÐÎÙ� A âäÔÛÓÔÑù ßßÔÿÙÓ×� ÜÔÎ�ÓÙÐ Ôþ Ô�ÐÎûÐ ÜÔÞÝÐæÎÔ×ÓÙâ ß��PRGQ Ïþ×ÔØ�ÓÎÔøÜÔÞÝÐæÎÔ×ÓÙ ÜÝÙþØÙÚÐÎÎÔÞÔ ÍÎÏÒÐÎÙ� a ÎÏÍÌßÏ�Ó ÜÔÿúÔÿ��ÐÐ ÒÙ×ØÔ

∆ Ö ÎÐ ÑÐÎàæÐÐ Ïþ×ÔØ�ÓÎÔø ÜÔÞÝÐæÎÔ×ÓÙÖ Óâ Ðâ ÓÏûÔÐÖ ÒÓÔ
∆ ≥ ∆̄ = |A− a|.

�Ó×�ÿÏ ×ØÐÿùÐÓÖ ÒÓÔ ÑÐÚÿù ÒÙ×ØÏÑÙ A Ö a Ù ∆ ÙÑÐÐÓ ÑÐ×ÓÔ ÎÐÝÏßÐÎ×ÓßÔ
A− ∆ ≤ a ≤ A+ ∆,

ÒÓÔ ÜÝÙÎ�ÓÔ ÍÏÜÙ×ÌßÏÓà ß ßÙÿÐ
A = a± ∆.

[ÏÑÐÒÏÎÙÐâ JÙ×ØÔ ∆ ÚÐØÏÓÐØàÎÔ ßÌþÙÝÏÓà þØÙÍûÙÑ û ∆̄ â �þÌÒÎÔß ÍÏÜÙ×Ù ∆ ×ÔúÝÏÎ��Ó ÿßÐÕÓÝÙ ÍÎÏÒÏ�Ùú �Ù�ÝÌâ
äÝÙÑÐÝ ^â�â �ÍßÐ×ÓÎÔÖ ÒÓÔ ÒÙ×ØÔ π ÙÑÐÐÓ ×ØÐÿù��ÙÐ e� ÜÐÝßÌúÿÐ×�ÓÙÒÎÌú ÍÎÏûÔß	
π = 3.1415926535897932384626433832795028841971693993751...

$ ÜÝÏûÓÙÒÐ×ûÙú ÝÏ×ÒÐÓÏú ÐÞÔ ÜÝÙþØÙÚÐÎÎÔÐ ÍÎÏÒÐÎÙÐ ÜÝÙÎÙÑÏÐÓ×� ß ÍÏÕßÙ×ÙÑÔ×ÓÙ ÔÓ ÍÏÿÏÒÙâ Ê×ÎÔÖ ÒÓÔ ÜÝÙ þÏØØÙ×ÓÙÒÐ×ûÙú ÝÏ×ÒÐÓÏú ÓÝÏÐûÓÔÝÙøûÔ×ÑÙÒÐ×ûÙú ÏÜÜÏÝÏÓÔß ÐÞÔ ×ØÐÿùÐÓ þÝÏÓà ÓÔÒÎÐÐÖ ÒÐÑ ÜÝÙ ÝÏ×ûÝÔÐ ØÙ×ÓÔÕßÔÞÔ ÑÏÓÐÝÙÏØÏ ÿØ� þÔûÔßÔø ÜÔßÐÝúÎÔ×ÓÙ ûÔÎ×ÐÝßÎÔø þÏÎûÙâ $ ÜÔ×ØÐÿÎÐÑ×ØùÒÏÐ ÿÔ×ÓÏÓÔÒÎÔ ÜÔØÔÚÙÓà π ≈ 3.14 â $ ûÏÒÐ×ÓßÐ Ô�ÐÎûÙ ÜÔÞÝÐæÎÔ×ÓÙ
∆ ÑÔÚÎÔ ßÌþÙÝÏÓà ÒÙ×ØÏ �â��fB �â���VB �â���V�B �â���e]qÖ Ï ∆ ÜÝÙÎ�ÓàÝÏßÎÌÑ �â��f ÙØÙ �â���Vâ

äù×Óà ÜÝÙþØÙÚÐÎÎÔÐ ÍÎÏÒÐÎÙÐ a 6= 0 â ß�PGN���EOPGQ ZGFH�ÒPG£N�Oß ÜÝÙþØÙÚÐÎÎÔÞÔ ÍÎÏÒÐÎÙ� a ÎÏÍÌßÏÐÓ×� ÔÓÎÔæÐÎÙÐ Ïþ×ÔØ�ÓÎÔø ÜÔÕÞÝÐæÎÔ×ÓÙ û ÑÔÿùØ� a â �þÔÍÎÏÒÏ� ÔÓÎÔ×ÙÓÐØàÎù� ÜÔÞÝÐæÎÔ×Óà ÒÐÝÐÍ δ̄ ÖþùÿÐÑ ÙÑÐÓà
δ̄ = ∆̄/|a|.

ß��PRGQ ÔÓÎÔ×ÙÓÐØàÎÔø ÜÔÞÝÐæÎÔ×ÓÙ ÎÏÍÔßÐÑ ÒÙ×ØÔ δ Ö ÎÐ ÑÐÎàÕæÐÐÖ ÒÐÑ δ̄ 	 δ ≥ δ̄ â �Í ÛÓÔÞÔ ÔÜÝÐÿÐØÐÎÙ� ×ØÐÿùÐÓÖ ÒÓÔ ß ûÏÒÐ×ÓßÐ δÑÔÚÎÔ ßÌþÝÏÓà ÔÓÎÔæÐÎÙÐ
δ = ∆/|a|,

ÓÏû ÒÓÔ
∆ = |a|δ. ÓàÕÖÕÔ×



�� Á����  � x �Ú��Ã���Ð� �ÐÄ������Å
&ÔÝÑùØÏ '^âfâ�* ×ß�ÍÌßÏÐÓ Ô�ÐÎûÙ Ïþ×ÔØ�ÓÎÔø Ù ÔÓÎÔ×ÙÓÐØàÎÔøÜÔÞÝÐæÎÔ×ÓÐøâ�þÌÒÎÔ Ô�ÐÎûÏ ÜÔÞÝÐæÎÔ×ÓÙ ÜÝÔÙÍßÔÿÙÓ×� ÿØ� ÎÏÙúùÿæÙú ßÏÝÙÏÎÕÓÔßÖ Ù �ÏûÓÙÒÐ×ûÏ� ÜÔÞÝÐæÎÔ×Óà ÑÔÚÐÓ ÔûÏÍÏÓà×� ÍÎÏÒÙÓÐØàÎÔ ÑÐÎàæÐÓÐÔÝÐÓÙÒÐ×ûÔøâ$ ÍÏûØ�ÒÐÎÙÐ ÛÓÔÞÔ ÝÏÍÿÐØÏ ÔÓÑÐÓÙÑ ÎÏØÙÒÙÐ ù ÝÏ×ÒÐÓÒÙûÏ ÎÐûÔÕÓÔÝÔø ×ÓÐÜÐÎÙ ×ßÔþÔÿÌâ å×ØÙ ÓÝÐþùÐÓ×� ÎÏøÓÙ ÝÐæÐÎÙÐ × ÜÔÞÝÐæÎÔ×Óà�
10−2 Ö ÔþÌÒÎÔ ÜÔÿÝÏÍùÑÐßÏÐÓ×� ZGH�gGR ÜÔÞÝÐæÎÔ×ÓÙ	 1.5 · 10−2 ×ûÔÝÐÐß×ÐÞÔ ßÜÔØÎÐ ù×ÓÝÔ�Ó ÍÏûÏÍÒÙûÏâ

¥è�è ¦ñëïîððëñìò ôõêòððë� õíò/ôîìòöò

$ ÑÏæÙÎÎÌú ßÌÒÙ×ØÐÎÙ�ú	
• ÒÙ×ØÏ ÜÝÐÿ×ÓÏßØÐÎÌ × ÔÞÝÏÎÙÒÐÎÎÌÑ ÒÙ×ØÔÑ ÝÏÍÝ�ÿÔßB
• ßÌÜÔØÎ�ÐÓ×� ÔÞÝÔÑÎÔÐ ÒÙ×ØÔ æÏÞÔßÖ ÒÓÔ ÜÝÙßÔÿÙÓ û ÍÏÑÐÓÎÔÑù ÝÔ×ÓùP�RGZE�PPI¤ ÔæÙþÔûB
• ÝÏ×ÒÐÓÒÙû ÔþÌÒÎÔ ÎÐ ßÙÿÙÓ ÜÝÔÑÐÚùÓÔÒÎÌú ÝÐÍùØàÓÏÓÔßB
• þÔØàæÏ� ÝÏÍÑÐÝÎÔ×Óà ÍÏÿÏÒ ÑÔÚÐÓ ÜÔÓÝÐþÔßÏÓà ÜÝÙÎ�ÙÜÙÏØàÎÔÎÔßÌú ÑÐÓÔÿÔß '×Ñâ �ÔÝÑùØÌ �ÝÏÑÐÝÏ*â

KÔÒÎÔ×Óà ÜÝÐÿ×ÓÏßØÐÎÙ� ÒÙ×ÐØ ß 
$ËÍÏßÙ×ÙÓ ÎÐ ÔÓ ×ÏÑÔÞÔ ÑÏØÐÎàÕûÔÞÔ ÜÔ ÑÔÿùØ� ÒÙ×ØÏÖ ÜÝÐÿ×ÓÏßÙÑÔÞÔ ß ÑÏæÙÎÐÖ ÎÔ ÔÓ ÿØÙÎÌ ÝÏÍÝ�ÿÎÔø×ÐÓûÙ ý ÓÔÒÎÐÐÖ ûÔØÙÒÐ×ÓßÏ ÝÏÍÝ�ÿÔßÖ ÔÓßÔÿÙÑÔÞÔ ÿØ� úÝÏÎÐÎÙ� ÑÏÎÓÙ×Õ×Ì ÒÙ×ØÏ × ÜØÏßÏ��Ðø ÓÔÒûÔøâ äÔ×ØÐÿÎÐÐ ÔÜÝÐÿÐØ�ÐÓ εab� ý ÎÏÙÑÐÎàÕæÐÐ ÒÙ×ØÔ × ÜØÏßÏ��Ðø ÓÔÒûÔøÖ ûÔÓÔÝÔÐ ÜÝÙ ×ØÔÚÐÎÙÙ × ÐÿÙÎÙ�Ðø ÿÏÐÓÒÙ×ØÔÖ þÔØàæÐÐ �â �Ñ ÔÞÝÏÎÙÒÙßÏÐÓ×� ÔÓÎÔ×ÙÓÐØàÎÏ� ÜÔÞÝÐæÎÔ×Óà ×ØÔÚÐÕÎÙ� ÒÙ×ÐØ × ÜØÏßÏ��Ðø ÓÔÒûÔøâ $ ×ÓÏÎÿÏÝÓÎÔÑ ×ØùÒÏÐ ÝÏþÔÓÌ ÎÏ ä
$Ë× ÔÿÙÎÏÝÎÔø ÓÔÒÎÔ×Óà� εab� = 1.2 · 10−7 Ö ÓÏû ÒÓÔ ÎÐØàÍ� ÝÏ××ÒÙÓÌßÏÓàþÔØÐÐ ÒÐÑ ÎÏ r ßÐÝÎÌú ÿÐ×�ÓÙÒÎÌú ÍÎÏûÔß 'ß �ÔÝÑÏÓÐ ÿßÔøÎÔÞÔ ×ØÔßÏ ýÎÏ �V*â÷ÓÏÎÿÏÝÓ áâââ ÝÐûÔÑÐÎÿùÐÓÖ ÒÓÔþÌ ûÔÑÜà�ÓÐÝÌ ßÌÜÔØÎ�ØÙ ÏÝÙ�ÕÑÐÓÙûù × þÔØàæÐø ÝÏÍÝ�ÿÎÔ×Óà� 'ÏÝÙ�ÑÐÓÙûÏ × ÜØÏßÏ��Ðø ÓÔÒûÔø ý ×ßÎùÓÝÐÎÎÐø ÝÏÍÝ�ÿÎÔ×Óà� X� þÙÓÔß*â� ÛÓÔÑù ×ØÐÿùÐÓ ÿÔþÏßÙÓàÖ ÒÓÔ ÝÐÍùØàÓÏÓÌ ûÏÚÿÔø ÔÓÿÐØàÎÔø ÔÜÐÝÏÕ�ÙÙ ûÏû ÜÝÏßÙØÔ ÎÐ ÜÔÿßÐÝÞÏ�Ó×� ÜÝÏßÙØàÎÔÑù ÔûÝùÞØÐÎÙ�	 ßÔ ÙÍþÐÚÏÎÙÐ



 �Ø� ���Ú�����#� !�Ì����¡ � ��!�#��� ��
ÿÔÜÔØÎÙÓÐØàÎÌú ÍÏÿÐÝÚÐû ÙÍÕÍÏ ÜÐÝÐÎÔ×Ôß ÐÿÙÎÙ�Ì ß ×ÓÏÝæÙÐ ÝÏÍÝ�ÿÌÑØÏÿæÙÐ ÝÏÍÝ�ÿÌ ÝÐÍùØàÓÏÓÏ ÜÝÔ×ÓÔ ÔÓþÝÏ×ÌßÏ�Ó×�â äÝÙ ÎÏØÙÒÙÙ ×ÔÔÓÕßÐÓ×Óßù��Ùú ÏÜÜÏÝÏÓÎÌú ßÔÍÑÔÚÎÔ×ÓÐø Ù Ùú ùÒÐÓÐ ß �ÍÌûÐ ÜÝÔÞÝÏÑÑÙÕÝÔßÏÎÙ� Ù ÓÝÏÎ×Ø�ÓÔÝÐ ×ÜÔ×ÔþÔÑ ÔûÝùÞØÐÎÙ� ÑÔÚÎÔ ùÜÝÏßØ�ÓàâäÝÙ ×ÒÐÓÐ ÎÏ É$Ë ÜÝÙúÔÿÙÓ×� ×ÒÙÓÏÓà×� Ù × ÔÞÝÏÎÙÒÐÎÎÌÑ g��Z�£�GPG� ÒÙ×ÐØÖ ÜÝÐÿ×ÓÏßÙÑÌú ß ÝÏÍÝ�ÿÎÔø ×ÐÓûÐ ÑÏæÙÎÌâ äÔÝÔÞÙ ÜÐÝÐÜÔØÕÎÐÎÙ� Ù ÜÔÓÐÝÙ ÍÎÏÒÙÑÔ×ÓÙ ÔÜÝÐÿÐØ��Ó×� ûÔØÙÒÐ×ÓßÔÑ ÝÏÍÝ�ÿÔßÖ ÔÓßÔÿÙÕÑÌú ÎÏ ÜÝÐÿ×ÓÏßØÐÎÙÐ ÿßÔÙÒÎÔÞÔ ÜÔÝ�ÿûÏ ÒÙ×ØÏâ äÝÙ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙÙÎùÚÎÔ ßÌþÙÝÏÓà ÓÏûù� ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×Óà ÿÐø×ÓßÙøÖ ÜÝÙ ûÔÓÔÝÔø Ù×ÕûØ�ÒÏ�Ó×� ÜÐÝÐÜÔØÎÐÎÙÐ ÝÏÍÝ�ÿÎÔø ×ÐÓûÙ Ù ÔþÝÏ�ÐÎÙÐ ÜÝÔÑÐÚùÓÔÒÎÌúÝÐÍùØàÓÏÓÔß ùÑÎÔÚÐÎÙ� ß ÑÏæÙÎÎÌÐ ÎùØÙâ $ ÜÐÝßÔÑ ×ØùÒÏÐ ßÌÒÙ×ØÐÎÙ�ÍÏßÐÝæÏÓ×� ÊÏßÔ×ÓÔÑá 'ÑÏæÙÎÏÖ ÝÏÍùÑÐÐÓ×�Ö ÎÐ ×ØÔÑÏÐÓ×�*B ßÔ ßÓÔÝÔÑÓÐÔÝÐÓÙÒÐ×ûÙ ÎÐÎùØÐßÔÐ ÜÝÔÙÍßÐÿÐÎÙÐ ÔûÏÚÐÓ×� ÎùØÐÑâ$ ÎÐûÔÓÔÝÌú ×Ù×ÓÐÑÏú ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� ÿØ� ×ÓÏÎÿÏÝÓÎÔÞÔ ÜÝÐÿÕ×ÓÏßØÐÎÙ� �ÐØÌú ÒÙ×ÐØ ×Ô ÍÎÏûÔÑ ÔÓßÔÿ�Ó×� �V ÿßÔÙÒÎÌú ÝÏÍÝ�ÿÔßÖ ÒÓÔÔÞÝÏÎÙÒÙßÏÐÓ ÑÏû×ÙÑÏØàÎÌø ÑÔÿùØà ÓÏûÙú ÒÙ×ÐØ ßÐØÙÒÙÎÔø qfrVrâ 
ÓÔÞÔÜÝÏûÓÙÒÐ×ûÙ ÿÔ×ÓÏÓÔÒÎÔ ÿØ� ÔÝÞÏÎÙÍÏ�ÙÙ �ÙûØÔß Ù ßÌþÔÝûÙ ÛØÐÑÐÎÓÔßÑÏ××ÙßÔßâ�ÿÎÏûÔ ÜÝÙ ÝÐÏØÙÍÏ�ÙÙ �ÐØÔÒÙ×ØÐÎÎÔø ÏÝÙ�ÑÐÓÙûÙ ÑÔÞùÓ ßÔÍÕÎÙûÎùÓà ÍÏÓÝùÿÎÐÎÙ�â %ÏÜÝÙÑÐÝÖ ÿØ� ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙ� ÎÏ äÏ×ûÏØÐ þÌØÏÜÝÐÿØÔÚÐÎÏ ÍÏÿÏÒÏ ßÌÒÙ×ØÐÎÙ� π W ÜÔÑÔ�à� ×ÓÐÜÐÎÎÔÞÔ Ý�ÿÏ

∞∑

k=0

1

(4k + 1)(4k + 3)(4k + 5)
= π/16 − 1/8

× ßÌßÔÿÔÑ ÜÔæÏÞÔßÔø ÜÔÞÝÐæÎÔ×ÓÙ ÿØ� f� æÏÞÔßâ 
Ï×ÒÐÓ ÍÎÏÑÐÎÏÓÐØ� ß�ÐØÌú ÒÙ×ØÏú ùÚÐ ÎÏ ßÔ×àÑÔÑ æÏÞÐ ÜÝÙßÐØ û ÜÐÝÐÜÔØÎÐÎÙ� 'ÿÔØÚÎÔ ÜÔÕØùÒÙÓà×� ^fqre* ý þÐÍ ßÌÿÏÒÙ ×ÙÞÎÏØàÎÔø ÙÎ�ÔÝÑÏ�ÙÙÖ ÒÓÔ ÍÏÓÝùÿÎÙØÔÿÙÏÞÎÔ×ÓÙûù ×ÙÓùÏ�ÙÙâ $ ÓÏûÙú ×ØùÒÏ�ú ×ØÐÿùÐÓ ÜÐÝÐøÓÙ ØÙþÔ û ùÿØÙÎÐÎÕÎÔÑù �ÔÝÑÏÓù �ÐØÌú 'ß äÏ×ûÏØÐ ý �$� ���*Ö ØÙþÔ û ÒÙ×ØÏÑ × ÜØÏßÏ��ÐøÓÔÒûÔøâ [ÏÑÐÓÙÑÖ ÒÓÔ ß äÏ×ûÏØÐ ßÐ�Ð×ÓßÐÎÎÏ� ÜÐÝÐÑÐÎÎÏ� ÎÐ ÑÔÚÐÓ þÌÓàÜÏÝÏÑÐÓÝÔÑ �ÙûØÏâ $ &ÔÝÓÝÏÎÐ ÜÔ×ØÐÿÎÐÞÔ ÔÞÝÏÎÙÒÐÎÙ� ÎÐÓÖ Ï ×ÓÏÎÿÏÝÓÕÎÌø �ÔÝÑÏÓ �ÐØÌú ÿÔÜù×ûÏÐÓ ÍÎÏÒÐÎÙ� ×ßÌæÐ 2 · 109 âAßÐØÙÒÐÎÙÐ ÝÏÍÝ�ÿÎÔ×ÓÙ ×ÔßÝÐÑÐÎÎÌú 
$Ë ùÑÐÎàæÏÐÓ ÝÔØà ÜÔ×ØÐÕÿÔßÏÓÐØàÎÔ×ÓÙ ÔÜÐÝÏ�ÙøB ÝÔ×Ó þÌ×ÓÝÔÿÐø×ÓßÙ� ý Ùú ×ùÑÑÏÝÎÔø ÓÝùÿÔÐÑÕûÔ×ÓÙB ùßÐØÙÒÐÎÙÐ Ôþ�ÐÑÏ ÔÜÐÝÏÓÙßÎÔø ÜÏÑ�ÓÙ ý ×ß�ÍÎÔ×ÓÙ ÏØÞÔÝÙÓÑÏ'Ôþ�ÐÑÏ ÜÏÑ�ÓÙ ÜÔÿ ÜÝÔÑÐÚùÓÔÒÎÌÐ ÝÐÍùØàÓÏÓÌ*â $×Ð ÛÓÔ ÔÜÝÏßÿÌßÏÐÓÜÝÙÑÐÎÐÎÙÐ þÔØÐÐ ÜÝÔ×ÓÌú ÑÐÓÔÿÔß Ù ÓÐÑ ÜÔßÌæÏÐÓ ÎÏÿÐÚÎÔ×Óà ÜÝÔÕÞÝÏÑÑâ 
ÓÙ ÚÐ �ÏûÓÔÝÌ ÜÔÍßÔØ��Ó ÝÐæÏÓà ÍÏÿÏÒÙ þÔØàæÐø ×ØÔÚÎÔ×ÓÙÖ× þÔØàæÐø ÓÔÒÎÔ×Óà� Ù ÍÏ þÔØÐÐ ûÔÝÔÓûÙÐ ×ÝÔûÙÖ ÒÓÔ ÜÔÍßÔØ�ÐÓ ßÎÐÿÝ�Óàß ÏßÓÔÑÏÓÙÒÐ×ûÙÐ ×Ù×ÓÐÑÌ þÔØÐÐ ×ØÔÚÎÌÐ ÏØÞÔÝÙÓÑÌ ùÜÝÏßØÐÎÙ�â



�e Á����  � x �Ú��Ã���Ð� �ÐÄ������Å
¥è¥è êë0íîêðëñìò /�ðö.ò�

äù×Óà ßÐØÙÒÙÎÏ u ÔÜÝÐÿÐØÐÎÏ ûÏû �ùÎû�Ù� ÜÐÝÐÑÐÎÎÌú x1
Ù x2

	
u = f(x1, x2) â TùÿÐÑ ÜÝÐÿÜÔØÏÞÏÓàÖ ÒÓÔ f(x1, x2)

ÙÑÐÐÓ ÎÐÜÝÐÝÌßÎÌÐÒÏ×ÓÎÌÐ ÜÝÔÙÍßÔÿÎÌÐ ß×Ðú ÜÔÝ�ÿûÔßÖ ûÔÓÔÝÌÐ ÜÔÓÝÐþù�Ó×� ÿØ� ÿÏØàÎÐøÕæÐÞÔ ÝÏ××ÑÔÓÝÐÎÙ�â %ÏøÿÐÑ ÍÏßÙ×ÙÑÔ×Óà Ïþ×ÔØ�ÓÎÔø ÜÔÞÝÐæÎÔ×ÓÙ Ù ÔÓÜÔÞÝÐæÎÔ×ÓÐø ÍÏÿÏÎÙ� x1
Ù x2 âãäåæäçè éêëâ äù×Óà x0
1
Ù x0

2
×ùÓà ÜÝÙþØÙÚÐÎÎÌÐ ÍÎÏÒÐÎÙ� x1

Ù x2
ÖÏ ∆x1

Ù ∆x2
ý Ô�ÐÎûÙ Ùú Ïþ×ÔØ�ÓÎÌú ÜÔÞÝÐæÎÔ×ÓÐøâ �þÔÍÎÏÒÙÑ ÒÐÝÐÍ

M1
Ù M2

ÑÏû×ÙÑùÑÌ | ∂f
∂x1

| Ù | ∂f
∂x2

| ß ÜÝ�ÑÔùÞÔØàÎÙûÐ
x0

1 − ∆x1 ≤ x1 ≤ x0
1 + ∆x1,

x0
2 − ∆x2 ≤ x2 ≤ x0

2 + ∆x2.

KÔÞÿÏ Ïþ×ÔØ�ÓÎÏ� ÜÔÞÝÐæÎÔ×Óà ßÐØÙÒÙÎÌ ∆̄u ßÐØÙÒÙÎÌ u = f(x1, x2)ÎÐ ÜÝÐßÔ×úÔÿÙÓ M1x1 +M2x2
	

∆̄u ≤M1∆x1 +M2∆x2.ìåíèîèïäðñòïóåâ äù×Óà u0 = f(x0
1, x

0
2) â �×ÜÔØàÍù� ÓÐÔÝÐÑù Ô ×ÝÐÿÎÐÑÖÙÑÐÐÑ

u− u0 = f(x1, x2) − f(x0
1, x

0
2)

= [f(x1, x2) − f(x0
1, x2)] + [f(x0

1, x2) − f(x0
1, x

0
2)]

= f ′
x1

(x′1, x2)(x1 − x0
1) + f ′

x2
(x0

1, x
′
2)(x2 − x0

2).÷ØÐÿÔßÏÓÐØàÎÔÖ
∆̄u = |u − u0| ≤ |f ′

x1
(x′

1, x2)(x1 − x0
1)| + |f ′

x2
(x0

1, x
′

2)(x2 − x0
2)| ≤ M1∆x1 + M2∆x2,Ï ÜÔÓÔÑù ß ûÏÒÐ×ÓßÐ Ô�ÐÎûÙ Ïþ×ÔØ�ÓÎÔø ÜÔÞÝÐæÎÔ×ÓÙ ÑÔÚÎÔ ÜÝÙÎ�Óà

∆u ≤M1∆x1 +M2∆x2.

N [ÏÑÐÒÏÎÙÐâ äÝÙ ÑÏØÌú ∆x1
Ù ∆x2

ÔþÌÒÎÔ ×ÒÙÓÏ�Ó
∆u = |f ′

x1
(x0

1, x
0
2)|∆x1 + |f ′

x2
(x0

1, x
0
2)|∆x2.

uØ� �ùÎû�Ùø n ÜÐÝÐÑÐÎÎÌú
∆u =

n∑

k=1

|f ′
xk

(x0
1, x

0
2, . . . x

0
n)|∆xk. ÓàÕàÕÔ×



 � � x�� �Ì���#� �µ����¡ �d
ôðäõòïóö÷X

�â å×ØÙ u = x1 ±x2 ± . . .±xn
Ö ÓÔ ∂f/∂xk = ±1 Ö Ù Mk = 1 Ö k = 1, n âKÏûÙÑ ÔþÝÏÍÔÑÖ Ïþ×ÔØ�ÓÎÏ� ÜÔÞÝÐæÎÔ×Óà ÏØÞÐþÝÏÙÒÐ×ûÔø ×ùÑÑÌÎÐ×ûÔØàûÙú ßÐØÙÒÙÎ ÎÐ ÜÝÐßÔ×úÔÿÙÓ ×ùÑÑÌ Ô�ÐÎÔû Ïþ×ÔØ�ÓÎÌúÜÔÞÝÐæÎÔ×ÓÐø ×ØÏÞÏÐÑÌúâ

fâ äù×Óà
u = xα1

1 x
α2

2 . . . xαn

n ,ÞÿÐ {αi} ý ûÔÎ×ÓÏÎÓÌâ KÔÞÿÏ
∂u

∂xk
= xα1

1 . . . x
αk−1

k−1 αkx
αk−1
k x

αk+1

k+1 . . . xαn

n =
αk
xk
u,

Ù ÿØ� Ô�ÐÎûÙ Ïþ×ÔØ�ÓÎÔø ÜÔÞÝÐæÎÔ×ÓÙ ÙÑÐÐÑ
∆u = |u|

n∑

k=1

∣
∣
∣
∣

αk
xk

∣
∣
∣
∣
∆xk.

äÔÛÓÔÑù Ô�ÐÎûÏ ÔÓÎÔ×ÙÓÐØàÎÔø ÜÔÞÝÐæÎÔ×ÓÙ
δu =

∆u

|u| =
n∑

k=1

|αk|δxk. ÓàÕàÕÖ×

$ ÒÏ×ÓÎÔ×ÓÙÖ Ô�ÐÎûÏ ÔÓÎÔ×ÙÓÐØàÎÔø ÜÔÞÝÐæÎÔ×ÓÙ ZHG��L�g�P�� ÝÏßÎÏ×ùÑÑÐ ÔÓÎÔ×ÙÓÐØàÎÌú ÜÔÞÝÐæÎÔ×ÓÐø ×ÔÑÎÔÚÙÓÐØÐøâ ��ÐÎûÏ ÔÓÎÔ×ÙÓÐØàÕÎÔø ÜÔÞÝÐæÎÔ×ÓÙ ÒÏ×ÓÎÔÞÔ ÝÏßÎÏ ×ùÑÑÐ Ô�ÐÎÔû ÔÓÎÔ×ÙÓÐØàÎÌú ÜÔÞÝÐæÕÎÔ×ÓÐø ÿÐØÙÑÔÞÔ Ù ÿÐØÙÓÐØ�â��ÐÎûÏ ÔÓÎÔ×ÙÓÐØàÎÔø ÜÔÞÝÐæÎÔ×ÓÙ N¢��I ÜÝÙ ÔÿÙÎÏûÔßÌú ÍÎÏûÏú×ØÏÞÏÐÑÌú ÎÐ ÜÝÐßÔ×úÔÿÙÓ ÎÏÙþÔØàæÐø Ô�ÐÎûÙ ÔÓÎÔ×ÙÓÐØàÎÔø ÜÔÞÝÐæÎÔÕ×ÓÙ ×ØÏÞÏÐÑÌúâ$ ØÙÓÐÝÏÓùÝÐ ÜÔ ßÌÒÙ×ØÙÓÐØàÎÔø ÑÏÓÐÑÏÓÙûÐ ÔþÌÒÎÔ ùûÏÍÌßÏÐÓ×�ÖÒÓÔ ÜÝÙ ×ùÑÑÙÝÔßÏÎÙÙ × ÑÏØÔø ÝÏÍÝ�ÿÎÔ×Óà� ÎùÚÎÔ ÜÔ ßÔÍÑÔÚÎÔ×ÓÙÎÏÒÙÎÏÓà × ÑÏØÌú ÜÔ ÑÔÿùØ� ×ØÏÞÏÐÑÌú	 ß ÜÝÔÓÙßÎÔÑ ×ØùÒÏÐ ÔÎÙ ÑÔÞùÓÔûÏÍÏÓà×� ÎÐ×ÔÙÍÑÐÝÙÑÌÑÙ × ÎÏûÔÜØÐÎÎÔø ×ùÑÑÔø Ù ÎÐ ÔûÏÚùÓ ÎÏ ÎÐÐÿÔØÚÎÔÞÔ ßØÙ�ÎÙ�â �þ×ùÚÿÏÐÑÌø Û��ÐûÓ ù×ùÞùþØ�ÐÓ×� ÔÓþÝÏ×ÌßÏÎÙÐÑ'ßÑÐ×ÓÔ ÔûÝùÞØÐÎÙ�* ÿÔÜÔØÎÙÓÐØàÎÌú ÝÏÍÝ�ÿÔß ÝÐÍùØàÓÏÓÏâ $ ÒÏ×ÓÎÔ×ÓÙÖß U��Y ÜÝÐÿØÏÞÏÐÓ×� ÓÐ×ÓÔßÌø ÜÝÙÑÐÝ
1000000∑

i=1

1/i2.



�� Á����  � x �Ú��Ã���Ð� �ÐÄ������Å
ãßÓÔÝ ÜÝÔßÐÝÙØ ÜÝÐÿÜÔØÏÞÏÐÑÌø Û��ÐûÓ ÎÏ ÍÏÿÏÒÏú

10000∑

i=1

1/i2

Ù
10000∑

i=1

1/(10001 − i)2

× ÜÔÑÔ�à� ÑÏÓÐÑÏÓÙÒÐ×ûÔÞÔ ÜÏûÐÓÏ �W|z�x|�W �����~wWzÖ ÜÔÍßÔØ���ÐÕÞÔ ÑÐÎ�Óà ÝÏÍÝ�ÿÎÔ×Óà ßÌÒÙ×ØÐÎÙøâ äÝÐÿÐØàÎÔÐ ÓÐÔÝÐÓÙÒÐ×ûÔÐ ÍÎÏÒÐÎÙÐÛÓÔø ×ùÑÑÌ
∞∑

i=1

1/i2 = π2/6 = 1.644934066848226.


ÏÍÎÙ�Ï ß ÐÿÙÎÙ�ù ÒÐÓßÐÝÓÔÞÔ ÍÎÏûÏ þÌØÏ ÔþÎÏÝùÚÐÎÏ ÓÔØàûÔ ÜÝÙ ×ÒÐÓÐ ßÒÐÓÌÝÐúÝÏÍÝ�ÿÎÔø ×ÐÓûÐâ 
ÓÔÞÔ Ù ×ØÐÿÔßÏØÔ ÔÚÙÿÏÓàÖ ÜÔ×ûÔØàûù ×ØÏÞÏÐÕÑÌÐ ß ÿÏÎÎÔÑ ×ØùÒÏÐ ùþÌßÏ�Ó ×ØÙæûÔÑ þÌ×ÓÝÔ Ù ×ùÑÑÏ ×ÓÏþÙØÙÍÙÝùÐÓ×�ÝÏÎÔâ $ ÙÎÌú ×ÙÓùÏ�Ù�ú × ùÜÔÑ�ÎùÓÌÑ Û��ÐûÓÔÑ ×ØÐÿùÐÓ ×ÒÙÓÏÓà×�â
$ ×ØùÒÏÐ H��PI¤ ÍÎÏûÔß ×ØÐÿùÐÓ ÙÍþÐÞÏÓà ßÌÒÙÓÏÎÙ� þØÙÍûÙú ÒÙ×ÐØÖÜÝÙ ûÔÓÔÝÔÑ ÜÝÔÙ×úÔÿÙÓ ûÏÓÏ×ÓÝÔ�ÙÒÐ×ûÏ� ÜÔÓÐÝ� ßÐÝÎÌú �Ù�Ýâ ËÔÚÎÔÖÎÏÜÝÙÑÐÝÖ ßÔ×ÜÔØàÍÔßÏÓà×� ÓÔÚÿÐ×ÓßÔÑ

a− b =
a2 − b2

a+ b
.

åÞÔ ÑÔÚÎÔ ÜÝÙÑÐÎÙÓà û ÝÐæÐÎÙ� ûßÏÿÝÏÓÎÔÞÔ ùÝÏßÎÐÎÙ� ax2+bx+c = 0 ÖûÔÞÿÏ √
D ≈ b Ù ÝÏ×ÒÐÓ ÔÿÎÔÞÔ ÙÍ ûÔÝÎÐø ×ßÔÿÙÓ×� û ßÌÒÙÓÏÎÙ� þØÙÍûÙúÒÙ×ÐØâ äÝÙ b > 0

x2 =

√
D − b

2a

√
D + b√
D + b

=
D − b2

2a(
√
D + b)

=
−4ac

2a(
√
D + b)

= − 2c√
D + b

.

$ÓÔÝÔø ûÔÝÐÎà ÑÔÚÎÔ ÜÔØùÒÙÓà × ÜÔÑÔ�à� ÔÿÎÔÞÔ ÙÍ ù×ØÔßÙø
x1 + x2 = −b/a, x1 · x2 = c/a.

äÝÙ ßÔÍßÐÿÐÎÙÙ ß ×ÓÐÜÐÎà ÜÝÙþØÙÚÐÎÎÔÞÔ ÒÙ×ØÏ ÐÞÔ ÔÓÎÔ×ÙÓÐØàÎÏ�ÜÔÞÝÐæÎÔ×Óà ùÑÎÔÚÏÐÓ×� ÎÏ ÜÔûÏÍÏÓÐØà ×ÓÐÜÐÎÙâuØ� �ùÎû�ÙÙ ÔÿÎÔø ÜÐÝÐÑÐÎÎÔø ûÏû ÒÏ×ÓÎÌø ×ØùÒÏø '^ â̂ â�* ÙÑÐÐÑ
∆u = |f ′(x)|∆x.



 �-� �Ú �#��Å f�D�Ä� #�� �� ��� �Ì���#�¡ �s
å×ØÙ ßÔ×ÜÔØàÍÔßÏÓà×� ÓÐÔÝÐÑÔø Ô ×ÝÐÿÎÐÑ ÍÎÏÒÐÎÙÙÖ ÓÔ ÜÔØùÒÙÑ

∆̄u = |f ′(ξ)|∆̄ â äÔ×ûÔØàûù ÑÔÿùØà ÜÝÔÙÍßÔÿÎÔø ÓÏûÙú �ùÎû�ÙøÖ ûÏû
sin, cos, arctg, arcctg Ö ÎÐ ÜÝÐßÔ×úÔÿÙÓ ÐÿÙÎÙ�ÌÖ ÓÔ ÿØ� ÛÓÙú �ùÎû�Ùø ÙúÏþ×ÔØ�ÓÎÏ� ÜÔÞÝÐæÎÔ×Óà ÎÐ ÜÝÐßÔ×úÔÿÙÓ Ïþ×ÔØ�ÓÎÔø ÜÔÞÝÐæÎÔ×ÓÙ ÏÝÞùÕÑÐÎÓÏB ÜÔ ÏÎÏØÔÞÙÒÎÌÑ ×ÔÔþÝÏÚÐÎÙ�Ñ Ïþ×ÔØ�ÓÎÏ� ÜÔÞÝÐæÎÔ×Óà�ùÎû�Ùø
tg, ctg, arcsin, arccos P� ��POÒ� Ïþ×ÔØ�ÓÎÔø ÜÔÞÝÐæÎÔ×ÓÙ ÏÝÞùÑÐÎÓÏâ

¥è�è ¦ïíõìðõÜ iõ§õ�õ ìîëíòò -ë0íîêðëñìî�

äÔÿ ÔþÝÏÓÎÔø ÍÏÿÏÒÐø ÓÐÔÝÙÙ ÜÔÞÝÐæÎÔ×ÓÐø ÜÔÎÙÑÏÐÓ×� ÎÏúÔÚÿÐÕÎÙÐ ÜÝÐÿÐØàÎÌú Ô�ÐÎÔû ÜÔÞÝÐæÎÔ×ÓÐø ÏÝÞùÑÐÎÓÔßÖ ÜÝÙ ûÔÓÔÝÌú ÜÔÞÝÐæÕÎÔ×Óà �ùÎû�ÙÙ ÎÐ ÜÝÐßÍÔøÿÐÓ ÿÔÜù×ÓÙÑÔø ßÐØÙÒÙÎÌâ ÷ÜÔ×Ôþ ÝÐæÐÎÙ� ÔþÕÝÏÓÎÔø ÍÏÿÏÒÙ ÿØ� �ùÎû�ÙÙ ÔÿÎÔÞÔ ÏÝÞùÑÐÎÓÏ ÔÒÐßÙÿÐÎâ %Ô ÿØ� �ùÎû�ÙÙ
n ÏÝÞùÑÐÎÓÔß ÔÿÎÏ Ù ÓÏ ÚÐ ×ùÑÑÏÝÎÏ� Ô�ÐÎûÏ ÜÔÞÝÐæÎÔ×ÓÙÖ ßÌÒÙ×Ø�ÐÑÏ�ÜÔ �ÔÝÑùØÐ '^ â̂ â�*Ö ÑÔÚÐÓ þÌÓà ÜÔØùÒÐÎÏ ÜÝÙ ÝÏÍØÙÒÎÌú ÝÏ×ÜÝÐÿÐØÐÎÙÕ�ú Ô�ÐÎÔû Ïþ×ÔØ�ÓÎÌú ÜÔÞÝÐæÎÔ×ÓÐø ÏÝÞùÑÐÎÓÔßâ äÔ ÛÓÔø ÜÝÙÒÙÎÐ ÿØ�ÝÐæÐÎÙ� ÔþÝÏÓÎÔø ÍÏÿÏÒÙ ÓÐÔÝÙÙ ÜÔÞÝÐæÎÔ×ÓÐø ÎÐÔþúÔÿÙÑÔ ÜÝÙßØÐÒÐÎÙÐÿÔÜÔØÎÙÓÐØàÎÔø ÙÎ�ÔÝÑÏ�ÙÙâ �þÌÒÎÔ ÜÔØàÍù�Ó×� ÜÝÙÎ�ÙÜÔÑ ÊÝÏßÎÌúßØÙ�ÎÙøá Ù ÜÝÙÎÙÑÏ�Ó ß×Ð ×ØÏÞÏÐÑÌÐ ß �ÔÝÑùØÐ '^ â̂ â�* ÝÏßÎÌÑÙâ KÔÞÿÏ

∆u

n
=

∣
∣
∣
∣

∂f

∂xk

∣
∣
∣
∣
∆xk, k = 1, n

Ù
∆xk =

∆u

n

/∣
∣
∣
∂f

∂xk

∣
∣
∣.

äÝÙÑÐÝ ^âfâ �ÑÐÐÓ×� �ÙØÙÎÿÝÙÒÐ×ûÙø þÏû × ÿÙÏÑÐÓÝÔÑ Ô×ÎÔßÏÎÙ�
D � fâf Ñ Ù ßÌ×ÔÓÔø H � ^ Ñâ �ÏûÔßÌ ÿÔÜù×ÓÙÑÌÐ ÜÔÞÝÐæÎÔ×ÓÙ ß ÙÍÑÐÕÝÐÎÙÙ D Ù H Ù × ûÏûÔø ÓÔÒÎÔ×Óà� ÎùÚÎÔ ÍÏÿÏÓà π Ö ÒÓÔþÌ Ôþ�ÐÑ þÏûÏ
V = πD2H/4 ÑÔÚÎÔ þÌØÔ ßÌÒÙ×ØÙÓà × ÓÔÒÎÔ×Óà� �â� Ñ 3 ø


ÐæÐÎÙÐâ äÝÐÚÿÐ ß×ÐÞÔ ÔÓÑÐÓÙÑÖ ÒÓÔ ß ÿÏÎÎÔø ÍÏÿÏÒÐÖ ÜÔ×ûÔØàûùÑÌ ÿÔØÚÎÌ ßÌþÝÏÓà ÜÝÙþØÙÚÐÎÎÔÐ ÍÎÏÒÐÎÙÐ π Ö ÙÑÐÐÓ ×ÑÌ×Ø ×ÒÙÓÏÓà πÜÐÝÐÑÐÎÎÔø ßÐØÙÒÙÎÔøâ $ÌÒÙ×ØÙÑ ÜÝÔÙÍßÔÿÎÌÐ
∂V/∂π = D2H/4 ≈ 4.84;
∂V/∂H = πD2/4 ≈ 3.80;
∂V/∂D = πDH/2 ≈ 13.80



�y Á����  � x �Ú��Ã���Ð� �ÐÄ������Å
Ù ÎÏøÿÐÑ ÿÔÜù×ÓÙÑÌÐ ÍÎÏÒÐÎÙ� ×Ô×ÓÏßØ���Ùú ÜÔÞÝÐæÎÔ×ÓÙ	

∆V

3
=

0.1

3
= 0.0333.

�Ó×�ÿÏ
∆π = 0.1/(3 · 4.84) ≈ 0.0069;
∆H = 0.1/(3 · 3.80) ≈ 0.00925 UÑY;
∆D = 0.1/(3 · 13.8) ≈ 0.0024 UÑY.

$ÔÍàÑÐÑ ÿÙÏÑÐÓÝ × ÓÔÒÎÔ×Óà� f ÑÑÖ ßÌ×ÔÓù ý � ×ÑÖ Ï π ≈ 3.14 â KÔÞÿÏ
∆V ≤ 4.84 · 0.0016 + 3.80 · 0.01 + 13.80 · 0.002 = 0.063 ù3 Ö Ù ÍÏÿÏÎÎÔÐù×ØÔßÙÐ ßÌÜÔØÎÐÎÔâ÷ ÿÝùÞÔø ×ÓÔÝÔÎÌÖ ÍÎÏÒÐÎÙÐ π ÎÏÑ ÙÍßÐ×ÓÎÔ ÜÝÏûÓÙÒÐ×ûÙ ÓÔÒÎÔÖÏ ÿØ� ÙÍÑÐÝÐÎÙ� þÏûÏ ÜÔÿ ÝùûÔø ÑÔÚÐÓ ÎÐ ÔûÏÍÏÓà×� ÿÔ×ÓÏÓÔÒÎÔ ùÿÔþÕÎÔÞÔ ÙÎ×ÓÝùÑÐÎÓÏâ äÔÜÌÓÏÐÑ×� ×ÎÙÍÙÓà ÜÔÓÝÐþÎù� ÓÔÒÎÔ×Óà ÙÍÑÐÝÐÎÙøâKÐÜÐÝà

∆H = 0.1/(2 · 3.80) ≈ 0.0133 UÑY;
∆D = 0.1/(2 · 13.8) ≈ 0.0036 UÑY.

$ÔÍàÑÐÑ ßÌ×ÔÓù × ÓÔÒÎÔ×Óà� � ×ÑÖ Ï ÿÙÏÑÐÓÝ ý × ÓÔÒÎÔ×Óà� ^ ÑÑâ KÔÕÞÿÏ ∆V ≤ 3.80 · 0.01 + 13.80 · 0.004 = 0.094 ù3 Ö Ù ÓÝÐþùÐÑÏ� ÓÔÒÎÔ×ÓàßÌÒÙ×ØÐÎÙ� Ôþ�ÐÑÏ ÿÔ×ÓÙÞÏÐÓ×�â

¥ècè úõíõðìòíëóõððõÜ ò óîíëÜìðëñìðõÜ
ë.îðöò -ë0íîêðëñìò

ËÎÔÞÙÐ ÿÐÿùûÓÙßÎÌÐ ÝÏ××ùÚÿÐÎÙ� ÜÝÔÙÞÝÌßÏ�Ó ß Û��ÐûÓÙßÎÔ×ÓÙÙÍÕÍÏ ÓÔÞÔÖ ÒÓÔ ÔÎÙ ÔÝÙÐÎÓÙÝÔßÏÎÌ ÎÏ ×ÜÝÏßÐÿØÙßÔ×Óà ßÔ ß×Ðú ×ØùÒÏ�úÖß ÓÔÑ ÒÙ×ØÐ ×ÏÑÌú ÎÐþØÏÞÔÜÝÙ�ÓÎÌúâ TÌØÏ þÌ ÚÐØÏÓÐØàÎÏ ÝÏÍÝÏþÔÓûÏÝÏþÔÒÙú Ô�ÐÎÔûÖ ×ÜÝÏßÐÿØÙßÌú Êß ×ÝÐÿÎÐÑáâ$ÌæÐ þÌØÔ ÜÔûÏÍÏÎÔÖ ÒÓÔ Ô�ÐÎûÏ Ïþ×ÔØ�ÓÎÔø ÜÔÞÝÐæÎÔ×ÓÙ ×ùÑÑÌ
n ×ØÏÞÏÐÑÌú ÝÏßÎÏ ×ùÑÑÐ Ô�ÐÎÔû Ïþ×ÔØ�ÓÎÌú ÜÔÞÝÐæÎÔ×ÓÐø ×ØÏÞÏÐÑÌú	

∆u = ∆x1 + ∆x2 + . . .+ ∆xn.

å×ØÙ Ô�ÐÎûÙ Ïþ×ÔØ�ÓÎÌú ÜÔÞÝÐæÎÔ×ÓÐø ×ØÏÞÏÐÑÌú ÝÏßÎÌÖ ÓÔ ∆u = n∆x â$ ÛÓÔÑ ×ØùÒÏÐ ÜÔØùÒÏ�Ó ÑÏû×ÙÑÏØàÎÔ ßÔÍÑÔÚÎù� ÜÔÞÝÐæÎÔ×ÓàÖ ûÔÓÔÝÏ�ÎÐ þùÿÐÓ ÜÝÐßÌæÐÎÏ ÿÏÚÐ ÜÝÙ ù×ØÔßÙÙÖ ÒÓÔ ß×Ð ×ØÏÞÏÐÑÌÐ ÔÿÎÔßÝÐÑÐÎÕÎÔ ßÍ�ÓÌ ÜÔ ÙÍþÌÓûù ÙØÙ ÜÔ ÎÐÿÔ×ÓÏÓûùâ �þÌÒÎÔ ÿÐØÔ Ôþ×ÓÔÙÓ ÎÐ ÓÏû



 �d� û���� �� �ÐÑ ���  �fµ�ã#�#� �~
ÜØÔúÔÖ Ù ÔæÙþûÙ ÔÓÿÐØàÎÌú ×ØÏÞÏÐÑÌú ÒÏ×ÓÙÒÎÔ ûÔÑÜÐÎ×ÙÝù�Ó×�â $ ÓÐÔÕÝÙÙ ßÐÝÔ�ÓÎÔ×ÓÐø ÿÔûÏÍÌßÏÐÓ×�Ö ÒÓÔ ÿÙ×ÜÐÝ×Ù� ×ùÑÑÌ n ÎÐÍÏßÙ×ÙÑÌú
×ØÏÞÏÐÑÌú Du =

n∑

i=1

Di â äÝÙ ÝÏßÎÌú ÓÔÒÎÔ×Ó�ú Du = nDx â ÷ÔÔÓßÐÓÕ×ÓßÐÎÎÔÖ ×ÝÐÿÎÐûßÏÿÝÏÓÙÒÐ×ûÔÐ ÔÓûØÔÎÐÎÙÐ σu = σx
√
n â JÏ×ÓÔ ×ÒÙÓÏ�ÓÖÒÓÔ ÜÝÐÿÐØàÎÔÐ ÔÓûØÔÎÐÎÙÐ ∆ ≤ 3σ 'ÜÝÏßÙØÔ ÊÓÝÐú ×ÙÞÑá*â AÑÎÔÚÏ�ÜÝÐÿÌÿù�ÐÐ ÝÏßÐÎ×ÓßÔ ÎÏ qÖ ÜÔØùÒÏÐÑ ∆u = ∆x

√
n â KÏûÙÑ ÔþÝÏÍÔÑÖ× ùßÐØÙÒÐÎÙÐÑ ÒÙ×ØÏ ×ØÏÞÏÐÑÌú Ïþ×ÔØ�ÓÎÏ� ÜÔÞÝÐæÎÔ×Óà ×ùÑÑÌ ÝÏ×ÓÐÓÜÝÔÜÔÝ�ÙÔÎÏØàÎÔ √

n â ãÎÏØÔÞÙÒÎÌø ÝÐÍùØàÓÏÓ ÑÔÚÐÓ þÌÓà ù×ÓÏÎÔßØÐÎÿØ� ÔÓÎÔ×ÙÓÐØàÎÔø ÜÔÞÝÐæÎÔ×ÓÙ ÜÝÔÙÍßÐÿÐÎÙ�â

¥ègè üòñ�ë óîíð�Ï .ò/í íîi���ìõìõ

$×�ûÔÐ ÒÙ×ØÔ a ÑÔÚÐÓ þÌÓà ÜÝÐÿ×ÓÏßØÐÎÔ þÐ×ûÔÎÐÒÎÔø ÙØÙ ûÔÎÐÒÕÎÔø ÿÐ×�ÓÙÒÎÔø ÿÝÔþà� ßÙÿÏ αmαm−1 . . . αm−n+1 . . . ,
ÍÎÏÒÐÎÙÐûÔÓÔÝÔø

a = αm10m + αm−110m−1 + . . .+ αm−n+110m−n+1 + . . .[ÿÐ×à αm, αm−1, . . .
ý �Ù�ÝÌ ÛÓÔÞÔ ÒÙ×ØÏ 'ÑÌ ßÍ�ØÙ ×ÓÏÝæÙÐ n �Ù�Ý*âTùÿÐÑ ×ÒÙÓÏÓà αm 6= 0 ÜÐÝßÔø ÍÎÏÒÏ�Ðø �Ù�ÝÔø ÒÙ×ØÏ a Ö αm−n+1

ý
n Õø ÍÎÏÒÏ�Ðø �Ù�ÝÔøâ �ÒÐßÙÿÎÔÖ

αm10m ≤ |a| ≤ (αm + 1)10m.

äÝÙÑÐÝ ^âqâ å×ØÙ a � ^râq�]V^âââÖ ÓÔ m = 1 Ö αm = 4 â sÔßÔÝ�ÓÖ ÒÓÔÜÝÙþØÙÚÐÎÎÔÐ ÍÎÏÒÐÎÙÐ a ßÐØÙÒÙÎÌ A ÙÑÐÐÓ n ßÐÝÎÌú ÜÐÝßÌú �Ù�ÝÖÐ×ØÙ Ïþ×ÔØ�ÓÎÏ� ÜÔÞÝÐæÎÔ×Óà ÎÐ ÜÝÐßÔ×úÔÿÙÓ ÜÔØÔßÙÎÌ ÐÿÙÎÙ�Ì n ÕÞÔÝÏÍÝ�ÿÏ ß ÍÏÜÙ×Ù ÒÙ×ØÏ a 	
∆̄ = |a− A| · 10m−n+1/2.

å×ØÙ ÎÐûÔÓÔÝÔÐ ÒÙ×ØÔ ÙÑÐÐÓ n ßÐÝÎÌú �Ù�ÝÖ ÓÔ ÍÏ Ô�ÐÎûù ÐÞÔ Ïþ×ÔØ�ÓÎÔøÜÔÞÝÐæÎÔ×ÓÙ þùÿÐÑ ÜÝÙÎÙÑÏÓà ÜÔØÔßÙÎù ÐÿÙÎÙ�Ì n ÕÞÔ ÝÏÍÝ�ÿÏâ$ ÜÔ×ØÐÿù��Ùú ÜÝÙÑÐÝÏú ×ÒÙÓÏÐÑÖ ÒÓÔ A ÍÏÜÙ×ÏÎÔ ß ßÙÿÐ ÿÐ×�ÕÓÙÒÎÔø ÿÝÔþÙâ
äÝÙÑÐÝ ^ â̂ â äù×Óà A � qârXerq^âââKÔÞÿÏ a �qârXe ÙÑÐÐÓ ^ ßÐÝÎÌú�Ù�ÝÌÖ ÓÏû ûÏû |A − a| = 0.00031 . . . < 0.0005 Ö Óâ Ðâ ÑÐÎàæÐ ÜÔØÔßÙÎÌÐÿÙÎÙ�Ì M��L�H�GFG ×ØÐßÏ ÝÏÍÝ�ÿÏâ



�� Á����  � x �Ú��Ã���Ð� �ÐÄ������Å
äÝÙÑÐÝ ^âeâ äù×Óà A���â��fqr âââ Ö a � ]â]]]]]â $ ÛÓÔÑ ×ØùÒÏÐ

|A− a|��â��fqXâ â â��â��eÖ Óâ Ðâ ÑÐÎàæÐ ÜÔØÔßÙÎÌ ÐÿÙÎÙ�Ì �H��O�FG×ØÐßÏ ÝÏÍÝ�ÿÏâ [ÎÏÒÙÓÖ ÍÿÐ×à ÓÝÙ ßÐÝÎÌú ÍÎÏûÏâ
÷ù�Ð×ÓßùÐÓ ×ß�Íà ÑÐÚÿù ÒÙ×ØÔÑ ßÐÝÎÌú �Ù�Ý Ù Ô�ÐÎûÔø ÔÓÎÔ×ÙÕÓÐØàÎÔø ÜÔÞÝÐæÎÔ×ÓÙ ÒÙ×ØÏâ ËÔÚÎÔ ÜÔûÏÍÏÓàÖ ÒÓÔ ÜÝÙ n ≥ 2 ÿØ� Ô�ÐÎÕûÙ ÔÓÎÔ×ÙÓÐØàÎÔø ÜÔÞÝÐæÎÔ×ÓÙ ÜÝÙþØÙÚÐÎÎÔø ÍÏÜÙ×Ù ÒÙ×ØÏ ÙÑÐÐÓ ÑÐ×ÓÔ�ÔÝÑùØÏ

δ = 1/(2αm10n−1).

KÔÒÎÔ×Óà ÜÝÙþØÙÚÐÎÎÔÞÔ ÒÙ×ØÏ ÍÏßÙ×ÙÓ ÎÐ ÔÓ ûÔØÙÒÐ×ÓßÏ ÍÏÿÏÎÎÌú�Ù�ÝÖ Ï ÔÓ ÒÙ×ØÏ L�HPI¤ â äÝÙ ÝÐæÐÎÙÙ ÜÝÙûØÏÿÎÌú ÍÏÿÏÒ Ù×úÔÿÎÌÐ ÿÏÎÕÎÌÐ ÔþÌÒÎÔ ÙÑÐ�Ó ÝÏÍÎù� ÓÔÒÎÔ×ÓàÖ Ù ÜÔÞÝÐæÎÔ×Óà ÝÐÍùØàÓÏÓÏ ÍÏÒÏ×Óù�ÔÜÝÐÿÐØ�ÐÓ×� ÎÏÙþÔØàæÐø ÙÍ ÜÔÞÝÐæÎÔ×ÓÐø ùÒÏ×Óßù��Ùú ß ÔÜÐÝÏ�ÙÙ ÒÙÕ×ÐØ 'ÔÜÐÝÏÎÿÔß*â äÝÙ ÑÏæÙÎÎÔÑ ×ÒÐÓÐ ×ÔúÝÏÎÐÎÙÐ ßÔ ß×Ðú ÔÜÐÝÏ�Ù�ú ÑÏûÕ×ÙÑÏØàÎÔÞÔ ÒÙ×ØÏ ÍÎÏÒÏ�Ùú �Ù�Ý úÔÓ� Ù ÎÐ ùßÐØÙÒÙßÏÐÓ ÓÝùÿÔÐÑûÔ×ÓàßÌÒÙ×ØÐÎÙøÖ ÎÔ ÎÐ ÜÝÙßÔÿÙÓ û ÜÔßÌæÐÎÙ� ÓÔÒÎÔ×ÓÙ Ù ÍÏÓÝùÿÎ�ÐÓ ÜÔÿÞÔÕÓÔßûù Ù×úÔÿÎÌú ÿÏÎÎÌúâ �Ó×�ÿÏ ßÌÓÐûÏÐÓ �ÐØÐ×ÔÔþÝÏÍÎÔ×Óà ÔûÝùÞØÐÎÙ�Ù×úÔÿÎÌú ÿÏÎÎÌúÖ Óâ Ðâ ×ÔúÝÏÎÐÎÙ� ÑÙÎÙÑÏØàÎÔ ÎÐÔþúÔÿÙÑÔÞÔ ûÔØÙÒÐ×ÓßÏßÐÝÎÌú �Ù�Ýâ

¥ènè �ëííîöìðëñì� ôõìîôõìò�îñöë� ôë§î�ò
�3¼353 á7jj=@9;789� `?�?m < >=97�7a
äÔ ãÿÏÑÏÝùÖ ÍÏÿÏÒÏ ×ÒÙÓÏÐÓ×� ûÔÝÝÐûÓÎÔ ÜÔ×ÓÏßØÐÎÎÔøÖ Ð×ØÙ ÐÐÝÐæÐÎÙÐ	

• ×ù�Ð×ÓßùÐÓÖ
• ÐÿÙÎ×ÓßÐÎÎÔÖ
• ù×ÓÔøÒÙßÔ ÜÔ ÔÓÎÔæÐÎÙ� û ßÔÍÑù�ÐÎÙ�Ñâ

� ×ÐÝÐÿÙÎÐ pp ßÐûÏ ÎÏûÔÜÙØÔ×à ÑÎÔÚÐ×ÓßÔ ×ÔÿÐÝÚÏÓÐØàÎÌú ÎÐûÔÝÕÝÐûÓÎÌú ÍÏÿÏÒÖ ÓÝÐþù��Ùú ÑÏÓÐÑÏÓÙÒÐ×ûÔÞÔ ÔþÔ×ÎÔßÏÎÙ� Ù ×ÔÍÿÏÎÙ�ù×ÓÔøÒÙßÌú ÑÐÓÔÿÔß Ùú ÝÐæÐÎÙ�â KÏûÔßÌÑÙ �ßØ��Ó×� ÍÏÿÏÒÙ ßÔ××ÓÏÎÔßÕØÐÎÙ� ×ÙÞÎÏØÏÖ ÔþÝÏÓÎÌÐ ÍÏÿÏÒÙ ÓÐÜØÔÜÝÔßÔÿÎÔ×ÓÙÖ ÞÐÔ�ÙÍÙûÙÖ Ï×ÓÝÔ�ÙÕÍÙûÙ Ù ÿÝâ ËÏÓÐÑÏÓÙÒÐ×ûÙÐ ×ØÔÚÎÔ×ÓÙ ÍÏûØ�ÒÏ�Ó×� ß ÓÔÑÖ ÒÓÔ ÔþÝÏÓÎÌø



 �¿� ý�  ��#���#ã !�#�!�#�Ä����¡ !�D��� ��
ÔÜÐÝÏÓÔÝ A−1 Ö ÍÏÿÏÎÎÌø ÎÏ ß×Ðø ×ßÔÐø ÔþØÏ×ÓÙ ÔÜÝÐÿÐØÐÎÙ�Ö ÎÐ �ßØ�ÐÓÕ×� ÎÐÜÝÐÝÌßÎÌÑâ äÝÙÑÐÝÔÑ ÎÐù×ÓÔøÒÙßÌú ÑÔÿÐØÐø �ßØ��Ó×� ÍÏÿÏÒÙ ØÙÕÎÐøÎÔø ÏØÞÐþÝÌ × ÜØÔúÔ Ôþù×ØÔßØÐÎÎÌÑÙ ÑÏÓÝÙ�ÏÑÙÖ ÝÐæÐÎÙÐ ÎÐûÔÓÔÝÌúßÙÿÔß ÙÎÓÐÞÝÏØàÎÌú ùÝÏßÎÐÎÙø Ù ÿÝâKÏûÙÐ ÑÔÿÐØÙ ÿÔØÚÎÌ þÌÓà ÜÔÿßÐÝÞÕÎùÓÌ ÝÐÞùØ�ÝÙÍÏ�ÙÙ	 ÍÏÑÐÎÐ ÓÔÒÎÔÞÔ ÝÐæÐÎÙ� ùÝÏßÎÐÎÙ� ÎÏ ÜÝÙþØÙÚÐÎÕÎÔÐ ß ×ÑÌ×ØÐ ÑÙÎÙÑùÑÏ ×ÝÐÿÎÐûßÏÿÝÏÓÙÒÐ×ûÔø ÎÐß�ÍûÙ ØÐßÔø Ù ÜÝÏßÔøÒÏ×ÓÐøB ÍÏÑÐÎÐ ÍÏÿÏÒÙ ûÔÝÝÐûÓÎÔø × ÿÔÜÔØÎÙÓÐØàÎÌÑ ÑÏØÌÑ ÜÏÝÏÑÐÓÕÝÔÑÖ ÜÝÙ ù×ÓÝÐÑØÐÎÙÙ ûÔÓÔÝÔÞÔ û ÎùØ� ÝÐæÐÎÙÐ ÎÔßÔø ÍÏÿÏÒÙ ÜÐÝÐúÔÿÙÓß ÝÐæÐÎÙÐ Ù×úÔÿÎÔøB ÍÏÑÐÎÐ ÎÐÙÍßÐ×ÓÎÌú �ùÎû�Ùø ÎÏ �ùÎû�ÙÙ ÙÍßÐ×ÓÎÔÕÞÔ ÓÙÜÏÖ ÍÏÿÏßÏÐÑÌÐ ÎÐþÔØàæÙÑ ÒÙ×ØÔÑ ÜÏÝÏÑÐÓÝÔßâ %Ï �ÍÌûÐ ÓÐúÎÙûÙÝÐÞùØ�ÝÙÍÏ�Ù� ÝÏßÎÔ×ÙØàÎÏ ÎÐûÔÓÔÝÔø �ÙØàÓÝÏ�ÙÙ	 ÎÐ×ù�Ð×ÓßÐÎÎÔ Ù×ûÏÕÚÏ� ÞÏÝÑÔÎÙûÙ × ÑÏØÔø ÒÏ×ÓÔÓÔøÖ ÔÎÏ ×ÙØàÎÔ Ô×ØÏþØ�ÐÓ ßÌ×ÔûÔÒÏ×ÓÔÓÎÌÐ'U��Ö ×â f��Y*â

�ÓÏûÖ ×ÑÌ×Ø ÙÑÐÐÓ ÓÔØàûÔ ÝÐæÐÎÙÐ ù×ÓÔøÒÙßÔø ÍÏÿÏÒÙâ�ÿÎÏûÔ ÙÎÔÕÞÿÏ ÜÌÓÏ�Ó×� ÜÔØùÒÙÓà ÐÞÔ P�¢N�GQM�LI� ���GgG� Ö ÜÝÙßÔÿ��ÙÑ û ×ÙÕ×ÓÐÑÏÓÙÒÐ×ûÔÑù ÎÏûÔÜØÐÎÙ� ÜÔÞÝÐæÎÔ×ÓÙâ %Ðù×ÓÔøÒÙßÔ×Óà ÑÔÚÐÓ ÜÔÝÔÚÕÿÏÓà×� Ù ÎÐÜÝÏßÙØàÎÌÑ ßÌþÔÝÔÑ ÜÏÝÏÑÐÓÝÔß ÑÐÓÔÿÏ ý ÎÏÜÝÙÑÐÝÖ æÏÞÏÙÍÑÐÎÐÎÙ� ÎÐÍÏßÙ×ÙÑÔø ÜÐÝÐÑÐÎÎÔø ÜÝÙ ÒÙ×ØÐÎÎÔÑ ÝÐæÐÎÙÙ ÿÙ��ÐÝÐÎÕ�ÙÏØàÎÌú ùÝÏßÎÐÎÙøâ �Ü�Óà ÚÐ ûØÏ××ÙÒÐ×ûÙÑ ÜÝÙÑÐÝÔÑ ÍÿÐ×à �ßØ�ÐÓ×�ßÌÒÙ×ØÐÎÙÐ ×ÐÝÙÙ ÙÎÓÐÞÝÏØÔß

In =

1∫

0

xnex−1 dx, n = 1, 2, . . .

ÜÔ ÝÐûùÝÝÐÎÓÎÔø �ÔÝÑùØÐ

In = xnex−1
∣
∣
1

0
− n

1∫

0

xn−1ex−1 dx = 1 − nIn−1.

�ÓÜÝÏßØ��×à ÔÓ ÎÏÒÏØàÎÔÞÔ ÍÎÏÒÐÎÙ� I1 = 1/e ≈ 0.367879 Ö ÑÌ ÿÔßÔØàÕÎÔ þÌ×ÓÝÔ ÜÝÙúÔÿÙÑ û ÍÏßÐÿÔÑÔ Ïþ×ùÝÿÎÌÑ ÔÓÝÙ�ÏÓÐØàÎÌÑ ÍÎÏÒÐÎÙ�Ñ
{In} â uÐØÔ ß ÓÔÑÖ ÒÓÔ ÑÔÿùØà ÑÏØÔø ÔæÙþûÙ 4 · 10−7 ß ÔÜÝÐÿÐØÐÎÙÙ I1û ÑÔÑÐÎÓù ßÌÒÙ×ØÐÎÙ� In

ùÑÎÔÚÏÐÓ×� ÎÏ n! â%Ðù×ÓÔøÒÙßÌÑ ÑÐÓÔÿÏÑ ßÌÒÙ×ØÐÎÙ�Ö ûÏû ÜÝÏßÙØÔÖ Ð×Óà ÏØàÓÐÝÎÏÕÓÙßÌâ �ÔÝÝÐûÓÎÌÑ ÑÐÓÔÿÔÑ ÝÐæÐÎÙ� ÜÝÙßÐÿÐÎÎÔø ßÌæÐ ÍÏÿÏÒÙ þùÿÐÓGtH��P�� ÝÐûùÝ×Ù� In−1 = (1 − In)/n
Ö ûÔÓÔÝÏ� ÜÝÙ ÿÔ×ÓÏÓÔÒÎÔ þÔØàÕæÔÑ n ÑÔÚÐÓ þÌÓà ÎÏÒÏÓÏ × In = 0 â



�� Á����  � x �Ú��Ã���Ð� �ÐÄ������Å
�3¼343 á7jj=@9;789� 8<89=> n<;=o;lÏ |j?a;=;<o
äÝÙ ÔÜÙ×ÏÎÙÙ �ÙÍÙÒÐ×ûÙú ÑÔÿÐØÐø ûÝÏøÎÐ ÝÐÿûÔ Ù×ÜÔØàÍù�Ó×�×Ù×ÓÐÑÌ

Ãx̃ = b̃ ÓàÕþÕÔ×× ÓÔÒÎÌÑÙ Ù×úÔÿÎÌÑÙ ÿÏÎÎÌÑÙâ �þÌÒÎÔ ÍÏÿÏ�Ó×� ÜÝÙþØÙÚÐÎÎÌÐ ùÝÏßÕÎÐÎÙ�
Ax = b ÓàÕþÕÖ×W ùûÏÍÏÎÙÐÑ ÜÔÞÝÐæÎÔ×ÓÙ ß Ù×úÔÿÎÌú ÿÏÎÎÌú	

||Ã− A|| = ||∆A|| ≤ εA, ||b̃− b|| = ||∆b|| ≤ εb. ÓàÕþÕÿ×
$ ûÏÒÐ×ÓßÐ �ÔÝÑÏØàÎÔÞÔ ÝÐæÐÎÙ� ÍÏÿÏÒÙ '^âXâ�±^âXâq* ÑÔÚÐÓ þÌÓà ßÍ�ÓØ�þÔø ßÐûÓÔÝÖ ûÔÓÔÝÌø ÔþÝÏ�ÏÐÓ ùÝÏßÎÐÎÙÐ '^âXâ�* × ÑÏÓÝÙ�ÏÑÙ A′ ÙÜÝÏßÌÑÙ ÒÏ×Ó�ÑÙ b ′ Ö ùÿÔßØÐÓßÔÝ���ÙÑÙ ÎÐÝÏßÐÎ×ÓßÏÑ '^âXâq*Ö ß ÓÔÚÿÐÕ×ÓßÔâKÔÒÎÔÐ ÝÐæÐÎÙÐ ×Ù×ÓÐÑÌ × ÓÔÒÎÌÑÙÖ ÎÔ ÎÐÙÍßÐ×ÓÎÌÑÙ Ù×úÔÿÎÌÕÑÙ ÿÏÎÎÌÑÙ ÎÏÍÔßÐÑ ³���M�NR�� ÝÐæÐÎÙÐÑB ÓÔÒÎÔÐ ÝÐæÐÎÙÐ ×Ù×ÓÐÑÌ'^âXâf* ý ��������M�NR�� ÝÐæÐÎÙÐÑB ÜÔØùÒÐÎÎÔÐ ÒÙ×ØÐÎÎÌÑ ÑÐÓÔÿÔÑ× ÜÔÞÝÐæÎÔ×Ó�ÑÙ ÜÐÝÐßÔÿÏ ß ÿßÔÙÒÎù� ×Ù×ÓÐÑù Ù ÔþÝÏÓÎÔÖ ÜÔÞÝÐæÎÔ×Ó�ÕÑÙ ÑÐÓÔÿÏ Ù ÔûÝùÞØÐÎÙ� ý ��Ò�PPI� â%ÐÔþúÔÿÙÑÔ ÔÜÝÐÿÐØÙÓà ÜÔÎ�ÓÙÐ Ù×ûÔÑÔÞÔ ÝÐæÐÎÙ�Ö ÜÔ×ÓÝÔÙÓà ù×ÓÔøÕÒÙßÌø ÏØÞÔÝÙÓÑ ÛÓÔÞÔ ÝÐæÐÎÙ�Ö Ô�ÐÎÙÓà ß úÔÿÐ ÝÐæÐÎÙ� ÜÔÞÝÐæÎÔ×ÓàÑÏæÙÎÎÔø ÝÐÏØÙÍÏ�ÙÙ 'þØÙÍÔ×Óà ÑÏæÙÎÎÔÞÔ Ù ÑÏÓÐÑÏÓÙÒÐ×ûÔÞÔ ÝÐæÐÕÎÙø*Ö Ï ÓÏûÚÐ Ô�ÐÎÙÓà ÎÏ×ØÐÿ×ÓßÐÎÎù� ÜÔÞÝÐæÎÔ×Óà 'þØÙÍÔ×Óà �ÙÍÙÒÐÕ×ûÔÞÔ Ù ÑÏÓÐÑÏÓÙÒÐ×ûÔÞÔ ÝÐæÐÎÙø*â�ÓÌ×ûÏÎÙÐ ûØÏ××ÙÒÐ×ûÔÞÔ ÝÐæÐÎÙ� x ×Ù×ÓÐÑÌ '^âXâf*Ö Óâ Ðâ ßÐûÓÔÝÏ
x Ö ÿØ� ûÔÓÔÝÔÞÔ ÎÐß�ÍûÏ r = b − Ax ÓÔÚÿÐ×ÓßÐÎÎÔ ÝÏßÎÏ ÎùØ�Ö þùÿÐÓûÔÝÝÐûÓÎÔ ÜÔ×ÓÏßØÐÎÎÔø ÍÏÿÏÒÐøÖ Ð×ØÙ m = n Ö detA 6= 0 Ù

||∆A|| · ||A−1|| < 1

ÜÝÙ ÜÝÔÙÍßÔØàÎÔÑ ßÔÍÑù�ÐÎÙÙ ∆A ÙÍ ÔûÝÐ×ÓÎÔ×ÓÙÖ ÔÜÝÐÿÐØ�ÐÑÔø ù×ØÔÕßÙÐÑ '^âXâq*â



ĹMNM �¶

ç½QºLOPQO
�PM½OPQ� Å�P¾�QQ

$ ÎÏ×ÓÔ��Ðø ÞØÏßÐ ÝÏ××ÑÏÓÝÙßÏ�Ó×� ÜÝÙÐÑÌ ×ßÐÿÐÎÙ� ßÌÒÙ×ØÐÎÙ�ÎÐûÔÓÔÝÌú �ùÎû�Ùø û ÜÔßÓÔÝ���ÙÑ×� ÏÝÙ�ÑÐÓÙÒÐ×ûÙÑ ÔÜÐÝÏ�Ù�Ñ ×Ô×ÓÐÜÐÎÎÌÑÙ Ý�ÿÏÑÙÖ ÑÎÔÞÔÒØÐÎÏÑÙ Ù ÿÝÔþ�ÑÙâ �ÎÔÞÿÏ ùÿÔþÎÔ ÜÝÙþØÙÕÚÏÓà�ùÎû�ÙÙ ÓÝÙÞÔÎÔÑÐÓÝÙÒÐ×ûÙÑÙ ÜÔØÙÎÔÑÏÑÙ ÙØÙ ÏÜÜÝÔû×ÙÑÙÝÔßÏÓà
ln f(x) â

�èéè Î��òñ�îðòî ôðë0ë��îðëó


Ï××ÑÔÓÝÙÑ ÑÎÔÞÔÒØÐÎ
Pn(x) = a0x

n + a1x
n−1 + . . .+ an−1x+ an.

åÞÔ ÑÔÚÎÔ ÜÝÐÔþÝÏÍÔßÏÓà û ßÙÿù
Pn(x) = (. . . ((a0x+ a1)x+ a2)x+ . . .+ an−1)x+ an.


ÓÏ ×úÐÑÏ ×ßÔÿÙÓ×� û �ÙûØÙÒÐ×ûÙÑ ÔÜÐÝÏ�Ù�Ñ ùÑÎÔÚÐÎÙ� ÜÝÐÿÌÿù�ÐÞÔÝÐÍùØàÓÏÓÏ ÎÏ x Ù ÜÝÙþÏßØÐÎÙ� ÔÒÐÝÐÿÎÔÞÔ ûÔÛ��Ù�ÙÐÎÓÏ ÑÎÔÞÔÒØÐÎÏâ
ÓÙ ÔÜÐÝÏ�ÙÙ ÜÔßÓÔÝ��Ó×�Ö ÜÔûÏ ÎÐ þùÿÐÓ ÜÝÙþÏßØÐÎ ûÔÛ��Ù�ÙÐÎÓ an â%ÏÒÏØàÎÌÑ ÍÎÏÒÐÎÙÐÑ ÝÐÍùØàÓÏÓÏ ÿÔØÚÐÎ ×ØùÚÙÓà ×ÓÏÝæÙø ûÔÛ��Ù�ÙÕÐÎÓ a0
	

*���%ñð$ ��	��*�*�O+���ñî�ð ð$



�e Á���� -� CÐÄ������� f��Ä���¡ �µ�����
�ÜÙ×ÏÎÎÌø ÑÐÓÔÿ ý ÓÏû ÎÏÍÌßÏÐÑÏ� ×úÐÑÏ sÔÝÎÐÝÏ '�X�] Þâ*Ö ÜÝÐÿØÔÚÐÎÕÎÏ� �â %à�ÓÔÎÔÑ ÎÏ ��� ØÐÓ ÝÏÎàæÐ UqrÖ ×â �f�YÖ ý ÓÝÐþùÐÓ ß×ÐÞÔ GgPGQ�ÒÐøûÙ ÜÏÑ�ÓÙ É$Ë ÿØ� ÍÏÜÔÑÙÎÏÎÙ� ÜÝÔÑÐÚùÓÔÒÎÌú ÝÐÍùØàÓÏÓÔßâäÔ ÏÎÏØÔÞÙÒÎÔø ×úÐÑÐ ÔÝÞÏÎÙÍùÐÓ×� Ù ßÌÒÙ×ØÐÎÙÐ ÑÎÔÞÔÒØÐÎÔßÖ×ÔÿÐÝÚÏ�Ùú GtGtÝ�PPI� ×ÓÐÜÐÎÙ

x[k] = x(x− 1) . . . (x− k + 1).

�è+è hîö�íñòóð�î ò íîö�ííîðìð�î ó��òñ�îðòÜ
ËÎÔÞÙÐ ÍÏÿÏÒÙ ÑÔÚÎÔ ×ßÐ×ÓÙ û ×ÔßÔûùÜÎÔ×ÓÙ þÔØÐÐ ÜÝÔ×ÓÌúÖ ÓÐÜÔÿßÐÝÞÎùÓà ÿÏØàÎÐøæÐÑù ùÜÝÔ�ÐÎÙ� Ù Óâ ÿâ ý ÜÔûÏ ÎÐ ÜÝÙÿÐÑ û ÍÏÕÿÏÒÐ × ÙÍßÐ×ÓÎÌÑ ÝÐæÐÎÙÐÑâ äÔ×ØÐ ÛÓÔÞÔ ÎÏÒÙÎÏÐÓ×� ÔþÝÏÓÎÌø ÜÝÔ�Ð××ÿßÙÚÐÎÙ� û Ù×úÔÿÎÔø ÍÏÿÏÒÐâ �ØÏ××ÙÒÐ×ûÙÑ 'Ù ß×ÐÑ ÎÏÿÔÐßæÙÑ* ÜÝÙÑÐÕÝÔÑ ÓÏûÔø ÜÝÔþØÐÑÌ �ßØ�ÐÓ×� ßÌÒÙ×ØÐÎÙÐ �ÏûÓÔÝÙÏØÏ k! = k · (k − 1)! Ö

1! = 1 â TÔØÐÐ ÙÎÓÐÝÐ×ÎÏ ×ÔÝÓÙÝÔßûÏ þÔØàæÔÞÔ ÑÏ××ÙßÏ ÒÐÝÐÍ ÐÞÔ ÝÏÍþÙÐÕÎÙ� Ù ×ØÙ�ÎÙÐ ÔÓ×ÔÝÓÙÝÔßÏÎÎÌú ÒÏ×ÓÐøâuÔ×ÓÔÙÎ×ÓßÔÑ ÝÐûùÝ×ÙÙ �ßØ�ÐÓ×�ÐÐ ØÔÞÙÒÐ×ûÏ� ÜÝÔÍÝÏÒÎÔ×Óà Ù ûÏû ×ØÐÿ×ÓßÙÐ ý ÜÔßÌæÐÎÎÏ� ÎÏÿÐÚÎÔ×ÓàÜÝÔÞÝÏÑÑÎÔø ÝÐÏØÙÍÏ�ÙÙ 'ß ùÑÐØÌú ÝùûÏú*âäÝÙßÐÿÐÑ ÜÝÙÑÐÝ ÝÐûùÝ×ÙßÎÔÞÔ ÝÏ×ÒÐÓÏ ÑÎÔÞÔÒØÐÎÔß JÐþÌæÐßÏ'×Ñâ ÝÏÍÿâ �� â̂ âf*â 
ÓÙ ÑÎÔÞÔÒØÐÎÌ ßÌÒÙ×Ø��Ó×� ÜÔ �ÔÝÑùØÏÑ
T0(x) = 1, T1(x) = x,

Tk(x) = 2xTk−1(x) − Tk−2(x), k = 2, 3, . . .

ý WÑâ ÜÝÔÞÝÏÑÑù	
*�$ ��" �Sî��î�

�î�� O @<@�t���î î� !���î�Z��î
�î�X�#�Éî ZX����$� �Sî� �! �Oñ �î#X�����Sñ���î î� !

�î�� ��Sî�ð ZX����$� �Sî�î�ð ���î�Z��îð$ !�%�(



-��� e��µ ����Ð� �  ��µ  ��#�Ð� �ÐÄ������Å �d
t��Sî� �! �Oñ*���� �� u! � u�! � u t � u�t r 	� <� )� <


î�ð ð$î�ð *�$ ��" �Sî��î�
�î�X�#�Éî ZX����$� �Sî� �! �Oñ �î#X�����Sñ���î î� !

�î���#�Éî && �%
�î�� �	���S
�%�	;%� �	�O�Z �!��%ñ �Sî�

��S��%î�#î �Z �!��	ñ �Sî�
��S��	î�#î
�	��Sî� �!V	�Oñ��S�<�O��	V�%�%��	î�ð �Z

î�ð �Z
î�ð ZX����$� �Sî�

$ ÝÐûùÝ×ÙßÎÔø �ùÎû�ÙÙ �Sî� ÜÝÙÎ�ÙÜÙÏØàÎù� ÝÔØà ÙÞÝÏÐÓ ÏÓÝÙþùÓ �ýº÷ÜÐÝÐÑÐÎÎÔø ö%Ö ÔþÐ×ÜÐÒÙßÏ��Ùø ×ÔúÝÏÎÐÎÙÐ ÐÐ ÍÎÏÒÐÎÙø ÑÐÚÿù ßÌÍÔÕßÏÑÙâ uØ� ÓÏûÙú ÜÐÝÐÑÐÎÎÌú ÙÎÙ�ÙÏØÙÍÏ�Ù� ßÌÜÔØÎ�ÐÓ×� ÓÔØàûÔ ÜÝÙÜÐÝßÔÑ ßÌÍÔßÐ ÜÝÔ�ÐÿùÝÌâËÎÔÞÔÒÙ×ØÐÎÎÌÐ ÜÝÙÑÐÝÌ ÝÐûùÝ×ÙßÎÌú ÜÝÔÞÝÏÑÑ ßÌÒÙ×ØÙÓÐØàÎÌúÍÏÿÏÒ ÎÏ �ÍÌûÐ äÝÔØÔÞ Ù ×ÔÔÓßÐÓ×Óßù��ÙÐ ùÜÝÏÚÎÐÎÙ� ÜÝÙßÔÿ�Ó×� ß UXqYâäÝÙßÐÿÐÑ ÍÏÜÙ×ÏÎÎù� ÎÏ äÝÔØÔÞÐ ÜÝÔÞÝÏÑÑù þÌ×ÓÝÔÞÔ ßÔÍßÐÿÐÎÙ� ÍÏÿÏÎÕÎÔÞÔ ÒÙ×ØÏ ß �ÐØù� ÜÔØÔÚÙÓÐØàÎù� ×ÓÐÜÐÎàâ JÐÓÎÏ� ×ÓÐÜÐÎà ÜÔØùÒÏÐÓ×�ßÔÍßÐÿÐÎÙÐÑ ß ûßÏÿÝÏÓ ÜÔØÔßÙÎÎÔø ×ÓÐÜÐÎÙÖ Ï ÎÐÒÐÓÎÏ� ý ùÑÎÔÚÐÎÙÐÑÎÏ Ô×ÎÔßÏÎÙÐ ÜÝÐÿÌÿù�Ðø ÎÐÒÐÓÎÔøâ
ð$"���#

�����î î�O�*��î��*�îð����î#Z�#�*$R�O �� �*ñ���X#î#Z�#�*$R�� �%�	ñ; @� ��^E531 4FE7E:s � V E6/:/p3 �@



�� Á���� -� CÐÄ������� f��Ä���¡ �µ�����
Z�#�*$R�� �õ�ùñ&V @� �C�/H 4^�G3H �@
K�õ "$ð <� @� 	4^/ õ V GEF:9E �@þ�õ ð�É <� @� 
9^95/::31 4FE7E:s �@Z�#�*$R�� �þ �Kñ� @� U985E6E:/E 5 :EE � �@ù�K�K; @� �536W3F WE8�^sF3F3� B9:Ep �@Z�#�*$R�� �õ�ùñ&V @� �:3GE �@þ�õV	� @� 
0E:s�E:/E 4FE7E:/ :3 	 �@Z�#�*$R�� �þ �Kñ� @� U985E6E:/E � 5 �F� 4FE7E:s �@ù�K�� ; @� �90:9\E:/E :3 �� B9:Ep �@

 $��Z�#�*$R�A���ÿñ� @� U985E6E:/E A 5 4FE7E:s � �@
R���î��ÿ � �î��ÿñ;


ÐÍùØàÓÏÓ e]�Vfe ßÌßÔÿÙÓ×� ÎÏ ÜÐÒÏÓà × ÜØÏßÏ��Ðø ÓÔÒûÔøâ �Î ÚÐ þÌØÜÔØùÒÐÎ ÜÝÙ ÜÔ×ØÐÿÔßÏÓÐØàÎÔÑ ùÑÎÔÚÐÎÙÙâ

ÐÏØÙÍÏ�Ù� ÝÐûùÝ×ÙÙ ×ß�ÍÏÎÏ × ÜÔßÓÔÝÎÌÑ ßúÔÿÔÑ ß þØÔû 'ÜÝÔ�ÐÿùÕÝù* ÿÔ ßÌúÔÿÏ ÙÍ ÜÝÐÿÌÿù�ÐÞÔ ßúÔÚÿÐÎÙ�â ÷ÔÔÓßÐÓ×ÓßÐÎÎÔÖ ÔÎÏ ÜÔÝÔÚÿÏÕÐÓ ÔÿÎÔßÝÐÑÐÎÎÔ ×ù�Ð×Óßù��ÙÐ ûÔÜÙÙ þØÔûÏ ß ûÔØÙÒÐ×ÓßÐÖ ÔÜÝÐÿÐØ�ÐÑÔÑûÝÏÓÎÔ×Óà� ßÌÜÔØÎ�ÐÑÔø ÝÐûùÝ×ÙÙÖ Ù ÑÔÚÐÓ þÌÓà ßÐ×àÑÏ ÎÏûØÏÿÎÔø ÜÔÝÏ×úÔÿù ÜÏÑ�ÓÙ Ù ßÝÐÑÐÎÙ ×ÒÐÓÏâ å×ØÙ ÝÐûùÝ×Ù� ùÿÏÐÓ×� ÍÏÑÐÎÙÓà ÝÐûùÝÕÝÐÎÓÎÌÑ ×ÒÐÓÔÑÖ ÓÏûù� ßÔÍÑÔÚÎÔ×Óà ÎùÚÎÔ Ôþ�ÍÏÓÐØàÎÔ Ù×ÜÔØàÍÔßÏÓàâäÝÙßÐÿÐÑ H�R¢HH�P�PIQ ßÏÝÙÏÎÓ ÜÝÔÞÝÏÑÑÌ ÝÐæÐÎÙ� ÓÔø ÚÐ ÍÏÿÏÒÙÔ ÑÎÔÞÔÒØÐÎÏú JÐþÌæÐßÏ	
*�$ ��" �î�X���î�� O @<@�t���î î� !���î�Z��î

�î�� ZX����$� �Sî� �! �Oñ���î î� !
�î�� Oî�ð ZX����$� �Sî�î�ð ���î�Z��îð$ !�%�(t��Sî� �! �Oñ*���� �� u! � u�! � u t � u�t r 	� <� )� <


î�ð ð$î�ð *�$ ��" �î�X��



-�Ø� e��Ä�# �#�����ÐÑ  ÅD�� �s
�î�� ZX����$� �Sî� �! �Oñ���î î� !

�î�� �%��	
�%�	;%� �	�O�Z �!��%ñ �Sî��Sî���%î�#î �Z �!��	ñ �Sî��Sî���	î�#îð$ ��<�!�<�<�O��	V�%�%��	�	��<î�ð ð$

�Sî���<î�ð �Z
î�ð ZX����$� �Sî�

�è�è hõñ�îì ñìî-îðð�Ï íÜ§ëó
�3h353 �PË<= 8a=�=;<:
äÝÐÚÿÐ ß×ÐÞÔ ÔÓÑÐÓÙÑÖ ÒÓÔ ßÔ ÑÎÔÞÙú ×ØùÒÏ�ú ÝÐæÐÎÙÐ ùÿÏÐÓ×� ÜÔÕØùÒÙÓà ß ÍÏÑûÎùÓÔø �ÔÝÑÐâ %ÐÔÚÙÿÏÎÎÔ ÒÏ×ÓÔ ×ùÑÑÙÝù�Ó×� ÎÐûÔÓÔÝÌÐ×ÜÐ�ÙÏØàÎÌÐ Ý�ÿÌ ý ÎÏÜÝÙÑÐÝÖ ×ÔÿÐÝÚÏ�ÙÐ þÙÎÔÑÙÏØàÎÌÐ ûÔÛ�Ù�ÙÐÎÕÓÌâ � ÜÝÙÑÐÝùÖ

n∑

i=0

(
n
i

)
= (1 + 1)n = 2n.

÷ÔßÐÓùÐÑ ÒÙÓÏÓÐØ�Ö ÜÝÐÚÿÐ ÒÐÑ ÔþÝÏ�ÏÓà×� û ßÌÒÙ×ØÙÓÐØàÎÔø ÑÏæÙÎÐÖÜÔÜÌÓÏÓà×� ÜÝÔ×ùÑÑÙÝÔßÏÓà Ý�ÿ ÊÝùûÏÑÙá 'ÓÔÒÎÐÐÖ ÞÔØÔßÔø*âËÎÔÞÙÐ ÓÝÏÎ×�ÐÎÿÐÎÓÎÌÐ �ùÎû�ÙÙ ÑÔÞùÓ þÌÓà ÜÝÐÿ×ÓÏßØÐÎÌ×ùÑÑÏÑÙ ßÙÿÏ
f(x) =

∞∑

k=0

akx
k =

∞∑

k=0

f (k)(0)

k !
xk

'Ý�ÿ ËÏûØÔÝÐÎÏ*â �þÔÝßÏß ÝÏÍØÔÚÐÎÙÐ ÎÏ n ÕÑ ÒØÐÎÐÖ ÑÔÚÎÔ ÜÝÙÑÐÕÎ�Óà ù×ÐÒÐÎÎÌø Ý�ÿ ÿØ� ÜÝÙþØÙÚÐÎÎÔÞÔ ÔÜÝÐÿÐØÐÎÙ� ÍÎÏÒÐÎÙ� �ùÎû�ÙÙ



�y Á���� -� CÐÄ������� f��Ä���¡ �µ�����
f(x) â $ÔÜÝÔ× Ô ÎÔÑÐÝÐ ÒØÐÎÏÖ ÎÏ ûÔÓÔÝÔÑ ÑÔÚÎÔ ÜÝÐûÝÏÓÙÓà ßÌÒÙ×ØÐÎÙ�ÖÝÐæÏÐÓ×� ÎÏ Ô×ÎÔßÐ Ô�ÐÎûÙ ÜÔÞÝÐæÎÔ×ÓÙ ×ùÑÑÌ Ý�ÿÏâ
ÏÍØÔÚÐÎÙ� ß Ý�ÿ KÐøØÔÝÏ ÒÏ×ÓÔ ÔûÏÍÌßÏ�Ó×� ÎÐÛ��ÐûÓÙßÎÌÑÙý ÎÏÜÝÙÑÐÝÖ ÙÍÕÍÏ þÌ×ÓÝÔÞÔ ÝÔ×ÓÏ ×ØÔÚÎÔ×ÓÙ ÜÝÔÙÍßÔÿÎÌú × ùßÐØÙÒÐÕÎÙÐÑ Ùú ÜÔÝ�ÿûÏâ ÷ÔÔÓßÐÓ×ÓßÐÎÎÔ ùßÐØÙÒÙßÏÐÓ×� ßÝÐÑ� ×ÒÐÓÏâ uÝùÞÙÑ ÙúÎÐÿÔ×ÓÏÓûÔÑ �ßØ�ÐÓ×� ÎÐÝÏßÎÔÑÐÝÎÏ� 'ÜÝÙ�Ùû×ÙÝÔßÏÎÎÔÑ ÒÙ×ØÐ ÒØÐÎÔß*ÓÔÒÎÔ×Óà ÜÝÙþØÙÚÐÎÙ�Ö ÝÐÍûÔ ÜÏÿÏ��Ï� × ùßÐØÙÒÐÎÙÐÑ ÑÔÿùØ� ÏÝÞùÑÐÎÕÓÏâ äÝÙ ÏÜÜÝÔû×ÙÑÏ�ÙÙ Ý�ÿÔÑ KÐøØÔÝÏ ÎùÚÎÔ ÎÏÒÙÎÏÓà × ÏÜÜÝÔû×ÙÑÏ�ÙøÎÐßÌ×ÔûÔÞÔ 'f±q* ÜÔÝ�ÿûÏ Ù ùþÐÿÙÓà×� ß ÔÓ×ùÓ×ÓßÙÙ ÝÏÍÝÌßÔß �ùÎû�ÙÙ ÙÐÐ ÜÝÔÙÍßÔÿÎÌú ß ÔûÝÐ×ÓÎÔ×ÓÙ þÏÍÔßÔø ÓÔÒûÙâ

�3h343 ij<`;?@< 8Ï7�<>789< j:�7a
äÝÐÚÿÐ ÒÐÑ ×ÒÙÓÏÓà ×ÓÐÜÐÎÎÔø Ý�ÿÖ ùþÐÿÙÓÐ×à ß ÐÞÔ ×úÔÿÙÑÔ×ÓÙâ÷ÔÞØÏ×ÎÔ ZH��P�R¢ ��QtP���Ö Ý�ÿ ×Ô ÍÎÏûÔÒÐÝÐÿù��ÙÑÙ×� ÒØÐÎÏÕÑÙ ×úÔÿÙÓ×�Ö Ð×ØÙ ÑÔÿùØÙ ÒØÐÎÔß Ý�ÿÏ ×ÓÝÔÞÔ ùþÌßÏ�Óâ äÔÞÝÐæÎÔ×Óà Rn×ùÑÑÌ n ÐÞÔ ÒØÐÎÔß ÜÔ Ïþ×ÔØ�ÓÎÔø ßÐØÙÒÙÎÐ ÎÐ ÜÝÐßÔ×úÔÿÙÓ ÑÔÿùØ�ÜÐÝßÔÞÔ ÔÓþÝÔæÐÎÎÔÞÔ�âäÝÙ ÔÓ×ùÓ×ÓßÙÙ ÒÐÝÐÿÔßÏÎÙ� ÍÎÏûÔß ×ØÐÿùÐÓ ÜÔÜÌÓÏÓà×� ÜÔÿÔþÝÏÓàÑÏÚÔÝÙÝù��ù� ÒØÐÎÌ Ô×ÓÏÓûÏ Ý�ÿÏ ÜÔ ÑÔÿùØ� ¢tIL�ßÝ¢ß ÞÐÔÑÐÓÝÙÕÒÐ×ûù� ÜÝÔÞÝÐ××Ù� Ù × ÐÐ ÜÔÑÔ�à� Ô�ÐÎÙÓà ×ßÐÝúù ùÜÔÑ�ÎùÓÌø Ô×ÓÏÓÔûâKÏûÖ ß ÝÏÍØÔÚÐÎÙÙ

ex = 1 + x+
x2

2!
+
x3

3!
+ . . . Ó�ÕÿÕÔ×

ÒØÐÎÌ Ý�ÿÏ ÜÔÿ×ÒÙÓÌßÏ�Ó×� ×ÔÞØÏ×ÎÔ bk = xk/k ! Ö ÔÓûùÿÏ ×ØÐÿùÐÓ ßÔÍÕÑÔÚÎÔ×Óà ßÌÒÙ×Ø�Óà Ùú ÜÔ �ÔÝÑùØÐ
bk = bk−1 · x/k, k = 1, 2, . . .

äÝÙ k > |x| ÒØÐÎÌ Ý�ÿÏ ×ÓÏÎùÓ ùþÌßÏÓà ÜÔ ÑÔÿùØ�â äù×Óà n0
ý ÎÐûÔÕÓÔÝÔÐ ÍÎÏÒÐÎÙÐ k Ö ÔÓßÐÒÏ��ÐÐ ÛÓÔÑù ù×ØÔßÙ�â KÔÞÿÏ ÜÝÙ k > n0

þùÿÐÓ
|x|/k < |x|/n0

Ö Ù ÑÔÿùØà Ô×ÓÏÓûÏ Ý�ÿÏ

|Rn0
| =

∣
∣
∣

∞∑

k=n0+1

|x|k
k !

∣
∣
∣ <

|x|n0

n0 !

[

|x|
n0

+

( |x|
n0

)2

+

( |x|
n0

)3

+ . . .

]

= |bn0
| · (|x|/n0)/(1 − |x|/n0).�obp�aTT]`n¥ T`wW l]\] vwTV SuvW`wTV¥ Tk\ S`T �T `wTU�T] h^W_bSW]| c Vbc\hwTVV\x`�aaTX



-�Ø� e��Ä�# �#�����ÐÑ  ÅD�� �~
å×ØÙ |x/n0| < 0.5 Ö ÓÔ |Rn0

| ≤ |bn0
| Ö Ù ÜÔÞÝÐæÎÔ×Óà ÒÏ×ÓÙÒÎÔø ×ùÑÑÌ ÎÐÜÝÐßÍÔøÿÐÓ ÑÔÿùØ� ÜÔ×ØÐÿÎÐÞÔ ùÒÓÐÎÎÔÞÔ ÒØÐÎÏâyH��P�R ª�E��t�H� Ô×ÎÔßÏÎ ÎÏ ÏÎÏØÔÞÙÙ × ×ùÑÑÔø þÐ×ûÔÎÐÒÎÔøùþÌßÏ��Ðø ÞÐÔÑÐÓÝÙÒÐ×ûÔø ÜÝÔÞÝÐ××ÙÙâ å×ØÙ

|q| = lim
n→∞

an+1

an
< 1,

ÓÔ Ý�ÿ ×úÔÿÙÓ×�âuØ� Ý�ÿÔß × ÜÔØÔÚÙÓÐØàÎÌÑÙ ÒØÐÎÏÑÙ ÙÍßÐ×ÓÐÎ þÔØÐÐ ×ÙØàÎÌø�P��FH�EOPIQ ZH��P�R ©GÒ�	 Ð×ØÙ ÙÎÓÐÞÝÏØ ∫∞
1
f(n) dn Ö ÞÿÐ f(n) ýßÌÝÏÚÐÎÙÐ ÿØ� n ÕÞÔ ÒØÐÎÏÖ ×úÔÿÙÓ×�Ö ÓÔ ×úÔÿÙÓ×� Ù ×ÓÐÜÐÎÎÔø Ý�ÿâ%ùÚÎÔ ÙÑÐÓà ß ßÙÿù	 Ð×ØÙ Ý�ÿ ÎÐ �ßØ�ÐÓ×� Ïþ×ÔØ�ÓÎÔ ×úÔÿ��ÙÑ×�ÖÓÔ ÜÐÝÐ×ÓÏÎÔßûÏ ÐÞÔ ÒØÐÎÔß ÑÔÚÐÓ ÙÍÑÐÎÙÓà ÐÞÔ ×ùÑÑù Ù ÿÏÚÐ ×ÿÐØÏÓàÝ�ÿ ÝÏ×úÔÿ��ÙÑ×�â

�3h3h3 _?8m=9 mn=;7a j:�7a

Ï××ÑÔÓÝÙÑ Ô×ÔþÐÎÎÔ×ÓÙ ÝÏ×ÒÐÓÏ ÒØÐÎÔß ×ÓÐÜÐÎÎÌú Ý�ÿÔßâ $ÔÍàÕÑÐÑÖ ÎÏÜÝÙÑÐÝÖ Ý�ÿ ÿØ� ÎÐÜÔØÎÔø ÞÏÑÑÏÕ�ùÎû�ÙÙ

γ(x, a) =
∞∑

k=0

(−1)kxk

k !(k + a)
.

TÌØÔ þÌ ÎÐùÑÎÔÖ ÙÑÐ� ßÌÒÙ×ØÐÎÎÌÑ æÐ×ÓÔø ÛÓÔÞÔ Ý�ÿÏ x6/6 !(a + 6) ÖÍÏÎÔßÔ ×ÒÙÓÏÓà (−1)7 Ö x7 Ù rLâ äÔÛÓÔÑù ÜÝÙ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙÙ ßÌÝÏÕÚÐÎÙø ÿØ� ÝÏ×ÒÐÓÏ Ôþ�ÐÞÔ ÒØÐÎÏ Ý�ÿÏ ×ÓÝÐÑ�Ó×� ßÌÿÐØÙÓà ÛØÐÑÐÎÓÌÖ×ß�ÍÏÎÎÌÐ × ÏÎÏØÔÞÙÒÎÌÑÙ ÛØÐÑÐÎÓÏÑÙ ÜÝÐÿÌÿù�ÐÞÔ ÒØÐÎÏ ÜÝÔ×ÓÌÑÙÝÐûùÝÝÐÎÓÎÌÑÙ 'ÜÐÝÐ×ÒÐÓÎÌÑÙ* ÍÏßÙ×ÙÑÔ×Ó�ÑÙÖ ûÏû ÛÓÔ þÌØÔ ×ÿÐØÏÎÔ ßÜÝÐÿÌÿù�ÐÑ ÜùÎûÓÐâ $ ÿÏÎÎÔÑ ×ØùÒÏÐ �ÐØÐ×ÔÔþÝÏÍÎÔ ÜÝÐÿ×ÓÏßÙÓà Ôþ�ÙøÒØÐÎ Ý�ÿÏ ß ßÙÿÐ bk = ck/dk
Ö ÞÿÐ ck = ck−1(−x/k) Ö dk = dk−1 + 1 Ö

k = 1, 2, . . . Ö ÜÝÙ ÔÒÐßÙÿÎÌú ÎÏÒÏØàÎÌú ÍÎÏÒÐÎÙ�ú c0 = 1 Ö d0 = a â [ÏÕÑÐÓÙÑÖ ÒÓÔ ÜÐÝÐ×ÒÐÓ ×ÓÐÜÐÎÐø Ù �ÏûÓÔÝÙÏØÔß ÜÝÔÙÍßÔÿÙÓ×� × ÜÔÑÔ�à�ùÑÎÔÚÐÎÙ�Ö Ï ×ùÑÑý ÜùÓÐÑ ×ØÔÚÐÎÙ�â 
ÏÍùÑÐÐÓ×�Ö ÎÔßÌÐ ÛØÐÑÐÎÓÌ ÎùÚÕÎÔ ÍÏ×ÌØÏÓà ß ÓÐ ÚÐ �ÒÐøûÙ ÜÏÑ�ÓÙ É$ËÖ ß ûÔÓÔÝÌú þÌØÙ Ùú ÏÎÏØÔÞÙ ÎÏÜÝÐÿÌÿù�ÐÑ æÏÞÐ 'ÙÎÏÒÐ ÞÔßÔÝ�Ö ×ÔúÝÏÎ�Óà ÙÑÐÎÏ ÜÐÝÐÑÐÎÎÌú*â
äÔûÏÚÐÑÖ ûÏû ÜÔ ÛÓÔø ×úÐÑÐ ÝÏ××ÒÙÓÌßÏÐÓ×� ÝÏ×ÜÝÐÿÐØÐÎÙÐ ÒÙ×ØÏ×ÔþÌÓÙø ÜÝÔ×ÓÐøæÐÞÔ ÜÔÓÔûÏ ÍÏ ×ØùÒÏøÎÌø ÙÎÓÐÝßÏØ ßÝÐÑÐÎÙâ�þÔÍÎÏÒÙÑÒÐÝÐÍ λ ÙÎÓÐÎ×ÙßÎÔ×Óà ßúÔÿ��ÐÞÔ ÜÔÓÔûÏâ KÔÞÿÏ ßÐÝÔ�ÓÎÔ×Óà ÜÔ�ßØÐÎÙ�ÝÔßÎÔ j ×ÔþÌÓÙø ÜÔÓÔûÏ ÍÏ ×ØùÒÏøÎÔÐ ßÝÐÑ�Ö ÜÔÿÒÙÎÐÎÎÔÐ ÝÏ×ÜÝÐÿÐØÐÕ
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ÎÙ� B(t) Ö ÿÔØÚÎÏ ßÌÒÙ×Ø�Óà×� ×ÔÞØÏ×ÎÔ

qj =

∞∫

0

(λt)j

j !
e−λt dB(t), j = 0, 1, . . . Ó�ÕÿÕÖ×

AûÏÍÏÎÎÌÐ ßÐÝÔ�ÓÎÔ×ÓÙ ÙÞÝÏ�Ó ßÏÚÎù� ÝÔØà ß ÝÏ×ÒÐÓÐ ×ØÔÚÎÌú ×ÙÕ×ÓÐÑ Ôþ×ØùÚÙßÏÎÙ�Ö Ù ÎÐÔþúÔÿÙÑÔ ùÑÐÓà Û��ÐûÓÙßÎÔ Ùú ßÌÒÙ×Ø�Óà ÿØ�ßÔÍÑÔÚÎÔ þÔØÐÐ æÙÝÔûÔÞÔ ûÝùÞÏ ÝÏ×ÜÝÐÿÐØÐÎÙøâ ÷ÜÐ�ÙÏØàÎÌø ÙÎÓÐÝÐ×ßÌÍÌßÏÐÓ ÝÏ×ÒÐÓ ßÐÝÔ�ÓÎÔ×ÓÙ q0
Ö ûÔÓÔÝÏ� ÑÔÚÐÓ ÝÏ××ÑÏÓÝÙßÏÓà×� ûÏûÜÝÐÔþÝÏÍÔßÏÎÙÐ SÏÜØÏ×Ï × ÜÏÝÏÑÐÓÝÔÑ λ ÔÓ ÝÏ×ÜÝÐÿÐØÐÎÙ� B(t) âuØ� ÞÏÑÑÏÕÝÏ×ÜÝÐÿÐØÐÎÙ� × ÜÏÝÏÑÐÓÝÔÑ �ÔÝÑÌ r ÜØÔÓÎÔ×ÓàÝÏ×ÜÝÐÿÐØÐÎÙ�

b(t) =
µ(µt)r−1

Γ(r)
e−µt.

$ ÛÓÔÑ ×ØùÒÏÐ

qj =

∞∫

0

(λt)j

j !
e−λt

µ(µt)r−1

Γ(r)
e−µt dt

=
λjµr

j ! Γ(r)

∞∫

0

tr+j−1e−(λ+µ)t dt

=
λjµr

j ! (λ+ µ)r+j Γ(r)

∞∫

0

ur+j−1e−u du

=
( µ

λ+ µ

)r ( λ

λ+ µ

)j Γ(r + j)

j ! Γ(r)
, j = 0, 1, . . .

Ó�ÕÿÕÿ×

äÔØùÒÙÑ ÝÐûùÝÝÐÎÓÎÌÐ �ÔÝÑùØÌ ßÌÒÙ×ØÐÎÙ� {qj} ÜÝÙ ßÝÐÑÐÎÙ Ôþ×ØùÕÚÙßÏÎÙ�Ö ÜÔÿÒÙÎÐÎÎÔÑ ÞÏÑÑÏÕÝÏ×ÜÝÐÿÐØÐÎÙ�â äÝÐÚÿÐ ß×ÐÞÔÖ ÙÍ 'eâqâq*×ØÐÿùÐÓ q0 = (µ/(λ+ µ))r â �ÑÐ� ß ßÙÿùÖ ÒÓÔ Γ(m+ 1) = mΓ(m) Ö ßÌßÔÕÿÙÑ
qj
qj−1

=
λ

λ+ µ

Γ(r + j) · (j − 1) !

j ! Γ(r + j − 1)
=

λ

λ+ µ

r + j − 1

j
.

�ÓÏûÖ ÜÝÙ ÞÏÑÑÏÕÝÏ×ÜÝÐÿÐØÐÎÙÙ
q0 =

(
µ

λ+ µ

)r

,

qj = qj−1
λ

λ+ µ
r + j − 1

j , j = 1, 2, . . .
Ó�ÕÿÕà×



-�Ø� e��Ä�# �#�����ÐÑ  ÅD�� ��
�ûÏÍÌßÏÐÓ×�Ö ÿØ� ÝÏ×ÒÐÓÏ ÙÎÓÐÝÐ×ù��Ùú ÎÏ× ßÐÝÔ�ÓÎÔ×ÓÐø ÿÏÚÐ ÎÐÓÝÐþùÐÓ×� ÔþÝÏ�ÏÓà×� û ÞÏÑÑÏÕ�ùÎû�ÙÙL

$Ð×àÑÏ ÜÔùÒÙÓÐØÐÎ �ÝÏÞÑÐÎÓ ÜÝÔÞÝÏÑÑÌ ÝÏ×ÒÐÓÏ ÜÝÔÙÍßÐÿÐÎÙ�
$ÏØØÙ×Ï

π

2
=

2

1
· 2

3
· 4

3
· 4

5
· 6

5
. . .

;;;;;;;;;;;;;;;;;;;;;;;;;;;;;
*�	;%� ��<;%� ð�	;%���( ;%� !�	ð$ RS��î���#��V	;%ñïî*#ñ���@ð� *�*���Z �!ï%ñ �Sî�ð�ð+<î�#î���+<î�ð �Z

!�V!î�ð ð$;;;;;;;;;;;;;;;;;;;;;;;;;;;;;

Óù ÚÐ ÙÿÐ� × ÊûùßÌÝûÏ��Ðø×� ÐÿÙÎÙ�Ðøá k ÑÔÚÎÔ ÜÝÙÑÐÎ�Óà ÜÝÙÝÏþÔÓÐ ×Ô ÍÎÏûÔÒÐÝÐÿù��ÙÑÙ×� ÒØÐÎÏÑÙ Ù ÜÝÙ ßÌÒÙ×ØÐÎÙÙ gLGQPI¤�ÏûÓÔÝÙÏØÔßÖ ÞÿÐ ÿÔÜÔØÎÙÓÐØàÎÌø ×ÔÑÎÔÚÙÓÐØà ÜÝÙúÔÿÙÓ×� ÜÝÙÜÙ×ÌÕßÏÓà ÒÐÝÐÍ æÏÞÖ ÎÏÜÝÙÑÐÝ ÜÝÙ ßÌÒÙ×ØÐÎÙÙ

bn = (−1)n
x2n+1 · (2n− 1)!!

[(2n)!!]2
.

å�Ð ÔÿÙÎ Û��ÐûÓÎÌø ÜÝÙÑÐÝ ý Ý�ÿ 
ÏÑÏÎùÿÚÏÎÏ ÿØ� ßÌÒÙ×ØÐÎÙ�
1/π 	

1

π
= 12

∞∑

n=0

(−1)n
(6n) !

(n !)3(3n) !

13591409 + 545140134n

(6403203)n+1/2
.

JØÐÎÌ ÛÓÔÞÔ Ý�ÿÏ ÙÑÐÐÓ ×ÑÌ×Ø ÜÝÐÿ×ÓÏßÙÓà ß ßÙÿÐ bn = cn · dn Ö ÞÿÐ dnÐ×Óà ÒÙ×ØÙÓÐØà ßÓÔÝÔø ÿÝÔþÙÖ Ï cn ý ß×� Ô×ÓÏØàÎÏ� ÒÏ×Óà Ôþ�ÐÞÔ ÒØÐÎÏâäÔØÏÞÏ� f = 6403203 ≈ 2.62 · 1017 Ö ÙÑÐÐÑ c0 = 12/
√
f Ù ÜÐÝÐ×ÒÐÓÎÌøÑÎÔÚÙÓÐØà

cn
cn−1

=
(−1)n(6n) ! × [(n− 1) !]3(3n− 3) !fn−1/2

(n !)3(3n) !fn+1/2 × (−1)n−1(6n− 6) !
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= −6n(6n− 1)(6n− 2)(6n− 3)(6n− 4)(6n− 5)

n3 · 3n(3n− 1)(3n− 2) · f
= −8(6n− 1)(6n− 3)(6n− 5)/(n3 · f).

�ÒÐßÙÿÎÔÖ d0 ��qe]�^�]Ö dn = dn−1
�e^e�^��q^â

�3h3�3 �8@7j=;<= 8Ï7�<>789< j:�7a

�ÿ 
ÏÑÏÎùÿÚÏÎÏ ×úÔÿÙÓ×� ÜÔÝÏÍÙÓÐØàÎÔ þÌ×ÓÝÔâ AÚÐ ßÐØÙÒÙÎÏÖÔþÝÏÓÎÏ� ÎùØÐßÔÑù ÒØÐÎùÖ ÔÓØÙÒÏÐÓ×� ÔÓ π ÎÏ −5.92·10−14 â äÐÝßÌø ÒØÐÎÝ�ÿÏ ×Ô×ÓÏßØ�ÐÓ −5.98·10−15 Ö Ù ÜÔÞÝÐæÎÔ×Óà ßÌÒÙ×ØÐÎÙ� π ùÑÐÎàæÏÐÓ×�ÿÔ −7.18·10−17 â $ÓÔÝÔÐ ×ØÏÞÏÐÑÔÐ ÝÏßÎÔ 3.12·10−29 â 
ÓÔ Ù ÜÔ×ØÐÿù��ÙÐ×ØÏÞÏÐÑÌÐ ßÌÓÏØûÙßÏ�Ó×� ÍÏ ÜÝÐÿÐØÌ ùÿßÔÐÎÎÔø ÝÏÍÝ�ÿÎÔø ×ÐÓûÙ Ù ÎÏÝÐÍùØàÓÏÓ ÎÐ ßØÙ��Óâ� ×ÔÚÏØÐÎÙ�Ö ÝÏ××ÑÔÓÝÐÎÎÌø ÜÝÙÑÐÝ �ßØ�ÐÓ×� ÝÐÿûÙÑ Ù×ûØ�ÒÐÕÎÙÐÑâ �ÒÐÎà ÑÎÔÞÙÐ Ý�ÿÌ 'ß Ô×ÔþÐÎÎÔ×ÓÙ ÜÝÙ þÔØàæÙú ÜÔ ÑÔÿùØ� ÍÎÏÕÒÐÎÙ�ú ÏÝÞùÑÐÎÓÏ* ÔþØÏÿÏ�Ó ûÝÏøÎÐ ÑÐÿØÐÎÎÔø ×úÔÿÙÑÔ×Óà�Ö Ù ÿØ� ÿÔÕ×ÓÙÚÐÎÙ� ÓÝÐþùÐÑÔø ÓÔÒÎÔ×ÓÙ ÜÝÙúÔÿÙÓ×� þÝÏÓà þÔØàæÔÐ ÒÙ×ØÔ ÒØÐÎÔßâ$ ÓÏûÙú ×ØùÒÏ�ú ÜÝÙÑÐÎ��Ó×� ÝÏÍØÙÒÎÌÐ ×ÜÔ×ÔþÌ ù×ûÔÝÐÎÙ� ×úÔÿÙÑÔ×ÓÙÝ�ÿÔßÖ ÙÍ ûÔÓÔÝÌú ÑÌ ÝÏ××ÑÔÓÝÙÑ ùÑÐÎàæÐÎÙÐ ÑÔÿùØ� ÏÝÞùÑÐÎÓÏ Ù ÑÐÓÔÿ


øØÐÝÏýãþÐØ�â�>=;�{=;<= >7�|n: ?jk|>=;9? þÏÍÙÝùÐÓ×� ÎÏ ×ÜÐ�ÙÏØàÎÌú×ßÔø×ÓßÏú ßÌÒÙ×Ø�ÐÑÔø �ùÎû�ÙÙâ �þÔÍÎÏÒÙÑ ÒÐÝÐÍ E(x) ÎÏÙþÔØàæÐÐ�ÐØÔÐ ÒÙ×ØÔÖ ÎÐ ÜÝÐßÔ×úÔÿ��ÐÐ x Ö Ù ÜÔØÔÚÙÑ x̃ = x− E(x) â KÔÞÿÏ ÿØ�
x > 0

ex = eE(x)ex̃ = e · e · e . . . e
︸ ︷︷ ︸

E(x)
ÝÏÍ ·ex̃,

Ï ÜÝÙ x < 0

ex = e−1 · e−1 · e−1
︸ ︷︷ ︸

−E(x)
ÝÏÍ ·ex̃.

$ ÔþÔÙú ×ØùÒÏ�ú 0 < x̃ < 1 Ö Ù ×ÓÐÜÐÎÎÔø Ý�ÿÖ ÔþÐ×ÜÐÒÙßÏ��ÙøÝÏ×ÒÐÓ ÜÔ×ØÐÿÎÐÞÔ ×ÔÑÎÔÚÙÓÐØ�Ö þÌ×ÓÝÔ ×úÔÿÙÓ×�â äÐÝßÏ� ÞÝùÜÜÏ ×ÔÑÎÔÕÚÙÓÐØÐø ßÌÒÙ×Ø�ÐÓ×� ÜÝ�ÑÌÑ ùÑÎÔÚÐÎÙÐÑâäÔÜùÓÎÔ ùûÏÚÐÑ ×ÜÔ×Ôþ ÛûÔÎÔÑÙÙ ÒÙ×ØÏ ùÑÎÔÚÐÎÙøâ äù×ÓàÖ ÎÏÜÝÙÕÑÐÝÖ ÔûÏÍÏØÔ×à E(x) = 11 â KÔÞÿÏ e11 = e1 · (e2) · ((e2)2)2 â [ÏÜÙ×ÏßÿßÔÙÒÎÔÐ ÜÝÐÿ×ÓÏßØÐÎÙÐ ÜÔûÏÍÏÓÐØ� (11)10 = (1011)2
Ö ùþÐÚÿÏÐÑ×�Ö ÒÓÔÝÏ××ÓÏÎÔßûÏ ÎùØÐø Ù ÐÿÙÎÙ� ß ÎÐÑ ùûÏÍÌßÏÐÓ ÎÐÔþúÔÿÙÑÌø ÜÔÿþÔÝ ×ÔÕÑÎÔÚÙÓÐØÐøâ $ ÿÏÎÎÔÑ ×ØùÒÏÐ ÛûÔÎÔÑÙ� ÑÔÚÐÓ ÜÔûÏÍÏÓà×� ÎÐ×ù�Ð×ÓßÐÎÕ



-�Ø� e��Ä�# �#�����ÐÑ  ÅD�� ��
ÎÔøâ �ÿÎÏûÔ ùûÏÍÏÎÎÏ� ÙÿÐ� ÑÔÚÐÓ þÌÓà 'Ù þÌØÏ* Ù×ÜÔØàÍÔßÏÎÏ ÜÝÙ ßÔÍÕßÐÿÐÎÙÙ ß �ÐØù� ×ÓÐÜÐÎà ÑÏÓÝÙ� Ù ßÌÜÔØÎÐÎÙÙ ×ßÐÝÓÔû ÝÏ×ÜÝÐÿÐØÐÎÙøß ÑÔÑÐÎÓÏú 'ÿØ� ÍÏÿÏÒÙ Ô ÝÐÞùØ�ÝÎÔÑ ÜÝÔÝÐÚÙßÏÎÙÙ ÜÔÓÔûÔß*âäÝÙ ßÌÒÙ×ØÐÎÙÙ ÓÝÙÞÔÎÔÑÐÓÝÙÒÐ×ûÙú �ùÎû�Ùø ßÌÜÔØÎ�ÐÓ×� ÜÝÙßÐÕÿÐÎÙÐ û �ùÎû�ÙÙ Ô×ÓÝÔÞÔ ùÞØÏâ %Ï ÜÐÝßÔÑ ÛÓÏÜÐ ßÌÒÙ×Ø�ÐÓ×�

x∗ =

{
E(x/2π) ÿØ� sinx, cosxB
E(x/π) ÿØ� tanx, ctg xâ

uÏØÐÐ ÓÝÙÞÔÎÔÑÐÓÝÙÒÐ×ûÏ� �ùÎû�Ù� Ô×ÓÏÓûÏ β = x − 2πx∗ ÿØ� ×ÙÎù×ÏÙ ûÔ×ÙÎù×ÏÖ β = x − πx∗ ÿØ� ÓÏÎÞÐÎ×Ï ÜÝÙßÔÿÙÓ×� û �ùÎû�ÙÙ Ô×ÓÝÔÞÔùÞØÏ ÜÔ �ÔÝÑùØÏÑ ÙÍ ÓÏþØâ eâ�â %ÏÜÝÙÑÐÝÖ cos(π/2 + α) = − sinα Ö w
cos(π/2 − α) = sinα â
�b_wWib �XYX [^WSTUTVWT ]^Wk\V\aT]^WvT`cW� j�VciWx c j�VciWW \`]^\k\ �kwb
&ùÎû�Ù� β = π/2 ± α β = π ± α β = 3π/2 ± α β = 2π − α

sin β + cosα ∓ sinα − cosα − sinα
cos β ∓ sinα − cosα ± sinα + cosα
tg β ∓ ctgα ± tgα ∓ ctgα − tgα
ctg β ∓ tgα ± ctgα ∓ tanα − ctgα

äÔßÓÔÝÎÔÐ ÜÝÙÑÐÎÐÎÙÐ �ÔÝÑùØ ÜÐÝßÔÞÔ ×ÓÔØþ�Ï ÛÓÔø ÓÏþØÙ�Ì ÜÔÍÕßÔØ�ÐÓ ×ßÐ×ÓÙ ÏÝÞùÑÐÎÓ û ÿÙÏÜÏÍÔÎù 0 ≤ α ≤ π/4 â KÏûÖ ÿØ� 0 < α < π/4ÙÑÐÐÑ cos(π/4 + α) = sin(π/2 − (π/4 + α)) = sin(π/4 − α) âAÑÐÎàæÐÎÙÐ ÏÝÞùÑÐÎÓÏ �ßØ�ÐÓ×� ßÏÚÎÌÑ ù×ØÔßÙÐÑ ÎÐ ÓÔØàûÔ ù×ûÔÕÝÐÎÙ� ×úÔÿÙÑÔ×ÓÙÖ ÎÔ Ù 'ß ÎÐûÔÓÔÝÌú ×ØùÒÏ�ú* ÜÔØùÒÐÎÙ� Ô×ÑÌ×ØÐÎÎÌúÝÐÍùØàÓÏÓÔß ÝÏþÔÓÌâ äÝÙßÐÿÐÑ 'ÓÏþØâ eâf* ßÍ�ÓÌÐ ÙÍ ÝÏþÔÓÌ UVY ÝÐÍùØàÕÓÏÓÌ ßÌÒÙ×ØÐÎÙ� sinx ÿØ� x = π/6 + 2kπ, k = 0, 1, . . . × ÜÔÑÔ�à�×ÓÐÜÐÎÎÔÞÔ Ý�ÿÏ sinx = x− x3/3! + x5/5! − . . . 
Ï×ÒÐÓ ÒØÐÎÔß Ý�ÿÏ ßÌÕÜÔØÎ�Ø×� × X ÿÐ×�ÓÙÒÎÌÑÙ ÍÎÏûÏÑÙ ÿÔ ÓÐú ÜÔÝÖ ÜÔûÏ ÑÔÿùØà ÔÒÐÝÐÿÎÔÞÔÒØÐÎÏ ÎÐ ÔûÏÍÌßÏØ×� ÑÐÎàæÐ 10−8 â KÔÒÎÔÐ ÍÎÏÒÐÎÙÐ ×ÙÎù×Ï ÝÏßÎÔ �âeâ
�b_wWib �XfX ob`vT] sin x ` h\a\�|  `]ThTVV\k\ n̂Ub
x ß ÞÝÏÿù×Ïú x ß ÝÏÿÙÏÎÏú ÷ùÑÑÏ Ý�ÿÏq� �âefqe]XrX � â̂ ]]]]]]]q]� VâX�VrX^�e � â̂ ]]]]]]qre� �qâ�X]]V]ef �âe���qe�r���� �]âqrq�e^XX �âe�VeX^]��^r� feâVeVq^��f f^âfe^��Xee�Xq� q�â]q]efeV� �^qX�âfqrVr�]�
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äÝÙ x ≥ 1470◦ ÔÎÙ ûÏÚùÓ×� ×ÔßÐÝæÐÎÎÔ ÎÐÔÚÙÿÏÎÎÌÑÙâ 
Ï××ÑÔÓÝÙÑÛÓÔÓ ×ØùÒÏø þÔØÐÐ ÜÔÿÝÔþÎÔâ ËÔÚÎÔ ùþÐÿÙÓà×�Ö ÒÓÔ ÍÿÐ×à ÎÏÙþÔØàæÙøÜÔ ÑÔÿùØ� ÒØÐÎ Ý�ÿÏ b�ee�qrVX���Ö ÜÝÙÒÐÑ ÿßÏ ÜÔ×ØÐÿÎÙú ÎùØ� ×ÔÔÓÕßÐÓ×Óßù�Ó ÜÔÓÐÝ�ÎÎÌÑ ÙÍÕÍÏ ÔÞÝÏÎÙÒÐÎÎÔø ÿØÙÎÌ ÑÏÎÓÙ××Ì ÍÎÏÒÏ�ÙÑ�Ù�ÝÏÑâ �æÙþûÏ ß ßÌÒÙ×ØÐÎÙÙ ÛÓÔÞÔ ÒØÐÎÏ ÑÔÚÐÓ ÿÔ×ÓÙÞÏÓà ÜÔØÔßÙÕÎÌ ÐÿÙÎÙ�Ì ÑØÏÿæÐÞÔ ÝÏÍÝ�ÿÏ ÑÏÎÓÙ××ÌÖ Óâ Ðâ 0.5 · 100 = 50 â äÝÙ ÓÏÕûÙú ÞÝÔÑÏÿÎÌú ÔæÙþûÏú ÓÝùÿÎÔ ÝÏ××ÒÙÓÌßÏÓà ÎÏ úÔÝÔæÙø ÔûÔÎÒÏÓÐØàÎÌøÝÐÍùØàÓÏÓÖ Ð×ØÙ ÔÎ ÜÔ ÑÔÿùØ� ÎÐ ÿÔØÚÐÎ ÜÝÐßÔ×úÔÿÙÓà ÐÿÙÎÙ�Ìâ 
ÓÔ ÙÔþ��×Î�ÐÓ ×ÔÿÐÝÚÙÑÔÐ ÓÏþØâ eâfâd=97� bon=j?�ÞP=n:3 
Ï××ÑÔÓÝÙÑ ×ÓÐÜÐÎÎÔø Ý�ÿ

S(x) =
∞∑

n=0

anx
n Ó�ÕÿÕ�×

× ûÔÎÐÒÎÌÑ ÝÏÿÙù×ÔÑ ×úÔÿÙÑÔ×ÓÙâ äÝÐÿÜÔØÔÚÙÑÖ ÒÓÔ ×ù�Ð×ÓßùÐÓ ÜÝÐÿÐØ
ρ = lim

n→∞
(an+1/an). Ó�ÕÿÕ�×

KÔÞÿÏ
lim
n→∞

an+1 − ρan
an

= lim
n→∞

(
an+1

an
− ρ

)

= ρ− ρ = 0. Ó�ÕÿÕ�×
AÑÎÔÚÙß Ý�ÿ 'eâqâe* ÎÏ 1 − ρx Ö ÜÔØùÒÙÑ

(1 − ρx)S(x) =

∞∑

n=0

anxn −
∞∑

n=0

ρanxn+1 = a0 +

∞∑

n=0

an+1x
n+1 −

∞∑

n=0

ρanxn+1

= a0 +

∞∑

n=0

(an+1 − ρan)xn+1 = a0 + x

∞∑

n=0

(an+1 − ρan)xn

ÙÖ ×ØÐÿÔßÏÓÐØàÎÔÖ
S(x) =

a0

1 − ρx
+

x

1 − ρx

∞∑

n=0

an

(
an+1

an
− ρ

)

xn, Ó�ÕÿÕþ×
ÜÝÙÒÐÑ ß ×ÙØù 'eâqâr* ÜÔ×ØÐÿÎÙø Ý�ÿ ×úÔÿÙÓ×� þÌ×ÓÝÐÐ Ý�ÿÏ 'eâqâe*âäÔÿÔþÎÔÐ ÜÝÐÔþÝÏÍÔßÏÎÙÐ ÑÔÚÐÓ þÌÓà ÜÝÙÑÐÎÐÎÔ ÜÔßÓÔÝÎÔâ $ ÒÏ×ÓÕÎÔÑ ×ØùÒÏÐ ρ = 1 ÙÑÐÐÑ an+1 − ρan = an+1 − an = ∆an

Ö Ù 'eâqâX*ÜÐÝÐúÔÿÙÓ ß
S(x) =

a0

1 − ρx
+

x

1 − ρx

∞∑

n=0

(∆an)x
n,



-�Ø� e��Ä�# �#�����ÐÑ  ÅD�� �d
Óâ Ðâ ûÔÛ��Ù�ÙÐÎÓÌ ÎÔßÔÞÔ Ý�ÿÏ ×ùÓà ûÔÎÐÒÎÌÐ ÝÏÍÎÔ×ÓÙ ûÔÛ��Ù�ÙÐÎÓÔßÙ×úÔÿÎÔÞÔ Ý�ÿÏâ

äÝÙÑÐÝ eâ�â �ÍßÐ×ÓÎÔÖ ÒÓÔ
ln(1 − x) = −

(

x+
x2

2
+
x3

3
+ . . .+

xn

n
+ . . .

)

, Ó�ÕÿÕ�×
Ù ÛÓÔÓ Ý�ÿ ×úÔÿÙÓ×� 'ÜÝÙ −1 ≤ x < 1 * ÒÝÐÍßÌÒÏøÎÔ ÑÐÿØÐÎÎÔâ $ ÒÏ×ÓÕÎÔ×ÓÙÖ ÿØ� ÜÔØùÒÐÎÙ� ÜÔÞÝÐæÎÔ×ÓÙ ÎÐ þÔØÐÐ 10−4 ÜÝÙ x = −1 ÓÝÐþùÐÓ×�ßÍ�Óà �� ��� ÒØÐÎÔß Ý�ÿÏ 'eâqâ]*â äÝÐÔþÝÏÍùÐÑ ÛÓÔÓ Ý�ÿ û ßÙÿù

ln(1 − x) = −x
(

1 +
x

2
+
x2

3
+ . . .+

xn

n+ 1
+ . . .

)

Ù ÝÏ××ÑÔÓÝÙÑ �ùÎû�Ù�
ϕ(x) = 1 +

x

2
+
x2

3
+ . . .+

xn

n+ 1
+ . . .

SÐÞûÔ ßÙÿÐÓàÖ ÒÓÔ ÍÿÐ×à ρ = 1 â $ÌÒÙ×ØÙÑ ÿØ� Ý�ÿÏ 'eâqâ]* ÝÏÍÎÔ×Óà
an+1 − ρan = an+1 − an =

1

n + 2
− 1

n + 1
=

n + 1 − n − 2

(n + 1)(n + 2)
= − 1

(n + 1)(n + 2)
.

÷ØÐÿÔßÏÓÐØàÎÔÖ ÔÿÎÔûÝÏÓÎÔÐ ÜÝÐÔþÝÏÍÔßÏÎÙÐ 
øØÐÝÏýãþÐØ� ÜÝÙßÔÿÙÓÝ�ÿ 'eâqâ]* û ßÙÿù

ln(1 − x) = −x
(

1

1 − x
− x

1 − x

∞∑

n=0

xn

(n+ 1)(n+ 2)

)

. Ó�ÕÿÕÔ�×
uØ� ÒØÐÎÔß ÜÔØùÒÐÎÎÔø ×ùÑÑÌ ßÎÔßà ÙÑÐÐÑ ρ = 1 Ö Ù
a′n+1 − ρa′n =

1

(n+ 2)(n+ 3)
− 1

(n+ 1)(n+ 2)
= − 2

(n+ 1)(n+ 2)(n+ 3)
,

ÔÓûùÿÏ

ln(1−x) =
−x

1 − x
+

x2

1 − x

[

1

2(1 − x)
− x

1 − x

∞∑

n=0

xn

(n+ 1)(n+ 2)(n+ 3)

]

.

Ó�ÕÿÕÔÔ×äÝÙ ÔÓÝÙ�ÏÓÐØàÎÔÑ x 'ÎÏÜÔÑÎÙÑÖ ÒÓÔ ÝÏ×ÒÐÓ ßÐÿÐÓ×� ÿØ� x = −1 * ÒØÐÕÎÌ ÛÓÙú Ý�ÿÔß ÙÑÐ�Ó ÒÐÝÐÿù��ÙÐ×� ÍÎÏûÙB ×ØÐÿÔßÏÓÐØàÎÔÖ ÿØ� ÜÔØùÒÐÕÎÙ� ÓÝÐþùÐÑÔø ÓÔÒÎÔ×ÓÙ ÿÔØÚÎÔ ßÌÜÔØÎ�Óà×� ù×ØÔßÙÐ |bn∗+1| < ε â [ÿÐ×à



�� Á���� -� CÐÄ������� f��Ä���¡ �µ�����
ÒÐÝÐÍ {bn} ÔþÔÍÎÏÒÐÎÌ ÒØÐÎÌ ÜÝÐÔþÝÏÍÔßÏÎÎÔÞÔ Ý�ÿÏÖ Ï n∗ Ð×Óà ÞÝÏÎÙÕ�Ï ù×ÐÒÐÎÙ� ÐÞÔâ äÝÙ ÛÓÔÑ ÎÐÔþúÔÿÙÑÔ ùÒÐ×Óà ÑÎÔÚÙÓÐØà ÜÐÝÐÿ ×ùÑÑÔøÖÝÏßÎÌø ��f ß ßÌÝÏÚÐÎÙÙ 'eâqâ��* Ù ��^ ß 'eâqâ��*â �ÓÏûÖ ÿØ� 'eâqâ��* ÜÝÙ
ε = 10−4 ÎÐÔþúÔÿÙÑÔ ÜÔÓÝÐþÔßÏÓà

1

2

1

(n∗ + 2)(n∗ + 3)
≤ 10−4,

ÙØÙ (n∗ + 2)(n∗ + 3) ≥ 5000 Ö ÔÓûùÿÏ n∗ ≥ 68 âuØ� Ý�ÿÏ 'eâqâ��* ÜÔØùÒÏÐÑ ù×ØÔßÙÐ
(n∗ + 2)(n∗ + 3)(n∗ + 4) ≥ 2500,

ÙØÙ n∗ ≥ 11 â äÔ×ØÐ ÓÝÐúûÝÏÓÎÔÞÔ ÜÝÐÔþÝÏÍÔßÏÎÙ� 
øØÐÝÏýãþÐØ�ÿÔ×ÓÏÓÔÒÎÔ ÜÔÓÝÐþÔßÏÓà
(n∗ + 2)(n∗ + 3)(n∗ + 4)(n∗ + 5) ≥ 1250,

ÔÓûùÿÏ n∗ ≥ 3 â KÏûÙÑ ÔþÝÏÍÔÑÖ ÜÝÐÔþÝÏÍÔßÏÎÙÐ 
øØÐÝÏýãþÐØ�ß ÿÏÎÎÔÑ ×ØùÒÏÐ ÔûÏÍÏØÔ×à ßÐ×àÑÏ Û��ÐûÓÙßÎÌÑâ

�è¥è äíëïðë»íõ.òëðõ��ð�î -íòï�ò
îðòÜ

uÝÔþÎÔÕÝÏ�ÙÔÎÏØàÎÏ� �ZZHGRN������ y�g� ÍÏÜÙ×ÌßÏÐÓ×� ß ßÙÿÐ
f(x) =

b0 + b1x+ b2x
2 + b3x

3

1 + c1x+ c2x2 + c3x3
.

uØ� ÔÜÝÐÿÐØÐÎÎÔ×ÓÙ Ù ùÜÝÔ�ÐÎÙ� ÜÔ×ØÐÿù��Ùú ÝÏ××ùÚÿÐÎÙø ÑÌ ßÌþÝÏÕØÙ ×Ô×ÓÏßØ���ÙÐ ÜÔØÙÎÔÑÌ ÓÝÐÓàÐø ×ÓÐÜÐÎÙâ Ê×ÎÔ ÓÏûÚÐÖ ÒÓÔ ßÌþÔÝ
c0 = 1 Ôþ�ÎÔ×ÓÙ ÎÐ ùÑÐÎàæÏÐÓâ 
Ï×ÒÐÓ ÛÓÙú ÜÔØÙÎÔÑÔß ÔÜ�Óà ÚÐ ÔÝÞÏÎÙÕÍùÐÓ×� ÜÔ ×úÐÑÐ sÔÝÎÐÝÏ Ù 'ÜÝÙ ÝÏßÎÌú ×ÓÐÜÐÎ�ú* ßÎùÓÝÙ GgPGFG �ÙûØÏâãÜÜÝÔû×ÙÑÏ�Ù� äÏÿÐ ÒÏ×ÓÔ þÔØÐÐ Û��ÐûÓÙßÎÏÖ ÒÐÑ ÝÏÍØÔÚÐÎÙÐ
KÐøØÔÝÏÖ Ù ÙÑÐÐÓ þ ÇÔØàæù� ÔþØÏ×Óà ×úÔÿÙÑÔ×ÓÙâ �ÎÏ Ô×ÔþÐÎÎÔ ÜÔØÐÍÕÎÏ ß ÿÙÏÜÏÍÔÎÏú ÊÎÐÑÎÔÞÔÒØÐÎÎÔÞÔá ÜÔßÐÿÐÎÙ� �ùÎû�ÙÙ ý ÎÏÜÝÙÑÐÝÖÏ×ÙÑÜÓÔÓÙÒÐ×ûÔÞÔâ äÔûÏÚÐÑÖ ûÏû ÜÔØùÒÙÓà ÓÏûù� ÏÜÜÝÔû×ÙÑÏ�Ù�â [ÏÑÐÕÎÙÑ f(x) ÐÐ ÑÎÔÞÔÒØÐÎÎÌÑ ÜÝÙþØÙÚÐÎÙÐÑ 'ÎÏÜÝÙÑÐÝÖ ÝÏÍØÔÚÐÎÙÐÑ ßÝ�ÿ KÐøØÔÝÏ* × ûÔÛ��Ù�ÙÐÎÓÏÑÙ {aj} Ù ùÒÐÓÔÑ ×ÓÐÜÐÎÐø ÿÔ VÕø ßûØ�ÕÒÙÓÐØàÎÔâ KÔÞÿÏ



-�-� ��� � Ð��Ð� D �Ú� �s

b0+b1x+b2x
2+b3x

3 = (1+c1x+c2x
2+c3x

3)·(a0+a1x+a2x
2+a3x

3+a4x
4+a5x

5+a6x
6).

äÐÝÐÑÎÔÚÙß ÑÎÔÞÔÒØÐÎÌÖ ÙÍ ù×ØÔßÙ� ÝÏßÐÎ×ÓßÏ ûÔÛ��Ù�ÙÐÎÓÔß ÜÝÙ ÔÿÙÕÎÏûÔßÌú ×ÓÐÜÐÎ�ú x ß ØÐßÔø Ù ÜÝÏßÔø ÒÏ×Ó�ú ùÝÏßÎÐÎÙ� ÙÑÐÐÑ ×Ù×ÓÐÑù
b0 = a0,
b1 = a1 + a0c1,
b2 = a2 + a1c1 + a0c2,
b3 = a3 + a2c1 + a1c2 + a0c3,
0 = a4 + a3c1 + a2c2 + a1c3,
0 = a5 + a4c1 + a3c2 + a2c3,
0 = a6 + a5c1 + a4c2 + a3c3.

Ó�ÕàÕÔ×


ÐæÏ� ÛÓù ×Ù×ÓÐÑùÖ ÎÏúÔÿÙÑ ûÔÛ��Ù�ÙÐÎÓÌ ÿÝÔþÎÔÕØÙÎÐøÎÔø ÏÜÜÝÔû×ÙÕÑÏ�ÙÙ {bi} Ù {ci} â

�è�è �î-íîí�óð�î §íëïò

uÝÔþÎÔÕÝÏ�ÙÔÎÏØàÎù� �ùÎû�Ù� ØÐÞûÔ ÜÝÐÿ×ÓÏßÙÓà ß ßÙÿÐ �ÐÜÎÔøÿÝÔþÙâ å×ØÙ
f(x) =

c10 + c11x+ c12x
2 + . . .

c00 + c01x+ c02x2 + . . .
,

ÓÔ × ÜÔÑÔ�à� ÛØÐÑÐÎÓÏÝÎÌú ÜÝÐÔþÝÏÍÔßÏÎÙø ÙÑÐÐÑ
f(x) =

1

c00
c10

+
c00 + c01x+ c02x

2 + . . .

c10 + c11x+ c12x
2 + . . .

− c00
c10

=
c10

c00 + xf1(x)
,

ÞÿÐ
f1(x) =

c20 + c21x+ c22x
2 + . . .

c10 + c11x+ c12x
2 + . . .

,

c2,k = c10c0,k+1 − c00c1,k+1, k = 0, 1, . . .

ãÎÏØÔÞÙÒÎÔ
f1(x) =

c20
c10 + xf2(x)

,



�y Á���� -� CÐÄ������� f��Ä���¡ �µ�����
ÞÿÐ

f2(x) =
c30 + c31x+ c32x

2 + . . .

c20 + c21x+ c22x
2 + . . .

,

c3,k = c20c1,k+1 − c10c2,k+1, k = 0, 1, . . .

Ù Óâ ÿâ äÔ×ûÔØàûù ÎÏ ûÏÚÿÔÑ æÏÞÐ ÎÏÙßÌ×æÏ� ×ÓÐÜÐÎà ÑÎÔÞÔÒØÐÎÏ ÜÔÎÙÕÚÏÐÓ×� ÎÏ ÐÿÙÎÙ�ùÖ ÜÝÔ�Ð×× ÍÏßÐÝæÙÓ×� ÒÐÝÐÍ ûÔÎÐÒÎÔÐ ÒÙ×ØÔ æÏÞÔß ÙÜÝÙßÐÿÐÓ û �ÐÜÎÔø ÿÝÔþÙ
c10

c10 +
c20x

c20 +
c30x

c30 +
c40x

c40 + · · ·
äÝÏßÙØÏ ÝÏ×ÒÐÓÏ ûÔÛ��Ù�ÙÐÎÓÔß ÑÎÔÞÔÒØÐÎÔß ùÿÔþÎÔ ÍÏÿÏÓà ÔÜÝÐÿÐØÙÕÓÐØÐÑ

cj,k = −
∣
∣
∣
∣

cj−2,0 cj−2,k+1

cj−1,0 cj−1,k+1

∣
∣
∣
∣
.

AûÏÍÏÎÎÌÑ ÔþÝÏÍÔÑ ÜÔØùÒÐÎÔÖ ÎÏÜÝÙÑÐÝÖ ÝÏÍØÔÚÐÎÙÐ
ln(1 + x) = k0 +

x

k1 +
x

k2 +
x

k3 +
x

k4 +
x

k5

.

[ÿÐ×à ÿØ� ÙÎÓÐÝßÏØÏ 0 ≤ x ≤ 1 Ù
k0 = 0.0000000894, k1 = 1.0000091365, k2 = 2.0005859000,
k3 = 3.0311932666, k4 = 1.0787748225, k5 = 8.8952784060

Ïþ×ÔØ�ÓÎÏ� ÜÔÞÝÐæÎÔ×Óà ÝÐÍùØàÓÏÓÏ ÎÐ ÜÝÐßÔ×úÔÿÙÓ 10−7 U]]Ö Wâ ^]YâÉÐÜÎÏ� ÿÝÔþà ×ÒÙÓÏÐÓ×� NP��¢ LL�H¤ ÜÔ ×úÐÑÐÖ ÏÎÏØÔÞÙÒÎÔø ×úÐÑÐsÔÝÎÐÝÏ	
*�!�Añð$ ��'�%�V	*�!��ñ+O@*î�ð ð$
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cèéè êëñìõðëóöõ iõ§õ�ò

äù×Óà f(x) ý ÎÐÜÝÐÝÌßÎÏ� �ùÎû�Ù�Ö ÔÜÝÐÿÐØÐÎÎÏ� ß ÎÐûÔÓÔÝÔÑÜÝÔÑÐÚùÓûÐ [a, b] â TùÿÐÑ ÙÍùÒÏÓà ×ÜÔ×ÔþÌÖ ÜÔÍßÔØ���ÙÐ ÎÏøÓÙ ÜÝÙþØÙÕÚÐÎÎÔÐ ÍÎÏÒÐÎÙÐ ûÔÝÎ� ξ ùÝÏßÎÐÎÙ�
f(x) = 0. Ó�ÕÔÕÔ×

$ Ôþ�ÐÑ ×ØùÒÏÐ ×Ô×ÓÔ�ÎÙÐ ÜÝÔ�Ð××Ï ÝÐæÐÎÙ� ùÝÏßÎÐÎÙ� 'Vâqâ�* ÎÏ k ÕÑæÏÞÐ úÏÝÏûÓÐÝÙÍùÐÓ×� ÓÝÐÑ� ßÐØÙÒÙÎÏÑÙ	
• ;=a:`@? f(xk)

B
• 7{<P@? (ξ − xk)

B
• �7�j?a@? (xk − xk−1) â

$ ÜÔ×ØÐÿù��ÐÑ ÜÝÐÿÜÔØÏÞÏÐÓ×�Ö ÒÓÔ �ùÎû�Ù� f(x) ÎÏ [a, b] ÍÎÏûÑÐÎ�ÐÓÖ Ï ÜÝÔÙÍßÔÿÎÏ� f ′(x) ÍÎÏû ×ÔúÝÏÎ�ÐÓâ �Í ÛÓÔÞÔ ÜÝÐÿÜÔØÔÚÐÎÙ�×ØÐÿùÐÓ ×ù�Ð×ÓßÔßÏÎÙÐ ÐÿÙÎ×ÓßÐÎÎÔÞÔ ûÔÝÎ� ξ ùÝÏßÎÐÎÙ� 'Vâqâ�* ÎÏ [a, b] âäÝÐÿÜÔØÔÚÙÑ ÓÏûÚÐÖ ÒÓÔ ÑÔÿùØà ÜÝÔÙÍßÔÿÎÔø �ùÎû�ÙÙ f(x) ÔÞÝÏÎÙÒÐÎ×ÎÙÍù Ù ×ßÐÝúù ÜÔØÔÚÙÓÐØàÎÌÑÙ ÒÙ×ØÏÑÙ m1
Ù M1

	
0 < m1 ≤ |f ′(x)| ≤M1 <∞. Ó�ÕÔÕÖ×

äù×Óà ÓÐÜÐÝà x0 ∈ [a, b] ý ÜÝÔÙÍßÔØàÎÔÐ ÒÙ×ØÔâ äÔûÏÚÐÑÖ ÒÓÔ ÙÑÐÐÓÑÐ×ÓÔ ÎÐÝÏßÐÎ×ÓßÔ
|x0 − ξ| ≤ |f(x0)|

m1

. Ó�ÕÔÕÿ×



�� Á���� ¹� e�Ì���� µ ������¡ � �D��! ���f���#�Ð!
uÐø×ÓßÙÓÐØàÎÔÖ ùÒÙÓÌßÏ� ÝÏßÐÎ×ÓßÔ f(ξ) = 0 Ù Ù×ÜÔØàÍù� ÓÐÔÝÐÑùSÏÞÝÏÎÚÏÖ ÜÔØùÒÏÐÑ
|f(x0)| = |f(x0) − f(ξ)| = |f ′(c)(x0 − ξ)| = |f ′(c)||x0 − ξ| ≥ m1|x0 − ξ|,
Óâ Ðâ m1|x0 − ξ| ≤ |f(x0)| Ö ÔÓûùÿÏ ×ØÐÿùÐÓ 'Vâ�âq*â%ÐÝÏßÐÎ×ÓßÔ 'Vâ�âq* ÿÏÐÓ Ô�ÐÎûù Ïþ×ÔØ�ÓÎÔø ÜÔÞÝÐæÎÔ×ÓÙ ÜÝÙþØÙÕÚÐÎÎÔÞÔ ÝÏßÐÎ×ÓßÏ

ξ ≈ x0ÒÐÝÐÍ ÊÎÐß�Íûùá f(x0) âäù×Óà x∗ ùÿÔßØÐÓßÔÝ�ÐÓ ùÝÏßÎÐÎÙ� f(x∗) = 0 â TùÿÐÑ ÞÔßÔÝÙÓàÖÒÓÔ x̄ ÊÝÐæÏÐÓá ùÝÏßÎÐÎÙÐ f(x) = 0 Ö Ð×ØÙ ßÌÜÔØÎÐÎÔ ÔÿÎÔ ÙÍ ù×ØÔßÙø
|f(x̄)| ≈ 0; |x̄− x∗| ≈ 0.%ÐÿÔ×ÓÏÓûÔÑ ÜÐÝßÔÞÔ ÜÔÿúÔÿÏ û Ô�ÐÎûÐ ûÔÝÎ� 'ÜÔ ÎÐß�ÍûÐ ØÐßÔø ÒÏ×ÓÙ*�ßØ�ÐÓ×� ßØÙ�ÎÙÐ ÎÏ ÜÝÔ�Ð×× ÑÏ×æÓÏþÙÝÔßÏÎÙ� ùÝÏßÎÐÎÙ�	 ùÑÎÔÚÐÎÙÐÔþÐÙú ÒÏ×ÓÐø ÐÞÔ ÎÏ ÿÔ×ÓÏÓÔÒÎÔ ÑÏØÔÐ ÜÔ ÑÔÿùØ� ÒÙ×ØÔ ÍÏ×ÓÏßÙÓ ÜÝÔÕ�Ð×× ÍÏßÐÝæÙÓà×� ÔÒÐÎà ÿÏØÐûÔ ÔÓ ûÔÝÎ�â $ÓÔÝÔø ÜÔÿúÔÿ 'ÜÔ ÔæÙþûÐ*ÿØ� Ô�ÐÎûÙ ÜÔÞÝÐæÎÔ×ÓÙ ÓÔÒÎÔÞÔ ÝÐæÐÎÙ� ÓÝÐþùÐÓ ÍÎÏÎÙ� Ù×ûÔÑÔÞÔ ûÔÝÕÎ�â äÔ×ØÐÿÎÐÐ ÍÏÓÝùÿÎÐÎÙÐ ×ÎÙÑÏÐÓ×� ÜÝÙ ÎÐÑÔÎÔÓÔÎÎÔÑ úÏÝÏûÓÐÝÐ ÜÝÙÕþØÙÚÐÎÙø 'ÍÿÐ×à ÜÔÞÝÐæÎÔ×Óà ÑÏÚÔÝÙÝùÐÓ×� ÑÔÿùØÐÑ ÜÔÜÝÏßûÙ* ÙØÙ Ù×ÕÜÔØàÍÔßÏÎÙÙ ÏÜÜÝÔû×ÙÑÏ�Ùø ÓÙÜÏ ∆2 ÕÜÝÔ�Ð××Ï 
øÓûÐÎÏ 'WÑâ ÝÏÍÿâ VâX*â

cè+è ¦ì§î�îðòî öëíðî�

äÝÙþØÙÚÐÎÎÔÐ ÎÏúÔÚÿÐÎÙÐ ûÔÝÎÐø ùÝÏßÎÐÎÙ� ÔþÌÒÎÔ ×ûØÏÿÌßÏÐÓ×�ÙÍ ÿßùú ÛÓÏÜÔß	 ÔÓÿÐØÐÎÙÐ ûÔÝÎÐø 'ù×ÓÏÎÔßØÐÎÙÐ ßÔÍÑÔÚÎÔ þÔØÐÐ ÓÐ×ÎÌúÞÝÏÎÙ� ÜÝÔÑÐÚùÓûÔßÖ ß ûÏÚÿÔÑ ÙÍ ûÔÓÔÝÌú ÎÏúÔÿÙÓ×� ÔÿÙÎ Ù ÓÔØàûÔ ÔÿÙÎûÔÝÐÎà* Ù ÿÔßÐÿÐÎÙÐ ûÏÚÿÔÞÔ ÙÍ ÜÝÙþØÙÚÐÎÎÌú ÍÎÏÒÐÎÙø ÿÔ ÓÝÐþùÐÑÔøÓÔÒÎÔ×ÓÙâ�ÿÎÙÑ ÙÍ ÜÝÔ×ÓÌú ÑÐÓÔÿÔß ÔÓÿÐØÐÎÙ� ûÔÝÎÐø �ßØ�ÐÓ×� ÞÝÏ�ÙÒÐÕ×ûÙøâ �Î ùÿÔþÐÎ ÜÝÙ ßÌßÔÿÐ ÞÝÏ�ÙûÔß ÎÏ ÛûÝÏÎ ÿÙ×ÜØÐ�âuØ� ÔÓÿÐØÐÎÙ� ûÔÝÎÐø ÔþÌÒÎÔ Ù×ÜÔØàÍùÐÓ×� ÙÑÐÐÑÏ� ÿÔÜÔØÎÙÓÐØàÕÎÏ� ÙÎ�ÔÝÑÏ�Ù� '×Ñâ ÝÏÍÿâ Vâ] Ô ÝÐæÐÎÙÙ ÜÔØÙÎÔÑÙÏØàÎÌú ùÝÏßÎÐÎÙø*ÖÏ ÓÏûÚÐ ÜÝÔ�Ð×× ÜÔ×ØÐÿÔßÏÓÐØàÎÔÞÔ ÿÐØÐÎÙ� ÎÏ ÿßÐ ÒÏ×ÓÙ 'þÙ×Ðû�Ù�Ö ÿÙÕúÔÓÔÑÙ�* Ù×úÔÿÎÔÞÔ ÔÓÝÐÍûÏ Ù ÐÞÔ ÊÜÔÿÔÍÝÙÓÐØàÎÌúá �ÝÏÞÑÐÎÓÔß × ÜÝÔÕßÐÝûÔø ûÏÚÿÔÞÔ ÓÏûÔÞÔ �ÝÏÞÑÐÎÓÏ ÎÏ ÜÐÝÐÑÐÎù ÍÎÏûÏâ å×ØÙ ÎÐÜÝÐÝÌßÎÏ�



¹�Ø� È�#�D ����������� D�����Å ��
�ùÎû�Ù� f(x) ÎÏ ÞÝÏÎÙ�Ïú ÔÓÝÐÍûÏ [a, b] ÜÝÙÎÙÑÏÐÓ ÍÎÏÒÐÎÙ� ÝÏÍÎÌúÍÎÏûÔßÖ ÒÓÔ ÜÝÔ�Ð ß×ÐÞÔ ÜÝÔßÐÝ�ÐÓ×� ÜÝÔÙÍßÐÿÐÎÙÐÑ f(a)f(b) < 0 Ö ÓÔß ÛÓÔÑ ÔÓÝÐÍûÐ ×ÔÿÐÝÚÙÓ×� ÎÐÒÐÓÎÔÐ ÒÙ×ØÔ ûÔÝÎÐø ùÝÏßÎÐÎÙ� f(x) = 0× ùÒÐÓÔÑ Ùú ûÝÏÓÎÔ×ÓÐø 'ÜÔ ûÝÏøÎÐø ÑÐÝÐ ÔÿÙÎ*â $ ÜÝÔÓÙßÎÔÑ ×ØùÒÏÐûÔÝÎÐø ØÙþÔ ÎÐÓÖ ØÙþÔ Ùú ÒÙ×ØÔ ÒÐÓÎÔâ 
ÓÏ ÓÐÔÝÐÑÏ 'TÔØà�ÏÎÔý�ÔæÙ* ßù×ØÔßÙ�ú ÓÐÔÝÐÑÌ ÎÐ ÿÏÐÓ ÔÓßÐÓÏ ÎÏ ßÔÜÝÔ× Ô ûÔØÙÒÐ×ÓßÐ ÎùØÐø Ù þÐ×ÜÔÕØÐÍÎÏ ÜÝÙ ÒÐÓÎÔÑ Ùú ûÔØÙÒÐ×ÓßÐâ

äÝÙ ÓÐú ÚÐ ù×ØÔßÙ�ú ÎÐÜÝÐÝÌßÎÏ� N�HGFG �GPG�GPP�� �ùÎû�Ù�ÙÑÐÐÓ ÎÏ ÔÓÝÐÍûÐ [a, b] ÎùØàÖ Ù ÜÝÙÓÔÑ ÐÿÙÎ×ÓßÐÎÎÌøâ

cè�è Àîìë§ -ë�ëóòððë0ë §î�îðòÜ

ËÐÓÔÿ ÜÝÔþ 'ÔÎ ÚÐ ý ÜÔØÔßÙÎÎÔÞÔ ÿÐØÐÎÙ�* ×Ô×ÓÔÙÓ ß ÓÔÑÖ ÒÓÔ×ÎÏÒÏØÏ ßÌÒÙ×Ø�ÐÓ×� x0 = (a + b)/2 â [ÏÓÐÑ ÔÜÝÐÿÐØ��Ó f(x0)
Ù ý ßÍÏßÙ×ÙÑÔ×ÓÙ ÔÓ ÍÎÏûÏ ÝÐÍùØàÓÏÓÏ ý ù×ÓÏÎÏßØÙßÏ�ÓÖ ß ûÏûÔø ÒÏ×ÓÙ ÜÝÐÚÕÎÐÞÔ ÙÎÓÐÝßÏØÏ ([a, x0]

ÙØÙ [x0, b]
* ÎÏúÔÿÙÓ×� ûÔÝÐÎàâ � ÎÔßÔÑù ÙÎÓÐÝÕßÏØù ÜÝÙÑÐÎ�ÐÓ×� ÓÏ ÚÐ ÜÝÔ�ÐÿùÝÏ ý ÿÔ ÓÐú ÜÔÝÖ ÜÔûÏ ÎÐ ÔþÎÏÝùÚÙÓ×�

f(x) ≈ 0 '× ÓÔÒÎÔ×Óà�Ö ÿÔÜù×ûÏÐÑÔø ù×ØÔßÙ�ÑÙ ÍÏÿÏÒÙ ÙØÙ ßÔÍÑÔÚÕÎÔ×Ó�ÑÙ ÑÏæÙÎÌ*Ö ÙØÙ ÿØÙÎÏ ÜÝÔÑÐÚùÓûÏÖ ß ûÔÓÔÝÔÑ ÍÏûØ�ÒÐÎ ûÔÝÐÎà
ξ Ö ÎÐ ÔûÏÚÐÓ×� ÑÐÎàæÐ ÿÔÜù×ÓÙÑÔø ÜÔÞÝÐæÎÔ×ÓÙâ %Ï ûÏÚÿÔø ÙÓÐÝÏ�ÙÙÑÐÓÔÿÏ ÜÔØÔßÙÎÎÔÞÔ ÿÐØÐÎÙ� ÜÝÙÔþÝÐÓÏÐÓ×� ÔÿÙÎ þÙÓ ÓÔÒÎÔ×ÓÙâ

uÔ×ÓÔÙÎ×ÓßÔÑ ÑÐÓÔÿÏ ÜÝÔþ �ßØ�ÐÓ×� ÓÔÖ ÒÓÔ ÔÎ Ôþ�ÍÏÓÐØàÎÔ ÜÝÙßÔÕÿÙÓ û �ÐØÙ 'ÜÝÔ�Ð×× ×úÔÿÙÓ×�*â äÝÙ ÛÓÔÑ ß×ÐÞÿÏ

|ξ − xn| ≤ (b− a)/2n. Ó�ÕÿÕÔ×
%ÐÝÏßÐÎ×ÓßÔ 'Vâqâ�* ÜÔÍßÔØ�ÐÓ ÏÜÝÙÔÝÎÔ Ô�ÐÎÙÓà ÒÙ×ØÔ æÏÞÔß n Ö ÿÔ×ÓÏÕÓÔÒÎÔÐ ÿØ� ÿÔ×ÓÙÚÐÎÙ� |ξ−xn| ≤ ∆ â �Í ù×ØÔßÙ� ∆ ≤ (b−a)/2n ÎÏúÔÿÙÑ
2n ≤ (b − a)/∆ â SÔÞÏÝÙ�ÑÙÝù� ÛÓÔ ÎÐÝÏßÐÎ×ÓßÔ ÜÔ Ô×ÎÔßÏÎÙ� fÖ ÜÔØùÕÒÏÐÑ

n ≤ log2

b− a

∆
.



�� Á���� ¹� e�Ì���� µ ������¡ � �D��! ���f���#�Ð!
cè¥è Àîìë§ Ïëí§

äù×Óà ÿØ� ÔÜÝÐÿÐØÐÎÎÔ×ÓÙ f(a) < 0 Ù f(b) > 0 âSÔÞÙÒÎÔ ÜÝÐÿÜÔØÔÕÚÙÓàÖ ÒÓÔ ß ûØÏ××Ð ÑÐÓÔÿÔß ÿÙúÔÓÔÑÙÙ ÑÔÚÎÔ ÿÔ×ÓÙÒà ØùÒæÙú ÝÐÍùØàÓÏÕÓÔßÖ Ð×ØÙ ÿÐØÙÓà ÔþØÏ×Óà ØÔûÏØÙÍÏ�ÙÙ ûÔÝÎ� ÎÐ ÜÔÜÔØÏÑÖ Ï ß ÔÓÎÔæÐÎÙÙ
−f(a) : f(b) â 
ÓÔ ÿÏ×Ó ÎÏÑ ÜÝÙþØÙÚÐÎÎÔÐ ÍÎÏÒÐÎÙÐ ûÔÝÎ�

x1 = a+ h1,ÞÿÐ
h1 =

−f(a)

−f(a) + f(b)
(b− a) = − f(a)

f(b) − f(a)
(b− a).

KÏûÙÑ ÔþÝÏÍÔÑÖ
x1 = a− f(a)

f(b) − f(a)
(b− a).

uÏØÐÐ ÔÜÙ×ÏÎÎÌø ÑÐÓÔÿ ÜÝÙÑÐÎ�ÐÓ×� û ÓÔÑù ÙÍ ÙÎÓÐÝßÏØÔß [a, x1]
Ö

[x1, b]
Ö ÎÏ ûÔÓÔÝÔÑ �ùÎû�Ù� f(x) ÑÐÎ�ÐÓ ÍÎÏûâ äÝÔ�Ð×× ÜÔßÓÔÝ�ÐÓ×�Ö ÜÔÕûÏ ûÔÝÐÎà ξ ÎÐ þùÿÐÓ ÜÔØùÒÐÎ × ÓÝÐþùÐÑÔø ÓÔÒÎÔ×Óà�â äÝÙ ÜÔ×ÓÔ�Î×ÓßÐÍÎÏûÏ f ′(x) ÎÏ ÙÎÓÐÝßÏØÐ [a, b] ÑÐÓÔÿ úÔÝÿ ÔþÐ×ÜÐÒÙßÏÐÓ ÑÔÎÔÓÔÎÎÔÐ×ÓÝÐÑØÐÎÙÐ ÝÐÍùØàÓÏÓÔß ÔÒÐÝÐÿÎÔÞÔ æÏÞÏ xn

û ûÔÝÎ� ξ â $ ÒÏ×ÓÎÔ×ÓÙÖÜÝÙ f ′(x)f ′′(x) > 0 Ö ûÏû ÎÏ ÝÙ×â Vâ�Öw*Ö

oW`X �XYX oT�TVWT �^bSVTVWn aT]\U\a �\ Û
ÜÔ×ØÐÿÔßÏÓÐØàÎÌÐ ÜÝÙþØÙÚÐÎÙ� þùÿùÓ ÜÔØùÒÏÓà×� ÜÔ �ÔÝÑùØÐ

xn+1 = xn −
f(xn)

f(b) − f(xn)
(b− xn), n = 1, 2, . . . Ó�ÕàÕÔ×



¹� � È�#�D Ñ� D ��
'ÿßÙÞÏÐÓ×� ØÐßÌø ûÔÎÐ� ÙÎÓÐÝßÏØÏ*â äÝÙ f ′(x)f ′′(x) < 0 ý ÝÙ×â Vâ� þ* ýÿßÙÞÏÐÓ×� ÜÝÏßÌø ûÔÎÐ� ÙÎÓÐÝßÏØÏÖ Ù

xn+1 = xn −
f(xn)

f(xn) − f(a)
(xn − a), n = 1, 2, . . . Ó�ÕàÕÖ×

%ÏøÿÐÑ Ô�ÐÎûù ÜÔÞÝÐæÎÔ×ÓÙ ÒÐÝÐÍ ÝÏÍÎÔ×Óà ÿßùú ÜÔ×ØÐÿÔßÏÓÐØàÕÎÌú ÜÝÙþØÙÚÐÎÙøâ äÝÙÑÐÑ ÿØ� ÔÜÝÐÿÐØÐÎÎÔ×ÓÙÖ ÒÓÔ ÜÔ×ØÐÿÔßÏÓÐØàÎÌÐÜÝÙþØÙÚÐÎÙ� ßÌÝÏþÏÓÌßÏ�Ó×� ×ÔÞØÏ×ÎÔ �ÔÝÑùØÐ 'V â̂ â�*â KÔÞÿÏ
a < x1 < x2 < . . . < xn−1 < xn < . . . < ξ < b

Ù
xn = xn−1 −

f(xn−1)

f(b) − f(xn−1)
(b− xn−1).


ÓÔ ÝÏßÐÎ×ÓßÔ ÑÔÚÐÓ þÌÓà ÜÝÐÔþÝÏÍÔßÏÎÔ û ßÙÿù
f(xn−1) =

f(b) − f(xn−1)

b− xn−1

(xn−1 − xn) = f ′(x̃n)(xn−1 − xn),

ÞÿÐ x̃n ∈ [xn−1, b] â ÷ØÐÿÔßÏÓÐØàÎÔÖ
f(xn−1) = f ′(x̃n)(xn−1 − xn).÷ ÿÝùÞÔø ×ÓÔÝÔÎÌÖ

f(xn−1) = −f(ξ) + f(xn−1) = f ′(cn)(xn−1 − ξ)
= f ′(cn)(xn−1 − xn + xn − ξ)
= f ′(cn)(xn−1 − xn) + f ′(cn)(xn − ξ),

ÞÿÐ cn ∈ [xn−1, ξ] â÷ÔÜÔ×ÓÏßÙß ÜÔØùÒÐÎÎÌÐ ÝÐÍùØàÓÏÓÌÖ þùÿÐÑ ÙÑÐÓà
f ′(x̃n)(xn−1 − xn) = f ′(cn)(xn − ξ) + f ′(cn)(xn−1 − xn),

ÔÓûùÿÏ
|ξ − xn| =

|f ′(x̃n) − f ′(cn)|
|f ′(cn)|

|xn − xn−1|.

äÔ×ûÔØàûù ÜÝÔÙÍßÔÿÎÏ� f ′(x) ÎÏ [a, b] ÜÔ ÜÝÐÿÜÔØÔÚÐÎÙ� ÎÐ ÑÐÎ�ÐÓ ÍÎÏÕûÏÖ ÑÔÚÎÔ ùÓßÐÝÚÿÏÓàÖ ÒÓÔ |f ′(x̃n) − f ′(cn)| ≤M1 −m1
Ö Ù ÜÔÛÓÔÑù

|ξ − xn| ≤
M1 −m1

m1

|xn − xn−1|. Ó�ÕàÕÿ×



dee Á���� ¹� e�Ì���� µ ������¡ � �D��! ���f���#�Ð!

ÓÔÓ ÚÐ ÝÐÍùØàÓÏÓ ÜÔØùÒÏÐÓ×� Ù ß ×ØùÒÏÐ ÜÝÙþØÙÚÐÎÙ� û ûÔÝÎ� ×ÜÝÏßÏÖÓâ Ðâ ×ÔÞØÏ×ÎÔ 'V â̂ âf*âå×ØÙ ÙÎÓÐÝßÏØ [a, b] ×ÓÔØà ùÍÔûÖ ÒÓÔ M1 ≤ 2m1

Ö ÓÔ
|ξ − xn| ≤ |xn − xn−1|.

$ ÛÓÔÑ ×ØùÒÏÐ ßÌÒÙ×ØÐÎÙ� ÑÔÚÎÔ ÜÝÐûÝÏÓÙÓà ÜÝÙ |ξ − xn| ≤ ∆ Ö ÞÿÐ
∆ Ð×Óà ÿÔÜù×ÓÙÑÏ� Ïþ×ÔØ�ÓÎÏ� ÜÔÞÝÐæÎÔ×Óà ßÌÒÙ×ØÐÎÙ� ûÔÝÎ� ùÝÏßÎÐÕÎÙ�â �ÎÏ ÿÔØÚÎÏ ßÌþÙÝÏÓà×� × ùÒÐÓÔÑ Ïþ×ÔØ�ÓÎÔø ßÐØÙÒÙÎÌ ûÔÝÎ� ý ÙÍù×ØÔßÙ� ÜÔØùÒÐÎÙ� ÓÝÐþùÐÑÔÞÔ ûÔØÙÒÐ×ÓßÏ ßÐÝÎÌú �Ù�ÝâËÐÓÔÿ úÔÝÿÖ ûÏû ÜÝÏßÙØÔÖ ×úÔÿÙÓ×� þÌ×ÓÝÐÐ ÑÐÓÔÿÏ ÜÝÔþÖ ÜÝÙÒÐÑß ÔþÔÙú ×ØùÒÏ�ú ù×ÜÐú ÞÏÝÏÎÓÙÝÔßÏÎâ $ÔÍÑÔÚÎÌÖ ÔÿÎÏûÔÖ ×ØùÒÏÙÖ ûÔÞÿÏÜÔØÔßÙÎÎÔÐ ÿÐØÐÎÙÐ ÔþÐ×ÜÐÒÙÓ þÔØÐÐ þÌ×ÓÝù� ×úÔÿÙÑÔ×Óà ý ×Ñâ ÝÙ×â Vâfâ

oW`X �XfX [w\�bn `�\UWa\`]| aT]\Ub �\ Û

��ÐûÓÙßÎÏ RG�t�P���� þÙ×Ðû�ÙÙ Ù ÜÔØÔßÙÎÎÔÞÔ ÿÐØÐÎÙ�	 þÙ×ÐûÕ�Ù� ÝÐûÔÑÐÎÿùÐÓ×�Ö Ð×ØÙ ÜÔØùÒÐÎÎÏ� ÓÔÒûÏ ÔûÏÍÏØÏ×à ßÎùÓÝÙ ÓÐûù�ÐÞÔÙÎÓÐÝßÏØÏ Ù ÎÐ ×ØÙæûÔÑ þØÙÍûÔ û ÐÞÔ ûÔÎ�ÏÑâ

cè�è êõíõïë�ò�îñöõÜ õ--íëöñòôõ.òÜ

uÏÎÎÌø ÜÔÿúÔÿ 'ÑÐÓÔÿ Ë�ØØÐÝÏ* ÔþÔþ�ÏÐÓ ÑÐÓÔÿ ×Ðûù�Ùú × ÿßùúÙÎÓÐÝÜÔØ��ÙÔÎÎÌú ÓÔÒÐû ÎÏ ÓÝÙâ $ Ôþ�ÐÑ ×ØùÒÏÐ ÙÑÐ�Ó×� ÓÝÙ ÓÔÒûÙ
{xn−2, xn−1, xn} Ù ×ÔÔÓßÐÓ×Óßù��ÙÐ ÙÑ ÍÎÏÒÐÎÙ� �ùÎû�ÙÙ {yn−2, yn−1, yn} â



¹�-� x� �Ú���Ä����Å ��� ����!���Å ded
äÔ ÎÙÑ ×Ô×ÓÏßØ�ÐÓ×� ûßÏÿÝÏÓÙÒÎÏ� �ùÎû�Ù� z(x) Ö Ù ß ûÏÒÐ×ÓßÐ xn+1þÐÝÐÓ×� ÓÔÓ ÙÍ ÎùØÐø z(x) Ö ûÔÓÔÝÌø þØÙÚÐ û xn â uÏØÐÐ ÔÜÐÝÏ�ÙÙ ÜÔßÓÔÕÝ��Ó×� × ÓÝÐÑ� ÜÔ×ØÐÿÎÙÑÙ ÓÔÒûÏÑÙâ�ÓÏûÖ ÑÌ ÍÏÑÐÎ�ÐÑ ùÝÏßÎÐÎÙÐ f(x) = 0 ÎÏ

Ax2 +Bx+ C = 0. Ó�Õ�ÕÔ×
SÐßÔø ÞÝÏÎÙ�Ðø ØÔûÏØÙÍÏ�ÙÙ ûÔÝÎ� ×ÒÙÓÏÐÓ×� x0

Ö ÜÝÏßÔøý x2
Ö ÓÔÒûÏ x1×ÎÏÒÏØÏ ÜÔÑÐ�ÏÐÓ×� ß ×ÐÝÐÿÙÎÐ ÙÎÓÐÝßÏØÏâ �þÔÍÎÏÒÙß yi = f(xi)
Ö ÙÑÐÐÑÿØ� ÎÏúÔÚÿÐÎÙ� ûÔÛ��Ù�ÙÐÎÓÔß ÏÜÜÝÔû×ÙÑÏ�ÙÙ ùÝÏßÎÐÎÙ�

A(x2
0 − x2

1) +B(x0 − x1) = y0 − y1,

A(x2
2 − x2

1) +B(x2 − x1) = y2 − y1.

JÏ×ÓÎÌÐ ÔÜÝÐÿÐØÙÓÐØÙ ÛÓÔø ×Ù×ÓÐÑÌ
∆A =

∣
∣
∣
∣

y0 − y1 x0 − x1

y2 − y1 x2 − x1

∣
∣
∣
∣
= (y0 − y1)(x2 − x1) − (y2 − y1)(x0 − x1),

∆B =

∣
∣
∣
∣

x2
0 − x2

1 y0 − y1

x2
2 − x2

1 y2 − y1

∣
∣
∣
∣
= (y2 − y1)(x

2
0 − x2

1) − (y0 − y1)(x
2
2 − x2

1),

Ï ÞØÏßÎÌø ÔÜÝÐÿÐØÙÓÐØà
∆ = (x2

0 − x2
1)(x2 − x1) − (x2

2 − x2
1)(x0 − x1).÷ÔÔÓßÐÓ×ÓßÐÎÎÔÖ

A = ∆A/∆, B = ∆B/∆, C = y2 − (Ax2 +B)x2.

KÐÜÐÝà ÑÔÚÎÔ ÎÏøÓÙ ûÔÝÎÙ ùÝÏßÎÐÎÙ� 'Vâeâ�*B ßÌþÝÏÓà x3
ý ÓÔÓ ÙÍ ÎÙúÖûÔÓÔÝÌø ÎÏúÔÿÙÓ×� ßÎùÓÝÙ ÙÎÓÐÝßÏØÏ [x0, x2]

B ßÌÒÙ×ØÙÓà y3 = f(x3) âuÏÕØÐÐ x3
ß ÍÏßÙ×ÙÑÔ×ÓÙ ÔÓ ÍÎÏûÏ y3

×ÓÏÎÔßÙÓ×� ØÐßÔø ÙØÙ ÜÝÏßÔø ÞÝÏÎÙ�ÐøÙÎÓÐÝßÏØÏâ äÝÔ�Ð×× ÜÝÐûÝÏ�ÏÐÓ×� ÜÝÙ |x1 − x3| < ε1
ÙØÙ |f(x3)| < ε2 âäÝÙßÐÿÐÑ ×ÔÔÓßÐÓ×Óßù��Ùø �ÝÏÞÑÐÎÓ ÜÝÔÞÝÏÑÑÌ	

t%�Z�O%ñ� t<�Z�O<ñðO���#�O	VO<ñ� t(�	î%ð$ RS��î���#�ðOñïî*#	 ;��ð ; ��#�t(ñïî*#<ñð���t%Vt	ñ��O<VO	ñV�t<Vt	ñ��O%VO	ñð���t<Vt	ñ��O%�O%VO	�O	ñV�t%Vt	ñ��O<�O<VO	�O	ñð��O%�O%VO	�O	ñ�O<VO	ñV�O<�O<VO	�O	ñ��O%VO	ñ��ð�@ð� ��ð�@ð� ��t<V���O<+�ñ�O<ð����<V'����� ð�#J���ðñ� ���@<
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O(���+ðñ@�� O'��V�Vðñ@��Z ���#�O	VO'ñí���#�O	VO(ññ O(�O'ðO���#�O	VO(ñ� t(�Z�O(ñ�Z �t(�t	í%ñ �Sî��Z �O(íO	ñ �Sî�

O%�O(� t%�t(î�#î
O<�O(� t<�t(î�ð �Z

î�#î�Z �t(�t<ñï%ñ �Sî�
O<�O	� O	�O(� t<�t	� t	�t(î�#î
O%�O	� O	�O(� t%�t	� t	�t(î�ð �Z

î�ð �Z
î�ð ð$

$ ÿÏØàÎÐøæÐÑ ÎÏ ûÏÚÿÔÑ æÏÞÐ ÜÝÔ�Ð××Ï ÍÎÏÒÐÎÙÐ �ùÎû�ÙÙ ßÌÒÙ×Ø�ÐÓ×�ÓÔØàûÔ ÔÿÙÎ ÝÏÍ ý ß ÓÔÒûÐ x′ â 
ÓÏ ÓÔÒûÏ ÍÏÑÐÎ�ÐÓ ×ÔþÔø ÔÿÎù ÙÍ Ù×úÔÿÕÎÌú ÜÝÙ ù×ØÔßÙÙ ×ÔúÝÏÎÐÎÙ� ÜÐÝÐÑÐÎÌ ÍÎÏûÏâ ÷ÔÔÓßÐÓ×ÓßÐÎÎÔ ÍÏÑÐÎ�ÐÓÕ×� Ù ÍÎÏÒÐÎÙÐ �ùÎû�ÙÙâ äÝÔ�Ð×× ÜÝÔÿÔØÚÏÐÓ×� ÿÔ ÜÔØùÒÐÎÙ� ÝÐæÐÎÙ�× ÓÝÐþùÐÑÔø ÓÔÒÎÔ×Óà�â$ ×ØùÒÏÐ ×úÔÿÙÑÔ×ÓÙ ÑÐÓÔÿÏ ×ÓÏÝæÙø ûÔÛ��Ù�ÙÐÎÓ z(x) → 0 Ö Ù ßþØÙÚÏøæÐø ÔûÝÐ×ÓÎÔ×ÓÙ ûÔÝÎ� ÎÐÔþúÔÿÙÑ ÜÐÝÐúÔÿ û ØÙÎÐøÎÔø ÙÎÓÐÝÜÔÕØ��ÙÙâKÏ ÚÐ ÏÜÜÝÔû×ÙÑÏ�Ù� ÑÔÚÐÓ þÌÓà ÜÝÙÑÐÎÐÎÏ ÿØ� ÜÝÙþØÙÚÐÎÎÔÞÔÎÏúÔÚÿÐÎÙ� ��P��¢�� �ùÎû�ÙÙâ äÝÙ A < 0 ÑÙÎÙÑùÑ ÊÜÝ�ÑÔøá ÜÏÝÏÕþÔØÌ ×ÔÔÓßÐÓ×ÓßùÐÓ ÓÔÒûÐ x∗ = −B/2A â �ÓÏûÖ
x∗ =

(y0 − y1)(x
2
2 − x2

1) − (y2 − y1)(x
2
0 − x2

1)

2[(y0 − y1)(x2 − x1) − (y2 − y1)(x0 − x1)]
.


ÓÔÓ ÜÔÿúÔÿ ÔÒÐÎà ÜÔØÐÍÐÎ ÜÝÙ ÔÜÝÐÿÐØÐÎÙÙ ÑÙÎÙÑùÑÏ ÜÔ ÎÏÜÝÏßØÐÎÙ�ß ÑÐÓÔÿÐ ×ûÔÝÐøæÐÞÔ ×Üù×ûÏ ý WÑâ ÝÏÍÿâ ��â̂ âqâäÝÙ ÎÐÔþúÔÿÙÑÔ×ÓÙ ÜÔØùÒÐÎÙ� ÎÔßÌú ûÔÝÎÐø ÜÐÝÐúÔÿ�Ó û �ùÎû�ÙÙ
f1(x) = f(x)/(x− x∗) Ö ÞÿÐ x∗ ý ÎÏøÿÐÎÎÌø ûÔÝÐÎàâuÝùÞÙÑ ßÏÝÙÏÎÓÔÑ ÎÏúÔÚÿÐÎÙ� ûÔÝÎ� �ßØ�ÐÓ×� ÜÐÝÐúÔÿ û ÔþÝÏÓÕÎÔø �ùÎû�ÙÙâ [ÿÐ×à ÎùÚÎÔ ÜÔÑÐÎ�Óà ÝÔØ�ÑÙ x Ù y Ù ÜÔÿ×ÓÏßÙÓà
y = 0 â å×ÓÐ×ÓßÐÎÎÔÖ ÍÎÏÒÐÎÙÐ ÏÜÜÝÔû×ÙÑÙÝù��Ðø ÜÏÝÏþÔØÌ þùÿÐÓ ÝÏßÎÔÐÐ ×ßÔþÔÿÎÔÑù ÒØÐÎùâ



¹�¹� È�#�D �ãÞ#��� des
cècè Àîìë§ ��Üìëðõ

äù×Óà ûÔÝÐÎà ξ ùÝÏßÎÐÎÙ�
f(x) = 0 Ó�Õ�ÕÔ×

ÔÓÿÐØÐÎ ÎÏ ÔÓÝÐÍûÐ [a, b] Ö ÜÝÙÒÐÑ f ′(x) Ù f ′′(x) ÎÐÜÝÐÝÌßÎÌ Ù ×ÔúÝÏÎ��Ó×ßÔÙ ÍÎÏûÙ ÜÝÙ a ≤ x ≤ b â %Ïøÿ� ûÏûÔÐÕØÙþÔ n ÕÐ ÜÝÙþØÙÚÐÎÙÐ û ûÔÝÎ�ÖÑÌ ÑÔÚÐÑ ùÓÔÒÎÙÓà ÐÞÔ ×ØÐÿù��ÙÑ ÔþÝÏÍÔÑâ äÔØÔÚÙÑ
ξ = xn + hn,

ÞÿÐ hn ý ÑÏØÏ� ÜÔÜÝÏßûÏâ �Í ù×ØÔßÙ�
0 = f(xn + hn) ≈ f(xn) + hnf

′(xn)

ÎÏúÔÿÙÑ ÜÔÜÝÏßûù
hn = −f(xn)/f

′(xn).

KÏûÙÑ ÔþÝÏÍÔÑÖ
xn+1 = xn −

f(xn)

f ′(xn)
, n = 0, 1, . . .

%Ï ÝÙ×â Vâq ÜÝÙßÐÿÐÎÏ ÞÝÏ�ÙÒÐ×ûÏ� ÙØØ�×ÓÝÏ�Ù� ÑÐÓÔÿÏ %à�ÓÔÎÏâ

oW`X �XtX rT]\U ¤| ]\Vb



dey Á���� ¹� e�Ì���� µ ������¡ � �D��! ���f���#�Ð!
÷úÔÿÙÑÔ×Óà ÑÐÓÔÿÏ %à�ÓÔÎÏ û ûÔÝÎ� ùÝÏßÎÐÎÙ� þùÿÐÓ ÓÐÑ þÌ×ÓÝÐÐÖÒÐÑ þØÙÚÐ �ùÎû�Ù� û ØÙÎÐøÎÔø Ù ÒÐÑ ûÝùÒÐ ÐÐ ÞÝÏ�Ùû ÜÐÝÐ×ÐûÏÐÓ Ô×àÏþ×�Ù××â �ÑÐÐÓ ×ÑÌ×Ø ÓÝÐþÔßÏÓàÖ ÒÓÔþÌ ÜÔ ÑÔÿùØ� ßÓÔÝÏ� ÜÝÔÙÍßÔÿÎÏ�þÌØÏ ÔÞÝÏÎÙÒÐÎÏ ×ßÐÝúùÖ Ï ÜÐÝßÏ� ×ÎÙÍùâäÝÙ ÍÏÓÝùÿÎÐÎÙ�ú × ßÌÒÙ×ØÐÎÙÐÑ ÜÝÔÙÍßÔÿÎÔø ÜÔ×ØÐÿÎ�� ÍÏÑÐÎ�Õ�Ó ûÔÎÐÒÎÔÕÝÏÍÎÔ×ÓÎÌÑ ÔÓÎÔæÐÎÙÐÑ	

xk+1 = xk −
f(xk) · h

f(xk + h) − f(xk)
.

$ ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔø ÔûÝÐ×ÓÎÔ×ÓÙ ûÔÝÎ� ÙÑÐÐÓ ×ÑÌ×Ø ÜÝÙÎ�Óà h = f(xk) âKÔÞÿÏ ÜÔ×ØÐÿÎ�� �ÔÝÑùØÏ ÜÐÝÐúÔÿÙÓ ß
xk+1 = xk −

f 2(xk)

f(xk + f(xk)) − f(xk)

'ÑÐÓÔÿ ÷ÓÐ��ÐÎ×ÐÎÏ*â÷ ßÌÒÙ×ØÙÓÐØàÎÔø ÓÔÒûÙ ÍÝÐÎÙ� þÔØÐÐ ÛûÔÎÔÑÐÎ ÑÐÓÔÿÖ ß ûÔÓÔÝÔÑÿØ� Ô�ÐÎûÙ ÜÝÔÙÍßÔÿÎÔø Ù×ÜÔØàÍùÐÓ×� f ′(xk) = (f(xk) − f(xk−1))/(xk −
xk−1) â äÔØùÒÏÐÑ gL¢¤Ò�FGLIQ ÑÐÓÔÿ ×Ðûù�Ùú

xk+1 = xk −
f(xk)(xk − xk−1)

f(xk) − f(xk−1)
.

äÝÙ ÐÞÔ ÝÐÏØÙÍÏ�ÙÙ ÎÏ ûÏÚÿÔÑ æÏÞÐ ßÌÒÙ×Ø�ÐÓ×� ÓÔØàûÔ ÔÿÎÔ ÎÔßÔÐÍÎÏÒÐÎÙÐ �ùÎû�ÙÙâäÐÝÐøÿÐÑ û Ô�ÐÎûÏÑ ÓÔÒÎÔ×ÓÙ ÝÐÍùØàÓÏÓÔßÖ ÜÔØùÒÏÐÑÌú ÑÐÓÔÿÔÑ%à�ÓÔÎÏâãäåæäçè  êëê äù×Óà�ùÎû�Ù� f(x) ÿØ� ß×Ðú x ∈ [a, b] ùÿÔßØÐÓßÔÝ�ÐÓù×ØÔßÙ�Ñ
|f ′(x)| ≥ m1 > 0,
|f ′′(x)| ≥ m2 > 0.

å×ØÙ ß×Ð ÜÔ×ØÐÿÔßÏÓÐØàÎÌÐ ÜÝÙþØÙÚÐÎÙ� {xk} Ö ÜÔØùÒÏÐÑÌÐ ÑÐÓÔÿÔÑ%à�ÓÔÎÏÖ ÜÝÙ Ø�þÔÑ �Ùû×ÙÝÔßÏÎÎÔÑ k ÜÝÙÎÏÿØÐÚÏÓ û ÔÓÝÐÍûù [a, b] Ù×úÔÿ�Ó×� û ûÔÝÎ� ξ ùÝÏßÎÐÎÙ� 'VâVâ�*Ö ÓÔ ×ÜÝÏßÐÿØÙßÌ ÎÐÝÏßÐÎ×ÓßÏ
|ξ − xk+1| ≤ m2

2m1

|ξ − xk|2,

|ξ − xk+1| ≤ m2

2m1

|xk+1 − xk|2. Ó�Õ�ÕÖ×



¹�¹� È�#�D �ãÞ#��� de~
äÐÝßÔÐ ÙÍ ÛÓÙú ÎÐÝÏßÐÎ×Óß ÜÔÍßÔØ�ÐÓ ×ÒÙÓÏÓà ÑÐÓÔÿ %à�ÓÔÎÏ ÜÔ ×ûÔÝÔ×ÓÙùþÌßÏÎÙ� ÎÐß�ÍûÙ ÑÐÓÔÿÔÑ L�GHGFG ÜÔÝ�ÿûÏÖ Ï ßÓÔÝÔÐ ÑÔÚÐÓ ×ØùÚÙÓàÿØ� Ô×ÓÏÎÔßûÙ ÜÝÔ�Ð××Ï ßÌÒÙ×ØÐÎÙøâ uÔûÏÍÏÓÐØà×ÓßÔ ×Ñâ UfqÖ ×â �frYâ%ÏÒÏØàÎÔÐ ÜÝÙþØÙÚÐÎÙÐ ×ØÐÿùÐÓ ßÌþÙÝÏÓà ÙÍ ù×ØÔßÙ� &ùÝàÐ

f(x0)f
′′(x0) > 0.


ÓÔ ÞÏÝÏÎÓÙÝùÐÓ ÜÝÙÎÏÿØÐÚÎÔ×Óà û ùÜÔÑ�ÎùÓÔÑù ÙÎÓÐÝßÏØù ÜÔ×ØÐÿù��ÙúÜÝÙþØÙÚÐÎÙøâuØ� Ô�ÐÎûÙ ÜÔÞÝÐæÎÔ×ÓÙ n ÕÞÔ ÜÝÙþØÙÚÐÎÙ� ÑÔÚÎÔ ßÔ×ÜÔØàÍÔßÏÓàÕ×� Ôþ�Ðø �ÔÝÑùØÔø
|ξ − xn| ≤

|f(xn)|
m1

, Ó�Õ�Õÿ×
ÞÿÐ m1

ý ÎÏÙÑÐÎàæÐÐ ÍÎÏÒÐÎÙÐ |f ′(x)| ÎÏ [a, b] â ÷ ÿÝùÞÔø ×ÓÔÝÔÎÌÖ ÜÔ�ÔÝÑùØÐ KÐøØÔÝÏ
f(xn) = f(xn−1) + f ′(xn−1)(xn − xn−1) +

1

2
f ′′(ξ)(xn − xn−1)

2, Ó�Õ�Õà×
ÞÿÐ ξn−1 ∈ (xn−1, xn) â ) ùÒÐÓÔÑ ÜÝÏßÙØÏ ÔÜÝÐÿÐØÐÎÙ� ÜÔÜÝÏßûÙ ÿØ�ÜÐÝÐúÔÿÏ ÔÓ xn−1

û xn �ÔÝÑùØÏ 'VâV â̂ * ÜÐÝÐúÔÿÙÓ ß
|f(xn)| ≤

1

2
M2(xn − xn−1)

2.

äÔÿ×ÓÏßØ�� ÛÓù Ô�ÐÎûù ß 'VâVâq*Ö ÔûÔÎÒÏÓÐØàÎÔ ÙÑÐÐÑ
|ξ − xn| ≤

M2

2m1

(ξn − xn−1)
2. Ó�Õ�Õ�×


ÓÏ �ÔÝÑùØÏ ÔþÐ�ÏÐÓ þÌ×ÓÝù� ×úÔÿÙÑÔ×Óà ÜÝÔ�Ð××Ï %à�ÓÔÎÏÖ Ð×ØÙÎÏÒÏØàÎÔÐ ÜÝÙþØÙÚÐÎÙÐ x0
ÓÏûÔßÔÖ ÒÓÔ

M2

2m1

|ξ − x0| ≤ q < 1.

$ ÒÏ×ÓÎÔ×ÓÙÖ Ð×ØÙ M2/(2m1) ≤ 1 Ù |ξ − xn| < 10−m Ö ÓÔ Ô�ÐÎûÏ ÜÔÞÝÐæÕÎÔ×ÓÙ ×ØÐÿù��ÐÞÔ ÜÝÙþØÙÚÐÎÙ� þùÿÐÓ ÑÐÎàæÐ 10−2m â &ÏûÓÙÒÐ×ûÙ ÛÓÔÔÍÎÏÒÏÐÓÖ ÒÓÔ L GRH�N�PGN�� RGHP� ÎÏ ûÏÚÿÔø ÙÓÐÝÏ�ÙÙ ÜÔÞÝÐæÎÔ×ÓàßÔÍßÔÿÙÓ×� ß ûßÏÿÝÏÓÖ Óâ Ðâ ÒÙ×ØÔ ßÐÝÎÌú ÍÎÏûÔß ùÿßÏÙßÏÐÓ×�â %Ô ß ÛÓùÔûÝÐ×ÓÎÔ×Óà Ð�Ð ÎÏÿÔ ÜÔÜÏ×ÓàB ÜÔÛÓÔÑù ÎÏ ÜÝÏûÓÙûÐ ÿØ� ßÌúÔÿÏ ß ÎÐÜÔÕ×ÝÐÿ×ÓßÐÎÎù� þØÙÍÔ×Óà û ûÔÝÎ� ÜÝÙÑÐÎ��Ó ÞÏÝÏÎÓÙÝù��Ùø ×úÔÿÙÑÔ×ÓàÑÐÿØÐÎÎÌø ÑÐÓÔÿÖ Ï ÍÏÓÐÑ ÜÐÝÐúÔÿ�Ó ÎÏ ÑÐÓÔÿ %à�ÓÔÎÏâËÐÝÌ ÜÝÐÿÔ×ÓÔÝÔÚÎÔ×ÓÙ ÜÝÙ Ù×ÜÔØàÍÔßÏÎÙÙ ÑÐÓÔÿÏ %à�ÓÔÎÏ Ô×ÎÔÕßÏÎÌ ÎÏ ÿßùú ÙÿÐ�ú	



de� Á���� ¹� e�Ì���� µ ������¡ � �D��! ���f���#�Ð!
• ÎùÚÎÏ ÞÏÝÏÎÓÙ� ÜÝÙþØÙÚÐÎÙ� û ÝÐæÐÎÙ� ÎÏ ûÏÚÿÔÑ æÏÞÐB
• ÎÐ ×ØÐÿùÐÓ ÿÐØÏÓà ×ØÙæûÔÑ þÔØàæÙú æÏÞÔßâ

$ÌÒÙ×ØÐÎÎÌø æÏÞ ÜÝÙÎÙÑÏÐÓ×�Ö Ð×ØÙ ÎÔÝÑÏ ÎÐß�ÍûÙ ùÑÐÎàæÏÐÓ×�â �ÎÏÒÐæÏÞ ×ÔûÝÏ�ÏÐÓ×�â%ÐÿÔ×ÓÏÓûÙ ÑÐÓÔÿÏ %à�ÓÔÎÏ	
• ÑÔÚÐÓ ÙÑÐÓà ÑÏØù� ÔþØÏ×Óà ×úÔÿÙÑÔ×ÓÙ Ù ÜÔÓÔÑù ÓÝÐþùÐÓ úÔÝÔæÙúÎÏÒÏØàÎÌú ÜÝÙþØÙÚÐÎÙøB
• ÓÝÐþùÐÓ ßÌÒÙ×ØÐÎÙ� ÎÐ ÓÔØàûÔ ÍÎÏÒÐÎÙø �ùÎû�ÙÙÖ ÎÔ Ù ÐÐ ÜÝÔÙÍßÔÿÕÎÌúâ

äÔ×ØÐÿÎÐÞÔ ÑÔÚÎÔ ÙÍþÐÚÏÓàÖ ÏÜÜÝÔû×ÙÑÙÝù� ÜÝÔÙÍßÔÿÎù� ûÔÎÐÒÎÔÕÝÏÍÎÔ×ÓÎÌÑ ÔÓÎÔæÐÎÙÐÑâ
$ �Gg�³���HGL�PPG� ÑÐÓÔÿÐ %à�ÓÔÎÏ ÜÐÝßÔÎÏÒÏØàÎÔÐ ÍÎÏÒÐÎÙÐÜÝÔÙÍßÔÿÎÔø ÎÐ ÜÐÝÐßÌÒÙ×Ø�ÐÓ×�â 
ÓÔ ùÑÐÎàæÏÐÓ ÓÝùÿÔÐÑûÔ×Óà ûÏÚÿÔÞÔæÏÞÏÖ ÎÔ ùßÐØÙÒÙßÏÐÓ ÒÙ×ØÔ æÏÞÔßâ

cègè Àîìë§ òìîíõ.ò�
b3!353 i7;:9<= 7 >=97�= <9=j?N<o
$ÌÜÙæÐÑ ßÎÔßà Ù×úÔÿÎÔÐ ùÝÏßÎÐÎÙÐ

f(x) = 0. Ó�Õ�ÕÔ×
äù×Óà ÔÎÔ ÙÑÐÐÓ ÝÏßÎÔ×ÙØàÎù� �ÔÝÑù

x = ϕ(x), Ó�Õ�ÕÖ×
ÞÿÐ ϕ(x) ý ÎÐÜÝÐÝÌßÎÏ� �ùÎû�Ù�Ö Ù x0

ý ÎÐûÔÓÔÝÔÐ ÒÙ×ØÔÖ ûÔÓÔÝÔÐÎÏÍÔßÐÑ ÎÏÒÏØàÎÌÑ ÜÝÙþØÙÚÐÎÙÐÑ û ûÔÝÎ� ùÝÏßÎÐÎÙ� 'Vârâf*â äÔØàÍù�×à�ÔÝÑùØÔø
xn = ϕ(xn−1), n = 1, 2, . . . , Ó�Õ�Õÿ×þùÿÐÑ ÎÏúÔÿÙÓà ÒÙ×ØÏ x1, x2, . . . , xn, . . . å×ØÙ ÛÓÏ ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×Óà ÜÝÙ

n → ∞ ÙÑÐÐÓ ûÔÎÐÒÎÌø ÜÝÐÿÐØ ξ = limn→∞ xn
Ö ÓÔ ξ �ßØ�ÐÓ×� ûÔÝÎÐÑùÝÏßÎÐÎÙ� 'Vârâf*â äÝÙ ÎÏúÔÚÿÐÎÙÙ ξ ùûÏÍÏÎÎÌÑ ÜÝÙÐÑÔÑ ÞÔßÔÝ�ÓÖ ÒÓÔ



¹�d� È�#�D �#� ���¡ de�
ùÝÏßÎÐÎÙÐ 'Vârâf* ÝÐæÏÐÓ×� ÑÐÓÔÿÔÑ ���H����â �ÓÐÝÏ�ÙÐø ÎÏÍÌßÏ�Ó ûÏûæÏÞ ÑÐÓÔÿÏÖ ÓÏû Ù ÜÔØùÒÐÎÎÌø ÎÏ ÎÐÑ ÝÐÍùØàÓÏÓâ
Ï××ÑÔÓÝÙÑ ÞÐÔÑÐÓÝÙÒÐ×ûù� ÙØØ�×ÓÝÏ�Ù� ÑÐÓÔÿÏ ÙÓÐÝÏ�Ùøâ äÔÕ×ÓÝÔÙÑ ÞÝÏ�ÙûÙ y = x Ù y = ϕ(x) Ö ÜÔûÏÍÏÎÎÌÐ ÎÏ ÝÙ×â V â̂ Ö Ï*â

oW`X �XzX g�\Un�Wx`n W]T^biW\VVux h^\iT`` ^T�TVWn �^bSVTVWn x = ϕ(x)

oW`X �X�X ob`�\Un�Wx`n W]T^biW\VVux h^\iT`` ^T�TVWn �^bSVTVWn x = ϕ(x)



de� Á���� ¹� e�Ì���� µ ������¡ � �D��! ���f���#�Ð!
ãþ×�Ù××Ï ξ ÓÔÒûÙ R ÜÐÝÐ×ÐÒÐÎÙ� ÛÓÙú ÞÝÏ�ÙûÔß �ßØ�ÐÓ×� ûÔÝÎÐÑùÝÏßÎÐÎÙ� 'Vârâf*â äù×Óà x0

ý ÜÝÔÙÍßÔØàÎÔÐ ÒÙ×ØÔâ KÔÞÿÏ ϕ(x0)
Ð×ÓàÔÝÿÙÎÏÓÏ ÓÔÒûÙ R0

Ö Ù ÎÏ ÞÝÏ�ÙûÐ ÓÔÒûÏ R′
0
ÙÑÐÐÓ Óù ÚÐ ÔÝÿÙÎÏÓù ÙÏþ×�Ù××ù x1

Ö ÝÏßÎù� f(x0) â äÝÔÿÔØÚÏ� ÛÓÔÓ ÜÝÔ�Ð××Ö ßÙÿÙÑÖ ûÏû ÓÔÒûÙ
R0, R1, R2, . . .

ÎÐÔÞÝÏÎÙÒÐÎÎÔ ÜÝÙþØÙÚÏ�Ó×� û R Ö Ï Ùú Ïþ×�Ù××Ì ý ûûÔÝÎ� ùÝÏßÎÐÎÙ� ξ â
Ï××ÑÔÓÝÐÎÎÌø ÝÙ×â V â̂ Ö Ï* ×ÔÔÓßÐÓ×ÓßùÐÓ 0 < ϕ′(x) < 1 â äÝÙ
−1 < ϕ′(x) < 0 ÜÝÙþØÙÚÐÎÙ� ÒÐÝÐÿù�Ó×�Ö ÜÔÿúÔÿ� û ûÔÝÎ� ÓÔ ×ÜÝÏßÏÖÓÔ ×ØÐßÏ ý ÝÙ×â V â̂ Ö þ*â å×ØÙ ÑÔÿùØà ÜÝÔÙÍßÔÿÎÔø ÜÝÐßÌæÏÐÓ ÐÿÙÎÙ�ùÖÓÔ ÙÓÐÝÏ�ÙÙ ÔûÏÍÌßÏ�Ó×� H�N¤Gg�Ý���N� ý WÑâ ÝÙ×â VâeÖ Ï* ÿØ� ÜÔØÔÕÚÙÓÐØàÎÔø ÜÝÔÙÍßÔÿÎÔø Ù ÝÙ×â VâeÖ þ* ÿØ� ÔÓÝÙ�ÏÓÐØàÎÔøâ

b3!343 �8n7a<: 8Ï7�<>789< <9=j?N<o
A×ØÔßÙ� ×úÔÿÙÑÔ×ÓÙ ÙÓÐÝÏ�Ùø ÑÔÞùÓ þÌÓà ù×ÓÏÎÔßØÐÎÌ ÏÎÏØÙÓÙÒÐÕ×ûÙâ �ÑÐÐÓ ÑÐ×ÓÔãäåæäçè  ê"ê å×ØÙ ϕ(x) ÔÜÝÐÿÐØÐÎÏ Ù ÿÙ��ÐÝÐÎ�ÙÝùÐÑÏ ÎÏ ß×ÐøÒÙ×ØÔßÔø Ô×Ù Ù ×ù�Ð×ÓßùÐÓ ÒÙ×ØÔ q, 0 < q < 1 Ö ÓÏûÔÐÖ ÒÓÔ ÿØ� ß×Ðú xÑÔÿùØà ÜÝÔÙÍßÔÿÎÔø |ϕ′(x)| ≤ q Ö ÓÔ ùÝÏßÎÐÎÙÐ 'Vârâf* ÙÑÐÐÓ ÐÿÙÎ×ÓßÐÎÕÎÌø ûÔÝÐÎàÖ Ù ÜÝÔ�Ð×× ÙÓÐÝÏ�ÙÙ ×úÔÿÙÓ×� û ÛÓÔÑù ûÔÝÎ� ÎÐÍÏßÙ×ÙÑÔ ÔÓßÌþÔÝÏ ÎÏÒÏØàÎÔÞÔ ÜÝÙþØÙÚÐÎÙ� x0 âìåíèîèïäðñòïóåê äÔ×ÓÝÔÙÑ ß ×ÔÔÓßÐÓ×ÓßÙÙ × ÝÏßÐÎ×ÓßÔÑ 'Vârâq*ÖÙ×úÔÿ� ÙÍ x0

Ö ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×Óà ÒÙ×ÐØ x1, x2, . . . , xn = ϕ(xn−1) â KÔÞÿÏÎÏ Ô×ÎÔßÏÎÙÙ ÓÐÔÝÐÑÌ SÏÞÝÏÎÚÏ
xn+1 − xn = ϕ(xn) − ϕ(xn−1) = ϕ′(cn)(xn − xn−1)

ÙÖ ×ØÐÿÔßÏÓÐØàÎÔÖ
|xn+1 − xn| = |ϕ′(cn)| · |xn − xn−1| ≤ q|xn − xn−1|.

[ÎÏÒÙÓÖ
|x2 − x1| ≤ q|x1 − x0|,
|x3 − x2| ≤ q|x2 − x1| ≤ q2|x1 − x0|,â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â

|xn+1 − xn| ≤ qn|x1 − x0|.

�Ó×�ÿÏ ×ØÐÿùÐÓÖ ÒÓÔ Ý�ÿ
x0 + (x1 − x0) + (x2 − x1) + . . .+ (xn − xn−1) + . . . Ó�Õ�Õà×



¹�d� È�#�D �#� ���¡ de�
×úÔÿÙÓ×� Ïþ×ÔØ�ÓÎÔÖ ÓÏû ûÏû ÐÞÔ ÒØÐÎÌ ÜÔ ÑÔÿùØ� ÎÐ ÜÝÐßÔ×úÔÿ�Ó ÒØÐÕÎÔß ùþÌßÏ��Ðø ÞÐÔÑÐÓÝÙÒÐ×ûÔø ÜÝÔÞÝÐ××ÙÙâ �þÔÍÎÏÒÙÑ ÜÝÐÿÐØ ÒÏ×ÓÎÔø×ùÑÑÌ Ý�ÿÏ 'Vâr â̂ * ÒÐÝÐÍ ξ â %Ô ÒÏ×ÓÎÏ� ×ùÑÑÏ ÛÓÔÞÔ Ý�ÿÏ Ð×Óà xn â÷ØÐÿÔßÏÓÐØàÎÔÖ limn→∞ xn = ξ Ö Óâ Ðâ ûÔÝÎ� ùÝÏßÎÐÎÙ� 'Vârâf*â SÐÞûÔù×ÓÏÎÔßÙÓà Ù ÐÿÙÎ×ÓßÐÎÎÔ×Óà ÜÔØùÒÏÐÑÔÞÔ ûÔÝÎ�âãÎÏØÔÞÙÒÎÌÑ ÔþÝÏÍÔÑ ÑÔÚÎÔ ù×ÓÏÎÔßÙÓàÖ ÒÓÔ ÜÝÙ |ϕ′(x)| ≥ 1 ÎÏß×Ðø ÒÙ×ØÔßÔø Ô×Ù ÓÔÒûÙ {xn} × ÝÔ×ÓÔÑ n ÎÐ þùÿùÓ ÜÝÙþØÙÚÏÓà×� ûûÔÝÎ� ξ 'Ð×ØÙ ÓÔØàûÔ ß ÎÏÒÏØàÎÌø ÑÔÑÐÎÓ ÎÐ ÔûÏÍÏØÔ×à x0 = ξ *â N�þÌÒÎÔ × ùÝÏßÎÐÎÙÐÑ 'Vârâf* ÙÑÐ�Ó ÿÐØÔ ÎÐ ÎÏ ß×Ðø ÒÙ×ØÔßÔø Ô×ÙÖÏ ÎÏ ÎÐûÔÓÔÝÔÑ ûÔÎÐÒÎÔÑ ÔÓÝÐÍûÐ [a, b] â $ ÛÓÔÑ ×ØùÒÏÐ ÜÝÐÿ��ßØ�ÐÓ×�ÿÔÜÔØÎÙÓÐØàÎÔÐ ÓÝÐþÔßÏÎÙÐÖ ÒÓÔþÌ ÓÔÒûÙ xn = ϕ(xn−1)

Ö n = 1, 2, . . . ÖÎÐ ÜÔûÙÿÏØÙ [a, b] â
äÝÔ�Ð×× ÙÓÐÝÏ�Ùø ß ù×ØÔßÙ�ú ÓÐÔÝÐÑÌ �ßØ�ÐÓ×� N��G�NZH�LE�ß£Ý��N�	 ÔæÙþûÏ ß ÔÿÎÔø ÙÍ ÙÓÐÝÏ�Ùø 'Ð×ØÙ ÝÐÍùØàÓÏÓ ÎÐ ßÌæÐØ ÙÍ ÔþØÏÕ×ÓÙ ×úÔÿÙÑÔ×ÓÙ* ÑÔÚÐÓ ÝÏ××ÑÏÓÝÙßÏÓà×� ûÏû ÍÏÿÏÎÙÐ ÎÔßÔÞÔ ÎÏÒÏØàÎÔÞÔÜÝÙþØÙÚÐÎÙ�â KÏûÙÑ ÔþÝÏÍÔÑÖ ÔæÙþûÙ ÎÏûÏÜØÙßÏ�Ó×� ÓÔØàûÔ ß ÜÝÐÿÐØÏúÔÿÎÔÞÔ æÏÞÏ ÙÓÐÝÏ�Ùøâ��ÐÎÙÑ ÜÔÞÝÐæÎÔ×Óà ÝÐÍùØàÓÏÓÏ ÔÒÐÝÐÿÎÔø ÙÓÐÝÏ�ÙÙâ äù×Óà ÎÏÔÓÝÐÍûÐ [a, b] ÑÔÿùØà ÜÝÔÙÍßÔÿÎÔø ÜÝÏßÔø ÒÏ×ÓÙ |ϕ′(x)| ≤ q < 1 Ù ×ù�ÐÕ×ÓßùÐÓ ûÔÝÐÎàξ ùÝÏßÎÐÎÙ� 'qâqâf*â KÔÞÿÏ

|xn − ϕ(xn)| = |(xn − ξ) − [ϕ(xn) − ϕ(ξ)]| = |(xn − ξ) − (xn − ξ)ϕ′(c)|
= |xn − ξ| · |1 − ϕ′(c)| ≥ |xn − ξ|

{
1 − q ÜÝÙ ϕ′(x) > 0B
1 ÜÝÙ ϕ′(x) ≤ 0ÙÖ ×ØÐÿÔßÏÓÐØàÎÔÖ

|xn − ξ| ≤ |xn − ϕ(xn)|
{

1/(1 − q) ÜÝÙ ϕ′(x) > 0B
1 ÜÝÙ ϕ′(x) ≤ 0 â÷ ÿÝùÞÔø ×ÓÔÝÔÎÌÖ

|xn − ϕ(xn)| = |ϕ(xn−1) − ϕ(xn)| = |ϕ′(c1)(xn−1 − xn)|
= |ϕ′(c1)| · |xn−1 − xn| ≤ q|xn − xn−1|.

�Ó×�ÿÏ ×ØÐÿùÐÓÖ ÒÓÔ
|xn − ξ| ≤ |xn − xn−1|

{
q/(1 − q) ÜÝÙ ϕ′(x) > 0B
q ÜÝÙ ϕ′(x) ≤ 0 â Ó�Õ�Õ�×


ÏÎÐÐ þÌØÔ ÿÔûÏÍÏÎÔÖ ÒÓÔ |xn − xn−1| ≤ qn−1|x1 − x0| â [ÎÏÒÙÓÖ
|xn − ξ| ≤ qn|x1 − x0|

{
1/(1 − q) ÜÝÙ ϕ′(x) > 0B
1 ÜÝÙ ϕ′(x) ≤ 0â Ó�Õ�Õ�×



dde Á���� ¹� e�Ì���� µ ������¡ � �D��! ���f���#�Ð!
&ÔÝÑùØÌ 'Vârâe* Ù 'VârâV* ÜÔÍßÔØ��Ó Ô�ÐÎÙÓà þØÙÍÔ×Óà û ûÔÝÎ� ξ n ÕÞÔÜÝÙþØÙÚÐÎÙ� xn â

$ ÜÝÏûÓÙûÐ ßÌÒÙ×ØÐÎÙø ÜÔ ÙÓÐÝÏ�ÙÔÎÎÌÑ ÍÏßÙ×ÙÑÔ×Ó�Ñ ÒÏ×ÓÔ ×ÒÙÕÓÏ�Ó	 Ð×ØÙ ÿßÏ ÜÔ×ØÐÿÔßÏÓÐØàÎÌú ÜÝÙþØÙÚÐÎÙ� xn−1
Ù xn ×ÔßÜÏØÙ ÑÐÚÕÿù ×ÔþÔø × ÍÏÿÏÎÎÔø ÓÔÒÎÔ×Óà� ε Ö ÓÔ × ÓÔø ÚÐ ÓÔÒÎÔ×Óà� ×ÜÝÏßÐÿØÙßÔÝÏßÐÎ×ÓßÔ ξ ≈ xn â �Ïû ßÙÿÎÔ ÙÍ �ÔÝÑùØÌ 'Vârâe*Ö ÓÏûÔø ÜÔÿúÔÿ ÿÔÜù×ÓÙÑÜÝÙ ϕ′(x) < 0 â $ ×ØùÒÏÐ ϕ′(x) > 0 ÙÑ ÑÔÚÎÔ ÜÔØàÍÔßÏÓà×� ÓÔØàûÔ ÜÝÙ

q/(1− q) ≤ 1 Ö Óâ Ðâ ûÔÞÿÏ q ≤ 1/2 â å×ØÙ ÚÐ ϕ′(x) > 1/2 Ö ÓÔ ÜÝÙ q Ö þØÙÍÕûÔÑ û ÐÿÙÎÙ�ÐÖ ÔæÙþûÏ ÔÓ ÜÝÐûÝÏ�ÐÎÙ� ßÌÒÙ×ØÐÎÙø ÎÏ n Õø ÙÓÐÝÏ�ÙÙÑÔÚÐÓ þÌÓà ÎÐÿÔÜù×ÓÙÑÔ ßÐØÙûÏ ÎÐÍÏßÙ×ÙÑÔ ÔÓ ÑÔÿùØ� ÝÏÍÎÔ×ÓÙ ÑÐÚÿù×ÑÐÚÎÌÑÙ ÜÝÙþØÙÚÐÎÙ�ÑÙâ $ ×ØùÒÏÐ q > 1/2 ßÑÐ×ÓÔ ÑÐÓÔÿÏ ÙÓÐÝÏ�ÙøÝÐûÔÑÐÎÿùÐÓ×� ÜÝÙÑÐÎ�Óà ÑÐÓÔÿ ÜÔØÔßÙÎÎÔÞÔ ÿÐØÐÎÙ�â
äÝÙßÐÿÐÎÎÌÐ ßÌæÐ ÓÐÔÝÐÑÌ Ô ×úÔÿÙÑÔ×ÓÙ ÙÓÐÝÏ�Ùø ÿÔûÏÍÌßÏØÙ×àß ÜÝÐÿÜÔØÔÚÐÎÙÙÖ ÒÓÔ ßÌÒÙ×ØÐÎÙ� xn+1 = ϕ(xn)

ßÌÜÔØÎ��Ó×� Ïþ×ÔÕØ�ÓÎÔ ÓÔÒÎÔâ $ ÿÐø×ÓßÙÓÐØàÎÔ×ÓÙ ×ÒÐÓ ßÐÿÐÓ×� × ÔÜÝÐÿÐØÐÎÎÌÑ ÒÙ×ØÔÑÍÎÏÒÏ�Ùú �Ù�ÝÖ Ù �ÏûÓÙÒÐ×ûÙø ÜÝÔ�Ð×× ÜÔÝÔÚÿÏÐÓ ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×ÓàÒÙ×ÐØ
x̃n+1 = ϕ(x̃n) + γn, n = 0, 1, . . . ,

ÞÿÐ {γn} ý ÔæÙþûÙ ÔûÝùÞØÐÎÙ� 'ù×ÐÒÐÎÙ�*â äÔ×ØÐÿÔßÏÓÐØàÎÔ×Óà {x̃n}×úÔÿÙÓ×� û ûÔÝÎ� ùÝÏßÎÐÎÙ� ØÙæà ÜÝÙ ù×ØÔßÙÙÖ ÒÓÔ ÜÔÞÝÐæÎÔ×ÓÙ {γn}ùþÌßÏ�Ó ÜÔ ûÝÏøÎÐø ÑÐÝÐ ûÏû ÒØÐÎÌ ÞÐÔÑÐÓÝÙÒÐ×ûÔø ÜÝÔÞÝÐ××ÙÙâ äÝÙÜÝÏûÓÙÒÐ×ûÙú ÝÏ×ÒÐÓÏú ÞÏÝÏÎÓÙÝùÐÓ×� ØÙæà ÔÞÝÏÎÙÒÐÎÎÔ×Óà {γn} ×ßÐÝúùÖÔÜÝÐÿÐØ�ÐÑÏ� ÿØÙÎÔø ÝÏÍÝ�ÿÎÔø ×ÐÓûÙ Ù ÜÝÏßÙØÏÑÙ ÔûÝùÞØÐÎÙ�â uÔûÏÍÏÕÎÔÖ ÒÓÔ ß ÛÓÙú ù×ØÔßÙ�ú ÜÔÞÝÐæÎÔ×Óà ÙÓÐÝÏ�Ùø ÙÑÐÐÓ ÎÐûÔÓÔÝÔÐ ÜÝÐÿÐØàÕÎÔÐ 'ÎÐÎùØÐßÔÐ* ÍÎÏÒÐÎÙÐÖ Ù ÎÐÔÞÝÏÎÙÒÐÎÎÔÐ ÜÝÔÿÔØÚÐÎÙÐ ÙÓÐÝÏ�Ùø ÎÐÔþÐ×ÜÐÒÙßÏÐÓ ÎÐÔÞÝÏÎÙÒÐÎÎÔÞÔ ÜÝÙþØÙÚÐÎÙ� û ûÔÝÎ�	 þùÿùÓ ÎÏþØ�ÿÏÓàÕ×� Ô×�ÙØØ��ÙÙ ß þØÙÚÏøæÐø ÔûÝÐ×ÓÎÔ×ÓÙ ÜÔ×ØÐÿÎÐÞÔâ
äÝÙßÐÿÐÑ ÜÝÙÑÐÝ ÝÐæÐÎÙ� ùÝÏßÎÐÎÙ� ÑÐÓÔÿÔÑ ÙÓÐÝÏ�ÙÙâ
äÝÙÑÐÝ Vâ�â %ÏøÓÙ ûÔÝÐÎà ùÝÏßÎÐÎÙ� x = cosx â �Í ÝÙ×â VâV ßÙÿÎÔÖÒÓÔ ùÝÏßÎÐÎÙÐ ÙÑÐÐÓ ÐÿÙÎ×ÓßÐÎÎÌø ûÔÝÐÎà ξ Ö ÜÝÙÒÐÑ 0.5 < x < 1 â ÷úÔÕÿÙÑÔ×Óà ÜÝÔ�Ð××Ï ÞÏÝÏÎÓÙÝùÐÓ×�Ö ÜÔ×ûÔØàûù cos′ x = − sin x Ù ß ÔûÝÐ×ÓÕÎÔ×ÓÙ ûÔÝÎ� ùÝÏßÎÐÎÙ� ÑÔÿùØà ÜÝÔÙÍßÔÿÎÔø ÑÐÎàæÐ ÐÿÙÎÙ�Ìâ



¹�d� È�#�D �#� ���¡ ddd

oW`X �X�X oT�TVWT �^bSVTVWn x = cos x

äÔØÔÚÙÑ x0 � �âre��â äÝÙÑÐÎ�� �ÔÝÑùØù 'Vârâq*Ö ÜÔ×ØÐÿÔßÏÓÐØàÎÔÎÏúÔÿÙÑ	
x1 = 0.7317, x2 = 0.7440, x3 = 0.7357,
x4 = 0.7413, x5 = 0.7376, x6 = 0.7401,
x7 = 0.7364, x8 = 0.7395, x9 = 0.7387.

$ ûÏÒÐ×ÓßÐ ûÔÝÎ� × ÓÝÐÑ� ßÐÝÎÌÑÙ �Ù�ÝÏÑÙ ÜÔ×ØÐ ÍÏÜ�ÓÔø ÑÔÚÎÔÜÝÙÎ�Óà �ârq]â
b3!3h3 �P=8�=m=;<= 8Ï7�<>789< <9=j?N<o
�Í ÝÏ×úÔÿÙÑÔ×ÓÙ ÙÓÐÝÏ�Ùø ÎÐ ×ØÐÿùÐÓ ÔÓ×ùÓ×ÓßÙÐ ÝÐæÐÎÙ�	 ÜÝÔ×ÓÔÜÝÔ�Ð×× ÑÔÞ þÌÓà ÜÔ×ÓÝÔÐÎ ÎÐùÿÏÒÎÔâAÝÏßÎÐÎÙÐ 'Vârâ�* ÑÔÚÐÓ ÙÑÐÓà ÑÎÔÕÞÔ �ÔÝÑ ßÙÿÏ 'Vârâf*â %Ï× ÙÎÓÐÝÐ×ù�Ó ÓÔØàûÔ ÓÐ ÙÍ ÎÙúÖ ÿØ� ûÔÓÔÝÌú

|ϕ′(x)| < 1 úÔÓ� þÌ ß ÎÐûÔÓÔÝÔø ÔûÝÐ×ÓÎÔ×ÓÙ ûÔÝÎ�â 
Ï××ÑÔÓÝÙÑ ÜÝÙÐÑÌÜÝÐÔþÝÏÍÔßÏÎÙ� 'Vârâ�* ÙØÙ 'Vârâf* ß ÓÏûÙÐ ùÝÏßÎÐÎÙ�âi=j=Ï7� @ 7Pj?9;7o Ê|;@N<<3 äù×Óà ùÝÏßÎÐÎÙÐ 'Vârâ�* ÙÑÐÐÓÝÏßÎÔ×ÙØàÎÔÐ ùÝÏßÎÐÎÙÐ ßÙÿÏ 'Vârâf*Ö ÎÔ |ϕ′(x)| > 1 â KÔÞÿÏ �ùÎû�Ù�
y = ϕ(x) ÙÑÐÐÓ ÔÿÎÔÍÎÏÒÎù� ÔþÝÏÓÎù� �ùÎû�Ù� x = ψ(y) Ö ÿØ� ûÔÓÔÕÝÔø |dψ/dy| = 1/|ϕ(x)| < 1 â å×ØÙ ξ ý ûÔÝÐÎà ùÝÏßÎÐÎÙ� x = ϕ(x) Ö ÓÔ
ξ = ϕ(ξ) â $ ÛÓÔÑ ×ØùÒÏÐ ψ(ξ) = ψ(ϕ(ξ)) = ξ B ÍÎÏÒÙÓÖ ξ �ßØ�ÐÓ×� Ù ûÔÝÕÎÐÑ ùÝÏßÎÐÎÙ� y = ψ(y) â äÔ×ØÐÿÎÐÐ ùÿÔßØÐÓßÔÝ�ÐÓ ù×ØÔßÙ�Ñ ×úÔÿÙÑÔ×ÓÙÙÓÐÝÏ�Ùøâ



dd� Á���� ¹� e�Ì���� µ ������¡ � �D��! ���f���#�Ð!
äÝÙÑÐÝ Vâfâ %ÏøÓÙ ÎÏÙÑÐÎàæÙø ÜÔØÔÚÙÓÐØàÎÌø ûÔÝÐÎà ùÝÏßÎÐÎÙ�

x = tg x â

oW`X �X�X � \]u`cbVW  VbWaTV|�Tk\ h\w\�W]Tw|V\k\ c\^Vn �^bSVTVWn x = tg x

�Í ÝÙ×â Vâr ßÙÿÎÔÖ ÒÓÔ ûÔÝÐÎàÖ ùÿÔßØÐÓßÔÝ���Ùø ÜÝÐÿ��ßØÐÎÎÌÑ ÓÝÐþÔÕßÏÎÙ�ÑÖ ØÐÚÙÓ ß ÜÝÐÿÐØÏú π < ξ < 3π/2 â %Ô ϕ′(x) = 1/ cos2 x > 1 Ö ÙÙÓÐÝÏ�ÙÙ ÜÔ Ù×úÔÿÎÔø �ÔÝÑùØÐ ÔûÏÚùÓ×� ÝÏ×úÔÿ��ÙÑÙ×�â AÒÙÓÌßÏ� ÜÔÕØÔÚÐÎÙÐ ûÔÝÎ�Ö ÜÐÝÐÜÙæÐÑ Ù×úÔÿÎÔÐ ùÝÏßÎÐÎÙÐ ß ßÙÿÐ x = tg(x − π) â$Í�ß ÏÝûÓÏÎÞÐÎ× ÔÓ ÔþÐÙú ÒÏ×ÓÐø ÜÔ×ØÐÿÎÐø ÍÏÜÙ×ÙÖ ÜÔØùÒÙÑ ùÝÏßÎÐÎÙÐ
x = π + arctg x.

ËÔÿùØà ÜÝÔÙÍßÔÿÎÔø ÜÝÏßÔø ÒÏ×ÓÙ ÎÐ ÜÝÐßÔ×úÔÿÙÓ ����Ö ÓÏû ûÏû
|(π + arctanx)′| = 1/(1 + x2) < 1/(1 + π2) ≈ 1/11.

äÔÛÓÔÑù ÿØ� ÎÔßÔÞÔ ùÝÏßÎÐÎÙ� ÜÝÔ�Ð×× ÙÓÐÝÏ�ÙÙ þùÿÐÓ ×úÔÿ��ÙÑ×�â äÔÕØÏÞÏ� x0 = 1
2
(π + 3π/2) = 5π/4 Ö ÙÑÐÐÑ x0 = 3.92699081 B x1 =

4.46304061 B x2 = 4.49196705 B x3 = 4.49334136 B x4 = 4.49340624 B
x5 = 4.49340930 â �ÓÑÐÓÙÑÖ ÒÓÔ ÝÐÍùØàÓÏÓ æÐ×ÓÔø ÙÓÐÝÏ�ÙÙ ÿÏÐÓ ÿÐß�ÓàßÐÝÎÌú ÿÐ×�ÓÙÒÎÌú �Ù�Ý	 x6 = 4.49340945 âäÔØùÒÙÑ ÓÐÔÝÐÓÙÒÐ×ûù� Ô�ÐÎûù þØÙÍÔ×ÓÙ ÓÝÐÓàÐÞÔ ÜÝÙþØÙÚÐÎÙ� ûûÔÝÎ�Ö ×ÒÙÓÏ� q = 1/11 Ù x1 − x0 = 0.536 â %Ï Ô×ÎÔßÏÎÙÙ �ÔÝÑùØÌ'VârâV* ÿØ� ×ØùÒÏ� ϕ′(x) > 0 ÙÑÐÐÑ

|x3 − ξ| ≤ (1/11)3

1 − 1/11
· 0.536 =

0.536

1210
< 0.0005.
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÷ØÐÿÔßÏÓÐØàÎÔÖ ×ÓÏÝæÙÐ ÒÐÓÌÝÐ �Ù�ÝÌ x3

ßÐÝÎÌÖ ÒÓÔ ÜÔÿÓßÐÝÚÿÏÐÓ×�×ÝÏßÎÐÎÙÐÑ x3
W x6 âi7�P7j >;7Ð<9=n:â äù×Óà ÎÏ ÔÓÝÐÍûÐ [a, b] �ùÎû�Ù� g(x) 6= 0 âAÑÎÔÚÙÑ ùÝÏßÎÐÎÙÐ f(x) = 0 ÎÏ g(x) 	 f(x)g(x) = 0 â $ÌÒÙÓÏ� ÔþÐÒÏ×ÓÙ ÜÔ×ØÐÿÎÐÞÔ ùÝÏßÎÐÎÙ� ÙÍ x Ö ÜÔØùÒÏÐÑ

x = x− f(x)g(x).

A×ØÔßÙÐ ×úÔÿÙÑÔ×ÓÙ ÙÓÐÝÏ�Ùø ÙÑÐÐÓ ßÙÿ
|1 − [g(x)f(x)]′| < 1

ÙØÙ
0 ≤ [g(x)f(x)]′ < 2.

&ùÎû�Ù� g(x) ÑÔÚÎÔ ßÌþÙÝÏÓà ÝÏÍØÙÒÎÌÑÙ ×ÜÔ×ÔþÏÑÙâÏ*g(x) � W��¯xâ äù×Óà ÎÏ ÔÓÝÐÍûÐ [a, b] ÜÝÔÙÍßÔÿÎÏ� f(x) ÔÞÝÏÕÎÙÒÐÎÏ ×ßÐÝúù Ù ×ÎÙÍù	 0 < m1 ≤ f ′(x) ≤M1 â äÔØÔÚÙÑ g(x) = λ =
2/(M1 +m1) â KÔÞÿÏ

|ϕ′(x)| =

∣
∣
∣
∣
1 − 2

M1 +m1

f ′(x)

∣
∣
∣
∣
≤ 1 − 2m1

M1 +m1

=
M1 −m1

M1 +m1

< 1,

Ù ÜÝÔ�Ð×× ÙÓÐÝÏ�ÙÙ ÜÔ �ÔÝÑùØÐ
x = x− 2

M1 +m1

f(x)

×úÔÿÙÓ×�â
äÝÙÑÐÝ Vâqâ äù×Óà f(x) = x3 − x2 − 1000 = 0 â $ ÜÝÔÑÐÚùÓûÐ

10 ≤ x ≤ 11 ÙÑÐÐÓ×� ÐÿÙÎ×ÓßÐÎÎÌø ûÔÝÐÎà ÛÓÔÞÔ ùÝÏßÎÐÎÙ�â äÝÔÙÍßÔÿÕÎÏ� f ′(x) = 3x2 − 2x ÎÏ ÔÓÝÐÍûÐ [10, 11] ÑÔÎÔÓÔÎÎÔ ßÔÍÝÏ×ÓÏÐÓâ [ÎÏÒÙÓÖ
m1 = f ′(10) = 280 Ù M1 = f ′(11) = 341 â �Ó×�ÿÏ

λ =
2

280 + 341
=

2

621
≈ 1

300
.

uØ� ÙÓÐÝÏ�Ùø ßÔ×ÜÔØàÍùÐÑ×� ùÝÏßÎÐÎÙÐÑ
x = x− x3 − x2 − 1000

300
.

äÔØÏÞÏ� x0 = 10 Ö ÎÏúÔÿÙÑ x1 = 10.3333333 B x2 = 10.3446913 B
x3 = 10.3446910 â AÚÐ ÓÝÐÓà� ÙÓÐÝÏ�Ù� ÿÏÐÓ ÿÐß�Óà ßÐÝÎÌú ÍÎÏûÔßâ



ddy Á���� ¹� e�Ì���� µ ������¡ � �D��! ���f���#�Ð!
þ* #'$*���% &'$*â å×ØÙ ßÌþÝÏÓà g(x) = 1/f ′(x) Ö ÓÔ

ϕ′(x) =

(

x− f(x)

f ′(x)

)′
= 1 − f ′(x)f ′(x) − f(x)f ′′(x)

[f ′(x)]2
= f(x)

f ′′(x)

[f ′(x)]2
.

$ ÿÔ×ÓÏÓÔÒÎÔ þØÙÍûÔø ÔûÝÐ×ÓÎÔ×ÓÙ ûÔÝÎ� |f(x)| ≈ 0 Ö Ù ÑÔÿùØà ÜÝÔÙÍÕßÔÿÎÔø ϕ(x) ßÐ×àÑÏ ÑÏØâ �ÓÏûÖ ß ßÏÝÙÏÎÓÐ þ* ÝÐæÏÐÓ×� ùÝÏßÎÐÎÙÐ
x = x− f(x)/f ′(x).÷ÔÔÓßÐÓ×Óßù��Ï� ÝÏ×ÒÐÓÎÏ� ×úÐÑÏ ÛûßÙßÏØÐÎÓÎÏ ÑÐÓÔÿù %à�ÓÔÎÏâ

b3!3�3 d=97� c=k89=o;?
uØ� ÍÏÜù×ûÏ ÑÐÓÔÿÏ $ÐÞ×ÓÐøÎÏ Ue]Y ÎÐÔþúÔÿÙÑÔ ßÌÒÙ×ØÙÓà

x1 = ϕ(x0)
Ù ÜÔØÔÚÙÓà y1 = x1 â %Ï ûÏÚÿÔÑ æÏÞÐ ÑÐÓÔÿÏ yk =

ϕ(xk−1), k = 2, 3 . . . ßÌÒÙ×Ø�ÐÓ×� ÔÿÎÔûÝÏÓÎÔâäù×Óà xk−1
Ù xk

ý ÝÐÍùØàÓÏÓÌ ÿßùú ÜÔ×ØÐÿÎÙú ÙÓÐÝÏ�Ùøâ $ÌÒÙ×ÕØÙÑ yk−1 = ϕ(xk−2)
Ù yk = ϕ(xk−1)

Ù ÔÓÑÐÓÙÑ ÎÏ ûÝÙßÔø y = ϕ(x) ÖÜÔûÏÍÏÎÎÔø ÎÏ ÝÙ×â VâXÖ ÓÔÒûÙ (xk−2, yk−1)
Ù (xk−1, yk) â

oW`X �X�X ¡T\aT]^WvT`cWx `au`w aT]\Ub RTk`]TxVb
uÚâ $ÐÞ×ÓÐøÎ ÜÝÐÿØÔÚÙØ ß ûÏÒÐ×ÓßÐ ÔÒÐÝÐÿÎÔÞÔ ÜÝÙþØÙÚÐÎÙ� xkÜÝÙÎÙÑÏÓà Ïþ×�Ù××ù ÓÔÒûÙ C ÜÐÝÐ×ÐÒÐÎÙ� úÔÝÿÌ AB × ÜÝ�ÑÔø y = x âäÔØùÒÙÑ ÎÐÔþúÔÿÙÑÌÐ ÝÏ×ÒÐÓÎÌÐ ×ÔÔÓÎÔæÐÎÙ�â AÝÏßÎÐÎÙÐ ÜÝ�ÑÔøÖÜÝÔúÔÿ��Ðø ÒÐÝÐÍ ÓÔÒûÙ A Ù B Ö Ð×Óà

y − yA
yB − yA

=
x− xA
xB − xA
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ÙØÙ

y − yk−1

yk − yk−1

=
x− xk−2

xk−1 − xk−2

.

äÔ×ûÔØàûù ÑÌ Ù�ÐÑ ÓÔÒûù ÜÐÝÐ×ÐÒÐÎÙ� ÜÝ�ÑÔø AB × ÜÝ�ÑÔø y = x Ö ÓÔÖÍÏÑÐÎÙß y ÎÏ x ß ûÏÚÿÔÑ ÝÏßÐÎ×ÓßÐÖ ÜÝÙÿÐÑ û ùÝÏßÎÐÎÙ�
x− yk−1

yk − yk−1

=
x− xk−2

xk−1 − xk−2

.


ÐæÏ� ÐÞÔ ÔÓÎÔ×ÙÓÐØàÎÔ x = xk
Ö ÎÏúÔÿÙÑ

xk =
yk−1(xk−1 − xk−2) − xk−2(yk − yk−1)

xk−1 − xk−2 − yk + yk−1

=
yk−1xk−1 − ykxk−2

xk−1 − xk−2 − yk + yk−1

.

$ÌÝÏÚÐÎÙÐ ÿØ� xk
ÑÔÚÐÓ þÌÓà ÍÏÜÙ×ÏÎÔ ß þÔØÐÐ ùÿÔþÎÔø �ÔÝÑÐ	

xk = yk −
(yk − yk−1)(yk − xk−1)

(yk − yk−1) − (xk−1 − xk−2)
, k = 2, 3, . . .

[ÏÑÐÒÏÎÙÐâ ËÌ ÜÝÙÑÐÎ�ØÙ ÑÐÓÔÿ $ÐÞ×ÓÐøÎÏ ÿØ� ÝÐæÐÎÙ� ùÝÏßÎÐÎÙ�
x = ϕ(x) â åÞÔ ÑÔÚÎÔ Ù×ÜÔØàÍÔßÏÓà Ù ÿØ� ùÝÏßÎÐÎÙø ßÙÿÏ f(x) = 0 â $ÛÓÔÑ ×ØùÒÏÐ ÜÔØÏÞÏ�Ó x0 = a Ö x1 = b â äÝÙþØÙÚÐÎÙ� {xk}, k = 2, 3, . . .ÎÏúÔÿ�Ó ÜÝÙÑÐÎÐÎÙÐÑ ÑÐÓÔÿÏ úÔÝÿ û ÔÓÝÐÍûù × ûÔÎ�ÏÑÙ xk−2

Ù xk−1 â
äÝÙÑÐÝ V â̂ â �×ÜÔØàÍùÐÑ ÑÐÓÔÿ $ÐÞ×ÓÐøÎÏ ÿØ� ÝÐæÐÎÙ� ùÚÐ ß×ÓÝÐÕÒÏßæÐÞÔ×� ÎÏÑ ùÝÏßÎÐÎÙ� x = cosx ÜÝÙ ÓÔÑ ÚÐ ÎÏÒÏØàÎÔÑ ÜÝÙþØÙÚÐÎÙÙ

x0 = 0.7500 â uØ� ×ÝÏßÎÐÎÙ� ßÔ×ÜÝÔÙÍßÐÿÐÑ Ù ÝÐÍùØàÓÏÓÌÖ ÜÔØùÒÐÎÎÌÐÑÐÓÔÿÔÑ ÜÝÔ×ÓÔø ÙÓÐÝÏ�ÙÙ 'ÓÏþØâ Vâ�*â 
ÐÍùØàÓÏÓÌ ÜÐÝßÔø ÙÓÐÝÏ�ÙÙÖ ûÏûÛÓÔ ÜÝÐÿÜÔØÏÞÏÐÓ×� ß ÑÐÓÔÿÐ $ÐÞ×ÓÐøÎÏÖ �ßØ��Ó×� Ôþ�ÙÑÙâ AÚÐ ÜÐÝßÔÐÜÝÙÑÐÎÐÎÙÐ Ô×ÎÔßÎÔÞÔ ÏØÞÔÝÙÓÑÏ $ÐÞ×ÓÐøÎÏ ÿÏÐÓ ÒÐÓÌÝÐ ßÐÝÎÌú ÍÎÏûÏÝÐÍùØàÓÏÓÏÖ ûÔÓÔÝÌÐ ß ÑÐÓÔÿÐ ÜÝÔ×ÓÔø ÙÓÐÝÏ�ÙÙ ÎÐ þÌØÙ ÜÔØùÒÐÎÌ ÍÏ] æÏÞÔßâ äÔØùÒÐÎÎÌø ÜÔ $ÐÞ×ÓÐøÎù x4
ÙÑÐÐÓ ] ßÐÝÎÌú ÍÎÏûÔßâ

÷úÔÿÙÑÔ×Óà ÑÐÓÔÿÏ $ÐÞ×ÓÐøÎÏ ÔþÐ×ÜÐÒÙßÏÐÓ×� ÜÝÙ Ø�þÔÑ ÍÎÏÒÐÎÙÙ
ϕ′(x) â å×ØÙ ÚÐ |ϕ′(x)| < 1 Ö ÓÔ ÐÞÔ ÜÝÙÑÐÎÐÎÙÐÖ ûÏû ÛÓÔ ßÙÿÎÔ ÙÍ ÓÏþØâ Vâ�Ö×ù�Ð×ÓßÐÎÎÔ ù×ûÔÝ�ÐÓ ×úÔÿÙÑÔ×Óàâ
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�b_wWib �XYX m^bSVTVWT W]T^biW\VVu� aT]\U\S

ÐÍùØàÓÏÓÌ �ÓÐÝÏ�ÙÙ

ÜÝÔ×ÓÏ� ÜÔ $ÐÞ×ÓÐøÎù
x0

�âre�� �âre��
x1

�ârq�r �ârq�r
x2

�âr^^� �ârq]�
x3

�ârqer �ârq]�
x4

�âr^�q Õ
x5

�ârqrV Õ
x6

�âr^�� Õ
x7

�ârqX^ Õ
x8

�ârq]e Õ
x9

�ârqX] Õ
b3!3�3 ij<>=;=;<= >=97�? <9=j?N<o�n: �j<Pn<Ð=;;7k7 alm<8n=;<: `;?m=;<: Ê|;@N<o
$×�ûù� �ùÎû�Ù� y = f(x) ÑÔÚÎÔ ÜÝÐÿ×ÓÏßÙÓà 'ÎÐ ÐÿÙÎ×ÓßÐÎÎÌÑÔþÝÏÍÔÑ* ûÏû ÎÐ�ßÎÔ ÍÏÿÏÎÎù� ùÝÏßÎÐÎÙÐÑ

F (x, y) = 0. Ó�Õ�Õ�×ËÔÚÐÓ ÔûÏÍÏÓà×�Ö ÒÓÔ ÐÞÔ ÝÐæÐÎÙÐ ÔÓÎÔ×ÙÓÐØàÎÔ y ÑÐÓÔÿÔÑ ÙÓÐÝÏ�ÙøùÿÔþÎÐÐÖ ÒÐÑ ßÌÒÙ×ØÐÎÙÐ �ùÎû�ÙÙ f(x) ûÏûÙÑÕØÙþÔ ÿÝùÞÙÑ ÜùÓÐÑâ $ÒÏ×ÓÎÔ×ÓÙÖ ÜÝÙÑÐÎ�� û 'Vârâr* ÑÐÓÔÿ %à�ÓÔÎÏÖ ÜÔØùÒÏÐÑ
yn+1 = yn −

F (x, yn)

F ′
y(x, yn)

, n = 0, 1, . . . Ó�Õ�Õþ×
�×úÔÿ� ÙÍ ÎÐûÔÓÔÝÔÞÔ y0(x)

Ö þùÿÐÑ ÎÏúÔÿÙÓà y1, y2, . . . , yn, . . . å×ØÙ ÙÓÐÕÝÏ�ÙÙ ×úÔÿ�Ó×�Ö ÓÔ ÜÔ×ØÐ ûÔÎÐÒÎÔÞÔ ÒÙ×ØÏ æÏÞÔß ß ûÏÒÐ×ÓßÐ f(x) ÑÔÚÎÔÜÝÙÎ�Óà yn 	 f(x) ≈ yn(x) âäÝÔÙØØ�×ÓÝÙÝùÐÑ ÛÓÔÓ ÜÔÿúÔÿ ÎÏ ÜÝÙÑÐÝÐ ßÌÒÙ×ØÐÎÙ� �ùÎ�ÙÙ y =√
x Ö ûÔÓÔÝÏ� ÎÏ ÎÐûÔÓÔÝÌú ×ÜÐ�ÙÏØÙÍÙÝÔßÏÎÎÌú É$Ë ÎÐ ßúÔÿÙÓ ß ÒÙ×ØÔÛØÐÑÐÎÓÏÝÎÌú ÑÏæÙÎÎÌú ÔÜÐÝÏ�Ùøâ [ÏÜÙæÐÑ ÛÓù �ùÎû�Ù� ß ÎÐ�ßÎÔÑßÙÿÐ	 F (x, y) = x− y2 = 0 â KÔÞÿÏ

yn+1 = yn −
x− y2

n

−2yn
.

äÔ×ØÐ ùÜÝÔ�ÐÎÙø ÙÑÐÐÑ
yn+1 = yn/2 + x/(2yn).
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�ûÔÎÒÏÓÐØàÎÔ

yn+1 =
1

2

(

yn +
x

yn

)

, n = 0, 1, . . . Ó�Õ�Õ�×
÷ß�ÍÏÎÎÌø × ÝÏßÐÎ×ÓßÔÑ 'Vârâ]* ÙÓÐÝÏ�ÙÔÎÎÌø ÜÝÔ�Ð×× ÜÔûÏÍÏÎ ÎÏ ÝÙ×â Vâ]â

oW`X �X�X �pSwTvTVWT cSbU^b]V\k\ c\^Vn aT]\U\a W]T^biWx
uÙ��ÐÝÐÎ�ÙÝù� ÜÐÝßù� ÒÏ×Óà 'Vârâ]*Ö ùþÐÚÿÏÐÑ×�Ö ÒÓÔ ϕ′(y) =

(1− x/y2)/2 Ö Ù ÜÝÙ √x/2 < y <∞ ÑÔÿùØà ÜÝÔÙÍßÔÿÎÔø |ϕ′(y)| < 1/2 âå×ØÙ y0 <
√
x Ö ÓÔ ϕ′(y0) < 0 Ù ÔÒÐÝÐÿÎÔÐ ÜÝÙþØÙÚÐÎÙÐ ÔûÏÚÐÓ×� ÜÔÿÝùÞù� ×ÓÔÝÔÎù ÓÔÒûÙ ξ =

√
x 'ÑÔÚÐÓ þÌÓàÖ ÿÏØàæÐ ÔÓ ÎÐÐÖ ÒÐÑ þÌÕØÔ ÎÏÒÏØàÎÔÐ ÜÝÙþØÙÚÐÎÙÐ*â �ÿÎÏûÔ ß ÜÔ×ØÐÿù��ÐÑ þùÿÐÓ ÙÑÐÓà ÑÐÕ×ÓÔ ÑÔÎÔÓÔÎÎÏ� ×úÔÿÙÑÔ×Óà ÙÓÐÝÏ�Ùøâ KÏûÙÑ ÔþÝÏÍÔÑÖ ØùÒæÐ ßÌþÙÝÏÓà

y0 >
√
x â
äÝÙÑÐÝ qâeâ äÔûÏÚÐÑ ÔÜÙ×ÏÎÎÌø ÜÝÔ�Ð×× ÿØ� x = 2 Ö y0 = 1 âKÔÞÿÏ

y1 = 0.5(1 + 2/1) =
3

2
= 1.5000;

y2 = 0.5(3/2 + 2 · 2/3) =
17

12
= 1.4166;

y3 = 0.5(17/12 + 2 · 12/17) =
577

408
= 1.41425.

÷ ÿÐß�Óà� ßÐÝÎÌÑÙ ÍÎÏûÏÑÙ ÜÔ×ØÐ ÍÏÜ�ÓÔø √
2 = 1.414213562 â�ÓÏûÖ ùÚÐ ÓÝÐÓàÐ ÜÝÙþØÙÚÐÎÙÐ ÔþÐ×ÜÐÒÙØÔ ÎÏÑ V ßÐÝÎÌú ÍÎÏûÔß ÝÐÍùØàÕÓÏÓÏâ
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cènè Àîìë§ '�ìöîðõ

äù×Óà ÝÐÍùØàÓÏÓÌ ÎÐûÔÓÔÝÔÞÔ ÜÝÔ�Ð××Ï
r0 = r + e,
r1 = r + ef,
r2 = r + ef 2,â â â â â â â â â â â â â â â â â

Ó�ÕþÕÔ×
KÏûÙÑ ÔþÝÏÍÔÑÖ ÜÔÞÝÐæÎÔ×ÓÙ ÜÝÐÿ×ÓÏßØ��Ó×� ÒØÐÎÏÑÙ ùþÌßÏ��ÐøÞÐÔÑÐÓÝÙÒÐ×ûÔø ÜÝÔÞÝÐ××ÙÙâ KÔÞÿÏ ûÔÎÐÒÎÌÐ ÝÏÍÎÔ×ÓÙ

∆0 = e(f − 1),

∆1 = ef(f − 1).

KÐÜÐÝà �×ÎÔÖ ÒÓÔ f = ∆1/∆0 â uÏØÐÐÖ
e =

∆0

f − 1
=

∆0

∆1/∆0 − 1
=

(∆0)
2

∆1 − ∆0

.

�Ó×�ÿÏ ×ØÐÿùÐÓÖ ÒÓÔ Ù×ÜÝÏßØÐÎÎÌø ÝÐÍùØàÓÏÓ ÿÔØÚÐÎ ßÌÒÙ×Ø�Óà×�×ÔÞØÏ×ÎÔ
r = x0 −

(∆0)
2

∆1 − ∆0

.


ÓÏ �ÔÝÑùØÏ ÔÜÝÐÿÐØ�ÐÓ ßÓÔÝÔÐ ÎÏÍßÏÎÙÐ ÿÏÎÎÔÞÔ ÏØÞÔÝÙÓÑÏ '∆2 ÕÜÝÔ�Ð××*â �Î ÙÑÐÐÓ ÑÎÔÞÔÒÙ×ØÐÎÎÌÐ ÜÝÙÑÐÎÐÎÙ� Ù Ôþ×ùÚÿÏÐÓ×� ß ×ÏÑÌúÏßÓÔÝÙÓÐÓÎÌú ùÒÐþÎÙûÏú ÜÔ ÒÙ×ØÐÎÎÌÑ ÑÐÓÔÿÏÑ Uf]Ö e]Yâ
∆2 ÕÑÐÓÔÿ ÿÔØÚÐÎ ÜÝÙÑÐÎ�Óà×� û ÓÝÐÑ ×ÑÐÚÎÌÑ ÒØÐÎÏÑ E�P�QPG'×Ô ×ûÔÝÔ×Óà� ÞÐÔÑÐÓÝÙÒÐ×ûÔø ÜÝÔÞÝÐ××ÙÙ* ×úÔÿ��Ðø×� ÜÔ×ØÐÿÔßÏÓÐØàÕÎÔ×ÓÙâ äÝÙ ÎÐÔþúÔÿÙÑÔ×ÓÙ ÜÝÔÿÔØÚÐÎÙ� ×ØÐÿùÐÓ ÜÔØùÒÙÓà ÎÔßù� ÓÝÔøûùÝÐÍùØàÓÏÓÔßâ

cèvè hîêîðòî -ë�òðëôòõ��ð�Ï �íõóðîðò�

�ÓÿÐØàÎÔÞÔ ÝÏ××ÑÔÓÝÐÎÙ� ÍÏ×ØùÚÙßÏÐÓ ÎÏúÔÚÿÐÎÙÐ ûÔÝÎÐø ZGE�PG£�� â äÔ ×ÝÏßÎÐÎÙ� × ÓÝÏÎ×�ÐÎÿÐÎÓÎÌÑÙ �ùÎû�Ù�ÑÙ ÜÔØÙÎÔÑÌ ÙÑÐ�Ó ÓÔÜÝÐÙÑù�Ð×ÓßÔÖ ÒÓÔ ÎÏÜÐÝÐÿ ÓÔÒÎÔ ÙÍßÐ×ÓÎÔ ÒÙ×ØÔ Ùú ûÔÝÎÐøâ uØ� ÜÔØÙÕÎÔÑÔß ×ù�Ð×Óßù�Ó ÓÏûÚÐ Ô�ÐÎûÙ ÒÙ×ØÏ ÜÔØÔÚÙÓÐØàÎÌúÖ ÔÓÝÙ�ÏÓÐØàÎÌúÙ ûÔÑÜØÐû×ÎÌú ûÔÝÎÐøâ
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÷ßÔø×ÓßÏ ÏØÞÐþÝÏÙÒÐ×ûÙú ùÝÏßÎÐÎÙø

anx
n + an−1xn−1 + . . .+ a1x+ a0 = 0

ÝÐÍ�ÑÙÝù�Ó×� ×ØÐÿù��ÙÑ ÔþÝÏÍÔÑ	
�â ãØÞÐþÝÏÙÒÐ×ûÔÐ ùÝÏßÎÐÎÙÐ ÜÔÝ�ÿûÏ n ÙÑÐÐÓ n ûÔÝÎÐøÖ ûÔÓÔÝÌÐÑÔÞùÓ þÌÓà ÿÐø×ÓßÙÓÐØàÎÌÑÙ ÙØÙ ûÔÑÜØÐû×ÎÌÑÙâ å×ØÙ ÿØ� ÓÏûÔÕÞÔ ùÝÏßÎÐÎÙ� ÜÔØùÒÐÎÏ (n + 1) ÜÐÝÐÑÐÎÏ ÍÎÏûÏÖ ÓÔ ß×Ð ÐÞÔ ûÔÝÎÙÔÓÿÐØÐÎÌâ
fâ å×ØÙ ß×Ð ûÔÛ��Ù�ÙÐÎÓÌ ÏØÞÐþÝÏÙÒÐ×ûÔÞÔ ùÝÏßÎÐÎÙ� ÿÐø×ÓßÙÓÐØàÕÎÌÐÖ ÓÔ ß×Ð ûÔÑÜØÐû×ÎÌÐ ûÔÝÎÙ ÔþÝÏÍù�Ó ×ÔÜÝ�ÚÐÎÎÌÐ ÜÏÝÌâ ãØÞÐþÕÝÏÙÒÐ×ûÔÐ ùÝÏßÎÐÎÙÐ ÎÐÒÐÓÎÔø ×ÓÐÜÐÎÙ ÙÑÐÐÓ ÜÔ ûÝÏøÎÐø ÑÐÝÐ ÔÿÙÎÿÐø×ÓßÙÓÐØàÎÌø ûÔÝÐÎàâqâ JÙ×ØÔ ÜÔØÔÚÙÓÐØàÎÌú ÿÐø×ÓßÙÓÐØàÎÌú ûÔÝÎÐø ÎÐ ÜÝÐßÔ×úÔÿÙÓ ÒÙ×ØÏÜÐÝÐÑÐÎ ÍÎÏûÏ ß ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×ÓÙ ûÔÛ��Ù�ÙÐÎÓÔßâ^â JÙ×ØÔ ÔÓÝÙ�ÏÓÐØàÎÌú ÿÐø×ÓßÙÓÐØàÎÌú ûÔÝÎÐø ÎÐ ÜÝÐßÔ×úÔÿÙÓ ÒÙ×ØÏÜÐÝÐÑÐÎ ÍÎÏûÏ ß ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×ÓÙ ûÔÛ��Ù�ÙÐÎÓÔß ÜÝÙ ÍÏÑÐÎÐ xÎÏ −x â÷ÔÞØÏ×ÎÔ ÓÐÔÝÐÑÐ uÐûÏÝÓÏÖ ÒÙ×ØÔ ÜÔØÔÚÙÓÐØàÎÌú ûÔÝÎÐø ÏØÞÐþÕÝÏÙÒÐ×ûÔÞÔ ùÝÏßÎÐÎÙ� × ùÒÐÓÔÑ Ùú ûÝÏÓÎÔ×ÓÐø ÝÏßÎÔ ÒÙ×Øù ÜÐÝÐÑÐÎÍÎÏûÏ ß ×Ù×ÓÐÑÐ ûÔÛ��Ù�ÙÐÎÓÔß {a0, a1, . . . , an} ÙØÙ ÑÐÎàæÐ ÛÓÔÞÔûÔØÙÒÐ×ÓßÏ ÎÏ ÒÐÓÎÔÐ ÒÙ×ØÔâ JÙ×ØÔ ÔÓÝÙ�ÏÓÐØàÎÌú ûÔÝÎÐø × ùÒÐÓÔÑ ÙúûÝÏÓÎÔ×ÓÐø ÝÏßÎÔ ÒÙ×Øù ZGN�G�PN�L ÍÎÏûÏ ß ÓÔø ÚÐ ×Ù×ÓÐÑÐ ÙØÙ ÑÐÎàæÐÛÓÔÞÔ ûÔØÙÒÐ×ÓßÏ ÎÏ ÒÐÓÎÔÐ ÒÙ×ØÔâsÝùþÏ� Ô�ÐÎûÏ ÑÔÿùØÐø ß×Ðú ûÔÝÎÐø ùÝÏßÎÐÎÙ� ÿÏÐÓ×� ÎÐÝÏßÐÎ×ÓßÔÑ

|xk| < 1 +
A

|a0|
= R,

ÞÿÐ A ý ÑÏû×ÙÑÏØàÎÌø ÙÍ ÑÔÿùØÐø Ô×ÓÏØàÎÌú ûÔÛ��Ù�ÙÐÎÓÔß ùÝÏßÎÐÕÎÙ�â ÷ ÿÝùÞÔø ×ÓÔÝÔÎÌÖ Ð×ØÙ B = max{|a0|, |a1|, . . . , |an−1|} Ö ÓÔ
|xk| >

1

1 +B/|an|
= r.


ÓÙ ÎÐÝÏßÐÎ×ÓßÏ ùûÏÍÌßÏ�ÓÖ ÒÓÔ ß×Ð ûÔÝÎÙ ùÝÏßÎÐÎÙ� ÎÏ ûÔÑÜØÐû×ÎÔøÜØÔ×ûÔ×ÓÙ ÍÏûØ�ÒÐÎÌ ß ûÝùÞÔßÔÐ ûÔØà�ÔÖ r < |x| < R â ÷ Ùú ÜÔÑÔ�à�ØÐÞûÔ ù×ÓÏÎÏßØÙßÏ�Ó×� ÞÝÏÎÙ�Ì ÿØ� ÜÔØÔÚÙÓÐØàÎÌú Ù ÔÓÝÙ�ÏÓÐØàÎÌúûÔÝÎÐøâ
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[Ï ßÐÝúÎ�� ÞÝÏÎÙ�ù ÜÔØÔÚÙÓÐØàÎÌú ûÔÝÎÐø ÑÎÔÞÔÒØÐÎÏ Pn(x)W a0 > 0 ÑÔÚÎÔ ÜÝÙÎ�Óà ÒÙ×ØÔ

R = 1 + m
√

B/a0,

ÞÿÐ m ý ÙÎÿÐû× ÜÐÝßÔÞÔ ÔÓÝÙ�ÏÓÐØàÎÔÞÔ ûÔÛ��Ù�ÙÐÎÓÏ ÙÍ a1, a2, . . . , an
ÖÏ B ý ÎÏÙþÔØàæÙø ÙÍ ÑÔÿùØÐø ÔÓÝÙ�ÏÓÐØàÎÌú ûÔÛ��Ù�ÙÐÎÓÔßâ÷ÔÞØÏ×ÎÔ $Ð×ÓÐÝ�ÙØàÿùÖ ÑÔÿùØÙ ß×Ðú ûÔÝÎÐø ÜÝÙßÐÿÐÎÎÔÞÔ'× ÐÿÙÎÙÒÎÌÑ ×ÓÏÝæÙÑ ûÔÛ��Ù�ÙÐÎÓÔÑ* ÑÎÔÞÔÒØÐÎÏ Pn(x) ØÐÚÏÓ ß ûÝùÕÞÐÖ ÝÏÿÙù× ûÔÓÔÝÔÞÔ ÎÐ ÜÝÐßÔ×úÔÿÙÓ ×ùÑÑÌ ÿßùú ÎÏÙþÔØàæÙú ÙÍ ÒÙ×ÐØ

m
√

|am| Ö m = 1, n âäÐÝÐÒÙ×ØÐÎÎÌÐ ÝÐÍùØàÓÏÓÌ ÎÐ ÓÔØàûÔ ÔþØÐÞÒÏ�Ó ÝÐæÐÎÙÐ ùÝÏßÎÐÕÎÙøÖ ÎÔ Ù Ù×ÜÔØàÍù�Ó×� ÿØ� ÏÎÏØÙÍÏ ù×ÓÔøÒÙßÔ×ÓÙ ×Ù×ÓÐÑ ÏßÓÔÑÏÓÙÒÐÕ×ûÔÞÔ ùÜÝÏßØÐÎÙ�â
äÝ�ÑÌÐ 'Ê�ÔÝÑùØàÎÌÐá* ÑÐÓÔÿÌ ÎÏúÔÚÿÐÎÙ� ûÔÝÎÐø ÜÝÙÑÐÎ��Ó×�ÿØ� ùÝÏßÎÐÎÙø ÿÔ ÒÐÓßÐÝÓÔø 'ÜÝÏûÓÙÒÐ×ûÙ ý ÿÔ ÓÝÐÓàÐø* ×ÓÐÜÐÎÙ ßûØ�ÕÒÙÓÐØàÎÔâ AÝÏßÎÐÎÙ� ×ÓÐÜÐÎÙ e Ù ßÌæÐ ß GtÝ�� ×ØùÒÏÐ ÎÐÝÏÍÝÐæÙÑÌ ßÝÏÿÙûÏØÏúâ JÙ×ØÐÎÎÌÐ ÑÐÓÔÿÌ ÝÐæÐÎÙ� ÏØÞÐþÝÏÙÒÐ×ûÙú ùÝÏßÎÐÎÙø ßÌ×ÔÕûÙú ×ÓÐÜÐÎÐø ÔþÌÒÎÔ ×ß�ÍÏÎÌ × ÜÔ×ØÐÿÔßÏÓÐØàÎÌÑ ÜÔÎÙÚÐÎÙÐÑ ×ÓÐÜÐÎÙùÝÏßÎÐÎÙ�â ÷ÔÞØÏ×ÎÔ ÓÐÔÝÐÑÐ TÐÍùÖ ÜÝÙ Ø�þÔÑ x0

a0x
n +a1x

n−1 + . . .+an−1x+an = (x−x0)(b0xn−1 +b1x
n−2 + . . .+bn−2x+bn−1)+bn,

ÜÝÙÒÐÑ bn = Pn(x0) â $ÌÜÔØÎ�� ÜÐÝÐÑÎÔÚÐÎÙÐ Ù ÜÝÙÝÏßÎÙßÏ� ûÔÛ��ÙÕ�ÙÐÎÓÌ ÜÝÙ ÔÿÙÎÏûÔßÌú ×ÓÐÜÐÎ�ú x Ö ÜÔØùÒÏÐÑ
b0 = a0, b1 = a1 + x0b0, b2 = a2 + x0b1, . . . , bn = an + x0bn−1.

å×ØÙ x0
ý ûÔÝÐÎà Ù×úÔÿÎÔÞÔ ÑÎÔÞÔÒØÐÎÏÖ ÓÔ bn = 0 â%Ïøÿ� ûÏûÙÑÕØÙþÔ ÑÐÓÔÿÔÑ ûÔÝÐÎà x∗ Ù ÝÏÍÿÐØÙß ùÝÏßÎÐÎÙÐÎÏ (x − x∗) Ö ÑÔÚÎÔ ÜÔÎÙÍÙÓà ÛÓù ×ÓÐÜÐÎà ÎÏ � Ù ÜÝÙÑÐÎÙÓà û ÎÔßÔÑùùÝÏßÎÐÎÙ� Óù ÚÐ ÜÝÔ�ÐÿùÝùâ äÝÙ ÝÐæÐÎÙÙ ÜÔØÙÎÔÑÙÏØàÎÌú ùÝÏßÎÐÎÙøûÔÛ��Ù�ÙÐÎÓÌ ÑÎÔÞÔÒØÐÎÏ

Pn−1(x) = Pn(x)/(x− x∗)
ÔÜÝÐÿÐØ��Ó×� ÜÔ ÝÐûùÝÝÐÎÓÎÌÑ �ÔÝÑùØÏÑ

bn = a0, bj = aj + bj−1x
∗, j = 1, n− 1.



¹�w� e�Ì���� ������!���ã�ÐÑ µ ������¡ d�d
÷ÜÐ�ÙÏØàÎÌÐ ÑÐÓÔÿÌ ÔÓÌ×ûÏÎÙ� RG�ZE�RNPI¤ ûÔÝÎÐø ÔþÌÒÎÔ ×ß�ÕÍÏÎÌ × ßÌÿÐØÐÎÙÐÑ ÙÍ Ù×úÔÿÎÔÞÔ ùÝÏßÎÐÎÙ� ûßÏÿÝÏÓÙÒÎÔÞÔ ÑÎÔÚÙÓÐØ�	
(x2 + px+ q)(xn−2 + bn−1x

n−3 + . . .+ b3x+ b2) + b1x+ b0 = 0,

ÞÿÐ b1x + b0
ý ØÙÎÐøÎÌø Ô×ÓÏÓÔÒÎÌø ÒØÐÎâ å×ØÙ b0 = b1 = 0 Ö ÓÔ ÿÐØÐÕÎÙÐ ßÌÜÔØÎ�ÐÓ×� þÐÍ Ô×ÓÏÓûÏâ ÷ÝÏßÎÙßÏ� ûÔÛ��Ù�ÙÐÎÓÌ ÜÝÙ ÔÿÙÎÏûÔßÌú×ÓÐÜÐÎ�ú x ß ÔþÔÙú �ÔÝÑÏú ÍÏÜÙ×Ù ùÝÏßÎÐÎÙ�Ö ÜÝÙúÔÿÙÑ û

bn−1 = an−1 − p,

bn−2 = an−2 − pbn−1 − q,

â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â
bn−j = an−j − pbn+1−j − qbn+2−j,â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â
p = (a1 − qb3)/b2,

q = a0/b2.÷ÎÏÒÏØÏ ÍÏÿÏ�Ó×� ßÐÝÔ�ÓÎÌÐ ÍÎÏÒÐÎÙ� p Ù q âuÏØÐÐ ÜÔÿÝ�ÿ ßÌÜÔØÎ��ÓÕ×� ßÌæÐùûÏÍÏÎÎÌÐ ßÌÒÙ×ØÐÎÙ�Ö ß ûÔÎ�Ð ûÔÓÔÝÌú p Ù q ÜÐÝÐ×ÒÙÓÌßÏ�Ó×�Ù Ô�ÐÎÙßÏÐÓ×� ÍÎÏÒÙÑÔ×Óà ùÓÔÒÎÐÎÙøâ äÝÔ�ÐÿùÝÏ ×ßÔÿÙÓ×� û ÝÐæÐÎÙ� ×ÙÕ×ÓÐÑÌ ÿßùú ùÝÏßÎÐÎÙø × ÿßùÑ� ÎÐÙÍßÐ×ÓÎÌÑÙ ÑÐÓÔÿÔÑ ÜÝÔ×ÓÔø ÙÓÐÝÏ�ÙÙâ$ ÑÐÓÔÿÐ TÐÝ×ÓÔù ÿØ� ÝÐæÐÎÙ� ÏÎÏØÔÞÙÒÎÔø ×Ù×ÓÐÑÌ Ù×ÜÔØàÍùÐÓ×� ÑÐÓÔÿ%à�ÓÔÎÏâ
äÔ×ûÔØàûù ß ÜÔÿÏßØ���ÐÑ þÔØàæÙÎ×ÓßÐ ×ØùÒÏÐß ûÔÝÎÙ ßÌÒÙ×Ø�Õ�Ó×� ÜÝÙþØÙÚÐÎÎÔÖ ÜÝÙ ÜÔÎÙÚÐÎÙÙ ×ÓÐÜÐÎÙ ÏØÞÐþÝÏÙÒÐ×ûÔÞÔ ùÝÏßÎÐÎÙ�ÎÐÙÍþÐÚÎÏ ÜÔÓÐÝ� ÓÔÒÎÔ×ÓÙÖ × ûÔÓÔÝÔø ÑÔÞùÓ þÌÓà ÎÏøÿÐÎÌ ÜÔ×ØÐÿù��ÙÐûÔÝÎÙâ �ÍßÐ×ÓÎÏ ûÝÏøÎ�� ÎÐù×ÓÔøÒÙßÔ×Óà ûÔÝÎÐø ÎÐûÔÓÔÝÌú ÜÔØÙÎÔÑÔßûÏû �ùÎû�Ùø ÔÓ Ùú ûÔÛ��Ù�ÙÐÎÓÔß '×Ñâ ùÚÐ ùÜÔÑÙÎÏßæÙø×� ÜÝÙÑÐÝ AÙØÕûÙÎ×ÔÎÏ*â uÏÚÐ ÎÐþÔØàæÏ� ÜÔÞÝÐæÎÔ×Óà ß Ù×úÔÿÎÌú ÿÏÎÎÌú ÜÝÙßÔÿÙÓ ûþÔØàæÙÑ ÜÔÞÝÐæÎÔ×Ó�Ñ ß ÝÐæÐÎÙÙ ÙØÙ ßÔß×Ð ÎÐßÐÝÎÔÑù ÝÐÍùØàÓÏÓùâ KÏûÖùÝÏßÎÐÎÙÐ

x2 − 2x+ 1 = 0ÙÑÐÐÓ ûÝÏÓÎÌø ßÐ�Ð×ÓßÐÎÎÌø ûÔÝÐÎà x1 = x2 = 1 Ö Ï
x2 − 2x+ 1.01 = 0ý ÜÏÝù ûÔÑÜØÐû×ÎÌú ûÔÝÎÐø x1 = 1 + 0.1i Ö x2 = 1 − 0.1i â$ Ôþ�ÐÑÖ ÍÏÿÏÒÙÖ ßûØ�ÒÏ��ÙÐ ß ×Ðþ� ÎÏúÔÚÿÐÎÙÐ ÎùØÐø ÜÔØÙÎÔÕÑÔß ßÌ×ÔûÔø ×ÓÐÜÐÎÙÖ ÓÝÐþù�Ó ØÙþÔ ÜÝÐÿÐØàÎÔ ÓÔÒÎÔÞÔ ßÌÒÙ×ØÐÎÙ� ûÔÛ�Õ�Ù�ÙÐÎÓÔßÖ ØÙþÔ ×ÔßÐÝæÐÎÎÔ ÙÎÔÞÔ ÜÔÿúÔÿÏâ äÝÙÑÐÝÔÑ �ßØ�ÐÓ×� ÍÏÿÏÒÏßÌÒÙ×ØÐÎÙ� ×Ôþ×ÓßÐÎÎÌú ÒÙ×ÐØ ÑÏÓÝÙ�Ì '×Ñâ ÝÏÍÿâ XâV±XâX*â



d�� Á���� ¹� e�Ì���� µ ������¡ � �D��! ���f���#�Ð!
cèéçè (ë-ëñìõó�îðòî ôîìë§ëó

$ÏÚÎÔø úÏÝÏûÓÐÝÙ×ÓÙûÔø ÜÝÔ�Ð××Ï ÝÐæÐÎÙ� ùÝÏßÎÐÎÙ� �ßØ�ÐÓ×�NRGHGN�O N¤Gg��GN�� â $ Ôþ�ÐÑ ×ØùÒÏÐ ÞÔßÔÝ�ÓÖ ÒÓÔ ÑÐÓÔÿ ×úÔÿÙÓ×�×Ô ×ûÔÝÔ×Óà� r Ö Ð×ØÙ ÜÝÐÿÐØàÎÔÐ ÔÓÎÔæÐÎÙÐ ÜÔÞÝÐæÎÔ×ÓÐø ÎÏ ×ÑÐÚÎÌúæÏÞÏú
lim
i→∞

|ei+1|
|ei|r

= C,

ÞÿÐ C ý ÎÐûÔÓÔÝÏ� ûÔÎÐÒÎÏ� ÎÐÎùØÐßÏ� ûÔÎ×ÓÏÎÓÏâ uØ� ÑÐÓÔÿÏ ÜÔØÔßÙÎÕÎÔÞÔ ÿÐØÐÎÙ� r = 1 'ØÙÎÐøÎÏ� ×úÔÿÙÑÔ×Óà*Ö C = 1/2 â ÷ØùÒÏø r = 2×ÔÔÓßÐÓ×ÓßùÐÓ ûßÏÿÝÏÓÙÒÎÔø ×úÔÿÙÑÔ×ÓÙâ äÝÏûÓÙÒÐ×ûÙ ßÏÚÎÌ ÍÎÏÒÐÎÙ�ÎÐ ÓÔØàûÔ r Ö ÎÔ Ù C 	 ÜÝÙ ÑÏØÔø C ØÙÎÐøÎÏ� ×úÔÿÙÑÔ×Óà ÑÔÚÐÓ ÔûÏÕÍÏÓà×� ÜÝÐÿÜÔÒÓÙÓÐØàÎÐÐ ûßÏÿÝÏÓÙÒÎÔø × þÔØàæÔø ûÔÎ×ÓÏÎÓÔøâ $ÏÚÎù�ÝÔØà ÙÞÝÏÐÓ ÓÏûÚÐ ûÏÒÐ×ÓßÔ ÎÏÒÏØàÎÔÞÔ ÜÝÙþØÙÚÐÎÙ�âËÐÓÔÿ ×Ðûù�Ùú �ÏûÓÙÒÐ×ûÙ ÛûßÙßÏØÐÎÓÐÎ ÑÐÓÔÿù %à�ÓÔÎÏ × ûÔÎÐÒÎÔÕÝÏÍÎÔ×ÓÎÔø ÏÜÜÝÔû×ÙÑÏ�ÙÐø ÜÝÔÙÍßÔÿÎÔøâ �Î ×úÔÿÙÓ×� ×ßÐÝúØÙÎÐøÎÔ ×ÜÔûÏÍÏÓÐØÐÑ r = (1 +
√

5)/2 ��âV�Xâ KÝùÿÎÔ×ÓÙ ÜÝÙ ÐÞÔ ÜÝÙÑÐÎÐÕÎÙÙ ßÔÍÎÙûÏ�Ó ß ×ØùÒÏ�ú ÎùØÐßÔø ÜÝÔÙÍßÔÿÎÔø Ù ûÝÏÓÎÌú ûÔÝÎÐøâ äÝÙûÝÏÓÎÌú ûÔÝÎ�ú ÑÐÓÔÿÌ %à�ÓÔÎÏ Ù ×Ðûù�Ùú þùÿùÓ ×úÔÿÙÓà×� × ØÙÎÐøÎÔø×ûÔÝÔ×Óà�â å×ØÙ ûÝÏÓÎÔ×Óà ûÔÝÎ� ÙÍßÐ×ÓÎÏÖ ÑÔÚÎÔ ßÔ××ÓÏÎÔßÙÓà þÌ×ÓÝù�×úÔÿÙÑÔ×Óàâ÷ûÔÝÔ×Óà ×úÔÿÙÑÔ×ÓÙ ÔþÝÏÓÎÔø ûßÏÿÝÏÓÙÒÎÔø ÙÎÓÐÝÜÔØ��ÙÙ ÝÏßÎÏ�âXq]âËÐÓÔÿÌ %à�ÓÔÎÏ Ù ×Ðûù�Ùú ÑÔÚÎÔ Ù×ÜÔØàÍÔßÏÓà Ù ß ûÔÑÜØÐû×ÎÌúÔþØÏ×Ó�úâ



ĹMNM )¶
*ç½QºLQ»OL+PçO ¼O»·Éç
LQPO�P·� MLKOÛ¸ç

� ÒÙ×ØÐÎÎÌÑ ÑÐÓÔÿÏÑ ÏØÞÐþÝÌ ÓÝÏÿÙ�ÙÔÎÎÔ ÔÓÎÔ×�Ó ÑÐÓÔÿÌ ÝÏþÔÕÓÌ × ÑÏÓÝÙ�ÏÑÙ	 ÔþÝÏ�ÐÎÙ�Ö ÝÐæÐÎÙ� ×Ù×ÓÐÑ ØÙÎÐøÎÌú ÏØÞÐþÝÏÙÒÐ×ûÙúùÝÏßÎÐÎÙøÖ ßÌÒÙ×ØÐÎÙ� ÔÜÝÐÿÐØÙÓÐØÐøÖ ÎÏúÔÚÿÐÎÙ� ×Ôþ×ÓßÐÎÎÌú ÍÎÏÒÐÕÎÙø Ù ×Ôþ×ÓßÐÎÎÌú ßÐûÓÔÝÔßÖ Ï ÓÏûÚÐ ÜÔÙ×û ÎùØÐø ÑÎÔÞÔÒØÐÎÔßâ

gèéè Àõìíò.�

äù×Óà m Ù n ý �ÐØÌÐ ÒÙ×ØÏÖ þÇÔØàæÙÐ ÙØÙ ÝÏßÎÌÐ �â 
Ï××ÑÔÓÝÙÑÓÏþØÙ�ù ÒÙ×ÐØ {ai,k} Ö ×ÔÿÐÝÚÏ�ù� m ×ÓÝÔû Ù n ×ÓÔØþ�Ôß	

A =







a11 a12 . . . a1n

a21 a22 . . . a2nâââ âââ â â â âââ
am1 am2 . . . amn






.


ÓÏ ×ÔßÔûùÜÎÔ×Óà ÒÙ×ÐØ ÎÏÍÌßÏÐÓ×� ���H���Q ßÙÿÏ (m,n) â ËÏÓÝÙ�Ì�ßØ��Ó×� ûÔÑÜÏûÓÎÌÑ Ù ùÿÔþÎÌÑ ×ÝÐÿ×ÓßÔÑ ÔÜÙ×ÏÎÙ� ÑÏÓÐÑÏÓÙÒÐ×ûÙúÑÔÿÐØÐø ý ß Ô×ÔþÐÎÎÔ×ÓÙ ØÙÎÐøÎÌúâ �þÌÒÎÔ ×ÒÙÓÏ�ÓÖ ÒÓÔ ÙÍÔþÙØÙÐ 'ÜÔûÔØÙÒÐ×Óßù Ù ÎÏÒÙÎûÐ* ÜÏûÐÓÔß ×ÔÔÓßÐÓ×Óßù��Ùú ÜÔÿÜÝÔÞÝÏÑÑ ×ÎÙÑÏÐÓß×Ð ÜÝÔþØÐÑÌâ �ÿÎÏûÔ ßÔÍÎÙûÏÐÓ ßÔÜÝÔ× Ô H���GP�EOPG� Ù×ÜÔØàÍÔßÏÎÙÙÙÑÐÐÑÌú ßÔÍÑÔÚÎÔ×ÓÐø Ù ÜÝÙ Ê×ÏÑÔÿÐ�ÓÐØàÎÔÑ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙÙá ýùÒÐÓÐ ÊÙ×ÓÔÒÎÙûÔß ÜÔßÌæÐÎÎÔø ÔÜÏ×ÎÔ×ÓÙáâuØ� ûÝÏÓûÔ×ÓÙ ß ÿÏØàÎÐøæÐÑ þùÿÐÑ ÔþÔÍÎÏÒÏÓà ÑÏÓÝÙ�Ì þÔØàæÙÕÑÙ þùûßÏÑÙ A(m,n) Ö ÜÝÙ ÎÐÔþúÔÿÙÑÔ×ÓÙ ùûÏÍÌßÏ� ß ×ûÔþûÏú ÜÔÝ�ÿÔûÑÏÓÝÙ�Ì ÜÔ ÙÍÑÐÝÐÎÙ�Ñâ



d�y Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð
JÙ×ØÏ {aik} ×ùÓà ²E���P�I ÑÏÓÝÙ�Ìâ å×ØÙ m = 1 Ö ÓÔ ÑÏÓÝÙ�ÏÎÏÍÌßÏÐÓ×� L�R�GHG�£N�HGRGQÖ Ð×ØÙ n = 1 ý L�R�GHG�£N�GEt�G� âäÝÙ m = n ÑÏÓÝÙ�Ï ÎÏÍÌßÏÐÓ×� RL�gH��PGQ ÜÔÝ�ÿûÏ n â ÷ ûÏÚÿÔøûßÏÿÝÏÓÎÔø ÑÏÓÝÙ�Ðø ×ß�ÍÌßÏÐÓ×� ÐÐ GZH�g�E���EOý ÒÙ×ØÔÖ ÜÔØùÒÏÐÑÔÐÜÔ ÙÍßÐ×ÓÎÌÑ ÜÝÏßÙØÏÑ ÙÍ ÛØÐÑÐÎÓÔß ÑÏÓÝÙ�Ìâ

gè+è ¦-îíõ.òò ðõ§ ôõìíò.õôò
,H�PNZGP�HGL�PP�� ÑÏÓÝÙ�Ï AT ßÙÿÏ (n,m) ÜÔØùÒÏÐÓ×� ÙÍÙ×úÔÿÎÔø A ÍÏÑÐÎÔø ×ÓÝÔû ÎÏ ×ÓÔØþ�Ì	

AT =






a11 a21 . . . am1

a12 a22 . . . am2â â â â â â â â â â â â â â â â â â â
a1n a2n . . . amn




 .

$ ÒÏ×ÓÎÔ×ÓÙÖ ßÐûÓÔÝÕ×ÓÝÔûÏ
[
a11 a12 . . . a1n

]

ÜÔ×ØÐ ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÙ� ×ÓÏÎÔßÙÓ×� ßÐûÓÔÝÔÑÕ×ÓÔØþ�ÔÑÖ Ù ÎÏÔþÔÝÔÓâ�ÑÐÐÓ ×ÑÌ×Ø ÜÝÙßÐ×ÓÙ�ÝÏÞÑÐÎÓ ÜÝÔÞÝÏÑÑÌÖ ÍÏÜÙ×ÌßÏ��Ùø ÓÝÏÎ×ÕÜÔÎÙÝÔßÏÎÎù� ÑÏÓÝÙ�ù ÎÏ ÑÐ×ÓÐ Ù×úÔÿÎÔø 'ûßÏÿÝÏÓÎÔø*	
ð$ ��<��ð$ I�	��V	������Iñ� ����Iñ���I��ñ� ��I��ñ��î�ð ð$î�ð ð$

AûÏÚÐÑ ÒÏ×ÓÔ ÿÔÜù×ûÏÐÑÌÐ ÍÿÐ×à ÔæÙþûÙ	
• þÐÍ Ù×ÜÔØàÍÔßÏÎÙ� ÜÝÔÑÐÚùÓÔÒÎÔø ÜÐÝÐÑÐÎÎÔø B ÑÏÓÝÙ�Ï ÜÝÐßÝÏÕÓÙÓ×� ß ×ÙÑÑÐÓÝÙÒÎù�B
• ÍÏÿÏÎÙÐ ÿØ� ßÎùÓÝÐÎÎÐÞÔ �ÙûØÏ ßÐÝúÎÐø ÞÝÏÎÙ�Ì n ßÌÜÔØÎÙÓ ÓÝÏÎ×ÕÜÔÎÙÝÔßÏÎÙÐ gL�kgIÖ ×ØÐÿ×ÓßÙÐÑ ÒÐÞÔ �ßÙÓ×� â â â Ù×úÔÿÎÏ� ÑÏÓÝÙÕ�Ïâ

ò¢��GQ C = A+ B ÿßùú ÑÏÓÝÙ� ÔÿÎÔÞÔ ßÙÿÏ (m,n) ÎÏÍÌßÏÐÓ×�ÑÏÓÝÙ�Ï C ÓÔÞÔ ÚÐ ßÙÿÏ × ÛØÐÑÐÎÓÏÑÙ cik = aik+bik = bik+aik â �Ó×�ÿÏ×ØÐÿùÐÓÖ ÒÓÔ A+B = B + A â



d��� ��� ���� ��D !�# ���!� d�~
yHG��L�g�P��� ���H��I A P� M�NEG λ �ßØ�ÐÓ×� ÑÏÓÝÙ�Ï ÓÔÞÔÚÐ ßÙÿÏ (m,n) × ÛØÐÑÐÎÓÏÑÙ {λaik} â �ÎÏ ÔþÔÍÎÏÒÏÐÓ×� λA ÙØÙ Aλ â%ÐÓÝùÿÎÔ ßÙÿÐÓàÖ ÒÓÔ ×ÜÝÏßÐÿØÙßÌ ×ßÔø×ÓßÏ	

λ(A+B) = λA+ λB;
(λ+ µ)A = λA+ µA;

(A+B) + C = A+ (B + C).

yHG��L�g�P��� C = A × B ���H�� ßÙÿÏ (m,n) Ù (n, k) ÎÏÍÌÕßÏÐÓ×� ÑÏÓÝÙ�Ï C(m, k) Ö ÿØ� ûÔÓÔÝÔø

cij =
n∑

l=1

ailblj, i = 1,m; j = 1, k,

Óâ Ðâ ÛØÐÑÐÎÓ cij
ÝÏßÐÎ ×ùÑÑÐ ÜÝÔÙÍßÐÿÐÎÙø ÛØÐÑÐÎÓÔß i Õø ×ÓÝÔûÙ ÑÏÓÕÝÙ�Ì A ÎÏ ×ÔÔÓßÐÓ×Óßù��ÙÐ ÛØÐÑÐÎÓÌ j ÕÞÔ ×ÓÔØþ�Ï ÑÏÓÝÙ�Ì B â äÔÿÕÒÐÝûÎÐÑÖ ÒÓÔ ÜÝÔÓ�ÚÐÎÎÔ×Óà Ù×úÔÿÎÌú ÑÏÓÝÙ� ÜÔ ÊßÎùÓÝÐÎÎÐÑùá ÙÍÑÐÕÝÐÎÙ� Ôþ�ÍÏÓÐØàÎÔ ÿÔØÚÎÏ ×ÔßÜÏÿÏÓàâ äÝÙßÐÿÐÑ �ÝÏÞÑÐÎÓ ÜÝÔÞÝÏÑÑÌÜÐÝÐÑÎÔÚÐÎÙ� ÑÏÓÝÙ�	

ð$ ��	�"ð$ I�	�!#�%ð$ ��	�� � #�#+�����ñ�� ���Iñ� î�ð ð$
����Iñ�#î�ð ð$î�ð ð$

�ÓßÐÓÎÌø ÛØÐÑÐÎÓ ß ÛÓÔÑ�ÝÏÞÑÐÎÓÐ ÑÔÚÎÔ ÝÏ××ÑÏÓÝÙßÏÓà ûÏû NR�£E�HPG� ZHG��L�g�P��ý ×ùÑÑù ÜÏÝÎÌú ÜÝÔÙÍßÐÿÐÎÙø ÔÿÎÔÙÑÐÎÎÌú ÜÝÔÐûÕ�Ùø ×ÓÝÔûÙ Ù ×ÓÔØþ�Ïâ [ÏÜÙæÐÑ ÜÝÔÞÝÏÑÑù ÜÐÝÐÑÎÔÚÐÎÙ� ÓÐú ÚÐ ÑÏÓÝÙ�× Ù×ÜÔØàÍÔßÏÎÙÐÑ ×ÐÒÐÎÙø ÑÏ××ÙßÔß Ù ß×ÓÝÔÐÎÎÔø�ùÎû�ÙÙ ð$�2*�$ðX��	
ð$ ��	�"ð$ I�	�!����Iñ�ð$�2*�$ðX�� �����&ñ�� ���Iññî�ð ð$î�ð ð$

uØ� ÓÔÞÔ ÒÓÔþÌ ÎÏÝ�ÿù × ÜÝÔÙÍßÐÿÐÎÙÐÑ AB ÙÑÐØÔ ×ÑÌ×Ø Ù ÜÝÔÕÙÍßÐÿÐÎÙÐ BA Ö ÎÐÔþúÔÿÙÑÔÖ ÒÓÔþÌ m = k â KÔÞÿÏ ÑÏÓÝÙ�Ï AB
þùÿÐÓûßÏÿÝÏÓÎÔø ÜÔÝ�ÿûÏ m Ö Ï ÑÏÓÝÙ�Ï BA ý ûßÏÿÝÏÓÎÔø ÜÔÝ�ÿûÏ n â å×ØÙ
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A Ù B ý ûßÏÿÝÏÓÎÌÐ ÑÏÓÝÙ�Ì ÜÔÝ�ÿûÏ n Ö ÓÔ ÜÝÔÙÍßÐÿÐÎÙ� AB Ù BAÓÏûÚÐ �ßØ��Ó×� ûßÏÿÝÏÓÎÌÑÙ ÑÏÓÝÙ�ÏÑÙ ÜÔÝ�ÿûÏ n Ö ß Ôþ�ÐÑ ×ØùÒÏÐ ÎÐÝÏßÎÌÑÙ ÿÝùÞ ÿÝùÞùâ %ÏÜÝÙÑÐÝÖ
A =

[
2 1
0 3

]

, B =

[
1 2
−1 3

]

, AB =

[
1 7
−3 9

]

, BA =

[
2 7
−2 8

]

.

KÏûÙÑ ÔþÝÏÍÔÑÖ ÿØ� ÜÝÔÙÍßÐÿÐÎÙ� ÑÏÓÝÙ� ûÔÑÑùÓÏÓÙßÎÌø 'ÜÐÝÐ×ÓÏÎÔÕßÔÒÎÌø* ÍÏûÔÎ ß Ôþ�ÐÑ ×ØùÒÏÐ ÎÐßÐÝÐÎâ
JÏ×ÓÔ ÜÝÙúÔÿÙÓ×� ÙÑÐÓà ÿÐØÔ × g��FGP�EOPI� ÑÏÓÝÙÒÎÌÑ ×ÔÑÎÔÕÚÙÓÐØÐÑâ AÑÎÔÚÐÎÙÐ ûßÏÿÝÏÓÎÔø ÑÏÓÝÙ�Ì ÎÏ ÿÙÏÞÔÎÏØàÎù� ×ÜÝÏßÏ ÛûÕßÙßÏØÐÎÓÎÔ ùÑÎÔÚÐÎÙ� ×ÓÔØþ�ÔßÖ Ï ×ØÐßÏ ý ×ÓÝÔû ÎÏ ×ÔÔÓßÐÓ×Óßù��ÙÐÛØÐÑÐÎÓÌ ÿÙÏÞÔÎÏØÙâ
�ÑÐ�Ó ÑÐ×ÓÔ ×ØÐÿù��ÙÐ ×ßÔø×ÓßÏ ÿÐø×ÓßÙø ÎÏÿ ÑÏÓÝÙ�ÏÑÙ	

[A(m,n) +B(m,n)]C(n, k) = AC +BC,
C(m,n)[A(n, k) +B(n, k)] = CA+ CB,

(λA)B = λ(AB) = A(λB).

å×ØÙ ×Ô×ÐÿÎÙÐ ÒØÐÎÌ ÎÐûÔÓÔÝÔø ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×ÓÙ ÑÏÓÝÙ� ÙÑÐ�Ó ÜÔ×ßÔÙÑ ÙÍÑÐÝÐÎÙ�Ñ ÜÝÔÓ�ÚÐÎÎÔ×ÓàÖ ÜÝÙ ûÔÓÔÝÔø Ùú ÜÝÔÙÍßÐÿÐÎÙ� ×ù�ÐÕ×Óßù�ÓÖ ÓÔ ÿØ� ÜÝÔÙÍßÐÿÐÎÙ� ÑÏÓÝÙ� ×ÜÝÏßÐÿØÙß Ï××Ô�ÙÏÓÙßÎÌø ÍÏûÔÎâKÏûÖ
A(m,n) ×B(n, k)
︸ ︷︷ ︸

D(m,k)

×C(k, l) = A(m,n) × [B(n, k) × C(k, l)]
︸ ︷︷ ︸

F (n,l)

= G(m, l).


ÓÔ ÜÔÍßÔØ�ÐÓ ßÌÜÙ×ÌßÏÓà ÜÝÔÙÍßÐÿÐÎÙ� ÑÏÓÝÙ� þÐÍ ùûÏÍÏÎÙ� ÞÝùÜÜÙÕÝÔßûÙ ×ÔÑÎÔÚÙÓÐØÐø 'ÎÔ ÎÐ ÎÏÝùæÏ� ÜÔÝ�ÿÔû Ùú ×ØÐÿÔßÏÎÙ�*â
KÐÜÐÝà ÑÌ ÑÔÚÐÑ ßÌÜÙ×ÏÓà ÜÔØÎÌø ÎÏþÔÝ ×ßÔø×Óß ÔÜÐÝÏ�Ùø ÓÝÏÎ×ÕÜÔÎÙÝÔßÏÎÙ�	

�â KÝÏÎ×ÜÔÎÙÝÔßÏÎÎÏ� ×ÙÑÑÐÓÝÙÒÎÏ� ÑÏÓÝÙ�Ï ÝÏßÎÏ Ù×úÔÿÎÔøâ
fâ ußÏÚÿÌ ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÎÏ� ÑÏÓÝÙ�Ï ×ÔßÜÏÿÏÐÓ × Ù×úÔÿÎÔøâqâ KÝÏÎ×ÜÔÎÙÝÔßÏÎÎÏ� ×ùÑÑÏ ÑÏÓÝÙ� ÝÏßÎÏ ×ùÑÑÐ ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÎÌú×ØÏÞÏÐÑÌúâ^â KÝÏÎ×ÜÔÍÙ�Ù� ÜÝÔÙÍßÐÿÐÎÙ� ÝÏßÎÏ ÜÝÔÙÍßÐÿÐÎÙ� ÓÝÏÎ×ÜÔÍÙ�ÙøÖßÍ�ÓÔÑù ß ÔþÝÏÓÎÔÑ ÜÔÝ�ÿûÐ	 (AB)T = BTAT â
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eâ äÝÔÙÍßÐÿÐÎÙÐ ÑÏÓÝÙ�Ì ÎÏ ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÎù� Ðø ÿÏÐÓ ûßÏÿÝÏÓÎù�×ÙÑÑÐÓÝÙÒÎù� ÑÏÓÝÙ�ùÖ ÓÏû ûÏû (AAT )T = (AT )TAT = AAT âVâ KÝÏÎ×ÜÔÎÙÝÔßÏÎÎÏ� ÔþÝÏÓÎÏ� ÑÏÓÝÙ�Ï ÔþÝÏÓÎÏ ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÎÔøÙ×úÔÿÎÔøâ÷ ÜÔÑÔ�à� ÔÜÐÝÏ�ÙÙ ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÙ� ×ûÏØ�ÝÎÔÐ ÜÝÔÙÍßÐÿÐÎÙÐßÐûÓÔÝÔß ÍÏÜÙ×ÌßÏÐÓ×� ß ÓÐÝÑÙÎÏú ÔþÌÒÎÔÞÔ ÑÏÓÝÙÒÎÔÞÔ ùÑÎÔÚÐÎÙ�	 ÿØ�×ÓÔØþ�Ôß (a, b) = aT b Ö ÿØ� ×ÓÝÔû (a, b) = abT âäù×Óà ÿÏÎÏ ÿÐø×ÓßÙÓÐØàÎÏ� ûßÏÿÝÏÓÎÏ� n × n ÑÏÓÝÙ�Ï A Ù

n ÕÑÐÝÎÌÐ ßÐûÓÔÝÌ x Ù y â ÷ûÏØ�ÝÎÔÐ ÜÝÔÙÍßÐÿÐÎÙÐ
(Ax, y) =

n∑

i=1

yi

( n∑

j=1

aijxj

)

=
n∑

j=1

xj

( n∑

i=1

aijyi

)

= (x,ATy).

[ÎÏÒÙÓÖ ÑÏÓÝÙÒÎÌø ÑÎÔÚÙÓÐØà ß ×ûÏØ�ÝÎÔÑ ÜÝÔÙÍßÐÿÐÎÙÙ ÑÔÚÎÔ ÜÐÝÐÕ×ÓÏßØ�ÓàÖ ÍÏÑÐÎ�� ÐÞÔ ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÎÌÑâ$ ûÔÑÜØÐû×ÎÔÑ ×ØùÒÏÐ ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÙÐ ×ÔÜÝÔßÔÚÿÏÐÓ×� ÍÏÑÐÎÔøß×Ðú ÛØÐÑÐÎÓÔß ÑÏÓÝÙ�Ì ×ÔÜÝ�ÚÐÎÎÌÑÙ ÒÙ×ØÏÑÙâ 
ÐÍùØàÓÏÓ ÔþÔÍÎÏÒÏÐÓÕ×� A∗ â
ßZH�g�E���EO ÜÝÔÙÍßÐÿÐÎÙ� ûßÏÿÝÏÓÎÌú ÑÏÓÝÙ� ÝÏßÐÎ ÜÝÔÙÍßÐÿÐÕÎÙ� ÔÜÝÐÿÐØÙÓÐØÐø ×ÔÑÎÔÚÙÓÐØÐøâ
å×ÓÐ×ÓßÐÎÎÌÑ ÝÏÍßÙÓÙÐÑ ÔÜÐÝÏ�ÙÙ ÜÝÔÙÍßÐÿÐÎÙ� �ßØ�ÐÓ×� ÔÜÐÝÏÕ�Ù� ßÔÍßÐÿÐÎÙ� ÑÏÓÝÙ�Ì ß �ÐØù� ×ÓÐÜÐÎàâ�ÎÏ ÜÝÙÑÐÎÙÑÏ ÓÔØàûÔ û ûßÏÿÕÝÏÓÎÌÑ ÑÏÓÝÙ�ÏÑ 'ÜÔÒÐÑùø*â ÉÐØÌÐ G�H�����EOPI� ×ÓÐÜÐÎÙ ÜÔØùÒÏ�ÓÕ×� ßÔÍßÐÿÐÎÙÐÑ ß ×ÓÐÜÐÎà ÔþÝÏÓÎÔø ÑÏÓÝÙ�ÌâuØ� þÌ×ÓÝÔÞÔ ßÔÍßÐÿÐÎÙ� ûßÏÿÝÏÓÎÔø ÑÏÓÝÙ�Ì ß �ÐØù� ×ÓÐÜÐÎàÑÔÚÎÔ Ù×ÜÔØàÍÔßÏÓà ÜÔ×ØÐÿÔßÏÓÐØàÎÌÐ ßÔÍßÐÿÐÎÙ� ß ûßÏÿÝÏÓ Ù ùÜÝÏßÕØ�ÐÑÔÐ ÿßÔÙÒÎÌÑ ÝÏÍØÔÚÐÎÙÐÑ ÜÔûÏÍÏÓÐØ� ×ÓÐÜÐÎÙ ÎÏûÔÜØÐÎÙÐ ÜÝÔÙÍÕßÐÿÐÎÙ�â AÜÔÑ�ÎùÓÔÐ ÝÏÍØÔÚÐÎÙÐ �ÔÝÑÙÝùÐÓ×� ÙÍ Ô×ÓÏÓûÔß ÔÓ ÿÐØÐÎÙ�ÎÏ f ÓÝÐþùÐÑÔø ûÝÏÓÎÔ×ÓÙ Ù ÜÔ×ØÐÿÔßÏÓÐØàÎÔ ÜÔØùÒÏÐÑÌú ÒÏ×ÓÎÌú ý ÜÔÕûÏ ÔÒÐÝÐÿÎÔÐ ÒÏ×ÓÎÔÐ ÎÐ ÔûÏÚÐÓ×� ÎùØÐÑâ äù×Óà ÎùÚÎÏ� ×ÓÐÜÐÎà ÝÏßÎÏ �]âJÙÓÏ� ×ÜÝÏßÏ ÎÏØÐßÔ ÝÏßÐÎ×ÓßÔ 1910 = 100112

Ö ùþÐÚÿÏÐÑ×�Ö ÒÓÔ ß ÜÝÔÙÍÕßÐÿÐÎÙÐ ÿÔØÚÎÌ ßÔøÓÙ ÜÐÝßÏ�Ö ßÓÔÝÏ� Ù æÐ×ÓÎÏÿ�ÏÓÏ� ×ÓÐÜÐÎÙ Ù×úÔÿÎÔøÑÏÓÝÙ�Ìâ�þ�Ùø ÏØÞÔÝÙÓÑ ßÔÍßÐÿÐÎÙ� ß ×ÓÐÜÐÎà k ÑÏÓÝÙ�Ì A ÙÑÐÐÓ ×ØÐÕÿù��Ùø ßÙÿ	
�â äÔØÔÚÙÓà ÜÝÔÙÍßÐÿÐÎÙÐ P = I 'ÐÿÙÎÙÒÎÏ� ÑÏÓÝÙ�Ï*Ö Q = A Ö
m = k â
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fâ $ÌÒÙ×ØÙÓà m̃ = [m/2] '�ÐØÏ� ÒÏ×Óà*Ö r = m− 2m̃ 'Ô×ÓÏÓÔû*â
qâ å×ØÙ r = 1 Ö ûÔÜÙÓà ÜÝÔÙÍßÐÿÐÎÙÐ P = P ∗Q â
^â å×ØÙ m̃ = 0 Ö ÜÐÝÐøÓÙ û ÛÓÏÜù Vâ
eâ äÔØÔÚÙÓà Q = Q ∗Q Ö m = m̃ â äÐÝÐøÓÙ û ÛÓÏÜù fâ
Vâ �ÔÎÐ� ÏØÞÔÝÙÓÑÏâ

÷ ÜÔÑÔ�à� ×ÓÐÜÐÎÐø ÑÏÓÝÙ� ÑÔÚÎÔ ÔÜÝÐÿÐØ�Óà ÑÏÓÝÙÒÎÌÐ �ùÎûÕ�ÙÙ ÔÓ ÑÏÓÝÙ� Ù ßÌÒÙ×Ø�Óà ×ùÑÑÌ ×ÔÔÓßÐÓ×Óßù��Ùú ×úÔÿ��Ùú×� Ý�ÿÔßâäÝÔ×ÓÐøæÙÑ ×ØùÒÏÐÑ �ßØ�ÐÓ×� ÑÏÓÝÙÒÎÏ� ÞÐÔÑÐÓÝÙÒÐ×ûÏ� ÜÝÔÞÝÐ××Ù�ÖæÙÝÔûÔ Ù×ÜÔØàÍùÐÑÏ�Ö ÎÏÜÝÙÑÐÝÖ ß ÓÐÔÝÙÙ ÑÏÝûÔß×ûÙú �ÐÜÐø Ù ÓÐÔÝÙÙÔÒÐÝÐÿÐøâ åÐ ×ùÑÑÏ
S =

∞∑

k=0

Ak = (I − A)−1

'ÜÔÎ�ÓÙ� ÐÿÙÎÙÒÎÔø Ù ÔþÝÏÓÎÔø ÑÏÓÝÙ� ÔÜÝÐÿÐØÐÎÌ ß ÝÏÍÿâ r â̂ *â 
ÓÏ�ÔÝÑùØÏ ×ÜÝÏßÐÿØÙßÏ ÜÝÙ ù×ØÔßÙÙÖ ÒÓÔ ÎÔÝÑÏ ÑÏÓÝÙ�Ì ||A|| < 1 âäÝÔÎÙ�ÏÓÐØàÎÌø ÒÙÓÏÓÐØà þÐÍ ÓÝùÿÏ ÜÔØùÒÙÓ ÐÐ ÜÔ ÏÎÏØÔÞÙÙ × ×ùÑÑÔø×ûÏØ�ÝÎÔø ÞÐÔÑÐÓÝÙÒÐ×ûÔø ÜÝÔÞÝÐ××ÙÙâ

gè�è hõð0 ôõìíò.�

äù×Óà A Ð×Óà ÑÏÓÝÙ�Ï ßÙÿÏ (m,n) Ù ÿÏÎÔ �ÐØÔÐ ÒÙ×ØÔ r Ö
0 < r ≤ min(m,n) â 
ØÐÑÐÎÓÌ ÑÏÓÝÙ�ÌÖ ×ÓÔ��ÙÐ ß ûÏûÙúÕØÙþÔ r ×ÓÝÔÕûÏú Ù r ×ÓÔØþ�Ïú ÑÏÓÝÙ�Ì A Ö ÔþÝÏÍù�Ó ûßÏÿÝÏÓÎù� ÑÏÓÝÙ�ù ÜÔÝ�ÿûÏ r âKÏû ûÏû r ÙÍ m Ý�ÿÔß ÑÔÚÎÔ ßÌþÝÏÓà Cr

m
ÝÏÍØÙÒÎÌÑÙ ×ÜÔ×ÔþÏÑÙÖ ÓÔÝÏÍØÙÒÎÌú ûßÏÿÝÏÓÎÌú ÑÏÓÝÙ� ÜÔÝ�ÿûÏ r ß ÑÏÓÝÙ�Ð A ÙÑÐÐÓ×� Cr

m ·Cr
n âäù×Óà ß×Ð ÔÜÝÐÿÐØÙÓÐØÙ ÛÓÙú ÑÏÓÝÙ� ÝÏßÎÌ ÎùØ�â äÔ×ûÔØàûù ÔÜÝÐÿÐØÙÕÓÐØà ÜÔÝ�ÿûÏ (r+1) Ð×Óà ×ùÑÑÏ ÜÝÔÙÍßÐÿÐÎÙø ÎÐûÔÓÔÝÌú ÒÙ×ÐØ ÎÏ ÔÜÝÐÕÿÐØÙÓÐØÙ r ÕÞÔ ÜÔÝ�ÿûÏÖ ÓÔ ß×Ð ÔÜÝÐÿÐØÙÓÐØÙ ÜÔÝ�ÿûÏ (r + 1) Ù ßÌæÐÔûÏÚùÓ×� ÝÏßÎÌÑÙ ÎùØ�â-�PFG� ÑÏÓÝÙ�Ì ÎÏÍÌßÏÐÓ×� ÎÏÙßÌ×æÙø ÜÔÝ�ÿÔû r ßÌÿÐØ�ÐÑÔÞÔÙÍ ÎÐÐ ÎÐÎùØÐßÔÞÔ ÔÜÝÐÿÐØÙÓÐØ�â $ ÛÓÔÑ ×ØùÒÏÐ ß ÎÐø Ôþ�ÍÏÓÐØàÎÔ ÿÔØÚÎÌÎÏøÓÙ×à ÎÐÎùØÐßÌÐ ÔÜÝÐÿÐØÙÓÐØÙ ÜÔÝ�ÿûÏ r − 1, r − 2, . . . , 1 â ËÏÓÝÙ�ÐÖß×Ð ÛØÐÑÐÎÓÌ ûÔÓÔÝÔø ÝÏßÎÌ ÎùØ�Ö ÜÝÙÜÙ×ÌßÏÐÓ×� ÝÏÎÞ �â



d� � �����Ú�Å. �D���Ä��Å. �Ú �#��Å !�# ��Ð d��
gè¥è �îëñëïõÜ/ î§òðò�ðõÜ/ ëïíõìðõÜ ôõìíò.�

äù×Óà A ý ûßÏÿÝÏÓÎÏ� ÑÏÓÝÙ�Ï n ÕÞÔ ÜÔÝ�ÿûÏâ �ßÏÿÝÏÓÎù� ÑÏÓÝÙÕ�ù × ÎùØÐßÌÑ ÔÜÝÐÿÐØÙÓÐØÐÑ ÎÏÍÌßÏ�Ó GNGtGQ 'ßÌÝÔÚÿÐÎÎÔø* ÑÏÓÝÙ�ÐøâËÏÓÝÙ�Ï A ×ÒÙÓÏÐÓ×� ÎÐÔ×ÔþÔøÖ Ð×ØÙ ÐÐ ÔÜÝÐÿÐØÙÓÐØà ÔÓØÙÒÐÎ ÔÓ ÎùØ�â%ÐÔ×ÔþÏ� ÑÏÓÝÙ�Ï ÜÔÝ�ÿûÏ n ÙÑÐÐÓ ÜÔØÎÌø ÝÏÎÞ n Ö Óâ Ðâ ÎÏÙþÔØàæÙø ÙÍßÔÍÑÔÚÎÌú ÿØ� ÎÐÐ ÝÏÎÞÔßâ0g�P�MPGQ ÑÏÓÝÙ�Ðø ÜÔÝ�ÿûÏ n ÎÏÍÌßÏ�Ó ÑÏÓÝÙ�ù ÝÏÍÑÐÝÏ (n, n) Öù ûÔÓÔÝÔø ÎÏ ÞØÏßÎÔø ÿÙÏÞÔÎÏØÙ ×ÓÔ�Ó ÐÿÙÎÙ�ÌÖ Ï Ô×ÓÏØàÎÌÐ ÛØÐÑÐÎÓÌÝÏßÎÌ ÎùØ�â åÿÙÎÙÒÎù� ÑÏÓÝÙ�ù ÔþÔÍÎÏÒÏ�Ó þùûßÏÑÙ I ÙØÙ E 'ÑÎÐÕÑÔÎÙûÏ ß ÔþÔÙú ×ØùÒÏ�ú ÔÒÐßÙÿÎÏ*â AÑÎÔÚÐÎÙÐ ÜÝÔÙÍßÔØàÎÔø ÑÏÓÝÙ�Ì
(m,n) ûÏû ×ÜÝÏßÏÖ ÓÏû Ù ×ØÐßÏ ÎÏ ×ÔÔÓßÐÓ×Óßù��Ùú ÝÏÍÑÐÝÔß ÐÿÙÎÙÒÎù�ÿÏÐÓ Ù×úÔÿÎù� ÑÏÓÝÙ�ùâ KÏûÙÑ ÔþÝÏÍÔÑÖ ÜÝÙ ÑÏÓÝÙÒÎÔÑ ùÑÎÔÚÐÎÙÙ IÙÞÝÏÐÓ ÝÔØàÖ ÏÎÏØÔÞÙÒÎù� ÐÿÙÎÙ�Ð ß ùÑÎÔÚÐÎÙÙ ÒÙ×ÐØâ�þÔÍÎÏÒÙÑ ÒÐÝÐÍ |A| ÔÜÝÐÿÐØÙÓÐØà ÑÏÓÝÙ�Ì A â äù×Óà Aik

Ð×Óà�EF�tH��M�NRG� gGZGEP�P�� ÛØÐÑÐÎÓÏ aik ý ÜÔÿÑÏÓÝÙ�ÏÖ ÜÔØùÒÏÐÑÏ� ÙÍÙ×úÔÿÎÔø ßÌÒÐÝûÙßÏÎÙÐÑ i Õø ×ÓÝÔûÙ Ù k ÕÞÔ ×ÓÔØþ�Ï Ù ùÑÎÔÚÐÎÙÐÑ ÎÏ
(−1)i+k â ÷ÒÙÓÏ� ÑÏÓÝÙ�ù A ÎÐÔ×ÔþÔøÖ ßßÐÿÐÑ ÿØ� ÎÐÐ GtH��P¢ß ÑÏÓÕÝÙ�ù A−1 Ö ÔÜÝÐÿÐØ�ÐÑù� ÝÏßÐÎ×ÓßÔÑ

A−1 =













A11

|A|
A21

|A| . . .
An1

|A|
A12

|A|
A22

|A| . . .
An2

|A|âââ âââ â â â âââ
A1n

|A|
A2n

|A| . . .
Ann
|A|













,

Óâ Ðâ ÛØÐÑÐÎÓ ß i Õø ×ÓÝÔûÐ Ù k ÕÑ ×ÓÔØþ�Ð A−1 Ð×Óà ÒÏ×ÓÎÔÐ ÔÓ ÿÐØÐÎÙ� ÎÏÔÜÝÐÿÐØÙÓÐØà |A| ÏØÞÐþÝÏÙÒÐ×ûÔÞÔ ÿÔÜÔØÎÐÎÙ� ÛØÐÑÐÎÓÏ Ù×úÔÿÎÔø ÑÏÓÕÝÙ�Ì 'ÙÎÏÒÐ ÞÔßÔÝ�Ö ÿÔÜÔØÎÐÎÙÐ þÐÝÐÓ×� û ÛØÐÑÐÎÓù ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÎÔøÑÏÓÝÙ�Ì*âuÔûÏÚÐÑÖ ÒÓÔ ÜÝÔÙÍßÐÿÐÎÙÐ ÑÏÓÝÙ� A Ù A−1 Ð×Óà ÐÿÙÎÙÒÎÏ� ÑÏÓÕÝÙ�Ïâ �þÔÍÎÏÒÙÑ C = AA−1 â KÔÞÿÏ
cik = ai1

Ak1
|A| + ai2

Ak2
|A| + . . .+ ain

Akn
|A|

=
1

|A|(ai1Ak1 + ai2Ak2 + . . .+ ainAkn).



dse Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð
�ÍßÐ×ÓÎÔÖ ÒÓÔ ×ùÑÑÏ ÜÝÔÙÍßÐÿÐÎÙø ÛØÐÑÐÎÓÔß ÎÐûÔÓÔÝÔÞÔ Ý�ÿÏ ÑÏÓÕÝÙ�Ì ÎÏ Ùú ÏØÞÐþÝÏÙÒÐ×ûÙÐ ÿÔÜÔØÎÐÎÙ� ÝÏßÎÏ ÔÜÝÐÿÐØÙÓÐØ�Ö Ï ÎÏ ÏØÞÐþÕÝÏÙÒÐ×ûÙÐ ÿÔÜÔØÎÐÎÙ� ÿÝùÞÔÞÔ ÜÏÝÏØØÐØàÎÔÞÔ Ý�ÿÏ ý ÎùØ�â KÏûÙÑ ÔþÕÝÏÍÔÑÖ ÿÙÏÞÔÎÏØàÎÌÐ ÛØÐÑÐÎÓÌ {cii} ÔûÏÚùÓ×� ÝÏßÎÌÑÙ ÐÿÙÎÙ�ÐÖ Ï ß×ÐÜÝÔÒÙÐ þùÿùÓ ÎùØ�ÑÙâ %Ô ÛÓÔ Ù ÔÍÎÏÒÏÐÓÖ ÒÓÔ C = I Ö Óâ Ðâ AA−1 = I âãÎÏØÔÞÙÒÎÔ ÿÔûÏÍÌßÏÐÓ×� ÝÏßÐÎ×ÓßÔ A−1A = I â
�þÝÏÓÎÏ� ÑÏÓÝÙ�Ï ß×ÐÞÿÏ ÎÐÔ×ÔþÏ�â ËÏÓÝÙ�ÏÖ ÔþÝÏÓÎÏ� ÜÔ ÔÓÎÔæÐÕÎÙ� û ÔþÝÏÓÎÔøÖ Ð×Óà Ù×úÔÿÎÏ� ÑÏÓÝÙ�Ïâå×ØÙ A Ù B ý ÎÐÔ×ÔþÌÐ ÑÏÓÝÙ�Ì ÜÔÝ�ÿûÏ n Ö ÓÔ AB ý ÓÏûÚÐÎÐÔ×ÔþÏ� ÑÏÓÝÙ�Ï 'ÐÐ ÔÜÝÐÿÐØÙÓÐØà ûÏû ÜÝÔÙÍßÐÿÐÎÙÐ ÎÐÎùØÐßÌú ÔÜÝÐÿÐÕØÙÓÐØÐø ×ÔÑÎÔÚÙÓÐØÐø ÔÓØÙÒÐÎ ÔÓ ÎùØ�*Ö Ù

(AB)−1 = B−1A−1.

å×ØÙ ÑÏÓÝÙ�Ï A ý ûßÏÿÝÏÓÎÏ� Ù ÎÐßÌÝÔÚÿÐÎÎÏ�Ö ÓÔ ÔÜÐÝÏ�ÙÙÔþÝÏ�ÐÎÙ� Ù ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÙ� ÜÐÝÐ×ÓÏÎÔßÔÒÎÌ	 ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÎÏ�ÔþÝÏÓÎÏ� ÑÏÓÝÙ�Ï ÔþÝÏÓÎÏ ÓÝÏÎ×ÜÔÎÙÝÔßÏÎÎÔø Ù×úÔÿÎÔøâ �ú ×ÔßÑÐ×ÓÎÔÐßÌÜÔØÎÐÎÙÐ ÔþÔÍÎÏÒÏÐÓ×� A−T â�ÜÝÐÿÐØÙÓÐØà ÔþÝÏÓÎÔø ÑÏÓÝÙ�Ì ÔþÝÏÓÐÎ ÔÜÝÐÿÐØÙÓÐØ� Ù×úÔÿÎÔøâ�þÝÏÓÎÔÐ ÜÝÔÙÍßÐÿÐÎÙÐ ÝÏßÎÔ ÜÝÔÙÍßÐÿÐÎÙ� ÔþÝÏ�ÐÎÎÌú ×ÔÑÎÔÚÙÓÐØÐøÖßÍ�ÓÔÑù ß ÔþÝÏÓÎÔÑ ÜÔÝ�ÿûÐ	 (AB)−1 = B−1A−1 â$ ÍÏûØ�ÒÐÎÙÐ ÜÝÙßÐÿÐÑ ÜÝÙÑÐÝ ÝÏ×ÒÐÓÏ ÔþÝÏÓÎÔø ÑÏÓÝÙ�Ìâ
äÝÙÑÐÝ râ�â äù×Óà ÿÏÎÏ ÑÏÓÝÙ�Ï

A =





2 3 1
1 0 2
−1 3 −2



 .


Ï×ûÝÌßÏ� ÐÐ ÔÜÝÐÿÐØÙÓÐØà ÜÔ ÛØÐÑÐÎÓÏÑ ßÓÔÝÔÞÔ ×ÓÔØþ�ÏÖ ÙÑÐÐÑ
|A| = 3 · [(−1)1+2(−2 + 2) + (−1)3+2 · (4 − 1)] = 3 · (−3) = −9;

A11 =

[
0 2
3 −2

]

= −6; A12 = −

[
1 2

−1 −2

]

= 0; A13 =

[
1 0

−1 3

]

= 3;

A21 = −

[
3 1
3 −2

]

= 9; A22 =

[
2 1

−1 −2

]

= −3; A23 = −

[
2 3

−1 3

]

= −9;

A31 =

[
3 1
0 2

]

= 6; A32 = −

[
2 1
1 −2

]

= −3; A33 =

[
2 3
1 0

]

= −3.



d�-� È�# ��Ð �������ã��¡ �# µ�#µ Ð dsd
KÏûÙÑ ÔþÝÏÍÔÑÖ ÔþÝÏÓÎÏ� û A ÑÏÓÝÙ�Ï

A−1 = −1

9





−6 9 6
0 −3 −3
3 −9 −3



 =





2/3 −1 −2/3
0 1/3 1/3

−1/3 1 1/3



 .

gè�è Àõìíò.� ñ-î.òõ�1ðë� ñìí�öì�í�

$ÏÚÎÔ ÝÏÍØÙÒÏÓà ÿßÏ ÓÙÜÏ ÑÏÓÝÙ�	 úÝÏÎÙÑÌÐ ÜÔØÎÔ×Óà� Ù ÝÏÍÝÐÕÚÐÎÎÌÐâ [ÎÏÒÙÓÐØàÎÏ� ÒÏ×Óà ÛØÐÑÐÎÓÔß ÜÔ×ØÐÿÎÙú ý ÎùØÙB ÜÔÛÓÔÑù ÙúÎÐÎùØÐßÌÐ ÛØÐÑÐÎÓÌ úÝÏÎ�Ó×� ûÏû ÿÏÎÎÌÐ ×ÜÐ�ÙÏØàÎÔø ×ÓÝùûÓùÝÌ ÙØÙÞÐÎÐÝÙÝù�Ó×� ÜÔ ÑÐÝÐ ÎÐÔþúÔÿÙÑÔ×ÓÙ 'ÜÝÙÑÐÝ ý ÑÏÓÝÙ�Ï sÙØàþÐÝÓÏÖß ûÔÓÔÝÔø ÛØÐÑÐÎÓ aij = 1/(i+ j − 1) *âäÔÿ ÑÏÓÝÙ�ÏÑÙ ×ÜÐ�ÙÏØàÎÔø ×ÓÝùûÓùÝÌ þùÿÐÑ ÜÔÎÙÑÏÓà ÑÏÓÝÙ�Ì× ��RGPG��HPI� ÝÏ×ÜÔØÔÚÐÎÙÐÑ ÎÐÎùØÐßÌú ÛØÐÑÐÎÓÔß	 þØÔÒÎÌÐ 'ûØÐÕÓÔÒÎÌÐ*Ö ÓÝÐùÞÔØàÎÌÐÖ ØÐÎÓÔÒÎÌÐ Ù ÿÙÏÞÔÎÏØàÎÌÐâ $ �H�¤g��FGP�EOPGQÑÏÓÝÙ�Ð ÝÏßÎÌ ÎùØ� ß×Ð ÛØÐÑÐÎÓÌÖ ûÝÔÑÐ ØÐÚÏ�Ùú ÎÏ ÞØÏßÎÔø ÿÙÏÞÔÕÎÏØÙ Ù ÿßùú ×ÑÐÚÎÌú × ÎÐøâ KÏûÙÐ ÑÏÓÝÙ�Ì ÒÏ×ÓÔ ÜÔØùÒÏ�Ó×� ÜÝÙ ÿÙ×ÕûÝÐÓÙÍÏ�ÙÙ ÿÙ��ÐÝÐÎ�ÙÏØàÎÌú ùÝÏßÎÐÎÙø 'ÔþÌûÎÔßÐÎÎÌú ÙØÙ × ÒÏ×ÓÎÌÕÑÙ ÜÝÔÙÍßÔÿÎÌÑÙ* Ù ß ÙÎÌú ÍÏÿÏÒÏúÖ ßûØ�ÒÏ��Ùú ÎÐûÔÓÔÝù� ×ÐÓÔÒÎù�×ÓÝùûÓùÝùâ �ØÏ××Ì ÿÙÏÞÔÎÏØàÎÌú Ù ÓÝÐùÞÔØàÎÌú ÑÏÓÝÙ� ÍÏÑûÎùÓÌ ÔÓÎÔÕ×ÙÓÐØàÎÔ ØÙÎÐøÎÌú ÔÜÐÝÏ�Ùø Ù ùÑÎÔÚÐÎÙ�Ö Ï ÓÏûÚÐ 'ÿØ� ÎÐßÌÝÔÚÿÐÎÎÌúÑÏÓÝÙ�* ý ÔþÝÏ�ÐÎÙ�âäÝÐÙÑù�Ð×ÓßÔ ÝÏþÔÓÌ ×Ô Ê×ÓÝùûÓùÝÎÌÑÙá ÑÏÓÝÙ�ÏÑÙ ×Ô×ÓÔÙÓ ßÛûÔÎÔÑÙÙ ÜÏÑ�ÓÙ ÜÔÿ úÝÏÎÐÎÙÐ ÿÏÎÎÌú Ù Ù×ûØ�ÒÐÎÙÙ ÔÜÐÝÏ�ÙøÖ ÿÏ�Õ�Ùú ÍÏßÐÿÔÑÔ ÎùØÐßÌÐ ÝÐÍùØàÓÏÓÌâ äÔ×ûÔØàûù ÊäÝÔÞÝÏÑÑÏ�ÏØÞÔÝÙÓÑ�×ÓÝùûÓùÝÌ ÿÏÎÎÌúáÖ ùÒÐÓ ÎÐ×ÓÏÎÿÏÝÓÎÔø ÔÝÞÏÎÙÍÏ�ÙÙ ÿÏÎÎÌú ù×ØÔÚÎ�ÕÐÓ ÜÝÔÞÝÏÑÑÙÝÔßÏÎÙÐâ uØ� ÑÙÎÙÑÙÍÏ�ÙÙ ÒÙ×ØÏ ÔæÙþÔû ÑÌ ÝÐûÔÑÐÎÿùÐÑ×ØÐÿù��ù� ÓÐúÎÔØÔÞÙ�	
• ÍÏÜÙ×ÏÓà ÑÏÓÝÙÒÎù� ÔÜÐÝÏ�Ù� ÜÔûÔÑÜÔÎÐÎÓÎÔ ÿØ� ÊÝÏÍßÐÝÎùÓÌúáÑÏÓÝÙ�B
• ×ùÍÙÓà ÞÝÏÎÙ�Ì �ÙûØÔß × ùÒÐÓÔÑ ÝÏ×ÜÔØÔÚÐÎÙ� ÎÐÎùØÐßÌú ÔÜÐÝÏÎÕÿÔßB
• ÜÐÝÐÜÙ×ÏÓà ÔÜÐÝÏÓÔÝÌ �ÙûØÔß Ù ÙÎÿÐû×ÎÌÐ ßÌÝÏÚÐÎÙ�Ö ÔÓÔþÝÏÚÏ�ßÌþÔÝ ÿÏÎÎÌú ÎÏ ×ÓÝùûÓùÝù Ùú úÝÏÎÐÎÙ�â



ds� Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð
� ÑÏÓÝÙ�ÏÑ ×ÜÐ�ÙÏØàÎÔø ×ÓÝùûÓùÝÌ ÑÔÚÎÔ ÔÓÎÐ×ÓÙ ÓÏûÚÐ Ôþ×ùÚÿÏÕÐÑÌÐ ÎÙÚÐ ß ×ÜÐ�Ù�ÙÒÐ×ûÙú ûÔÎÓÐû×ÓÏú ×ÙÑÑÐÓÝÙÒÎÌÐ Ù ÔÝÓÔÞÔÎÏØàÎÌÐâ
JÙ×ØÐÎÎÌÐ ÑÐÓÔÿÌÖ ÜÝÙÑÐÎ�ÐÑÌÐ ÿØ� ÔþÌÒÎÌú 'ÊúÝÏÎÙÑÌúáÖÊÜØÔÓÎÌúá* ÑÏÓÝÙ�Ö ßÐ×àÑÏ ÔÓØÙÒÏ�Ó×� ÔÓ ÑÐÓÔÿÔßÖ ÜÝÙ×ÜÔ×ÔþØÐÎÎÌúÿØ� ùÜÏûÔßÏÎÎÌú ÝÏÍÝÐÚÐÎÎÌú ÑÏÓÝÙ� ÝÐÞùØ�ÝÎÔø ×ÓÝùûÓùÝÌ 'ÓÝÐùÞÔØàÕÎÌúÖ ØÐÎÓÔÒÎÌúÖ þØÔÒÎÌú*â äÐÝßÌÐ þÔØÐÐ ùÎÙßÐÝ×ÏØàÎÌB ßÓÔÝÌÐ ß ÒÏ×ÓÕÎÌú ×ØùÒÏ�ú ÎÏÑÎÔÞÔ Û��ÐûÓÙßÎÐÐ Ù ÜÔÍßÔØ��Ó ÝÐæÏÓà ÍÏÿÏÒÙ þÔØàæÐøÝÏÍÑÐÝÎÔ×ÓÙâ
!3�353 án=97m;l= >?9j<Nl
äù×Óà ÿÏÎÏ ÎÐûÔÓÔÝÏ� ÑÏÓÝÙ�Ï A â 
ÏÍÔþàÐÑ ÐÐ ÎÏ ÜÔÿÑÏÓÝÙ�ÌÑÐÎàæÙú ÜÔÝ�ÿûÔß 'ûØÐÓûÙÖ ÙØÙ þØÔûÙ* × ÜÔÑÔ�à� ÞÔÝÙÍÔÎÓÏØàÎÌú ÙßÐÝÓÙûÏØàÎÌú ÜÐÝÐÞÔÝÔÿÔûÖ Ùÿù�Ùú ßÿÔØà ß×Ðø ÑÏÓÝÙ�Ìâ %ÏÜÝÙÑÐÝÖ

A =





a11 a12 a13

a21 a22 a23

a31 a32 a33



 ,

ÞÿÐ ûØÐÓûÏÑÙ �ßØ��Ó×� ÑÏÓÝÙ�Ì
P =

[
a11 a12

a21 a22

]

; Q =

[
a13

a23

]

; R = [ a31 a32 ] ; S = [a33].

KÔÞÿÏ ÑÏÓÝÙ�ù A ÑÔÚÎÔ ÝÏ××ÑÏÓÝÙßÏÓà ûÏû ×Ô×ÓÏßÎù�Ö ÛØÐÑÐÎÓÏÑÙûÔÓÔÝÔø ×ØùÚÏÓ ûØÐÓûÙ	
A =

[
P Q
R S

]

.

äÔÎ�ÓÎÔÖ ÒÓÔ ÝÏÍþÙÐÎÙÐ ÑÏÓÝÙ�Ì ÎÏ þØÔûÙ ÑÔÚÐÓ ÜÝÔÙÍßÔÿÙÓà×� ÜÔÕÝÏÍÎÔÑù Ù ÔÜÝÐÿÐØ�ÐÓ×� ×ÑÌ×ØÔÑ ÍÏÿÏÒÙâ $ ��GH�� ��HRGLNR�¤ ��£Z�Q ßÐÝÔ�ÓÎÔ×ÓÙ ÜÐÝÐúÔÿÔß ÑÐÚÿù ×Ô×ÓÔ�ÎÙ�ÑÙ ÔÜÙ×ÌßÏ�Ó×� þØÔÒÎÔøÑÏÓÝÙ�Ðø ßÌæÐÜÝÙßÐÿÐÎÎÔÞÔ ßÙÿÏÖ ÜÝÙÒÐÑ R = 0 â [ÿÐ×à ÜÔÿÑÏÓÝÙ�Ï
P ÔÜÙ×ÌßÏÐÓ ÜÐÝÐúÔÿÌ ÑÐÚÿù ×Ô×ÓÔ�ÎÙ�ÑÙ ÓÝÏÎÍÙÓÙßÎÔø ÞÝùÜÜÌÖ Q ýÙÍ ÓÝÏÎÍÙÓÙßÎÔø ÞÝùÜÜÌ ß ÊÎÐßÔÍßÝÏÓÎù�áÖ S ý ßÎùÓÝÙ ÎÐßÔÍßÝÏÓÎÔøâ[ÏÑÐÓÙÑÖ ÒÓÔ ßÌúÔÿ ÙÍ ÎÐßÔÍßÝÏÓÎÔø ÞÝùÜÜÌ ÙÑÐÐÓ ÎùØÐßÌÐ ßÐÝÔ�ÓÎÔ×ÓÙâ$ÏÚÎÌÑ ÒÏ×ÓÎÌÑ ×ØùÒÏÐÑ ûØÐÓÔÒÎÌú ÑÏÓÝÙ� �ßØ��Ó×� þØÔÒÎÔÕÿÙÏÞÔÎÏØàÎÌÐâ [ÿÐ×à ßÿÔØà ÞØÏßÎÔø ÿÙÏÞÔÎÏØÙ ÝÏ×ÜÔØÏÞÏ�Ó×� ûßÏÿÝÏÓÕÎÌÐ þØÔûÙ 'ß Ôþ�ÐÑ ×ØùÒÏÐ ÎÐÔÿÙÎÏûÔßÔÞÔ ÝÏÍÑÐÝÏ*Ö Ï ÜÝÔÒÙÐ ÛØÐÑÐÎÓÌ�ßØ��Ó×� ÎùØÐßÌÑÙâ



d�-� È�# ��Ð �������ã��¡ �# µ�#µ Ð dss
uÐø×ÓßÙ� ÎÏÿ ûØÐÓÔÒÎÌÑÙ ÑÏÓÝÙ�ÏÑÙ �ÔÝÑÏØàÎÔ ×ÔßÐÝæÏ�Ó×�ZH���P���EOPG R RE��R�� ÜÔ ÓÐÑ ÚÐ ÜÝÏßÙØÏÑÖ ÒÓÔ ÎÏÿ ÔþÌÒÎÌÑÙ ýÜÝÙ ù×ØÔßÙÙ ×ÔßÑÐ×ÓÙÑÔ×ÓÙ ûØÐÓÔû ÜÝÙÑÐÎÙÓÐØàÎÔ û ÿÏÎÎÔø ÔÜÐÝÏ�ÙÙâå×ØÙÖ ÎÏÜÝÙÑÐÝÖ

A =

[
P Q
R S

]

, B =

[
T U
V W

]

,

ÓÔ ÜÝÔÙÍßÐÿÐÎÙÐ
AB =

[
PT +QV PU +QW
RT + SV RU + SW

]

.

[ÿÐ×à ÎÐÔþúÔÿÙÑÔÖ ÒÓÔþÌ ÒÙ×ØÔ ×ÓÔØþ�Ôß ù ûØÐÓÔû ÜÐÝßÔø ÑÏÓÝÙ�ÌÝÏßÎ�ØÔ×à ÒÙ×Øù ×ÓÝÔû ù ûØÐÓÔû ßÓÔÝÔøâTØÔÒÎÔÕÿÙÏÞÔÎÏØàÎù� ÑÏÓÝÙ�ù �ÐØÐ×ÔÔþÝÏÍÎÔ úÝÏÎÙÓà ß ßÙÿÐ ÓÝÐúÕÑÐÝÎÔÞÔ ÑÏ××ÙßÏÖ ÜÝÙ ××ÌØûÏú ÎÏ ûÔÓÔÝÌø ÜÐÝßÌø ÙÎÿÐû× ùûÏÍÌßÏÐÓ ÎÔÕÑÐÝ þØÔûÏÖ Ï ßÓÔÝÔø Ù ÓÝÐÓÙø ý ÎÔÑÐÝÏ ×ÓÝÔû Ù ×ÓÔØþ�Ôß ß ÜÝÐÿÐØÏúþØÔûÏâ sÝÏÎÙ�Ì ×ÓÝÔû Ù ×ÓÔØþ�Ôß ÎÏÍÎÏÒÏ�Ó×� ÜÔ Ùú ÑÏû×ÙÑÏØàÎÌÑÍÎÏÒÐÎÙ�Ñâ�ØÐÓÔÒÎÌÐ ÑÐÓÔÿÌ ÑÔÞùÓ Ù×ÜÔØàÍÔßÏÓà×� ÿØ� ÝÐæÐÎÙ� þÔØàæÙú×Ù×ÓÐÑ ØÙÎÐøÎÌú ùÝÏßÎÐÎÙøÖ ûÔÞÿÏ ÑÏÓÝÙ�Ï Ù ßÐûÓÔÝ ÜÝÏßÌú ÒÏ×ÓÐø�ÐØÙûÔÑ ÎÐ ÜÔÑÐ�Ï�Ó×� ß ÔÜÐÝÏÓÙßÎÔø ÜÏÑ�ÓÙâ
!3�343 Íj=|k7n�;l= >?9j<Nl
�ßÏÿÝÏÓÎÏ� ÑÏÓÝÙ�Ï ÎÏÍÌßÏÐÓ×� ßÐÝúÎÐø 'ÎÙÚÎÐø* ÓÝÐùÞÔØàÎÔøÖÐ×ØÙ ÐÐ ÛØÐÑÐÎÓÌÖ ×ÓÔ��ÙÐ ÎÙÚÐ '×ÔÔÓßÐÓ×ÓßÐÎÎÔÖ ßÌæÐ* ÞØÏßÎÔøÿÙÏÞÔÎÏØÙÖ ÝÏßÎÌ ÎùØ�â�ÜÝÐÿÐØÙÓÐØà ÓÝÐùÞÔØàÎÔø ÑÏÓÝÙ�Ì ÝÏßÐÎ ÜÝÔÙÍßÐÿÐÎÙ� ÐÐ ÿÙÏÞÔÕÎÏØàÎÌú ÛØÐÑÐÎÓÔßâ äÔÛÓÔÑù ÓÝÐùÞÔØàÎÏ� ÑÏÓÝÙ�Ï �ßØ�ÐÓ×� ÎÐÔ×ÔþÔøÖÐ×ØÙ ß×Ð ÛØÐÑÐÎÓÌ ÐÐ ÿÙÏÞÔÎÏØÙ ÔÓØÙÒÎÌ ÔÓ ÎùØ�â ËÔÚÎÔ ÿÔûÏÍÏÓàÖÒÓÔ ×ùÑÑÏ Ù ÜÝÔÙÍßÐÿÐÎÙÐ ÓÝÐùÞÔØàÎÌú ÑÏÓÝÙ� ÔÿÙÎÏûÔßÔø ×ÓÝùûÓùÝÌ'×ÔÔÓßÐÓ×ÓßÐÎÎÔÖ ßÐÝúÎÙú ÙØÙ ÎÙÚÎÙú* Ð×Óà ÓÝÐùÞÔØàÎÏ� ÑÏÓÝÙ�Ï ÓÔø ÚÐ×ÓÝùûÓùÝÌâËÏÓÝÙ�ÏÖ ÔþÝÏÓÎÏ� û ÓÝÐùÞÔØàÎÔøÖ Ð×Óà ÓÝÐùÞÔØàÎÏ� ÑÏÓÝÙ�Ï ÓÔøÚÐ ×ÓÝùûÓùÝÌâ 
ÓÔ ÔþØÐÞÒÏÐÓ ÔþÝÏ�ÐÎÙÐ ÓÝÐùÞÔØàÎÌú ÑÏÓÝÙ�â$×�ûù� ûßÏÿÝÏÓÎù� ÑÏÓÝÙ�ù

A =






a11 a12 . . . a1n

a21 a22 . . . a2nâ â â â â â â â â â â â â â â â
an1 an2 . . . ann




 ,



dsy Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð
ÙÑÐ��ù� ÔÓØÙÒÎÌÐ ÔÓ ÎùØ� ÞØÏßÎÌÐ ÿÙÏÞÔÎÏØàÎÌÐ ÑÙÎÔÝÌ

∆1 = a11, ∆2 =

∣
∣
∣
∣

a11 a12

a21 a22

∣
∣
∣
∣
, . . . , ∆n = |A|,

ÑÔÚÎÔ ÜÝÐÿ×ÓÏßÙÓà ß ßÙÿÐ ÜÝÔÙÍßÐÿÐÎÙ� LU ÎÙÚÎÐø L Ù ßÐÝúÎÐø UÓÝÐùÞÔØàÎÌú ÑÏÓÝÙ�â 
ÓÔ ÜÝÐÿ×ÓÏßØÐÎÙÐ þùÿÐÓ ÐÿÙÎ×ÓßÐÎÎÌÑÖ Ð×ØÙ ÍÏÝÏÕÎÐÐ ÍÏ�Ùû×ÙÝÔßÏÓà ÿÙÏÞÔÎÏØàÎÌÐ ÛØÐÑÐÎÓÌ ÔÿÎÔø ÙÍ ÓÝÐùÞÔØàÎÌú ÑÏÓÝÙ�'ÎÏÜÝÙÑÐÝÖ ÜÔØÔÚÙÓà Ùú ÝÏßÎÌÑÙ �*â
äÐÝÐÑÎÔÚÏ� ÛÓÙ ÑÏÓÝÙ�ÌÖ ÜÔØùÒÏÐÑ

aij =

j
∑

k=1

likukj, i ≥ j,

aij =
i∑

k=1

likukj, i < j.


ÓÙ ×Ù×ÓÐÑÌ ØÐÞûÔ ÝÐæÏ�Ó×� × ÓÔÒÎÔ×Óà� ÿÔ ÿÙÏÞÔÎÏØàÎÌú ÛØÐÑÐÎÓÔßâuØ� ÔÜÝÐÿÐØÐÎÎÔ×ÓÙ ÑÔÚÎÔ ÜÝÙÎ�Óà rii = 1, i = 1, n â [ÏÑÐÓÙÑÖ ÒÓÔ
A−1 = U−1L−1.

äÔ×ûÔØàûù ÔþÝÏ�ÐÎÙÐ ÓÝÐùÞÔØàÎÌú ÑÏÓÝÙ� ÿÐØÏÐÓ×� ÔÒÐÎà ÜÝÔ×ÓÔÖ Ôþ×ùÚÕÿÏÐÑÔÐ ÜÝÐÿ×ÓÏßØÐÎÙÐ ûßÏÿÝÏÓÎÔø ÑÏÓÝÙ�Ì ÑÔÚÐÓ þÌÓà ÜÔØÐÍÎÌÑ ÿØ� ÐÐÔþÝÏ�ÐÎÙ�â
uØ� ¢Z�RGL�PPGFG úÝÏÎÐÎÙ� ÓÝÐùÞÔØàÎÔø ÑÏÓÝÙ�Ì ÐÐ ÜÔ×ÓÝÔÒÎÔÍÏÜÙ×ÌßÏ�Ó ß ØÙÎÐøÎÌø ÑÏ××Ùßâ äÝÙ ÛÓÔÑ ßÑÐ×ÓÔ n2 ÐÿÙÎÙ� ÜÏÑ�ÓÙÿÔ×ÓÏÓÔÒÎÔ Ù×ÜÔØàÍÔßÏÓà n(n + 1)/2 ý Ï×ÙÑÜÓÔÓÙÒÐ×ûÙ ßÿßÔÐ ÑÐÎàæÐâäÐÝÐÑÐ�ÐÎÙÐ ßÿÔØà ×ÓÝÔûÙ ÙÿÐÓ × æÏÞÔÑ �â )ØÔÚÐÎÙÐ ÓÝÐùÞÔØàÎÌú ÑÏÓÕÝÙ� 'ûÏû Ù ÜÝÔÙÍßÔØàÎÌú* ÜÝÙÑÐÎÙÓÐØàÎÔ û ØÙÎÐøÎÌÑ ÑÏ××ÙßÏÑ ÑÔÚÎÔßÌÜÔØÎ�Óà ß ÔÿÎÔûÝÏÓÎÔÑ �ÙûØÐ ÎÏ Ôþ�ÐÐ ÒÙ×ØÔ ÛØÐÑÐÎÓÔß ß ×ØÏÞÏÐÑÔÑâ�×ÓÏÓÙ ÔÓÑÐÓÙÑÖ ÒÓÔ ß &]� ÙÑÐ�Ó×� ß×ÓÝÔÐÎÎÌÐ ×ÝÐÿ×ÓßÏ ÜÐÝÐ�ÔÝÑÏÓÙÕÝÔßÏÎÙ� ÑÏÓÝÙÒÎÌú Ôþ�ÐûÓÔßâ[ÎÏÒÙÓÐØàÎÔ ×ØÔÚÎÐÐ Ôþ×ÓÔÙÓ ÿÐØÔ ÜÝÙ ¢�PGk�P��â äÝÔÿÐÑÔÎÕ×ÓÝÙÝùÐÑ ÓÐúÎÔØÔÞÙ� ÝÏþÔÓÌ × ùÜÏûÔßÏÎÎÌÑÙ ßÐÝúÎÙÑÙ ÓÝÐùÞÔØàÎÌÑÙÑÏÓÝÙ�ÏÑÙ ÊÜÔ ÝÏÍÿÐØÐÎÙ�Ñáâ %ÏÝÙ×ùÐÑ ×ÔÑÎÔÚÙÓÐØÙÖ ÍÏæÓÝÙúùÐÑ ÙúÎÐÎùØÐßÌÐ ÒÏ×ÓÙ Ù ØÙÎÐøÎÔ ÜÝÔÎùÑÐÝùÐÑ Ô×ÓÏßæÙÐ×� ÛØÐÑÐÎÓÌÖ ÿßÙÞÏ�×àÜÔ ×ÓÝÔûÏÑ ý ÝÙ×â râ�â



d�-� È�# ��Ð �������ã��¡ �# µ�#µ Ð ds~

oW`X �XYX [^T\_^bp\SbVWT ]^T�k\w|V\x ab]^Wiu S wWVTxVux ab``WS
A×ÓÏÎÔßÙÑ ÞÝÏÎÙ�Ì ßÓÔÝÔÞÔ Ù ßÎùÓÝÐÎÎÐÞÔ �ÙûØÔß Ù ÍÏÜÙæÐÑ ßÏÝÙÏÎÓÿØ� ÑÏÓÝÙ�Ö úÝÏÎÙÑÌú ÔþÌÒÎÌÑ ×ÜÔ×ÔþÔÑ	

ð$ ��	��ð$ I����#�%ð$ ����I� #�#+�����ñ�� ���Iñ� î�ð ð$î�ð ð$î�ð ð$
uØ� ßÐÝúÎÐø ÓÝÐùÞÔØàÎÔø ÑÏÓÝÙ�Ì ÜÐÝÐÑÐ�ÐÎÙ� ßÿÔØà Ø�þÔÞÔ ×ÓÔØþ�ÏÔÓ i Õø û (i+ 1) Õø ×ÓÝÔûÐ ×ÔÔÓßÐÓ×ÓßùÐÓ ÜÝÙÝÏ�ÐÎÙÐ ÏÿÝÐ×Ï (n− i) Ö ÎÏÕÒÏØàÎÌø ÏÿÝÐ× (i+1) Õø ×ÓÝÔûÙ ÔÓØÙÒÏÐÓ×� ÔÓ ÎÏÒÏØàÎÔÞÔ ÏÿÝÐ×Ï ÜÝÐÿÌÕÿù�Ðø ÎÏ (n+ 1 − i) â 
ÓÔ ÜÔÍßÔØ�ÐÓ ÍÏÜÙ×ÏÓà ÜÝÔ�ÐÿùÝù ÜÐÝÐÑÎÔÚÐÎÙ�ßÐÝúÎÙú ÓÝÐùÞÔØàÎÌú ÑÏÓÝÙ�	

#X��$X���î ���"X���� ���� ��ñ���î î�� ���î�����ñ && �
�î��� ���î�����ñ� ð�"î�#�$� �&ñ && ���
�î��� ���î���$X�ñ� ð�"î�#�$� �&ñ && �
�î�� #
���î î� ��I�! ���" ��
��%� ��	ð$ ��	��ð$ I����



ds� Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð
#�%� "��+Ið$ !���I#�#+���+!ñ�� �"ñ� "�"+�V!î�ð ð$
���ñ�#� ���+	î�ð ð$
���+�V�î�ð ð$î�ð #X��$X���î ���"X��


ÐûÔÑÐÎÿùÐÑ ÒÙÓÏÓÐØ� ÎÏÝÙ×ÔßÏÓà P�kP�� ÓÝÐùÞÔØàÎÌÐ ÑÏÓÝÙ�Ì ÿØ�ûÔÎûÝÐÓÎÔÞÔ n Ö ÜÝÔ×ÓÏßÙÓà ÎÔÑÐÝÏ ÛØÐÑÐÎÓÔß Ù ÜÔØùÒÙÓà ÿØ� ÎÙú ÏÎÏØÔÕÞÙÒÎÌÐ ×ÔÔÓÎÔæÐÎÙ�â
KÐÜÐÝà ÝÏ××ÑÔÓÝÙÑ GtH�Ý�P�� ßÐÝúÎÐø ÓÝÐùÞÔØàÎÔø ÑÏÓÝÙ�Ìâ �þÔÕÍÎÏÒÙÑ {bij} ÛØÐÑÐÎÓÌ Ù×úÔÿÎÔø ÑÏÓÝÙ�ÌÖ {zij} ý ÛØÐÑÐÎÓÌ ÔþÝÏÓÕÎÔøâ ËÏÓÝÙ�ÏÖ ÔþÝÏÓÎÏ� û ßÐÝúÎÐø ÓÝÐùÞÔØàÎÔøÖ ÓÏûÚÐ �ßØ�ÐÓ×� ßÐÝúÎÐøÓÝÐùÞÔØàÎÔøâ 
ÓÔ ÜÔÍßÔØ�ÐÓ ÜÐÝÐÜÙ×ÏÓà �ÔÝÑùØù ÿØ� ÝÏ×ÒÐÓÏ ÛØÐÑÐÎÓÔßÑÏÓÝÙ�ÌÕÜÝÔÙÍßÐÿÐÎÙ�

cim =
n∑

r=1

birzrm = δim, m = 1, n,

ÞÿÐ δim ý ×ÙÑßÔØ �ÝÔÎÐûÐÝÏÖ ß �ÔÝÑÐ
δim =

m∑

r=i

birzrm,

ÔÓûùÿÏ
zim =

(

δim−
m∑

r=i+1

birzrm

)/

bii, m = n, n−1, . . . , 2; i = m,m−1, . . . , 1.

Ó�Õ�ÕÔ×
ØÐÑÐÎÓÌ ÔþÝÏÓÎÔø ÑÏÓÝÙ�Ì ÑÔÚÎÔ ÍÏÜÙ×ÌßÏÓà ßÑÐ×ÓÔ ÛØÐÑÐÎÓÔß ÜÝ�ÕÑÔøÖ Ð×ØÙ �ÔÝÑÙÝÔßÏÓà Ùú ÜÔ ×ÓÔØþ�ÏÑÖ ÎÏÒÙÎÏ� × ÜÔ×ØÐÿÎÐÞÔÖ Ï ß ÜÝÐÕÿÐØÏú ×ÓÔØþ�Ôß ý ×ÎÙÍù ßßÐÝúâ $ ûÏÚÿÔÑ ÙÍ ×ÓÔØþ�Ôß ×ÎÏÒÏØÏ ÎÏúÔÿÙÓ×�ÿÙÏÞÔÎÏØàÎÌø ÛØÐÑÐÎÓÖ ÔþÝÏÓÎÌø ×ÔÔÓßÐÓ×Óßù��ÐÑù ÛØÐÑÐÎÓù Ù×úÔÿÎÔøâ
%ÙÚÐ ÜÝÙßÔÿÙÓ×� ÜÝÔ�ÐÿùÝÏ ÔþÝÏ�ÐÎÙ� ßÐÝúÎÐø ÓÝÐùÞÔØàÎÔø ÑÏÓÕÝÙ�ÌÖ ÍÏÜÙ×ÏÎÎÔø ßÑÐ×ÓÐ × ÏÎÏØÔÞÙÒÎÌÑÙ Ðø ß Ôþ�Ùø ØÙÎÐøÎÌø ÑÏ××Ùßâ



d�-� È�# ��Ð �������ã��¡ �# µ�#µ Ð ds�
#X��$X���î ������ �� �îñ

r���������������������������������������������@
r� �CW3�E:/E 5EW�:EH FWE�_9^s:9H 03FW/p[ � �@
r� 837/43::9H 5 96:90EW:90 /4�96:90 0344/5E �@
r� 7$ �FW9B30 � :3 0E4FE /4�96:9H �@
r� 238W3C9FG/B 3 ; � ; 2[\/B95 �@
r� ��ñ �@
r� UEW4/1 <%;%<;	44A �@
r���������������������������������������������@

���î î� � rr *�80EW 03FW/p[ 5 :E�73B95 ;5/6Eð$X��î *�î��#�$� � rr 0344/5 � O*�:1�/H 03FW/p����î î� î rr 36WE4 794^E6:E_9 �^VF3 03FW/p[rr 5 0344/5E �ð�"î�#�$� � ��ñ���î î� ����" ����������"" ���" ���#�" ��ð$X��î *�î��#�$� ð
�""�îð$ "�� �	�V	 rr �FW9B/ $CW3F:9H 03FW/p[�����""��"��""+"V�V	� ��""ñ�	ð%@� ��""ñ��#��""�����""+"V�V<ð$ ��"V	�	�V	 rr 4F9^Cp[�������+	��"���#ð�%ð$ ���+	�"ð�ðV� ����ñ�� ���"ñ�������+	��"���"+�V�î�ð ð$ rr 7$ �� ���"ñ�ð@� ����ñ��"���"+�V	V��������+�V<V���#���#V�+�î�ð ð$ rr 7$ �



ds� Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð
�""��""+"V�V<î�ð ð$ rr 7$ "î�ð rr ����

!3�3h3 5=;97m;l= >?9j<Nl
ËÎÔÞÙÐ ÍÏÿÏÒÙ 'ß ÒÏ×ÓÎÔ×ÓÙÖ ÝÐæÐÎÙ� ùÝÏßÎÐÎÙø ß ÒÏ×ÓÎÌú ÜÝÔÙÍÕßÔÿÎÌú* ÜÝÙßÔÿ�Ó û ØÐÎÓÔÒÎÌÑ ÑÏÓÝÙ�ÏÑÖ ÎÐÎùØÐßÌÐ ÛØÐÑÐÎÓÌ ûÔÓÔÝÌú×Ô×ÝÐÿÔÓÔÒÐÎÌ ß ÜÔØÔ×ÐÖ ÔûÏøÑØ���Ðø ÞØÏßÎù� ÿÙÏÞÔÎÏØàâ [ÿÐ×à ÿÔ×ÓÏÕÓÔÒÎÔ úÝÏÎÙÓà ÓÔØàûÔ ÛÓù ØÐÎÓù ß ÑÏÓÝÙ�Ð ÝÏÍÑÐÝÔÑ s × n Ö ÞÿÐ s ýæÙÝÙÎÏ ØÐÎÓÌâSÐÎÓÔÒÎÏ� ÑÏÓÝÙ�Ï ÎÐ Ôþ�ÍÏÓÐØàÎÔ ÝÏ×ÜÔØÏÞÏÐÓ×� ×ÙÑÑÐÓÝÙÒÎÔÔÓÎÔ×ÙÓÐØàÎÔ ÞØÏßÎÔø ÿÙÏÞÔÎÏØÙâ
!3�3�3 M<?k7;?n�;l= >?9j<Nl
uÙÏÞÔÎÏØàÎÌÐ ÑÏÓÝÙ�Ì ÍÏÑÐÒÏÓÐØàÎÌ ßÔÍÑÔÚÎÔ×Óà� Ùú ÛûÔÎÔÑÙÒÕÎÔÞÔ úÝÏÎÐÎÙ� 'ß ßÙÿÐ ßÐûÓÔÝÔß ×ÔÔÓßÐÓ×Óßù��Ðø ÿØÙÎÌ* Ù ùÿÔþ×ÓßÔÑÝÏþÔÓÌ × ÎÙÑÙâ �Í Ôþ�Ùú ÜÝÏßÙØ ÜÐÝÐÑÎÔÚÐÎÙ� ÑÏÓÝÙ� ×ØÐÿùÐÓÖ ÒÓÔùÑÎÔÚÐÎÙÐ ûßÏÿÝÏÓÎÔø ÑÏÓÝÙ�Ì ÎÏ ÿÙÏÞÔÎÏØàÎù� ×ØÐßÏ ÛûßÙßÏØÐÎÓÎÔùÑÎÔÚÐÎÙ� ÐÐ ×ÓÝÔûÖ Ï ×ÜÝÏßÏ ý ×ÓÔØþ�Ôß ÎÏ ×ÔÔÓßÐÓ×Óßù��ÙÐ ÛØÐÑÐÎÕÓÌ ÿÙÏÞÔÎÏØÙâ 
ÓÙ ÜÝÏßÙØÏ ÑÔÚÎÔ ÜÐÝÐÎÐ×ÓÙ Ù ÎÏ þØÔÒÎÔÕÿÙÏÞÔÎÏØàÎÌÐÑÏÓÝÙ�Ìâ
!3�3�3 Ô=j=k|n:j;l= j?`j=Ð=;;l= >?9j<Nl
%ÐÝÐÞùØ�ÝÎÌÑÙ ×ÒÙÓÏ�Ó×� ÝÏÍÝÐÚÐÎÎÌÐ ÑÏÓÝÙ�ÌÖ ß ÝÏÍÑÐ�ÐÎÙÙÎÐÎùØÐßÌú ÛØÐÑÐÎÓÔß ûÔÓÔÝÌú ÎÐÓ ÜÝÔ×ÓÔø ÍÏûÔÎÔÑÐÝÎÔ×ÓÙâ TÔØàæÙÐÑÏÓÝÙ�Ì ÓÏûÔÞÔ ßÙÿÏ ùÿÔþÎÔ úÝÏÎÙÓà ß ßÙÿÐ NZ�NRGLI¤ N�6¢R�¢6 â %ÏÕÜÝÙÑÐÝÖ × ûÏÚÿÔø ×ÓÝÔûÔø ÑÏÓÝÙ�Ì ÑÔÚÎÔ ×ß�ÍÏÓà ×ÜÙ×Ôû ÎÐÎùØÐßÌúÛØÐÑÐÎÓÔß × ùûÏÍÏÎÙÐÑ ÎÔÑÐÝÏ ×ÓÔØþ�ÏÖ ÍÎÏÒÐÎÙ� ÛØÐÑÐÎÓÏ Ù ÏÿÝÐ×Ï ×ØÐÕÿù��ÐÞÔ ÛØÐÑÐÎÓÏ ×ÜÙ×ûÏâ KÏûÔÐ ÜÝÐÿ×ÓÏßØÐÎÙÐ ÑÏÓÝÙ� Û��ÐûÓÙßÎÔ Ù×ÕÜÔØàÍùÐÓ×� ÜÝÙ ÝÐæÐÎÙÙ þÔØàæÙú ×Ù×ÓÐÑ ØÙÎÐøÎÌú ùÝÏßÎÐÎÙø ÑÐÓÔÿÔÑÙÓÐÝÏ�Ùøâ ÷ÜÙ×ûÔßÔÐ ÜÝÐÿ×ÓÏßØÐÎÙÐ ÿÏÎÎÌú ÎÐÔþúÔÿÙÑÔ ÜÝÙ ÝÏ×ÒÐÓÐ ×ÐÕÓÐø Ôþ×ØùÚÙßÏÎÙ� × ÎÐÔÿÎÔÝÔÿÎÌÑÙ ÍÏ�ßûÏÑÙÖ ÜÔ×ûÔØàûù ÎÐûÔÓÔÝÌÐ ÓÙÜÌÍÏ�ßÔû ÑÙÎù�Ó ÔÓÿÐØàÎÌÐ ùÍØÌâ AÝÏßÎÐÎÙ� þÏØÏÎ×Ï ÿØ� ÎÙú ÜÝÙ GtÝ��ÑÎÔÚÐ×ÓßÐ ùÍØÔß ÑÔÞùÓ ×ÔÿÐÝÚÏÓà ÎùØÐßÌÐ ×ÓÔØþ�Ì Ù ×ÓÝÔûÙÖ ÒÓÔ ÞÏÝÏÎÕÓÙÝùÐÓ ÊÏßÔ×Óá ÜÝÙ ÜÔÜÌÓûÐ Ùú ÝÐæÐÎÙ�â



d�¹� �� !Ð !�# ��Ð � ���#� � ds�
÷ÓùÿÐÎÓÏÑÖ ×ÜÐ�ÙÏØÙÍÙÝù��ÙÑ×� ß ÔþØÏ×ÓÙ ÙÎ�ÔÝÑÏ�ÙÔÎÎÌúÓÐúÎÔØÔÞÙøÖ ÑÌ ÝÐûÔÑÐÎÿùÐÑ ÜÔÜÌÓÏÓà×� ÎÏÜÙ×ÏÓà ÜÝÔÞÝÏÑÑÌ ×ØÔÚÐÎÙ�Ù ÜÐÝÐÑÎÔÚÐÎÙ� ÑÏÓÝÙ�Ö ÜÝÐÿ×ÓÏßØÐÎÎÌú ×ÜÙ×ûÏÑÙ ÎÐÎùØÐßÌú ÛØÐÑÐÎÓÔßâ
gècè �ëíô� ôõìíò.� ò óîöìëíõ
÷ÔßÔûùÜÎÔ×Óà ß×Ðú ßÔÍÑÔÚÎÌú n ÕÑÐÝÎÌú ßÐûÓÔÝÔß × ßÐ�Ð×ÓßÐÎÎÌÕÑÙ ûÔÑÜÔÎÐÎÓÏÑÙ ÎÏÍÌßÏÐÓ×� E�P�QPI� L�R�G6PI� Z6G7�6�P7�LG�

Rn â $ ²LRE�gGLG� ÜÝÔ×ÓÝÏÎ×ÓßÐ En ÿÔÜÔØÎÙÓÐØàÎÔ ÔÜÝÐÿÐØÐÎÔ ×ûÏØ�ÝÕÎÔÐ ÜÝÔÙÍßÐÿÐÎÙÐ	 ÿØ� x, y ∈ En
ÔÎÔ ÔÜÙ×ÌßÏÐÓ×� �ÔÝÑùØÔø

(x, y) = x1y1 + x2y2 + . . .+ xnyn.

$ ûÔÑÜØÐû×ÎÔÑ ÜÝÔ×ÓÝÏÎ×ÓßÐ Cn
(x, y) = x̄1y1 + x̄2y2 + . . .+ x̄nyn

'ûÔÑÜÔÎÐÎÓÌ ÜÐÝßÔÞÔ ×ÔÑÎÔÚÙÓÐØ�� ÍÏÑÐÎ��Ó×� ÎÏ ûÔÑÜØÐû×ÎÔ ×ÔÜÝ�ÕÚÐÎÎÌÐ*âuØ� Ô�ÐÎûÙ ÑÏÓÝÙ� Ù ßÐûÓÔÝÔß L ��EG� ÜÝÙÑÐÎ�ÐÓ×� ÜÔÎ�ÓÙÐ ÎÔÝÕÑÌâ sÔßÔÝ�ÓÖ ÒÓÔ ßßÐÿÐÎÏ PG6�� ßÐûÓÔÝÏÖ Ð×ØÙ ûÏÚÿÔÑù ßÐûÓÔÝù xÜÔ×ÓÏßØÐÎÔ ß ×ÔÔÓßÐÓ×ÓßÙÐ ÎÐÔÓÝÙ�ÏÓÐØàÎÔÐ ÒÙ×ØÔÖ ÔþØÏÿÏ��ÐÐ ×ßÔøÕ×ÓßÏÑÙ	
Ï* ‖x‖ > 0 Ö ÜÝÙÒÐÑ ‖x‖ = 0 ÓÔÞÿÏ Ù ÓÔØàûÔ ÓÔÞÿÏÖ ûÔÞÿÏ ß×Ð ÛØÐÑÐÎÓÌßÐûÓÔÝÏ x ÝÏßÎÌ ÎùØ�B
þ* ‖x‖ = |c| · ‖x‖ Ö ÞÿÐ c ý ÜÝÔÙÍßÔØàÎÔÐ ÒÙ×ØÔB
ß* ‖x‖ + ‖y‖ ≤ ‖x‖ + ‖y‖ '×ßÔø×ÓßÔ ÓÝÐùÞÔØàÎÙûÏ*â%ÏÙþÔØÐÐ ùÜÔÓÝÐþÙÓÐØàÎÌ ÓÝÙ ÎÔÝÑÌ	

||x||1 = |x1| + |x2| + . . .+ |xn|;
||x||2 = (|x1|2 + |x2|2 + . . .+ |xn|2)1/2;
||x||∞ = max1≤i≤n |xi|.

Ó�Õ�ÕÔ×

�þÔÍÎÏÒÐÎÙ� 1, 2,∞ Ôþ��×Î��Ó×� ÓÐÑÖ ÒÓÔ ß×Ð ÓÝÙ ÎÔÝÑÌ �ßØ��Ó×�ÒÏ×ÓÎÌÑÙ ×ØùÒÏ�ÑÙ ÞÙØàþÐÝÓÔßÏ ×ÐÑÐø×ÓßÏ ÎÔÝÑ	
||x||p = (|x1|p + |x2|p + . . .+ |xn|p)1/p.

$ÓÔÝÏ� ÎÔÝÑÏ Ð×Óà ÔþÌÒÎÏ� ÐßûØÙÿÔßÏ ÿØÙÎÏ ßÐûÓÔÝÏâ�[\ VTc\]\^ua W`]\vVWcba ª S]\^\k\X



dye Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð
� ÎÔÝÑÏÑ ���6�� ÜÝÐÿ��ßØ�ÐÓ×� ÿÔÜÔØÎÙÓÐØàÎÔÐ ÓÝÐþÔßÏÎÙÐÔÓÎÔ×ÙÓÐØàÎÔ ÎÔÝÑ ÜÝÔÙÍßÐÿÐÎÙ�	

||AB|| ≤ ||A|| · ||B||,ÞÿÐ A Ù B ý ÜÝÔÙÍßÔØàÎÌÐ ÑÏÓÝÙ�ÌÖ ÿØ� ûÔÓÔÝÌú ÜÝÔÙÍßÐÿÐÎÙÐ ÙÑÐÐÓ×ÑÌ×Øâ%ÔÝÑÌ ÑÏÓÝÙ�Ì ÑÔÚÎÔ ßßÐ×ÓÙ ÝÏÍØÙÒÎÌÑÙ ×ÜÔ×ÔþÏÑÙâ [ÿÐ×à ÝÏ×Õ×ÑÔÓÝÙÑ ÓÝÙ ÙÍ ÎÙú	
• Z�6L�� PG6�� ‖A‖1 = max

1≤i≤m

n∑

j=1

|aij| ÝÏßÎÏ ÑÏû×ÙÑÏØàÎÔø ÙÍ ×ùÑÑ
ÑÔÿùØÐø ÛØÐÑÐÎÓÔß ÑÏÓÝÙ�Ì ZG 7�6GR��B

• L�G6�� PG6�� ‖A‖2 = max
1≤j≤n

m∑

i=1

|aij| ÝÏßÎÏ ÑÏû×ÙÑÏØàÎÔø ÙÍ ×ùÑÑ
ÑÔÿùØÐø ÛØÐÑÐÎÓÔß ÑÏÓÝÙ�Ì ZG 7�GEt���B

• �6��O� PG6�� ‖A‖3 =

√
m∑

i=1

n∑

j=1

a2
ij

Ð×Óà ûßÏÿÝÏÓÎÌø ûÔÝÐÎà ÙÍ
×ùÑÑÌ ûßÏÿÝÏÓÔß ÛØÐÑÐÎÓÔß ÑÏÓÝÙ�Ì 'ÿØ� ÑÏÓÝÙ�Ö ÔþÝÏÍÔßÏÎÎÌúÿÐø×ÓßÙÓÐØàÎÌÑÙ ÒÙ×ØÏÑÙ*âËÔÚÎÔ ÿÔûÏÍÏÓàÖ ÒÓÔ ßÐØÙÒÙÎÌ ‖A‖1

Ö ‖A‖2
Ù ‖A‖3

ùÿÔßØÐÓßÔÝ��Ó ß×ÐÑÎÐÔþúÔÿÙÑÌÑ ÓÝÐþÔßÏÎÙ�Ñ Ù ÜÔÓÔÑù �ßØ��Ó×� ÎÔÝÑÏÑÙâ%ÔÝÑÌ ÿØ� ÑÏÓÝÙ�Ì Ù ßÐûÓÔÝÏ ÿÔØÚÎÌ þÌÓà 7GFE�7GL�PI	 ÿØ�Ø�þÌú ÑÏÓÝÙ�Ì Ù ßÐûÓÔÝÏ ÿÔØÚÎÔ ßÌÜÔØÎ�Óà×�
||Ax|| ≤ ||A|| · ||x||.

uØ� ÛÓÔÞÔ ×ØÐÿùÐÓ ÔÜÝÐÿÐØ�Óà
||A|| = max

x6=0

||Ax||
||x|| .

KÏûÙÐ ÑÏÓÝÙÒÎÌÐ ÎÔÝÑÌ ÎÏÍÌßÏ�Ó×� GZ�6��G6PI��Ö ÙØÙ ÜÔÿÒÙÎÐÎÎÌÑÙ×ÔÔÓßÐÓ×Óßù��Ðø ÎÔÝÑÐâ
ßûØÙÿÔßÏ ÑÏÓÝÙÒÎÏ� ÎÔÝÑÏ ÿØ� ßÐ�Ð×ÓßÐÎÎÌú ÑÏÓÝÙ�
||A||E =

( m∑

i=1

n∑

j=1

|aij|
)1/2

WÔÞØÏ×ÔßÏÎÏ × ßÐûÓÔÝÎÔø ÎÔÝÑÔø ||x||2 Ö ÎÔ ÔÜÐÝÏÓÔÝÎÔø ÎÐ �ßØ�ÐÓ×�â$ÌßÔÿ Ø�þÔÞÔ ×ÔÔÓÎÔæÐÎÙ� ÑÐÚÿù ÎÔÝÑÏÑÙ ßÐûÓÔÝÔß Ù ÑÏÓÝÙ�ÜÝÐÿÜÔØÏÞÏÐÓ 7GFE�7GL�PPG7�O ÛÓÙú ÎÔÝÑâ
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gègè (òñìîô� �òðî�ð�Ï �íõóðîðò�
÷Ù×ÓÐÑÌ ØÙÎÐøÎÌú ÏØÞÐþÝÏÙÒÐ×ûÙú ùÝÏßÎÐÎÙø ßÔÍÎÙûÏ�Ó ÜÝÙ ÔþÕÝÏþÔÓûÐ ÿÏÎÎÌúB ÿÙ×ûÝÐÓÙÍÏ�ÙÙ ØÙÎÐøÎÌú ÿÙ��ÐÝÐÎ�ÙÏØàÎÌú ÍÏÿÏÒ ÑÐÕÓÔÿÔÑ ûÔÎÐÒÎÌú ÝÏÍÎÔ×ÓÐø ÙØÙ ûÔÎÐÒÎÌú ÛØÐÑÐÎÓÔßB ÝÐæÐÎÙÙ ûÝÏÐßÌúÍÏÿÏÒB ÝÏ×ÒÐÓÐ ÛØÐûÓÝÙÒÐ×ûÙú �ÐÜÐø Ù ×ØÔÚÎÌú ÞÙÿÝÏßØÙÒÐ×ûÙú ×Ù×ÓÐÑBß ÎÐûÔÓÔÝÌú ÛûÔÎÔÑÙÒÐ×ûÙú ÑÔÿÐØ�ú Ù Óâ ÿâËÐÓÔÿÌ ÝÐæÐÎÙ� ×Ù×ÓÐÑ ØÙÎÐøÎÌú ùÝÏßÎÐÎÙø ÿÐØ�Ó×� ÎÏ ÓÔÒÎÌÐ ÙÜÝÙþØÙÚÐÎÎÌÐâ ,GMPI� ÑÐÓÔÿÌ ß ÜÝÐÿÜÔØÔÚÐÎÙÙÖ ÒÓÔ ß×Ð ßÌÒÙ×ØÐÎÙ�ßÐÿùÓ×� þÐÍ ÔûÝùÞØÐÎÙøÖ ÍÏ ûÔÎÐÒÎÔÐ ÒÙ×ØÔ æÏÞÔß ÜÝÙßÔÿ�Ó û ÓÔÒÎÔÑùÝÐæÐÎÙ� ×Ù×ÓÐÑÌâ y6�tE�k�PPI� ÑÐÓÔÿÌ ÜÝÙ ÓÔÑ ÚÐ ÿÔÜù�ÐÎÙÙ ÜÔ×ØÐØ�þÔÞÔ ûÔÎÐÒÎÔÞÔ ÒÙ×ØÏ æÏÞÔß ÿÏ�Ó ØÙæà ÜÝÙþØÙÚÐÎÎÔÐ ÝÐæÐÎÙÐâ �ÜÝÙþØÙÚÐÎÎÌÑ ÑÐÓÔÿÏÑ ÔÓÎÔ×�Ó×� ÙÓÐÝÏ�ÙÔÎÎÌÐÖ Ï û ÓÔÒÎÌÑ ý ÑÐÓÔÿsÏù××Ïâ
!3!353 d?9j<m;?: `?�<8� 8<89=>l n<;=o;lÏ |j?a;=;<o
äù×Óà A ý ÑÏÓÝÙ�Ï ßÙÿÏ (n, n) Ö x, b ý ßÐûÓÔÝÌÕ×ÓÔØþ�Ì (n, 1) âKÔÞÿÏ Ax Ð×Óà ßÐûÓÔÝÕ×ÓÔØþÐ� ßÙÿÏ (n, 1) Ö Ù ÑÏÓÝÙÒÎÏ� ÍÏÜÙ×à

Ax = b Ó�Õ�ÕÔ×ÛûßÙßÏØÐÎÓÎÏ ÝÏÍßÐÝÎùÓÔø �ÔÝÑÐ
a11x1 +a12x2 + . . . +a1nxn = b1,
a21x1 +a22x2 + . . . +a2nxn = b2,â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â
an1x1 +an2x2 + . . . +annxn = bn.

å×ØÙ ×ÒÙÓÏÓà A Ù b ÙÍßÐ×ÓÎÌÑÙÖ ÓÔ 'rârâ�* ÑÔÚÎÔ ÝÏ××ÑÏÓÝÙßÏÓà ûÏû×Ù×ÓÐÑù ÙÍ n ØÙÎÐøÎÌú ùÝÏßÎÐÎÙø × ÎÐÙÍßÐ×ÓÎÌÑÙ x1, x2, . . . xn â %ÏÍÔÕßÐÑ A ÑÏÓÝÙ�Ðø ûÔÛ��Ù�ÙÐÎÓÔßÖ b ý ßÐûÓÔÝÔÑ ÜÝÏßÌú ÒÏ×ÓÐøÖ x ýßÐûÓÔÝÔÑ ÎÐÙÍßÐ×ÓÎÌúâ �ÑÐÐÓ ÑÐ×ÓÔãäåæäçè 9êë '�ÝÏÑÐÝÏ*â å×ØÙ ÔÜÝÐÿÐØÙÓÐØà |A| ÑÏÓÝÙ�Ì ûÔÛ��ÙÕ�ÙÐÎÓÔß ×Ù×ÓÐÑÌ ÙÍ n ØÙÎÐøÎÌú ùÝÏßÎÐÎÙø × n ÎÐÙÍßÐ×ÓÎÌÑÙ ÔÓØÙÒÐÎÔÓ ÎùØ�Ö ÓÔ ×Ù×ÓÐÑÏ ÙÑÐÐÓ ÝÐæÐÎÙÐÖ Ù ÜÝÙÓÔÑ ÐÿÙÎ×ÓßÐÎÎÔÐâìåíèîèïäðñòïóåâ TùÿÐÑ ÝÏ××ÑÏÓÝÙßÏÓà ×Ù×ÓÐÑù ß ÑÏÓÝÙÒÎÔøÍÏÜÙ×Ù 'rârâ�*â KÏû ûÏû |A| 6= 0 Ö ÓÔ A ý ÎÐÔ×ÔþÏ� ÑÏÓÝÙ�Ï Ù ÿØ� ÎÐÐ×ù�Ð×ÓßùÐÓ ÔþÝÏÓÎÏ� ÑÏÓÝÙ�Ï A−1 â äÔØÔÚÙÑ x = A−1b Ù ÜÔûÏÚÐÑÖ ÒÓÔ
x Ð×Óà ÝÐæÐÎÙÐâ uÐø×ÓßÙÓÐØàÎÔÖ

Ax = A(A−1b) = (AA−1)b = Ib = b.
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ÓÔ ÝÐæÐÎÙÐ ÐÿÙÎ×ÓßÐÎÎÔÐâ å×ØÙ þÌ ×ù�Ð×ÓßÔßÏØÔ ÿÝùÞÔÐ ÝÐæÐÎÙÐ y Ö ÓÔÑÌ ÙÑÐØÙ þÌ Ay = b ÙÖ ×ØÐÿÔßÏÓÐØàÎÔÖ A−1(Ay) = A−1b â %Ô A−1(Ay) =
(A−1A)y = Iy = y â [ÎÏÒÙÓÖ y = A−1b Ù ×ÔßÜÏÿÏÐÓ × x = A−1b â NuØ� ÓÔÞÔ ÒÓÔþÌ ×Ù×ÓÐÑÏ 'rârâ�* þÌØÏ ×ÔßÑÐ×ÓÎÏ 'ÙÑÐØÏ úÔÓ� þÌ ÔÿÎÔÝÐæÐÎÙÐ*Ö ÎÐÔþúÔÿÙÑÔ Ù ÿÔ×ÓÏÓÔÒÎÔÖ ÒÓÔþÌ þÌØÙ ÝÏßÎÌ ÝÏÎÞÙ ÑÏÓÝÙ�ÌûÔÛ��Ù�ÙÐÎÓÔß A Ù ÝÏ×æÙÝÐÎÎÔø ÑÏÓÝÙ�Ì A′ Ö ÜÔØùÒÏÐÑÔø ÜÝÙ×ÔÐÿÙÕÎÐÎÙÐÑ û A ×ÓÔØþ�Ï b ×ßÔþÔÿÎÌú ÒØÐÎÔßâ å×ØÙ r = r′ Ö ÓÔ ÝÐæÐÎÙÐ þùÿÐÓÐÿÙÎ×ÓßÐÎÎÌÑ ÓÔØàûÔ ÜÝÙ n = r Ö Óâ Ðâ ÜÝÙ ×ÔßÜÏÿÐÎÙÙ ÒÙ×ØÏ ÎÐÙÍßÐ×ÓÕÎÌú × ÝÏÎÞÔÑ ÑÏÓÝÙ�Ì A â å×ØÙ n > r Ö ÓÔ ×Ù×ÓÐÑÏ ÙÑÐÐÓ ÑÎÔÚÐ×ÓßÔÝÐæÐÎÙøÖ ×ÔÿÐÝÚÏ�Ùú n− r ÜÝÔÙÍßÔØàÎÌú ÎÐÍÏßÙ×ÙÑÌú ßÐØÙÒÙÎâ

äÝÙÑÐÝ râfâ �××ØÐÿùÐÑ ×Ù×ÓÐÑù
2 · x1 + 4 · x2 + 1 · x3 = 3,
1 · x1 − 2 · x2 + 3 · x3 = 2,
4 · x1 + 0 · x2 + 7 · x3 = 5.


ÏÎÞ ÑÏÓÝÙ�Ì ûÔÛ��Ù�ÙÐÎÓÔß r = 2 Ö ÓÏû ûÏû
∣
∣
∣
∣

2 4
1 −2

∣
∣
∣
∣
= −8 6= 0,

: ÔÜÝÐÿÐØÙÓÐØà ÜÔØÎÔø ÑÏÓÝÙ�Ì ûÔÛ��Ù�ÙÐÎÓÔß
∣
∣
∣
∣
∣
∣

2 4 1
1 −2 3
4 0 7

∣
∣
∣
∣
∣
∣

= (1/2)

∣
∣
∣
∣
∣
∣

2 4 1
2 −4 6
4 0 7

∣
∣
∣
∣
∣
∣

= (1/2)

∣
∣
∣
∣
∣
∣

2 4 1
4 0 7
4 0 7

∣
∣
∣
∣
∣
∣

= 0.

äÝÙ ÜÐÝÐúÔÿÐ û ÓÝÐÓàÐÑù ÔÜÝÐÿÐØÙÓÐØ� ûÔ ßÓÔÝÔø ×ÓÝÔûÐ ÜÝÐÿÌÿù�ÐÞÔþÌØÏ ÜÝÙþÏßØÐÎÏ ÜÐÝßÏ�Ö Ï ÔûÔÎÒÏÓÐØàÎÔÐ ÍÏûØ�ÒÐÎÙÐ ×ØÐÿùÐÓ ÙÍ ÝÏßÐÎÕ×ÓßÏ ÛØÐÑÐÎÓÔß ÿßùú ÜÏÝÏØØÐØàÎÌú Ý�ÿÔßâ
ÏÎÞ ÝÏ×æÙÝÐÎÎÔø ÑÏÓÝÙ�Ì r′ = 3 'ÔÿÙÎ ÙÍ ÔÜÝÐÿÐØÙÓÐØÐø qÕÞÔÜÔÝ�ÿûÏ ÎÐ ÝÏßÐÎ ÎùØ�*	
∣
∣
∣
∣
∣
∣

2 4 3
1 −2 2
4 0 5

∣
∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣
∣

4 0 7
1 −2 2
4 0 5

∣
∣
∣
∣
∣
∣

= −2

∣
∣
∣
∣

4 7
4 5

∣
∣
∣
∣
= −2(−8) = 16 6= 0.

äÔ×ûÔØàûù r 6= r′ Ö ×Ù×ÓÐÑÏ ÎÐ×ÔßÑÐ×ÓÎÏâ$ ÿÏØàÎÐøæÐÑ þùÿÐÑ ÜÝÐÿÜÔØÏÞÏÓàÖ ÒÓÔ ÑÏÓÝÙ�Ï ûÔÛ��Ù�ÙÐÎÓÔß×Ù×ÓÐÑÌ ÎÐÔ×ÔþÏ� Ù ×Ù×ÓÐÑÏ ÙÑÐÐÓ ÐÿÙÎ×ÓßÐÎÎÔÐ ÝÐæÐÎÙÐ x = A−1b âuØ� ÎÏúÔÚÿÐÎÙ� x ÜÔ ÛÓÔø �ÔÝÑùØÐ ÎùÚÎÔ ßÌÒÙ×ØÙÓà ÑÏÓÝÙ�ù A−1 â



d�d� 8��#�!Ð ����¡�ÐÑ µ ������¡ dys
äÝÙßÐÿÐÑ ÙÎÓÐÝÐ×Îù� × ÓÔÒûÙ ÍÝÐÎÙ� ßÔÍÑÔÚÎÔ×ÓÐø ×ÔßÝÐÑÐÎÎÔÞÔ

&ÔÝÓÝÏÎÏ ÜÝÔÞÝÏÑÑù ÝÐæÐÎÙ� ×Ù×ÓÐÑÌ ØÙÎÐøÎÌú ÏØÞÐþÝÏÙÒÐ×ûÙú ùÝÏßÕÎÐÎÙø Ax = b ÜÔ �ÔÝÑùØÐ x = A−1b ÿØ� ÿßùú ßÐûÓÔÝÔß b ÜÝÙ ÙÍßÐ×ÓÎÔøÔþÝÏÓÎÔø ÑÏÓÝÙ�Ð ûÔÛ��Ù�ÙÐÎÓÔß W ÜÔÑÔ�à� ÑÏÓÝÙÒÎÔø �ùÎû�ÙÙ	
*�$ ��" Éî�ZX����î�Z��îZX����$� "É" ����ñ �î#X�� ��ñ

�î�� ��� ��ð�"î�#�$� ��&�&ñ�� �&ñ���#�?î���	ññî�ð ZX����$� "É"î�ð ���î�Z��î
�î�� ���É ��	��<�O	�O<ð�"î�#�$� ���É�(�(ñ��	�(ñ��<�(ñ�O	�(ñ�O<�(ñð��� ���É @	;%�<;
�( ;'� V	;)�' ;'�%;�� ( ;
�V' ;(�<;)@� ;�	 @%;��V'�<;A@� �< @<;
�%;��( ;)@
O	�"É" ����É ��	ñ*���� �� O	 r 	
;
% V<
;<) 
;<)
O<�"É" ����É ��<ñ*���� �� O< r 	' ;A
 VA;
( 	4;')î�ð *�$ ��" Éî�ZX�

ZX����$� "É" ����ñ �î#X�� ��ñ
�î�� ��� ��ð�"î�#�$� ��&�&ñ�� �&ñ���#�?î���	ññð$ ��	�#�?î���	ñ���ñ�ð$�2*�$ðX�������&ñ��ñî�ð ð$î�ð ZX����$� "É"

[ÿÐ×à ÜÝÙÑÐÎÐÎÏ ÜÔûÔÑÜÔÎÐÎÓÎÏ� ÔÜÐÝÏ�Ù� ×ûÏØ�ÝÎÔÞÔ ÜÐÝÐÑÎÔÚÐÎÙ�ßÐûÓÔÝÔß ð$�2*�$ðX��â �ÓÑÐÓÙÑ ÓÏûÚÐ Ôþ�ÍÏÓÐØàÎÔ×Óà ß ÿÏÎÎÔÑ ×ØùÒÏÐ�ßÎÔÞÔ ÙÎÓÐÝ�Ðø×Ïâå×ØÙ ßÌÒÙ×Ø�Óà ÔþÝÏÓÎù� ÑÏÓÝÙ�ù ×ÔÞØÏ×ÎÔ ÿÏÎÎÔÑù ÜÝÙ ÔÜÝÐÿÐØÐÕÎÙÙ A−1 ÏØÞÔÝÙÓÑùÖ ÓÔ ÿØ� ÎÏúÔÚÿÐÎÙ� ß×Ðú ÛØÐÑÐÎÓÔß A−1 ÜÔÓÝÐþùÐÓ×�ßÌÒÙ×ØÙÓà n2 ÔÜÝÐÿÐØÙÓÐØÐø (n − 1) ÕÞÔ ÜÔÝ�ÿûÏ Ù ÔÿÙÎ ÔÜÝÐÿÐØÙÓÐØà
n ÕÞÔ ÜÔÝ�ÿûÏâ uØ� ßÌÒÙ×ØÐÎÙ� ÔÜÝÐÿÐØÙÓÐØ� n ÕÞÔ ÜÔÝ�ÿûÏ ÎÏÿÔ ßÌÒÙ×ÕØÙÓà n! ÜÝÔÙÍßÐÿÐÎÙø ÜÔ n ×ÔÑÎÔÚÙÓÐØÐø Ù ÛÓÙ ÜÝÔÙÍßÐÿÐÎÙ� ×ØÔÚÙÓàâ
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äÔÛÓÔÑù ÿØ� ÎÏúÔÚÿÐÎÙ� ß×Ðú ÛØÐÑÐÎÓÔß ÔþÝÏÓÎÔø ÑÏÓÝÙ�Ì ÜÝÙÿÐÓ×�ÜÝÔÿÐØÏÓà ùÑÎÔÚÐÎÙø

n2(n − 1)!(n − 2) + n!(n − 1) = nn!(n − 2) + n!(n − 1) = n!(n2 − n − 1) ≈ (n − 1)2n!.

äÝÙ n = 10 ÛÓÔ ÒÙ×ØÔ ×Ô×ÓÏßØ�ÐÓ ÔûÔØÔ 300 · 106 â äÝÏûÓÙÒÐ×ûÙ ûÏû ÿØ�ÝÏ×ÒÐÓÏ ÔÜÝÐÿÐØÙÓÐØÐøÖ ÓÏû Ù ÿØ� ÝÐæÐÎÙ� ×Ù×ÓÐÑ ØÙÎÐøÎÌú ÏØÞÐþÝÏÙÒÐÕ×ûÙú ùÝÏßÎÐÎÙø Ù×ÜÔØàÍù�Ó×� ÑÐÎÐÐ ÓÝùÿÔÐÑûÙÐ ÑÐÓÔÿÌâ
!3!343 i7kj={;789� �j:>lÏ j={=;<o n<;=o;lÏ 8<89=>
KÔÒÎÔ×Óà ÝÐæÐÎÙ� Ô�ÐÎÙßÏÐÓ×� ÎÔÝÑÏÑÙ ßÐûÓÔÝÔß ÎÐß�ÍûÙ Ù ÔæÙþÕûÙ ÝÐæÐÎÙ�â 
ÓÙ ÜÔûÏÍÏÓÐØÙ ÎÐ Ôþ�ÍÏÓÐØàÎÔ ÑÏØÌ ÔÿÎÔßÝÐÑÐÎÎÔâ �ÓÎÔÕ×ÙÓÐØàÎÏ� ÜÔÞÝÐæÎÔ×Óà

‖∆x‖
‖x‖ ≤ cond(A)

‖∆b‖
‖b‖ .

KÔ ÚÐ ×ÏÑÔÐ ×ÜÝÏßÐÿØÙßÔ ÔÓÎÔ×ÙÓÐØàÎÔ ûÔÛ��Ù�ÙÐÎÓÔß ÑÏÓÝÙ�Ìâ �ÓÏûÖÔÓÎÔ×ÙÓÐØàÎÏ� ÜÔÞÝÐæÎÔ×Óà ÝÐæÐÎÙ� ×Ù×ÓÐÑÌ ØÙÎÐøÎÌú ùÝÏßÎÐÎÙø ÜÝÔÕÜÔÝ�ÙÔÎÏØàÎÏ ÔÓÎÔ×ÙÓÐØàÎÌÑ ÜÔÞÝÐæÎÔ×Ó�Ñ ÑÏÓÝÙ�Ì ûÔÛ��Ù�ÙÐÎÓÔß×Ù×ÓÐÑÌ Ù ÐÐ ÜÝÏßÔø ÒÏ×ÓÙâ �ÔÎ×ÓÏÎÓÏ ÜÝÔÜÔÝ�ÙÔÎÏØàÎÔ×ÓÙ Ð×Óà M�7£EG Gt¢7EGLE�PPG7��
cond(A) Ö ûÔÓÔÝÔÐ �ßØ�ÐÓ×� ÑÐÝÔø þØÙÍÔ×ÓÙ ÿÏÎÎÔøÑÏÓÝÙ�Ì û ÑÎÔÚÐ×Óßù ßÌÝÔÚÿÐÎÎÌú ÑÏÓÝÙ� UqrÖ ×â X�±XfYâJÙ×ØÔ Ôþù×ØÔßØÐÎÎÔ×ÓÙ ÑÏÓÝÙ�Ì

W��<A = ||A|| · ||A−1||
ÎÐ ÑÔÚÐÓ þÌÓà ÑÐÎàæÐ ÐÿÙÎÙ�Ìâ �þù×ØÔßØÐÎÎÔ×Óà ý ÛÓÔ LP¢�6�PP��×ßÔø×ÓßÔ ÑÏÓÝÙ�ÌÖ ÎÐ ×ß�ÍÏÎÎÔÐ ×Ô ×ÜÔ×ÔþÔÑ ÝÐæÐÎÙ� ×Ù×ÓÐÑÌ ùÝÏßÎÐÕÎÙøâ SÔÞÏÝÙ�Ñ ÒÙ×ØÏ Ôþù×ØÔßØÐÎÎÔ×ÓÙ ÜÝÙþØÙÚÐÎÎÔ ÝÏßÐÎ ÒÙ×Øù ÍÎÏÕÒÏ�Ùú �Ù�ÝÖ ÓÐÝ�ÐÑÌú ß ÝÐæÐÎÙÙ ×Ù×ÓÐÑÌ Ax = b ÜÔ ÔÓÎÔæÐÎÙ� ûÑÏæÙÎÎÔø ÓÔÒÎÔ×ÓÙâËÏÓÝÙ�Ì × þÔØàæÙÑÙ ÒÙ×ØÏÑÙ Ôþù×ØÔßØÐÎÎÔ×ÓÙ ÎÏÍÌßÏ�Ó×�ZEG¤G Gt¢7EGLE�PPI��â ÊJÓÔ ÓÏûÔÐ úÔÝÔæÔ Ù ÒÓÔ ÓÏûÔÐ ÜØÔúÔá ý ÍÏÕßÙ×ÙÓ ÔÓ ûÔÎÓÐû×ÓÏ	 ÝÏÍÑÐÝÏ ÍÏÿÏÒÙÖ ÓÝÐþÔßÏÎÙø û ÓÔÒÎÔ×ÓÙ ÝÐæÐÎÙ�ÖÝÏÍÝ�ÿÎÔø ×ÐÓûÙ ÑÏæÙÎÌ Ù ÿÝâ 
ÐæÐÎÙÐ ×ÒÙÓÏÐÓ×� ÎÐÎÏÿÐÚÎÌÑÖ Ð×ØÙW��<A ≥ δ/εab�X Ö ÞÿÐ δ ý ÿÔÜù×ÓÙÑÏ� ÔÓÎÔ×ÙÓÐØàÎÏ� ÜÔÞÝÐæÎÔ×ÓàÝÐÍùØàÓÏÓÏâ SÐÞûÔ ÜÔûÏÍÏÓàÖ ÒÓÔ ÑÏ×æÓÏþÙÝÔßÏÎÙÐÑ ÑÏÓÝÙ�Ì ÒÙ×ØÔ ÐÐÔþù×ØÔßØÐÎÎÔ×ÓÙ ÎÐ ÙÍÑÐÎÙÓàâ



d�d� 8��#�!Ð ����¡�ÐÑ µ ������¡ dy~
�ØÏ××ÙÒÐ×ûÙÑ ÜÝÙÑÐÝÔÑ ÜØÔúÔ Ôþù×ØÔßØÐÎÎÔø ÑÏÓÝÙ�Ì �ßØ�ÐÓ×�ÑÏÓÝÙ�Ï sÙØàþÐÝÓÏ × ÛØÐÑÐÎÓÏÑÙ

hij = 1/(i+ j + 1).

AÚÐ ÜÝÙ n = 8 W��< H ≥ 1010 Ö ÓÏû ÒÓÔ ÜÔØùÒÐÎÎÏ� ÜÝÙ ×ÒÐÓÐ ß ÔÿÙÎÏÝÕÎÔÑ �ÔÝÑÏÓÐ ÔþÝÏÓÎÏ� Ðø ÑÏÓÝÙ�Ï ÑÔÚÐÓ ÎÐ ÙÑÐÓà ÎÙ ÔÿÎÔÞÔ ßÐÝÎÔÞÔÍÎÏûÏâËÏØÔ×Óà ÎÐß�ÍûÙ r = b−Ax̃ ÜØÔúÔ Ôþù×ØÔßØÐÎÎÔø ×Ù×ÓÐÑÌ Ð�Ð ÎÐÞÔßÔÝÙÓ Ô þØÙÍÔ×ÓÙ ÜÝÙþØÙÚÐÎÎÔÞÔ ÝÐæÐÎÙ� x̃ û ÓÔÒÎÔÑùâäÔÞÝÐæÎÔ×Óà ÔþÌÒÎÔ ÜÝÔÜÔÝ�ÙÔÎÏØàÎÏ ÎÏÙþÔØàæÐø ûÔÑÜÔÎÐÎÓÐßÐûÓÔÝÏ ÝÐæÐÎÙ�â 
ÓÔ ×ØÐÿùÐÓ ùÒÙÓÌßÏÓà ÜÝÙ ×ù�Ð×ÓßÐÎÎÌú ÝÏÍØÙÒÙ�úß ÑÔÿùØ�ú ûÔÑÜÔÎÐÎÓâ
KÔÒÎÔÐ ÍÎÏÒÐÎÙÐ ÒÙ×ØÏ Ôþù×ØÔßØÐÎÎÔ×ÓÙ ÓÝÐþùÐÓ×� ÝÐÿûÔâ �þÌÒÎÔÿÔ×ÓÏÓÔÒÎÔ ÐÞÔ ÝÏÍùÑÎÔø Ô�ÐÎûÙâ uØ� ÐÐ ÜÔØùÒÐÎÙ� ÑÔÚÎÔ ÔþÔøÓÙ×à þÐÍßÌÒÙ×ØÐÎÙ� ÔþÝÏÓÎÔø ÑÏÓÝÙ�Ì '×Ñâ UqrÖ ×â XXY*â ËÏÓÝÙ�Ï ×ÒÙÓÏÐÓ×� ÜØÔúÔÔþù×ØÔßØÐÎÎÔøÖ Ð×ØÙ ÑÔÿùØà ÐÐ ÔÜÝÐÿÐØÙÓÐØ� ×ù�Ð×ÓßÐÎÎÔ ÑÐÎàæÐ ûÏûÔøÕØÙþÔ ÙÍ ÎÔÝÑ ÑÏÓÝÙ�Ìâ SÙÎÐøÎÌÐ ×Ù×ÓÐÑÌ × ûßÏÿÝÏÓÎÌÑÙ ÑÏÓÝÙ�ÏÑÙP�RG66�R�PIÖ Ð×ØÙ ÜÔ×ØÐÿÎÙÐ ßÌÝÔÚÿÏ�Ó×� ß ÜÝÐÿÐØÏú ÓÔÒÎÔ×ÓÙ ûÔÛ�Õ�Ù�ÙÐÎÓÔßÖ Óâ Ðâ ÎÐ ßÌÜÔØÎÐÎÌ ù×ØÔßÙ�

‖A−1‖ · ‖∆A‖ ≤ 1.[ÿÐ×à ∆Aý ÑÏÓÝÙ�Ï ÜÔÞÝÐæÎÔ×ÓÐø ûÔÛ��Ù�ÙÐÎÓÔßâ äÔÎ�ÓÙÐ ÎÐûÔÝÝÐûÓÕÎÔø ÜÔ×ÓÏÎÔßûÙ ÍÏÿÏÒÙ ×ù�Ð×ÓßùÐÓ Ù ß ÿÝùÞÙú ÝÏÍÿÐØÏú ÑÏÓÐÑÏÓÙûÙ ÙÜÝÏûÓÙÒÐ×ûÙ ÔÍÎÏÒÏÐÓ ûÝÏøÎ�� Òùß×ÓßÙÓÐØàÎÔ×Óà ÝÐæÐÎÙ� ÍÏÿÏÒÙ û ÑÏÕØÌÑ ÙÍÑÐÎÐÎÙ�Ñ Ù×úÔÿÎÌú ÿÏÎÎÌúâ �æÙþûÙ ÑÏæÙÎÎÔø ÝÐÏØÙÍÏ�ÙÙ Ô×ÔÕþÐÎÎÔ ÔÜÏ×ÎÌ ÿØ� ÜØÔúÔ Ôþù×ØÔßØÐÎÎÌú ×Ù×ÓÐÑâ AßÐØÙÒÙßÏ� ÿØÙÎù ÑÏÕæÙÎÎÔÞÔ ×ØÔßÏÖ ÑÔÚÎÔ ÜÔØùÒÙÓà ÑÏæÙÎÎÔÐ ÝÐæÐÎÙÐÖ ÿÔ×ÓÏÓÔÒÎÔ þØÙÍûÔÐû ÑÏÓÐÑÏÓÙÒÐ×ûÔÑù ÝÐæÐÎÙ� ÍÏÿÏÒÙâußùÑÐÝÎÌø ×ØùÒÏø ÿÔÜù×ûÏÐÓ ÎÏÞØ�ÿÎù� ÓÝÏûÓÔßûù ÜÔÎ�ÓÙ� ÔþùÕ×ØÔßØÐÎÎÔ×ÓÙâ äÝ�ÑÌÐÖ �ßØ���ÙÐ×� ÞÐÔÑÐÓÝÙÒÐ×ûÙÑÙ ÔþÝÏÍÏÑÙ ùÝÏßÎÐÕÎÙøÖ ÜÐÝÐ×ÐûÏ�Ó×� ÜÔÿ ÔÒÐÎà Ô×ÓÝÌÑ ùÞØÔÑâ %ÐþÔØàæÔÐ Ù×ûÏÚÐÎÙÐ ÿÏÎÕÎÌú 'ÜÏÝÏØØÐØàÎÌø ÜÐÝÐÎÔ× ÜÝÙ ÙÍÑÐÎÐÎÙÙ ×ßÔþÔÿÎÌú ÒØÐÎÔßÖ ÜÔßÔÝÔÓÜÝ�ÑÌú ÜÝÙ ßÔÍÑù�ÐÎÙÙ ÑÏÓÝÙ�Ì ûÔÛ��Ù�ÙÐÎÓÔß* ÜÝÙßÔÿÙÓ û ÍÎÏÒÙÕÓÐØàÎÔÑù ÜÐÝÐÑÐ�ÐÎÙ� ÓÔÒûÙ ÜÐÝÐ×ÐÒÐÎÙ�Ö Óâ Ðâ ÞÐÔÑÐÓÝÙÒÐ×ûÔÞÔ ÔþÝÏÕÍÏ ÝÐæÐÎÙ�â äÔ ÛÓÔø ÜÝÙÒÙÎÐ ÓÔÒûÏ ÜÐÝÐ×ÐÒÐÎÙ� ÜÝ�ÑÌúÖ ûÔÔÝÿÙÎÏÓÌûÔÓÔÝÔø ÔþÝÏÍù�Ó ÝÐæÐÎÙÐ ×Ù×ÓÐÑÌÖ ÔÜÝÐÿÐØ�ÐÓ×� × þÔØàæÔø ÔæÙþûÔøâäÝÙÑÐÝÔÑ ÜØÔúÔ Ôþù×ØÔßØÐÎÎÔø ×Ù×ÓÐÑÌ ÑÔÚÐÓ ×ØùÚÙÓà
5x+ 7y = 12,

7x+ 10y = 17.
Ó�Õ�ÕÖ×



dy� Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð
åÐ ÓÔÒÎÔÐ ÝÐæÐÎÙÐ Ð×Óà x = 1, y = 1 â �ÿÎÏûÔ ÜÝÙ ÜÔÿ×ÓÏÎÔßûÐ ß ØÐßÌÐÒÏ×ÓÙ 'rârâf* ÍÎÏÒÐÎÙø ÎÐÙÍßÐ×ÓÎÌú x = 2.415; y = 0 ÜÔØùÒÏÐÑ 5x+7y =
12.075 Ù 7x+10y = 16.905 Ö Óâ Ðâ ÎÔßÌø ÎÏþÔÝ ÜÐÝÐÑÐÎÎÌú ÓÏûÚÐ ÔûÏÍÏØ×�ÜÝÙÐÑØÐÑÌÑ 'ÜÔ ÜÝÏßÌÑ ÒÏ×Ó�Ñ*â


ÐÞùØ�ÝÙÍÏ�Ù� ÜØÔúÔ Ôþù×ØÔßØÐÎÎÌú ØÙÎÐøÎÌú ×Ù×ÓÐÑ ×Ô×ÓÔÙÓ ßÍÏÑÐÎÐ Ùú ÍÏÿÏÒÏÑÙ ßÙÿÏ ATAx = AT b Ö ûÔÓÔÝÌÐ ÛûßÙßÏØÐÎÓÎÌ ÑÙÎÙÕÑÙÍÏ�ÙÙ ‖b− Ax‖ â
!3!3h3 _?8m=9;?: 8Ï=>? >=97�? }?|88?
�ÜÙæÐÑ ÑÐÓÔÿ sÏù××Ï ß ÐÞÔ ÜÝÔ×ÓÐøæÐø �ÔÝÑÐ '×úÐÑÏ ÊÐÿÙÎ×ÓßÐÎÕÎÔÞÔ ÿÐØÐÎÙ�á*â 
Ï××ÑÔÓÝÙÑ ×Ù×ÓÐÑù 'rârâ�*â uÔÜù×ÓÙÑÖ ÒÓÔ a11 6= 0 âAÑÎÔÚÙß ÜÐÝßÔÐ ùÝÏßÎÐÎÙÐ ÎÏ 1/a11

Ö ÜÔØùÒÙÑ ÜÐÝßÔÐ ùÝÏßÎÐÎÙÐ ÜÝÐÔþÕÝÏÍÔßÏÎÎÔø ×Ù×ÓÐÑÌâ AÑÎÔÚÏ� ÜÔØùÒÐÎÎÔÐ ùÝÏßÎÐÎÙÐ ×ÔÔÓßÐÓ×ÓßÐÎÎÔ ÎÏ
a21, a31, . . . , an1

Ù ßÌÒÙÓÏ� ÝÐÍùØàÓÏÓÌ ÜÔÒØÐÎÎÔ ÙÍ fÕÞÔÖ qÕÞÔÖ â â â Ö n ÕÞÔùÝÏßÎÐÎÙø ×Ù×ÓÐÑÌ 'rârâ�*Ö ÜÔØùÒÏÐÑ ÜÝÐÔþÝÏÍÔßÏÎÎù� ×Ù×ÓÐÑù ßÙÿÏ
x1 +a′12x2 +a′13x3 + . . . +a′1nxn = b′1;

a′22x2 +a′23x3 + . . . +a′2nxn = b′2;â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â
a′n2x2 +a′n3x3 + . . . +a′nnxn = b′n.

Ó�Õ�Õÿ×

uØ� ÜÐÝÐúÔÿÏ ÔÓ 'rârâ�* û 'rârâq* ÓÝÐþùÐÓ×� n(n+1) ùÑÎÔÚÐÎÙø Ù ×ÓÔØàûÔÚÐ ßÌÒÙÓÏÎÙøâå×ØÙ a2,2 6= 0 Ö ÓÔ ×Ù×ÓÐÑÏ 'rârâq* ÏÎÏØÔÞÙÒÎÔ ÜÝÐÔþÝÏÍùÐÓ×� û ÎÔßÔøÖÞÿÐ a′′22 = 1 Ö Ï ÿØ� ß×Ðú k > 2
þùÿÐÓ a′′k2 = 0 â äÝÔÿÔØÚÏ� ÛÓÔÓ ÜÝÔ�Ð××ÖÜÝÙÿÐÑ û ×Ù×ÓÐÑÐ

x1 +a′12x2 +a′13x3+ . . . +a′1nxn = b′1;
x2 +a′′23x3+ . . . +a′′2nxn = b′′2;

x3+ . . . +a′′′2nxn = b′′′3 ;â â â â â â â â â â â â â â â â â â â â â â â â
xn = b

(n)
n .

Ó�Õ�Õà×

äÝÐÔþÝÏÍÔßÏÎÙÐ 'rârâ�* ß ×Ù×ÓÐÑù 'râr â̂ * ùÝÏßÎÐÎÙø × ÓÝÐùÞÔØàÎÔø ÑÏÓÕÝÙ�Ðø ûÔÛ��Ù�ÙÐÎÓÔß ÎÏÍÌßÏÐÓ×� Z6��I� úÔÿÔÑ ÑÐÓÔÿÏ sÏù××Ïâ uØ�ÜÝ�ÑÔÞÔ úÔÿÏ ÓÝÐþùÐÓ×� ùÑÎÔÚÐÎÙø
n(n + 1) + (n − 1)n + . . . + 1 · 2 = (n2 + n) + [(n − 1)2 + (n − 1)] + . . .

+(22 + 2) + (12 + 1) = (12 + 22 + . . . + n2) + (1 + 2 + . . . + n)
= n(n + 1)(2n + 1)/6 + n(n + 1)/2

= n(n + 1)/2((2n + 1)/3 + 1) = n(n + 1)(n + 2)/3.



d�d� 8��#�!Ð ����¡�ÐÑ µ ������¡ dy�
�ÓÏûÖ ùÑÎÔÚÐÎÙø Ù ßÌÒÙÓÏÎÙø ß ÜÝ�ÑÔÑ úÔÿÐ þùÿÐÓ 2n(n+ 1)(n+ 2)/3 âäÔ×ØÐÿÎÐÐ ùÝÏßÎÐÎÙÐ ×Ù×ÓÐÑÌ 'râr â̂ * ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔ ÿÏÐÓ ÎÏÑ xn â[ÎÏ� xn

Ö ÙÍ ÜÝÐÿÜÔ×ØÐÿÎÐÞÔ ùÝÏßÎÐÎÙ� 'râr â̂ * ÔÜÝÐÿÐØ�ÐÑ xn−1
Ù Óâ ÿâÖÜÔûÏ ÎÐ þùÿÐÓ ßÌÒÙ×ØÐÎ x1 â 
ÓÙ ßÌÒÙ×ØÐÎÙ� ÎÏÍÌßÏ�Ó×� Gt6��PI� úÔÕÿÔÑ ÑÐÓÔÿÏ sÏù××ÏB ÿØ� ÐÞÔ ßÌÜÔØÎÐÎÙ� ÎùÚÎÔ ÜÝÔÙÍßÐ×ÓÙ n(n − 1)/2ùÑÎÔÚÐÎÙø Ù ×ÓÔØàûÔ ÚÐ ßÌÒÙÓÏÎÙøâ KÝùÿÔÐÑûÔ×Óà ÑÐÓÔÿÏ ß Ô×ÎÔßÎÔÑÔÜÝÐÿÐØ�ÐÓ×� ÜÝ�ÑÌÑ úÔÿÔÑâ å×ØÙ n = 10 Ö ÓÔ Ôþ�ÐÐ ÒÙ×ØÔ ÔÜÐÝÏ�Ùø

N =
2 · 10 · 11 · 12

3
+ 10 · 9 = 880 + 90 ≈ 1000,

Óâ Ðâ ÜÝÙÑÐÝÎÔ ß q�� ÓÌ×â ÝÏÍ ÑÐÎàæÐÖ ÒÐÑ ÜÝÙ Ù×ÜÔØàÍÔßÏÎÙÙ �ÔÝÑùØÌ
�ÝÏÑÐÝÏâ÷ØÐÿùÐÓ ÔÓÑÐÓÙÓàÖ ÒÓÔ ÜÔØùÒÐÎÎÏ� ßÌæÐ Ô�ÐÎûÏ ùûÏÍÌßÏÐÓ ûÔØÙÒÐÕ×ÓßÔ ÓÔØàûÔ ÏÝÙ�ÑÐÓÙÒÐ×ûÙú ÔÜÐÝÏ�Ùøâ $ ÎÐø ÎÐ ùÒÓÐÎÌ ÔÜÐÝÏ�ÙÙ �ÔÝÕÑÙÝÔßÏÎÙ� Ù ùÜÝÏßØÐÎÙ�Ö ÎÐÔþúÔÿÙÑÌÐ ÿØ� ÑÏæÙÎÎÔø ÝÐÏØÙÍÏ�ÙÙ ÑÐÓÔÿÏsÏù××Ïâ ãÎÏØÙÍ ÊþÐ×úÙÓÝÔ×ÓÎÔøá ÜÝÔÞÝÏÑÑÌÖ ÎÐûÔÞÿÏ ×Ô×ÓÏßØÐÎÎÔø ÏßÓÔÕÝÔÑ ÎÏ �ÍÌûÐ ãØÞÔØÕV� Ù ÜÐÝÐßÐÿÐÎÎÔø ãØà�ÏÕÓÝÏÎ×Ø�ÓÔÝÔÑ ß ûÔÿÌ É$ËÓÙÜÏ ËÕff� ÜÝÙ ûÔÎûÝÐÓÎÔÑ ÍÎÏÒÐÎÙÙ n Ö ÿØ� ÜÔØÎÔø ÓÝùÿÔÐÑûÔ×ÓÙ ÑÐÕÓÔÿÏ ÿÏØ Ô�ÐÎûù (8n3 +63n2 +277n− 105)/6 ÔÜÐÝÏ�Ùøâ ã×ÙÑÜÓÔÓÙÒÐ×ûÙ'ÜÝÙ ÿÔ×ÓÏÓÔÒÎÔ þÔØàæÔÑ n * ÔÎÏ ÔûÏÍÌßÏÐÓ×� ÝÔßÎÔ ßÿßÔÐ ßÌæÐ ÔþÌÒÎÔùûÏÍÌßÏÐÑÔø ý 2n3/3 â ÷ÔßÝÐÑÐÎÎÌÐ 
$Ë þØÏÞÔÿÏÝ� þÔØÐÐ ÝÏÍßÙÓÔø ×ÙÕ×ÓÐÑÐ ûÔÑÏÎÿ Ù þÔØàæÔÑù ÒÙ×Øù ÙÎÿÐû×ÎÌú ÝÐÞÙ×ÓÝÔß ÜÔÍßÔØ��Ó ×ÔÍÿÏÕßÏÓà þÔØÐÐ ûÔÑÜÏûÓÎÌÐ ÑÏæÙÎÎÌÐ ÜÝÔÞÝÏÑÑÌÖ ÎÔ Ù ÿØ� ÎÙú ÎÐÙÍþÐÚÎÌÿÔÜÔØÎÙÓÐØàÎÌÐ ÙÍÿÐÝÚûÙ ÎÏ ùÜÝÏßØÐÎÙÐ �ÙûØÏÑÙâäÝÏûÓÙÒÐ×ûÙ ÑÐÓÔÿ sÏù××Ï ÿØ� ÜÔßÌæÐÎÙ� ÓÔÒÎÔ×ÓÙ ßÌÒÙ×ØÐÎÙøß×ÐÞÿÏ ÝÐÏØÙÍùÐÓ×� × ßÌþÔÝÔÑ ÎÏ ûÏÚÿÔÑ ÛÓÏÜÐ ÜÝ�ÑÔÞÔ úÔÿÏ ÞØÏßÎÔÕÞÔ 'ÎÏÙþÔØàæÐÞÔ ÜÔ ÑÔÿùØ�* ÛØÐÑÐÎÓÏÕÿÐØÙÓÐØ� Ù ×ÔÔÓßÐÓ×Óßù��Ðø ÜÐÕÝÐ×ÓÏÎÔßûÔø ×ÓÝÔûâ sÏù××ÔßÔ Ù×ûØ�ÒÐÎÙÐ × ÒÏ×ÓÙÒÎÌÑ ßÌþÔÝÔÑ ÞØÏßÎÔÕÞÔ ÛØÐÑÐÎÓÏ ÞÏÝÏÎÓÙÝÔßÏÎÎÔ ÿÏÐÓ ÑÏØÌÐ ÎÐß�ÍûÙâ KÝùÿÔÐÑûÔ×Óà ßÌþÔÝÏÞØÏßÎÌú ÛØÐÑÐÎÓÔß ÍÏßÙ×ÙÓ ÎÐ ÓÔØàûÔ ÔÓ ÝÏÍÑÐÝÎÔ×ÓÙ ×Ù×ÓÐÑÌÖ ÎÔ Ù ÔÓÛØÐÑÐÎÓÔß ÑÏÓÝÙ�Ì ý þÔØÐÐ ÓÔÞÔÖ ÿÏÚÐ ÔÓ ÜÔÝ�ÿûÏ ×ØÐÿÔßÏÎÙ� ×ÓÝÔûâ%ÙÚÐ ÜÝÙßÐÿÐÎÌ ÜÝÔ�ÐÿùÝÏ ÝÐæÐÎÙ� ×Ù×ÓÐÑÌ ØÙÎÐøÎÌú ùÝÏßÎÐÎÙøÑÐÓÔÿÔÑ sÏù××Ï Ù ßÌÍÌßÏ��Ï� ÐÐ ÞØÏßÎÏ� ÜÝÔÞÝÏÑÑÏâ
*�$ ��" � �X##���î�Z��î

#X��$X���î  �X##����%�Oñ
�î���ð�"î�#�$� �	&�	&ñ && �
�î�� O��%&ñ���î î� �%



dy� Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð
î�ð #X��$X���î  �X##î�ð ���î�Z��î

�î�� ��%&<�'ñ�O�(ñ�t�(ñ���î î� �
ð��� �@	�<�(�	�(�A�	�'�
�	�<�'@ð��� t@%�<�V	@
����  �X##�ý�	��ñ
R���î ���	ñ u �$�X��$� �#u�u�t  �X##u

	 Z$�"�� �)��ý�	%� �ýñ
R���î ���<ñ �t��ñ�O��ñ� ��	�(ñ< Z$�"�� �	��<î<%;Añî�ð rr � �X##

#X��$X���î  �X##����%�Oñ
r������������������������������������������@
r� 2E�E:/E 4/4FE0[ ^/:EH:[� �W35:E:/H �@
r� 0EF9690 =3�443 �@
r� � 5[C9W90 _^35:9_9 �^E0E:F3 79 4FW9B30 �@
r������������������������������������������@

�î���ð�"î�#�$� �	&�	&ñ && �
�î�� O��%&ñ r �F5EF���î î� �% r �3G3^s:[H /:6EB4 9F5EF3
�î�� "�O�*���î î� Z���I���" �� ��
��#�?î���	ñ� "��+	ð$ ��	��"�O���#������ññ� ���ð$ I��+	��*���#���I��ññ�Z �*ï"�Oñ �Sî�

"�O�* � ��Iî�ð �Z
î�ð ð$�Z �"�Oí	îV)ñ �Sî�*���� �� uþ����O �# #�� X���u� #�$*î�ð �Z



d�d� 8��#�!Ð ����¡�ÐÑ µ ������¡ dy�
�Z ��@��ñ �Sî�ð$ I���"*�����Iñ� ����Iñ���� �Iñ� ��� �Iñ�*î�ð ð$î�ð �Zð$ I�" ��+	�V	����Iñ�����Iñ@�����ñî�ð ð$ð$ Z��+	��ð$ I��+	�"��Z�Iñ���Z�IñV��Z��ñ�����Iñî�ð ð$î�ð ð$î�ð ð$ r 
W109_9 �963ð$ ��� �	�V	O��V	+�%ñ�����"ñð$ ���V	�	�V	����"ñ�����"ñV�����ñ�O��V	+�%ñî�ð ð$î�ð ð$î�ð #X��$X���î  �X##


ÐæÐÎÙÐ '× ùÒÐÓÔÑ ÜÔÞÝÐæÎÔ×ÓÙ ÜÝÐÿ×ÓÏßØÐÎÙ� ÿÏÎÎÌú ÿØ� ÎùØÐßÔøûÔÑÜÔÎÐÎÓÌ* ×ÔßÜÏØÔ × ÍÏÿÏÎÎÌÑ ßÐûÓÔÝÔÑ tâ
!3!3�3 �97m;=;<= j={=;<o
äÔ ÑÏØÔ×ÓÙ ÜÔØùÒÐÎÎÔÞÔ ßÐûÓÔÝÏ ξ(0) = b−Ax(0) ÑÔÚÎÔ 'W Ô×ÓÔÝÔÚÕÎÔ×Óà�* ×ùÿÙÓà Ô þØÙÍÔ×ÓÙ ÎÏøÿÐÎÎÔÞÔ ÝÐæÐÎÙ� û ÓÔÒÎÔÑùâ å×ØÙ ÎÐß�ÍûÏ

ξ(0) ßÐØÙûÏÖ ÓÔ ×ØÐÿùÐÓ Ù×ûÏÓà ÓÏûù� ßÐûÓÔÝÎù� ÜÔÜÝÏßûù ∆ Ö ÒÓÔ x(0)+∆Ð×Óà ÓÔÒÎÔÐ ÝÐæÐÎÙÐ ×Ù×ÓÐÑÌ	
A(x(0) + ∆) = b.

äÔ×ØÐÿÎÐÐ ùÝÏßÎÐÎÙÐ ÝÏßÎÔ×ÙØàÎÔ ùÝÏßÎÐÎÙ�
A∆ = ξ(0).�ÓÏûÖ ÎÏúÔÚÿÐÎÙÐ ÜÔÜÝÏßûÙ ×ßÔÿÙÓ×� û ÝÐæÐÎÙ� ×Ù×ÓÐÑÌ ùÝÏßÎÐÎÙø ×ÿÝùÞÙÑÙ ×ßÔþÔÿÎÌÑÙ ÒØÐÎÏÑÙÖ ÎÔ × ÜÝÐÚÎÐø ÑÏÓÝÙ�Ðø ûÔÛ��Ù�ÙÐÎÓÔßâ[ÏÎÔßÔ ßÌÜÔØÎ�Óà ÐÐ ÓÝÐùÞÔØàÎÔÐ ÝÏÍØÔÚÐÎÙÐ ÎÐÔþúÔÿÙÑÔ×ÓÙ ÎÐÓâ



d~e Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð
!3!3�3 ij<>=;=;<= >=97�? }?|88?�n: alm<8n=;<: 7�j=�=n<9=n:
äÝÙ ÝÐæÐÎÙÙ ×Ù×ÓÐÑÌ 'rârâ�* ÑÐÓÔÿÔÑ sÏù××Ï ÑÌ ÍÏÑÐÎ�ØÙ Ù×úÔÿÕÎù� ÑÏÓÝÙ�ù A ÓÝÐùÞÔØàÎÔø ÑÏÓÝÙ�Ðø C 	

A =









1 c12 c13 . . . c1n
0 1 c23 . . . c2n
0 0 1 . . . c3nâââ âââ âââ â â â âââ
0 0 0 . . . 1









.


ØÐÑÐÎÓÌ ÛÓÔø ÑÏÓÝÙ�Ì ÜÔØùÒÏØÙ×à ÙÍ ÛØÐÑÐÎÓÔß Ù×úÔÿÎÔø ÑÏÓÝÙ�Ì AÙ ÜÔ×ØÐÿù��Ùú ÜÝÔÑÐÚùÓÔÒÎÌú ÑÏÓÝÙ� ß ÝÐÍùØàÓÏÓÐ ÔÜÐÝÏ�Ùø	
• ÿÐØÐÎÙ� ×ÓÝÔûÙ ÎÏ ÊßÐÿù�ÙÐá ÛØÐÑÐÎÓÌ a11, a

′
22, a

′′
33, . . . , a

(n−1)
nn

ÖûÔÓÔÝÌÐ ÜÝÐÿÜÔØÏÞÏØÙ×à ÎÐÎùØÐßÌÑÙB
• ßÌÒÙÓÏÎÙ� ÙÍ ÎÙÚÐØÐÚÏ�Ùú ×ÓÝÔû ÔÓÑÐÒÐÎÎÔø ×ÓÝÔûÙÖ ùÑÎÔÚÐÎÎÔøÎÏ ÜÔ×ÓÔ�ÎÎÌø ÿØ� ûÏÚÿÔø ×ÓÝÔûÙ ÑÎÔÚÙÓÐØàâ

äÐÝßÏ� ÙÍ ÛÓÙú ÔÜÐÝÏ�Ùø ÜÝÙßÔÿÙÓ û ÿÐØÐÎÙ� ÔÜÝÐÿÐØÙÓÐØ� ÑÏÓÝÙ�Ì ÎÏßÐÿù�Ùø ÛØÐÑÐÎÓÖ Ï ßÓÔÝÏ� ßÐØÙÒÙÎÌ ÔÜÝÐÿÐØÙÓÐØ� ÎÐ ÑÐÎ�ÐÓâ ÷ØÐÿÔßÏÕÓÐØàÎÔÖ
detC =

1

a11a′22a
′′
33 . . . , a

(n−1)
nn

detA.

�ÒÐßÙÿÎÔÖ ÒÓÔ detC = 1 B ÍÎÏÒÙÓÖ ÔÜÝÐÿÐØÙÓÐØà ÑÏÓÝÙ�Ì ÝÏßÐÎ ÜÝÔÙÍÕßÐÿÐÎÙ� ßÐÿù�Ùú ÛØÐÑÐÎÓÔß ×úÐÑÌ sÏù××Ïâ
!3!3b3 ij<>=;=;<= >=97�? }?|88?�n: alm<8n=;<: 7Pj?9;7o >?9j<Nl
äù×Óà ÍÏÿÏÎÏ ûßÏÿÝÏÓÎÏ� ÑÏÓÝÙ�Ï A ÜÔÝ�ÿûÏ n Ö ÜÝÙÒÐÑ |A| 6= 0 âKÔÞÿÏ ×ù�Ð×ÓßùÐÓ ÔþÝÏÓÎÏ� ÑÏÓÝÙ�Ï

A−1 = A′ =







a′11 a′12 . . . a′1n
a′21 a′22 . . . a′2nâââ âââ â â â âââ
a′n1 a′n2 . . . a′nn






,

ÞÿÐ a′ij = Aji/|A| â



d�¿� È�#�D � ������ D�Å # �ÑD�������ã�ÐÑ !�# �� d~d
$ÌþÐÝÐÑ ÙÍ ÔþÝÏÓÎÔø ÑÏÓÝÙ�Ì j Õø ×ÓÔØþÐ� [a′1j, a

′
2j, . . . a

′
nj]

T .å×ØÙ ÔþÝÏÍÔßÏÓà ÜÝÔÙÍßÐÿÐÎÙÐ i Õø ×ÓÝÔûÙ Ù×úÔÿÎÔø ÑÏÓÝÙ�Ì A ÎÏ j Õø×ÓÔØþÐ� ÑÏÓÝÙ�Ì A′ = A−1 Ö ÓÔ ×ùÑÑÏ ÜÏÝÎÌú ÜÝÔÙÍßÐÿÐÎÙø
n∑

k=1

aika
′
kj =

{
0 ÜÝÙ i 6= j B
1 ÜÝÙ i = j Ö

ÜÔ×ûÔØàûù AA−1 = I â KÏûÙÑ ÔþÝÏÍÔÑÖ ÿØ� ÎÏúÔÚÿÐÎÙ� ÛØÐÑÐÎÓÔß j ÕÞÔ×ÓÔØþ�Ï ÔþÝÏÓÎÔø ÑÏÓÝÙ�Ì ÎùÚÎÔ ÝÐæÙÓà ×Ù×ÓÐÑù ØÙÎÐøÎÌú ùÝÏßÎÐÎÙø× ÑÏÓÝÙ�Ðø ûÔÛ��Ù�ÙÐÎÓÔß A Ù ×ÓÔØþ�ÔÑ ×ßÔþÔÿÎÌú ÒØÐÎÔß × ÐÿÙÎÙ�Ðøß j Õø ×ÓÝÔûÐ Ù ÎùØ�ÑÙ ß Ô×ÓÏØàÎÌúâ $×ÐÞÔ ÎÐÔþúÔÿÙÑÔ ÝÐæÙÓà n ×Ù×ÓÐÑØÙÎÐøÎÌú ùÝÏßÎÐÎÙø × Ôþ�Ðø ÑÏÓÝÙ�Ðø ûÔÛ��Ù�ÙÐÎÓÔß ÜÝÙ ÎÐÙÍßÐ×ÓÕÎÌú Ù ÝÏÍØÙÒÎÌÑÙ ×ÓÔØþ�ÏÑÙ ×ßÔþÔÿÎÌú ÒØÐÎÔßâ 
ÐæÏÓà ÓÏûÙÐ ×Ù×ÓÐÑÌ�ÐØÐ×ÔÔþÝÏÍÎÔ ÑÐÓÔÿÔÑ sÏù××ÏâuØ� ÛûÔÎÔÑÙÙ ßÌÒÙ×ØÐÎÙø ÑÔÚÎÔ ÔÿÎÔßÝÐÑÐÎÎÔ ÜÝÐÔþÝÏÍÔßÌßÏÓàÜÔ ×úÐÑÐ sÏù××Ï ÑÏÓÝÙ�ù A Ù L7� ÜÝÏßÌÐ ÒÏ×ÓÙâ �ÿÙÎ ÝÏÍ ßÌÜÔØÎÙßÜÝ�ÑÔø úÔÿ Ù n ÝÏÍ ý ÔþÝÏÓÎÌø úÔÿ sÏù××ÏÖ ÜÔØùÒÙÑ ÓÏþØÙ�ù ÙÍ n2ÒÙ×ÐØÖ ÔþÝÏÍù��Ùú ÔþÝÏÓÎù� ÑÏÓÝÙ�ùâ

gènè Àîìë§ -íë0ëðöò§�Ü ìíîÏ§òõ0ëðõ�1ð�Ï ôõìíò.
TùÿÐÑ Ù×ûÏÓà ÝÐæÐÎÙÐ ÓÏûÔø 'ØÐÎÓÔÒÎÔø* ×Ù×ÓÐÑÌÖ ûÏÚÿÔÐ ùÝÏßÎÐÕÎÙÐ ûÔÓÔÝÔø ×ß�ÍÌßÏÐÓ ÓÝÙ Ê×Ô×ÐÿÎÙúá ÎÐÙÍßÐ×ÓÎÌú	

aixi−1 + cbixi + cixi+1 = di, Ó�ÕþÕÔ×ÞÿÐ i = 1, n B a1 = 0 Ö cn = 0 â [ÏÜÙæÐÑ ×Ù×ÓÐÑù ùÝÏßÎÐÎÙø ß ßÙÿÐ
b1x1 +c1x2 +0 â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â = d1,
a1x1 +b2x2 +c2x3 â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â = d2,

0 +a2x3 +b3x3 â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â = d3,
0 0 +a3x3 â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â = d4,â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â

an−1xn−2 +bn−1xn−1 +cn−1xn = dn−1,
anxn−1 +bnxn = dn.%Ï ÞØÏßÎÔø ÿÙÏÞÔÎÏØÙ ÑÏÓÝÙ�Ì ÍÿÐ×à ×ÓÔ�Ó ÛØÐÑÐÎÓÌ b1, b2, . . . , bn

Ö ÎÏÿÎÐø ý c1, c2, . . . , cn−1
Ö ÜÔÿ ÎÐø ý a2, a3, . . . , an â �Ïû ÜÝÏßÙØÔÖ ß×Ð ÛØÐÕÑÐÎÓÌ ÞØÏßÎÔø ÿÙÏÞÔÎÏØÙ ÎÐÎùØÐßÌÐâ [ÏÿÏÒÙ ÛÓÔÞÔ ÓÙÜÏ ß×ÓÝÐÒÏ�Ó×� ÜÝÙ



d~� Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð
ÝÐæÐÎÙÙ ×Ù×ÓÐÑ ÿÙ��ÐÝÐÎ�ÙÏØàÎÌú ùÝÏßÎÐÎÙø ß ÒÏ×ÓÎÌú ÜÝÔÙÍßÔÿÎÌúÖÜÝÙ ÏÜÜÝÔû×ÙÑÏ�ÙÙ ×ÜØÏøÎÏÑÙ Ù Óâ ÜâãÎÏØÔÞÙÒÎÔ ÑÐÓÔÿù sÏù××Ï ÜÝÔÞÔÎûÏ ÙÑÐÐÓ ÜÝ�ÑÔø Ù ÔþÝÏÓÎÌø úÔÿâäÝ�ÑÏ� ÜÝÔÞÔÎûÏ ×Ô×ÓÔÙÓ ß ÓÔÑÖ ÒÓÔ ûÏÚÿÔÐ ÎÐÙÍßÐ×ÓÎÔÐ xi ßÌÝÏÚÏÐÓ×�ÒÐÝÐÍ xi+1

W ÜÔÑÔ�à� ÜÝÔÞÔÎÔÒÎÌú ûÔÛ��Ù�ÙÐÎÓÔß {Ai, Bi} 	
xi = Aixi+1 +Bi, i = 1, n− 1. Ó�ÕþÕÖ×

�Í ÜÐÝßÔÞÔ ùÝÏßÎÐÎÙ� Ù×úÔÿÎÔø ×Ù×ÓÐÑÌ ÎÏøÿÐÑ
x1 = −c1

b1
x2 +

d1

b1
.

Ê×ÎÔÖ ÒÓÔ
A1 = −c1/b1, B1 = d1/b1.

uÏØÐÐÖ
a2(A1x2 +B1) + b2x2 + c2x3 = d2.

�Ó×�ÿÏ
x2 =

−c2x3 + d2 − a2B1

a2A1 + b2
,

ÓÏû ÒÓÔ
A2 = −c2/e2, B2 = (d2 − a2B1)/e2, e2 = a2A1 + b2.

ËÔÚÎÔ ÜÔûÏÍÏÓàÖ ÒÓÔ ÿØ� Ø�þÔÞÔ ÎÔÑÐÝÏ i ≥ 2

Ai = −ci/ei, Bi = (di − aiBi−1)/ei, ei = aiAi−1 + bi.

äÔ×ØÐÿÎÙø x ÎÏøÿÐÑ ×ÔÞØÏ×ÎÔ
xn =

dn − anBn−1

bn + anAn−1

.

�þÝÏÓÎÏ� ÜÝÔÞÔÎûÏ ×Ô×ÓÔÙÓ ß ÜÔ×ØÐÿÔßÏÓÐØàÎÔÑ ßÌÒÙ×ØÐÎÙÙ ÎÐÙÍßÐ×ÓÕÎÌú ÔÓ þ ÇÔØàæÙú ÙÎÿÐû×Ôß û ÑÐÎàæÙÑ ×ÔÞØÏ×ÎÔ 'râXâf* × Ù×ÜÔØàÍÔßÏÎÙÐÑÎÏøÿÐÎÎÌú ÎÏ ÛÓÏÜÐ ÜÝ�ÑÔø ÜÝÔÞÔÎûÙ ûÔÛ��Ù�ÙÐÎÓÔß {Ai, Bi} âKÝùÿÔÐÑûÔ×Óà ÑÐÓÔÿÏ ÜÝÔÞÔÎûÙ ß U�eÖ Wâ XXY Ô�ÐÎÙßÏÐÓ×� ûÏû O(5n) â



d�w� ´#� ������Ð� !�#�DÐ  �Ì���Å ���#�! ����¡�ÐÑ µ ������¡ d~s
gèvè ¶ìîíõ.òëðð�î ôîìë§� íîêîðòÜ

ñòñìîô �òðî�ð�Ï �íõóðîðò�
!3>353 d=97� �j7897o <9=j?N<<
äù×Óà ÿÏÎÏ ×Ù×ÓÐÑÏ ÙÍ ùÝÏßÎÐÎÙø × n ÎÐÙÍßÐ×ÓÎÌÑÙÖ ÍÏÜÙ×ÏÎÎÏ� ßÑÏÓÝÙÒÎÔø �ÔÝÑÐ	

A1x = b1. Ó�Õ�ÕÔ×
uÔÜù×ÓÙÑÖ ÒÓÔ ûÏûÙÑÕØÙþÔ ×ÜÔ×ÔþÔÑ ÎÏøÿÐÎÏ ÝÏßÎÔ×ÙØàÎÏ� Ðø ×Ù×ÓÐÑÏ

x = Ax+ b. Ó�Õ�ÕÖ×
$ ÜÔ×ØÐÿù��ÐÑ þùÿÐÑ ÔþÔÍÎÏÒÏÓà ÒÐÝÐÍ x(k)

i i Õ� ×Ô×ÓÏßØ���ù� ßÐûÓÔÝÏ
x(k) Ö ÞÿÐ k ý ÎÔÑÐÝ ÜÝÙþØÙÚÐÎÙ�â äù×Óà x(0) ý ÜÝÔÙÍßÔØàÎÌø ßÐûÓÔÝâäÔØÔÚÙß

x(k+1) = Ax(k) + b, k = 0, 1, . . . , Ó�Õ�Õÿ×ÜÔØùÒÙÑ ÜÔ×ØÐÿÔßÏÓÐØàÎÔ×Óà ßÐûÓÔÝÔß x(1), x(2), . . . x(k), . . . äù×Óà ÜÝÙ
k → ∞ ûÔÑÜÔÎÐÎÓÏ x

(k)
i

ÿØ� ûÏÚÿÔÞÔ i = 1, n ÙÑÐÐÓ ûÔÎÐÒÎÌø ÜÝÐÕÿÐØ x̂i â $ÐûÓÔÝ × ûÔÑÜÔÎÐÎÓÏÑÙ x̂1, x̂2, . . . , x̂n
ÔþÔÍÎÏÒÙÑ ÒÐÝÐÍ x̂ Ù þùÕÿÐÑ ÍÏÜÙ×ÌßÏÓà x(k) → x̂ â KÔÞÿÏ x̂ �ßØ�ÐÓ×� ÝÐæÐÎÙÐÑ ×Ù×ÓÐÑÌâ $ ×ÏÕÑÔÑ ÿÐØÐÖ ØÐßÏ� ÒÏ×Óà 'râ]âq* ÙÑÐÐÓ ÜÝÐÿÐØÔÑ x̂ Ö Ï ÜÝÏßÏ� ý Ax̂ + b â
ÓÔ ÔÍÎÏÒÏÐÓÖ ÒÓÔ x̂ ×ØùÚÙÓ ÝÐæÐÎÙÐÑ 'râ]âf*â $ÐûÓÔÝ x(k) ÎÏÍÌßÏÐÓ×�

k Õø ���6����Q ßÐûÓÔÝÏ x(0) âËÔÚÐÓ ×ØùÒÙÓà×�Ö ÒÓÔ úÔÓ� þÌ ÿØ� ÔÿÎÔÞÔ i ûÔÎÐÒÎÔÞÔ ÜÝÐÿÐØÏ x(k)
iÜÝÙ k → ∞ ÎÐ ×ù�Ð×ÓßùÐÓâ KÔÞÿÏ ÜÝÔ�Ð×× ÙÓÐÝÏ�Ùø ×ÒÙÓÏÐÓ×� ÝÏ×úÔÿ�Õ�ÙÑ×�âªG7���GMPI� ù×ØÔßÙ� ×úÔÿÙÑÔ×ÓÙ ÛÓÔÞÔ ÜÝÔ�Ð××Ï 'ÑÐÓÔÿÏ ÊûÔþÙ*×ß�ÍÏÎÌ ÎÐÜÔ×ÝÐÿ×ÓßÐÎÎÔ × Ù×úÔÿÎÔø ÑÏÓÝÙ�Ðø	ãäåæäçè 9ê"â å×ØÙ ûÏûÏ�ÕÎÙþùÿà ÎÔÝÑÏ ‖A‖ ÑÏÓÝÙ�Ì A ùÿÔßØÐÓßÔÕÝ�ÐÓ ù×ØÔßÙ�

‖A‖ < 1, Ó�Õ�Õà×ÓÔ ÜÝÔ�Ð×× ÙÓÐÝÏ�ÙÙ ÿØ� ×Ù×ÓÐÑÌ 'râ]âf* ×úÔÿÙÓ×� û ÐÿÙÎ×ÓßÐÎÎÔÑùÝÐæÐÎÙ� ÜÝÙ Ø�þÔÑ ÎÏÒÏØàÎÔÑ ÜÝÙþØÙÚÐÎÙÙâ
uØ� Ô�ÐÎûÙ ÎÔÝÑÌ ÜÔÞÝÐæÎÔ×ÓÙ n Õø ÙÓÐÝÏ�ÙÙ ×ù�Ð×Óßù�Ó �ÔÝÑùÕØÌÖ ÏÎÏØÔÞÙÒÎÌÐ ÝÏ××ÑÔÓÝÐÎÎÌÑ ß ÞØÏßÐ V	
‖x̂− x(k)‖ ≤ ‖A‖

1 − ‖A‖‖x
(k) − x(k−1)‖, k = 1, 2, . . . Ó�Õ�Õ�×



d~y Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð

ÓÔÓ ÚÐ ÝÐÍùØàÓÏÓ ÑÔÚÐÓ þÌÓà ßÌÝÏÚÐÎ ÒÐÝÐÍ ÎÔÝÑù ÝÏÍÎÔ×ÓÙ ÎÏÒÏØàÎÌúÙÓÐÝÏ�Ùø	

‖x̂− x(k)‖ ≤ ‖A‖k
1 − ‖A‖‖x

(1) − x(0)‖, Ó�Õ�Õ�×
ÞÿÐ x̂ ý ÓÔÒÎÔÐ ÝÐæÐÎÙÐâ äÝÙÑÐÎÐÎÙÐ �ÔÝÑùØ 'râ]âe* ÙØÙ 'râ]âV* ÜÝÐÿÜÔÕØÏÞÏÐÓ Ù×ÜÔØàÍÔßÏÎÙÐ ÎÔÝÑÌÖ ÿØ� ûÔÓÔÝÔø ßÌÜÔØÎÐÎÔ ù×ØÔßÙÐ ×úÔÿÙÑÔ×ÓÙÙÓÐÝÏ�Ùø 'râ] â̂ *Ö Ù ÜÝÐÎÐþÝÐÚÙÑù� ÑÏØÔ×Óà ÜÔÞÝÐæÎÔ×ÓÐø ÔûÝùÞØÐÎÙ�âäÝÙ ‖A‖ ≤ 1/2 ÑÎÔÚÙÓÐØà ‖A‖/(1 − ‖A‖) ≤ 1 B ß ÛÓÔÑ ×ØùÒÏÐÙÓÐÝÏ�ÙÙ ÑÔÚÎÔ ÜÝÐûÝÏÓÙÓà ÜÝÙ ßÌÜÔØÎÐÎÙÙ ù×ØÔßÙ� ‖x(k) −x(k−1)‖ ≤ δÙ ÜÔØÔÚÙÓà x̂ ≈ x(k) â

!3>343 d=97� >=o�=n:
$ ÔÓØÙÒÙÐ ÔÓ ÑÐÓÔÿÏ ÜÝÔ×ÓÔø ÙÓÐÝÏ�ÙÙÖ ß ÑÐÓÔÿÐ [ÐøÿÐØ� ßÌÒÙ×ÕØÐÎÙ� ÜÝÔßÔÿ�Ó×� ÜÔ ×úÐÑÐ

x
(k+1)
1 = a1,1x

(k)
1 +a1,2x

(k)
2 +a1,3x

(k)
3 + . . . +a1,nx

(k)
n +b1;

x
(k+1)
2 = a2,1x

(k+1)
1 +a2,2x

(k)
2 +a2,3x

(k)
1 + . . . +a2,nx

(k)
n +b2;â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â

x
(k+1)
n = an,1x

(k+1)
1 +an,2x

(k+1)
2 +an,3x

(k+1)
3 + . . . +an,nx

(k)
n +bn.�ÎÏÒÐ ÞÔßÔÝ�Ö ÓÔØàûÔ ÒÓÔ ÜÔØùÒÐÎÎÏ� ûÔÑÜÔÎÐÎÓÏ ÎÔßÔø ÙÓÐÝÏ�ÙÙ ×ÝÏÍùÚÐ Ù×ÜÔØàÍùÐÓ×� ÿØ� ÝÏ×ÒÐÓÏ ÜÔ×ØÐÿù��Ùú ûÔÑÜÔÎÐÎÓ ÛÓÔø ÙÓÐÝÏ�ÙÙâuÔ×ÓÔÙÎ×ÓßÔÑ ÑÐÓÔÿÏ [ÐøÿÐØ� �ßØ�ÐÓ×� ÛûÔÎÔÑÙ� n �ÒÐÐû ÜÏÑ�ÓÙÿØ� x 	 ÔÓßÐÓ ÔþÎÔßØ�ÐÓ×� ÜÔûÔÑÜÔÎÐÎÓÎÔÖ ÓÏû ÒÓÔ ÎÐ ÓÝÐþùÐÓ×� ×ÔúÝÏÎ�Óà×ÓÏÝÌÐ ÝÐÍùØàÓÏÓÌ {x(k−1)} ÿÔ ÔûÔÎÒÏÓÐØàÎÔÞÔ �ÔÝÑÙÝÔßÏÎÙ� {x(k)} â%ÐÔþúÔÿÙÑÔÐ Ù ÿÔ×ÓÏÓÔÒÎÔÐ ù×ØÔßÙÐ ×úÔÿÙÑÔ×ÓÙ ÜÝÔ�Ð××Ï [ÐøÿÐØ�	ÑÔÿùØÙ ß×Ðú ûÔÝÎÐø ùÝÏßÎÐÎÙ�Ö ÜÔØùÒÏÐÑÔÞÔ ÜÔ×ØÐ ÝÏ×ûÝÌÓÙ� ÔÜÝÐÿÐØÙÕÓÐØ� ß ØÐßÔø ÒÏ×ÓÙ ÝÏßÐÎ×ÓßÏ

∣
∣
∣
∣
∣
∣
∣

a11 − λ a12 a13 . . . a1n

a21λ a22 − λ a23 . . . a2nâ â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â
an1λ an2λ . . . an,n−1λ ann − λ

∣
∣
∣
∣
∣
∣
∣

= 0, Ó�Õ�Õ�×

ÿÔØÚÎÌ þÌÓà ÑÐÎàæÐ ÐÿÙÎÙ�Ìâ äÔ×ûÔØàûù ÛÓÔ ù×ØÔßÙÐ ÔÓØÙÒÎÔ ÔÓù×ØÔßÙ� ÓÐÔÝÐÑÌ râfÖ ÑÔÞùÓ þÌÓà ×ÙÓùÏ�ÙÙÖ ß ûÔÓÔÝÌú ÜÝÔ×ÓÌÐ ÙÓÐÝÏÕ�ÙÙ ÝÏ×úÔÿ�Ó×�Ö Ï ÍÐøÿÐØÐßÌ ×úÔÿ�Ó×�Ö Ù ÎÏÔþÔÝÔÓâ �ÿÎÏûÔ ßÌÜÔØÎÐÎÙÐgG7���GMPI¤ ù×ØÔßÙø ×úÔÿÙÑÔ×ÓÙ ÜÝÔ×ÓÌú ÙÓÐÝÏ�Ùø '×Ñâ ÓÐÔÝÐÑù râf*ÔþÐ×ÜÐÒÙßÏÐÓ Ù ×úÔÿÙÑÔ×Óà ÜÝÔ�Ð××Ï [ÐøÿÐØ�â



d�w� ´#� ������Ð� !�#�DÐ  �Ì���Å ���#�! ����¡�ÐÑ µ ������¡ d~~
��ÐÎûù ÜÔÞÝÐæÎÔ×ÓÙ n Õø ÙÓÐÝÏ�ÙÙ ÑÐÓÔÿÏ [ÐøÿÐØ� ÑÌ ÜÝÔßÐÿÐÑÓÔØàûÔ ÜÔ ÜÐÝßÔø ÎÔÝÑÐâ äù×Óà ù×ØÔßÙÐ ‖A1‖ ßÌÜÔØÎÐÎÔâ $ ÛÓÔÑ ×ØùÒÏÐ

‖x̄− x(k)‖1 ≤
µ

1 − µ
‖x(k) − x(k−1)‖1 Ó�Õ�Õþ×

ÙØÙ
‖x̄− x(k)‖1 ≤

µk

1 − µ
‖x(1) − x(0)‖1. Ó�Õ�Õ�×

[ÿÐ×à

µ = max
i

n∑

j=i

|ai,j|

1 −
i−1∑

j=1

|ai,j|
.

äÔ×ûÔØàûù i−1∑

j=1

|ai,j| +
n∑

j=i

|ai,j| ≤ ‖A‖1 < 1 Ö ÙÑÐÐÓ ÑÐ×ÓÔ
n∑

j=i

|ai,j| ≤ ‖A‖1 −
i−1∑

j=1

|ai,j|,

Ï ÜÔÓÔÑù
n∑

j=i

|ai,j|

1 −
i−1∑

j=1

|ai,j|
≤

‖A‖1 −
i−1∑

j=1

|ai,j|

1 −
i−1∑

j=1

|ai,j|
<

‖A‖1 − ‖A‖1

i−1∑

j=1

|ai,j|

1 −
i−1∑

j=1

|ai,j|
= ‖A‖1.

÷ØÐÿÔßÏÓÐØàÎÔÖ µ < ‖A‖1
Ö Ù ÜÝÙ ‖A‖1 < 1 ÙÍ 'râ]â]* ×ØÐÿùÐÓ ×úÔÿÙÑÔ×ÓàÙÓÐÝÏ�Ùø ÜÔ [ÐøÿÐØ�â %Ô ÎÐÝÏßÐÎ×ÓßÏ 'râ]âe*±'râ]âV* ÜÝÙ ÍÏÑÐÎÐ ‖A‖1ÎÏ µ ×ÔßÜÏÿÏ�Ó × ÎÐÝÏßÐÎ×ÓßÏÑÙ 'râ]âX*±'râ]â]*â [ÎÏÒÙÓÖ ÜÝÙ ‖A‖1 < 1ÑÐÓÔÿ [ÐøÿÐØ� ÙÑÐÐÓ ØùÒæù� Ô�ÐÎûù ÜÔÞÝÐæÎÔ×ÓÙ ÙÓÐÝÏ�Ùø ÜÔ ÜÐÝÕßÔø ÎÔÝÑÐâ ËÐÓÔÿ [ÐøÿÐØ� ÑÔÚÐÓ ÔþÐ×ÜÐÒÙÓà Ù �ÏûÓÙÒÐ×ûÔÐ ù×ûÔÝÐÎÙÐ×úÔÿÙÑÔ×ÓÙ '×Ñâ ÜÝÙÑÐÝ râq*âuØ� ÍÐøÿÐØÐßÔø ÙÓÐÝÏ�ÙÙ Ô�ÐÎûÏ ÜÔ m ÕÎÔÝÑÐ

|xl − x
(k)
l | ≤ µk

1 − µ
max
j

|x(1)
j − x

(0)
j |.

[ÿÐ×à
µ = max

l

{( n∑

j=i

|αij|
)/(

1 −
i−1∑

j=1

|αij|
)}

≤ ||α||m.



d~� Á���� d� CÐÄ����#��ã�Ð� !�#�DÐ ����¡��¡ ����Ú Ð
äÝÙ ÝÐÏØÙÍÏ�ÙÙ ÑÐÓÔÿÏ [ÐøÿÐØ� ÙÑÐÐÓ ×ÑÌ×Ø ÜÔ×ØÐ ÜÔØÎÔÞÔ ÓùÝÏ ÜÐÕÝÐùÜÔÝ�ÿÔÒÙÓà ùÝÏßÎÐÎÙ� ÜÔ ùþÌßÏÎÙ� ÑÔÿùØÐø ÜÔÜÝÏßÔû ÜÝÐÿÌÿù�ÐÞÔÓùÝÏâ ËÐÓÔÿ [ÐøÿÐØ�Ö ûÏû Ù ÑÐÓÔÿ ÊûÔþÙÖ ÔþØÏÿÏÐÓ ÑÐÿØÐÎÎÔø ×úÔÿÙÑÔÕ×Óà�Ö Ù ÐÞÔ ÎÐ�ÐØÐ×ÔÔþÝÏÍÎÔ ÜÝÙÑÐÎ�Óà ÿØ� ÝÐæÐÎÙ� ×Ù×ÓÐÑ ßÌ×ÔûÔÞÔÜÔÝ�ÿûÏ Ù ÜØÔúÔ Ôþù×ØÔßØÐÎÎÌúâ uØ� ÒÏ×ÓÎÌú ×ØùÒÏÐß 'ÎÏÜÝÙÑÐÝÖ ÿØ�×ÙÑÑÐÓÝÙÒÎÌú ÑÏÓÝÙ�* ÑÔÚÎÔ ÜÔ×ÓÝÔÙÓà þÔØÐÐ þÌ×ÓÝÌÐ ×úÐÑÌâ �þÌÒÎÔÑÐÓÔÿ [ÐøÿÐØ� ÿÏÐÓ ØùÒæù� ×úÔÿÙÑÔ×ÓàÖ ÒÐÑ ÑÐÓÔÿ ÜÝÔ×ÓÔø ÙÓÐÝÏ�ÙÙâ�ÿÎÏûÔ ß ÜÝÙÎ�ÙÜÐ ßÔÍÑÔÚÎÌ Ù ÔþÝÏÓÎÌÐ ×ÙÓùÏ�ÙÙ 'Ù ÿÏÚÐ ÝÏWúÔÿÙÑÔ×ÓàÍÐøÿÐØÐßÔø ÙÓÐÝÏ�ÙÙ ÜÝÙ ×úÔÿÙÑÔ×ÓÙ ÜÝÔ×ÓÔø*â

!3>3h3 �P=8�=m=;<= 8Ï7�<>789< <9=j?N<o
SÙÎÐøÎÌÐ ×Ù×ÓÐÑÌ ÑÔÞùÓ þÌÓà ÜÝÙßÐÿÐÎÌ û ßÙÿùÖ ÔþÐ×ÜÐÒÙßÏ��ÐÑù×úÔÿÙÑÔ×Óà ÙÓÐÝÏ�ÙÔÎÎÔÞÔ ÜÝÔ�Ð××Ï ÝÐæÐÎÙ�Ö Ð×ØÙ ÔÎÙ ÙÑÐ�Ó ÿÔÑÙÎÙÝùÕ��ÙÐ ÿÙÏÞÔÎÏØàÎÌÐ ÛØÐÑÐÎÓÌâ uØ� ÛÓÔÞÔ ÙÍ ÍÏÿÏÎÎÔø ×Ù×ÓÐÑÌ ßÌÿÐØ�Õ�Ó ùÝÏßÎÐÎÙ� × ûÔÛ��Ù�ÙÐÎÓÏÑÙÖ ÑÔÿùØÙ ûÔÓÔÝÌú þÔØàæÐ ×ùÑÑ ÑÔÿùØÐøÔ×ÓÏØàÎÌú ûÔÛ��Ù�ÙÐÎÓÔß ùÝÏßÎÐÎÙ�	

|aii| >
∑

j 6=i
|ajj|, i = 1, n. Ó�Õ�ÕÔ�×

�ÏÚÿÔÐ ßÌÿÐØÐÎÎÔÐ ùÝÏßÎÐÎÙÐ ÍÏÜÙ×ÌßÏÐÓ×� ß ×ÓÝÔûù ÝÐÍùØàÓÙÝù��Ðø×Ù×ÓÐÑÌ × ÓÏûÙÑ ÎÔÑÐÝÔÑÖ ÒÓÔþÌ ÔÓÑÐÒÐÎÎÌø ûÔÛ��Ù�ÙÐÎÓ ÔûÏÍÏØ×�ÿÙÏÞÔÎÏØàÎÌÑâ �Í Ô×ÓÏßæÙú×� ÎÐÙ×ÜÔØàÍÔßÏÎÎÌÑÙ Ù ßÌÿÐØÐÎÎÌú ùÝÏßÕÎÐÎÙø ×Ô×ÓÏßØ��Ó ØÙÎÐøÎÔ ÎÐÍÏßÙ×ÙÑÌÐ ûÔÑþÙÎÏ�ÙÙ × �ÐØà� ÑÏû×ÙÑÙÍÏÕ�ÙÙ ÑÔÿùØÐø Ô×ÓÏØàÎÌú ÿÙÏÞÔÎÏØàÎÌú ûÔÛ��Ù�ÙÐÎÓÔßâ äÝÙ ÛÓÔÑ ûÏÚÿÔÐÙÍ Ô×ÓÏßæÙú×� ùÝÏßÎÐÎÙø ÿÔØÚÎÔ ßÔøÓÙ ÑÙÎÙÑùÑ ß ÔÿÎù ûÔÑþÙÎÏ�Ù�â
ÏÍÝÐæÏ� ûÏÚÿÔÐ i ÕÐ ùÝÏßÎÐÎÙÐ ×Ù×ÓÐÑÌ 'rârâ�* ÔÓÎÔ×ÙÓÐØàÎÔ xi
ÖÜÔØùÒÏÐÑ

x1 = 0 · x1 +a′12x2 +a′1,3x3 + . . . +a′1nxn +b′1;

x2 = a′21x1 +0 · x2 +a′13x3 + . . . +a′2nxn +b′2;â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â â
xn = a′n1x1 +a′n2x2 +a′13x3 + . . . +0 · xn +b′n,

Ó�Õ�ÕÔÔ×

ÞÿÐ
a′ij = −aij

aii
(j 6= i); b′i =

bi
aii
.
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$ ×ÙØù ÎÐÝÏßÐÎ×Óß 'râ]â��* ÙÑÐÐÑ

n∑

j=1

|a′ij| ≤
∑

j 6=i

∣
∣
∣
∣
−aij
aii

∣
∣
∣
∣
=

1

aii

∑

j 6=i
|aij| < 1.

÷ØÐÿÔßÏÓÐØàÎÔÖ ÜÐÝßÏ� ÎÔÝÑÏ ‖A‖1 < 1 Ù ÙÓÐÝÏ�ÙÙÖ ÔÜÝÐÿÐØ�ÐÑÌÐ×Ù×ÓÐÑÔø 'râ]â��*Ö þùÿùÓ ×úÔÿÙÓà×�â
äÝÙÑÐÝ râqâ 
Ï××ÑÔÓÝÙÑ ×Ù×ÓÐÑù

5x1 +3x2 −x3 = 15;
x1 −4x2 +2x3 = −2;

2x1 +6x2 −10x3 = −18

× ÝÐæÐÎÙÐÑ x1 = 2 Öx2 = 3 Ö x3 = 4 â %ÐÓÝùÿÎÔ ßÙÿÐÓàÖ ÒÓÔ ù×ØÔßÙ�'râ]â��* ÿØ� ÎÐÐ ßÌÜÔØÎÐÎÌÖ Ù ÜÔØùÒÐÎÎÏ� ÙÍ ÛÓÔø ×Ù×ÓÐÑÌ ÍÏÜÙ×à ÔþÐ×ÕÜÐÒÙßÏÐÓ ×úÔÿ��Ùø×� ÙÓÐÝÏ�ÙÔÎÎÌø ÜÝÔ�Ð××â $ ÓÏþØâ râ� ÜÔûÏÍÏÎ úÔÿ ÜÝÔÕ�Ð××Ï ÿØ� ÑÐÓÔÿÏ ÜÝÔ×ÓÔø ÙÓÐÝÏ�ÙÙ Ù ÑÐÓÔÿÏ [ÐøÿÐØ� ÜÝÙ ÎÏÒÏØàÎÌúÍÎÏÒÐÎÙ�ú x
(0)
1 = x

(0)
2 = x

(0)
3 = 1 â

�b_wWib �XYX oT�TVWT `W`]Tau Wp h^WaT^b �Xt W]T^biW\VVuaW aT]\UbaW%ÔÑÐÝ [ÐøÿÐØÐßÌ äÝÔ×ÓÌÐæÏÞÏ x1 x2 x3 x1 x2 x3� fâV��� �âVe�� qâq��� fâV��� �âfe�� fâV���f fâVrf� fâXfq� ^â�fXf fârr�� f â̂ e�� qâ�r��q fâ���X qâ�^f� ^â�^rV fâ�^^� fârfre qâXf^�^ �â]X^q qâ��]] ^â��XX fâ�fXq fâ]^X� qâXVeqe �â]X]X qâ���X qâ]]]� fâ��^q fâ]V^r qâ]]^eV �â]]Xr fâ]]]f qâ]]]q fâ�f�� fâ]]Xq qâ]r]rr fâ���q fâ]]]r qâ]]]] �â]]r� fâ]]^] ^â��q�X fâ���� qâ���� ^â���� fâ��qr qâ���r qâ]]Vq] fâ���� qâ���� ^â���� �â]]XX fâ]]]� ^â���f
KÔÒÎÔ×Óà �â���� ß ÑÐÓÔÿÐ ÜÝÔ×ÓÔø ÙÓÐÝÏ�ÙÙ ÿÔ×ÓÙÞÏÐÓ×� ÓÔØàûÔ ÎÏ �^ÕÑæÏÞÐâ

!3>3�3 ½a=jÏj=n?@8?N<:
�þ�Ï� ÙÿÐ� ÑÐÓÔÿÏ ÝÐØÏû×Ï�ÙÙ 'Ô×ØÏþØÐÎÙ�* ×Ô×ÓÔÙÓ ß ùÑÐÎàæÐÕÎÙÙ ÎÏ ûÏÚÿÔÑ æÏÞÐ ÔÒÐÝÐÿÎÔø ÎÐß�ÍûÙ ÙÍÑÐÎÐÎÙÐÑ ×ÔÔÓßÐÓ×Óßù��ÐøûÔÑÜÔÎÐÎÓÌ ÜÝÙþØÙÚÐÎÙ�â
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äù×Óà ÎÏ ÔÒÐÝÐÿÎÔÑ k ÕÑ æÏÞÐ ÜÔØùÒÐÎÔ ÎÔßÔÐ ÜÝÙþØÙÚÐÎÙÐ û i ÕøûÔÑÜÔÎÐÎÓÐ ÝÐæÐÎÙ� x̃

(k)
i

â äÝÐÿ×ÓÏßÙÑ ÝÐÍùØàÓÏÓ æÏÞÏ ß ßÙÿÐ
x

(k)
i = x

(k−1)
i + ω(x̃

(k)
i − x

(k−1)
i ),

ÞÿÐ ω ý ÜÏÝÏÑÐÓÝ ÝÐØÏû×Ï�ÙÙâ äÝÙ ω = 1 ÑÐÓÔÿ ÛûßÙßÏØÐÎÓÐÎ ÑÐÓÔÿù[ÐøÿÐØ�â $ ÑÐÓÔÿÐ L�6¤P�Q 7L�6¤6�E�R7���� ω ßÌþÙÝÏÐÓ×� ÙÍ ÙÎÓÐÝÕßÏØÏ (1, 2) Ö Óâ Ðâ ûÔÝÝÐû�Ù� ÑÔÚÐÓ þÌÓà ×ÿÐØÏÎÏ ÊþÔØÐÐ ÛÎÐÝÞÙÒÎÔøá Ù×úÔÿÙÑÔ×Óà ù×ûÔÝÙÓ×�â �ÜÓÙÑÏØàÎÌø ßÌþÔÝ ÍÏßÙ×ÙÓ ÔÓ ÍÏÿÏÒÙÖ ÎÔ ÎÙûÔÕÞÿÏ ÎÐ ÜÝÐßÔ×úÔÿÙÓ ÿßùúâ �þÌÒÎÔ ÝÐûÔÑÐÎÿùÐÓ×� ω ≈ 1.9 U]eÖ ×â q^VYâ �×ÔÚÏØÐÎÙ�Ö ÝÏ×ÒÐÓ ÓÐÔÝÐÓÙÒÐ×ûÙ ÔÜÓÙÑÏØàÎÔÞÔ ÍÎÏÒÐÎÙ� ω ÔûÏÍÌßÏÐÓ×�×ØÙæûÔÑ ×ØÔÚÎÌÑ 'ÊØÐûÏÝ×ÓßÔ úùÚÐ þÔØÐÍÎÙá*âå�Ð ÔÿÎÔø ÑÔÿÙ�ÙûÏ�ÙÐø ÑÐÓÔÿÏ [ÐøÿÐØ� �ßØ�ÐÓ×� ßÌþÔÝ ÔÒÐÝÐÿÕÎÔÞÔ ùÝÏßÎÐÎÙ� ß ÜÔÝ�ÿûÐ ùþÌßÏÎÙ� ÑÔÿùØ� ÎÐß�ÍûÙâ ËÔÚÎÔ ÓÏûÚÐ ÑÐÕÎ�Óà ûÔØÙÒÐ×ÓßÔ ÔÿÎÔßÝÐÑÐÎÎÔ ùÓÔÒÎ�ÐÑÌú ûÔÑÜÔÎÐÎÓ UVXÖ Wâ XrYâ ÷ÒÙÓÏÕ�Ó×� ÜÐÝ×ÜÐûÓÙßÎÌÑÙ gL¢¤Ò�FGLI� ÑÐÓÔÿÌÖ ÞÿÐ ÔÒÐÝÐÿÎÔÐ ÜÝÙþØÙÚÐÎÙÐÔÜÝÐÿÐØ�ÐÓ×� ÒÐÝÐÍ ÿßÏ ÜÝÐÿÌÿù�Ùúâ

gèéçè ¶ìîíõ.òëðð�� ñ-ëñëï ëïíõ?îðòÜ ôõìíò.

å×ØÙ ÎÔÝÑÏ ÑÏÓÝÙ�Ì B = I − A ÑÏØÏÖ ÓÔ ÔþÝÏÓÎÏ� û A ÑÏÓÝÙ�Ï
A−1 = (I −B)−1 = I +B +B2 + . . .

ß ÜÝÙÎ�ÙÜÐ ÑÔÚÐÓ þÌÓà ÎÏøÿÐÎÏ ×ûÔØà ù@ÔÿÎÔ ÓÔÒÎÔ ÜÝÙþØÙÚÐÎÎÌÑ ×ùÑÕÑÙÝÔßÏÎÙÐÑ ÿÏÎÎÔ@Ô ×ÓÐÜÐÎÎÔ@Ô Ý�ÿÏâ äÝÏßÿÏÖ ×úÔÿÙÑÔ×Óà þùÿÐÓ ÑÐÿØÐÎÕÎÔøâ äÔÜÌÓÏÐÑ×� ÜÔ×ÓÝÔÙÓà ÜÝÔ�Ð××Ö ×úÔÿ��Ùø×� þÔØÐÐ þÌ×ÓÝÔU�eÖ Wâ �feYâ TùÿÐÑ ÔþÔÍÎÏÒÏÓà ÔÒÐÝÐÿÎÌÐ ÜÝÙþØÙÚÐÎÙ� ÒÐÝÐÍ {Uk}, k =
0, 1, . . . äÔ×ûÔØàûù ÿÔØÚÎÔ ßÌÜÔØÎ�Óà×� AU = I Ö ÝÏÍÎÔ×Óà Dk = I−AUkÑÔÚÎÔ ÝÏ××ÑÏÓÝÙßÏÓà ûÏû ÑÏÓÝÙÒÎù� ÎÐß�Íûù ÿØ� {Uk} â $ ÒÏ×ÓÎÔ×ÓÙÖ ÙÍ
D0 = I−AU0

×ØÐÿùÐÓ AU0 = I−D0 âKÔ@ÿÏ A = (I−D0)U
−1
0

Ö Ï ÔþÝÏÓÎÏ�Ðø
A−1 = U0(I −D0)

−1 = U0(I +D0 +D2
0 + . . .).

TùÿÐÑ ×ÒÙÓÏÓà ÜÐÝßÌÑ ÜÝÙþØÙÚÐÎÙÐÑ û A−1 ÜÔÝ�ÿûÏ m ÑÏÓÝÙ�ù
U1 = U0(I +D0 +D2

0 + . . .+Dm
0 ).



d�ÂÂ� � ABCD#EFãCAÅ ��EC�A #�ÄCÐÑ D D#E A�D�CCÐÑ !E#�D�B GHI
KJ@KL MNOPQRL STJ@J UVWXYWZNMWP O[VLQWT\P ]NVNQ MNOPQR^ UVNK[K^_N@J`JVa^YJb

D1 = I − AU1 = I − AU0(I +D0 +D2
0 + . . .+Dm

0 )
= I − (I −D0)(I +D0 +D2

0 + . . .+Dm
0 )

= I − (I −Dm+1
0 ) = Dm+1

0 .cVLRTW]N\RW J@VLMW]WOLdT\P \Y^]LNa m = 1 W UJYL@LdT
Dk = I − AUk,

Uk+1 = Uk(I +Dk).eTJT LY@JVWTa X[Y UVJONVNM ML RJVVNRfWW JXVLTMJb aLTVWf[ WQUVWaNVL ghih j RL]N\TON W\kJKMJb X[YL OQPTL
U0 =





0.72667 −0.92000 −0.56667
0.04000 0.39333 0.41333

−0.31333 1.04000 0.39333



 .

lNQ^YmTLT[ TVNTmN@J nL@L O UPTW QMLRLk \JOULYW \ UVWONKNMM[aW O TJaZN UVWaNVN TNJVNTW]N\RWaW QML]NMWPaWh oXYL\Tm \kJKWaJ\TW STJ@J aNpTJKL ON\maL aLYLq JKMLRJ JM aJZNT W\UJYmQJOLTm\P ML QLRYd]WTNYmM[knL@Lk UVJfN\\JO aWMWaWQLfWW XYWQRWk R ROLKVLTW]M[a `^MRfWb aMJ@WkUNVNaNMM[kh

grssr tuvwxyz{|1xv} ~�{x�v
z~�x�� y yz{uv�y~xx�� �{z~�~w

j QLRYd]NMWN KLKWa \VLOMWTNYmM^d JfNMR^ TJ]M[k W WTNVLfWJMpM[k aNTJKJO VNnNMWP \W\TNa YWMNbM[k ^VLOMNMWbh oX[]MJ J@VLMW]WOLpdT\P UJK\]NTJa JUNVLfWb ^aMJZNMWP W KNYNMWPq UJ\RJYmR^ \YJZNMWP WO[]WTLMWP O[UJYMPdT\P MLaMJ@J X[\TVNNh �JZMJ \RLQLTmq ]TJ O[]W\pYWTNYmM[N QLTVLT[ ML JUNVLfWW ^aMJZNMWP W KNYNMWP O aNTJKN �L^\\LWaNdT UJVPKJR O(n3/3) q O aNTJKN ROLKVLTM[k RJVMNb O(n3/6) q O aNTJKNOVL_NMWb O(4n3/3) q O aNTJKN UVJ@JMRW � O(5n) �i�q �h ���h�\YW WTNVLfWW \kJKPT\P KJ\TLTJ]MJ X[\TVJ �]W\YJ WTNVLfWb aNMmpnN n/3 �q TJ aNTJK WTNVLfWb TVNX^NT aNMmnN@J JX�NaL O[]W\YNMWbh jTJ ZN OVNaP UVWaNMNMWN WTNVLfWJMM[k aNTJKJO UVNKUJYL@LNT UVNKOLVWpTNYmM^d UVJONVR^ �L N\YW M^ZMJq W JXN\UN]NMWN� ^\YJOWb \kJKWaJ\TW W



G�� �FABA �� ���D�FD�EF�C�E �E���� FDCE C�  AF¡E¢£�
UJKXJV ¤kJVJnWk¥ ML]LYmM[k UVWXYWZNMWbh ¦YP UVWaNMNMWP TJ]M[k aNpTJKJO UJKJXMLP UJK@JTJORL MN M^ZMLh cVW ^ONYW]NMWW VLQaNVMJ\TW \W\TNpa[ �MLUVWaNVq O UVJfN\\N UVWXYWZNMMJ@J VNnNMWP XN\RJMN]M[k \W\TNa�MJVa[ aLTVWf[ ^ONYW]WOLdT\Pq TLR ]TJ \kJKWaJ\Tm WTNVLfWb QLaNKYPpNT\Ph §TNVLfWJMM[N aNTJK[ VNnNMWP \W\TNa YWMNbM[k ^VLOMNMWb S``NRpTWOM[ KYP VLQVNZNMM[k �MLUVWaNVq YNMTJ]M[k� aLTVWfh oMW¨

• MN TVNX^dT kVLMNMWP O\Nb aLTVWf[©
• W\RYd]LdT JXVLXJTR^ QML]WTNYmMJb ]L\TW M^YNb©
• MLRLUYWOLdT UJ@VNnMJ\Tm TJYmRJ O UVNKNYLk WTNVLfWW©
• aJ@^T W\UJYmQJOLTm\P KYP ^TJ]MNMWP VLMNN UJY^]NMM[k VNnNMWbh

j UVJfN\\N Wk VNLYWQLfWW aLTVWfL MN aNMPNT\P � \YNKJOLTNYmMJq \JkVLpMPNT\P NN \TV^RT^VLh oMW XNQ^\YJOMJ UVNKUJ]TWTNYmM[q RJ@KL ^]WT[OLdT\UNfW`WR^ QLKL]Wh ªJ@W]N\RLP \TV^RT^VL WTNVLfWJMM[k aNTJKJO QML]WpTNYmMJ UVJ_Nq VNLYWQ^d_WN Wk ML «j� UVJ@VLaa[ RJVJ]NhlNnNMWN ^VLOMNMWb aNTJKJa UVJ\TJb WTNVLfWW KJU^\RLNT ULVLYpYNYmM[b VL\]NT MJO[k QML]NMWb O\Nk MNWQON\TM[k ML RLZKJa nL@N WTNpVLfWW W JTRV[OLNT U^Tm R \JRVL_NMWd OVNaNMW VNnNMWP QLKL] XJYmpnJb VLQaNVMJ\TW UVW W\UJYmQJOLMWW O[]W\YWTNYmM[k \W\TNa \ MN\RJYmpRWaW O[]W\YWTNYmM[aW ^\TVJb\TOLaW �a^YmTWUVJfN\\JVM[k�h cVJXYNaLQLRYd]LNT\P O \JQKLMWW \VNK\TO ¬­®¯°¬®±²³7´¯µ¯ VL\ULVLYYNYWOLMWPUVJ@VLaa RLR ML ^VJOMN Wk VLQVLXJTRWq TLR W O UVJfN\\N \]NTLh
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Êrsr Ë~Ì~|xyz{|Íx�{ Îw{�{xy} ~ �vzuy�v�
ÏÐÑÐÑÐ ÒÓÔÕÖ×ØÕÙÓØÚÔÕÙÛ ÜØÝ×ÞÛÜÖÕßà ÝÔáÓÙâ
cVWONKNa KJUJYMWTNYmM[N \UVLOJ]M[N \ONKNMWP JTMJ\WTNYmMJ ONRpTJVJO W aLTVWf \ RJaUYNR\M[aW SYNaNMTLaWhÒÓÔÕÖ×ØÕÙÓØÚÔÕÙÛ ÝÔáÓÙâß a∗ij = aji

�]NVTL JQML]LNT QLaNM^\JJTONT\TO^d_Wk SYNaNMTJO ML RJaUYNR\MJ \JUVPZNMM[N�hãÓÝÙáØÚß aLTVWf[ JTON]LdT ^\YJOWd A∗ = A q KYP RJ\JSVaWpTJO[k K∗ = −K h
ÏÐÑÐäÐ åÓáØæØÕÔÞçÕßÛ ÝÔáÓÙâß
¦Nb\TOWTNYmMLP aLTVWfL MLQ[OLNT\P 6̄®¯µ¯è¬éêè¯ëq N\YW NN TVLM\pUJMWVJOLMMLP aLTVWfL \JOULKLNT \ JXVLTMJbq Th Nh

AT = A−1,
AAT = ATA = I. ìíîïîïð§Q STWk XLQJO[k \JJTMJnNMWb YN@RJ O[OJKPT\P \OJb\TOL JVTJ@JMLYmMJbaLTVWf[¨

• �N \TVJRW �\TJYXf[� UJULVMJ JVTJ@JMLYmM[h
• ñ^aaL ROLKVLTJO SYNaNMTJO RLZKJ@J VPKL VLOML NKWMWfNh
• oUVNKNYWTNYm VLONM ±1 h
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• cVJWQONKNMWN KO^k JVTJ@JMLYmM[k aLTVWf JVTJ@JMLYmMJ¨

(AB)TAB = BTATAB = BT IB = I.

÷JaUYNR\MLP aLTVWfL WaNM^NT\P øè±®¬6è¯ë O \Y^]LN U∗U = I q
U∗ = U−1 h ñTJYXf[q \TVJRWq \JX\TONMM[N ONRTJV[ TLRWk aLTVWf POYPpdT\P JVTJMJVaWVJOLMM[aWh�LTVWfL H MLQ[OLNT\P UVLOJb �ONVkMNb� °¬®6±ù³ë ú³77³èû³6µ¬qN\YW hij = 0 UVW i > j + 1 h oML O KJUJYMNMWN R ONVkMNb TVN^@JYmMJbaLTVWfN WaNNT KJUJYMWTNYmM^d MNM^YNO^d KWL@JMLYm �MWZN @YLOMJb�hüMLYJ@W]MJ JUVNKNYPNT\P YNOLP �MWZMPP� aLTVWfL ýN\\NMXNV@Lh

Êrþr ÿyx{�x�{ w{�z~ux�{ Ìu~ÎzuvxÎzwv
ÏÐäÐÑÐ �ÙÕÛ�ÕÔ� �ÔÚÙÖÙÝØÖáç ÚÛÜáØÓØÚ
ªdXLP \JOJR^UMJ\Tm n paNVM[k ONRTJVJOq VL\\aLTVWOLNaLP \ MNO[OJKP_WaW QL UVNKNY[ STJb \JOJR^UMJ\TW JUNVLfWPaW \YJZNMWP ONRpTJVJO W ^aMJZNMWP ONRTJVL ML ]W\YJq MLQ[OLNT\P é±è³ëè�° ­³´® �̄è�°

��¯�®�¬è�®­¯°hjNRTJV[ x(1), x(2), . . . , x(n) TLRJ@J UVJ\TVLM\TOL MLQ[OLdT\P é±è³ë	è¯ 
¬­±�±°�°±q N\YW \^_N\TO^dT MN O\N VLOM[N M^Yd ]W\YL c1, c2, . . . , cn qKYP RJTJV[k
c1x

(1) + c2x
(2) + . . .+ cnx

(n) = 0.j STJa \Y^]LN JKWM WQ MWk POYPNT\P YWMNbMJb RJaXWMLfWNb J\TLYmM[kh¦YP TVNkaNVMJ@J UVJ\TVLM\TOL YWMNbMLP QLOW\WaJ\Tm \W\TNa[ WQ KO^kONRTJVJO JQML]LNTq ]TJ JMW ULVLYYNYmM[ MNRJTJVJb UVPaJbq L TVNk ONRpTJVJO � ]TJ JMW ULVLYYNYmM[ MNRJTJVJb UYJ\RJ\TWh �\YW ZN M^YNOJbONRTJV UJY^]LNT\P TJYmRJ UVW M^YNOJa MLXJVN {ci} q TJ ONRTJV[ YWMNbMJMNQLOW\Wa[hc^\Tm WaNNT\P \W\TNaL WQ m n paNVM[k ONRTJVJO {xi} h �J@KL KYPJUVNKNYNMWP RJS``WfWNMTJO {ci} WaNNa \W\TNa^ ^VLOMNMWb
c1x

(1)
1 +c2x

(2)
1 + . . . +cmx

(m)
1 = 0,

c1x
(1)
2 +c2x

(2)
2 + . . . +cmx

(m)
2 = 0,h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h

c1x
(1)
n +c2x

(2)
n + . . . +cmx

(m)
n = 0.
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o]NOWKMJq ]TJ JML WaNNT M^YNOJN VNnNMWNh lLM@ aLTVWf[ X q \J\TLOYNMpMJb WQ RJaUJMNMT {xi} q MN aJZNT UVNOJ\kJKWTm m h �\YW JM VLONM m qTJ M^YNOJN VNnNMWN � NKWM\TONMMJN W ONRTJV[ YWMNbMJ MNQLOW\Wa[h

ÏÐäÐäÐ �ÜÔÞ�ÓÕßÛ ×ÓØÙ�ÚÛ�ÛÕÙ�Ù ØÓáØæØÕÔÞçÕØÖáç ÚÛÜáØÓØÚ
jONKNa KYP KO^k ONRTJVJO O RJaUYNR\MJa �ON_N\TONMMJa� UVJ\TVLMp\TON R �´¬é��è¯³ ��¯±
­³�³è±³ (x, y) =

n∑

i=1

xiyi
�O RJaUYNR\MJa \Y^]LN

(x, y) =
n∑

i=1

xiȳi
q @KN ]NVTL JQML]LNT UNVNkJK R RJaUYNR\MJ \JUVPZNMMJa^

]W\Y^�h cVNKUJYL@LNT\Pq ]TJ¨i� (x, y) = (y, x) ©�� (x, x) = 0 TJYmRJ UVW x = 0 q WML]N (x, x) > 0 ©
�� (x+ y, z) = (x, z) + (y, z) ©
�� (αx, y) = α(x, y) h

ñRLYPVMJN UVJWQONKNMWN KO^k ONRTJVJO ^KJOYNTOJVPNT MNVLONM\TO^ ÷JnW��^MPRJO\RJ@J
|(x, y)| ≤ |x| · |y|.jN_N\TONMMJN UVJ\TVLM\TOJ \ JUVNKNYNMM[a TLRWa JXVLQJa \RLYPVpM[a UVJWQONKNMWNa MLQ[OLNT\P ³­´é±�¯­�° ��¯�®�¬è�®­¯° En

h �@JYaNZK^ MNM^YNO[aW ONRTJVLaW x W y JUVNKNYPNT\P WQ `JVa^Y[
cosϕ =

(x, y)

|x| · |y| .¦OL ONRTJVL x W y UVJ\TVLM\TOL En
MLQ[OLdT\P �̄®¯µ¯è¬éê	è�°±q N\YW Wk \RLYPVMJN UVJWQONKNMWN (x, y) = 0 h ñW\TNaL ONRTJpVJO x1, x2, . . . xk

MLQ[OLNT\P JVTJ@JMLYmMJbq N\YW KOL YdX[k VLQYW]M[kONRTJVL NN JVTJ@JMLYmM[ KV^@ KV^@^h �\YW ONRTJV JVTJ@JMLYNM ONRTJpVLa x1, x2, . . . xk
q TJ JM JVTJ@JMLYNM W YdXJb YWMNbMJb RJaXWMLfWW Wk�¤MLTPM^TJa^ ML MWk UJKUVJ\TVLM\TO^¥�h¦YWML ONRTJVL JUVNKNYPNT\P \J@YL\MJ

|x| =
√

(x, x) =
( n∑

i=1

x2
i

)1/2

.
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ÏÐäÐ�Ð �Ô�ÙÖ ÞÙÕÛ�ÕØæØ ÚÛÜáØÓÕØæØ ×ÓØÖáÓÔÕÖáÚÔ
ªdXLP \JOJR^UMJ\Tm n YWMNbMJ MNQLOW\Wa[k ONRTJVJO n paNVMJ@JUVJ\TVLM\TOL MLQ[OLNT\P N@J û¬
±�¯°h ÷LZK[b ONRTJV STJ@J UVJ\TVLMp\TOL aJZNT X[Tm UVNK\TLOYNM O OWKN YWMNbMJb RJaXWMLfWW ONRTJVJOXLQW\Lq W UVWTJa NKWM\TONMM[a JXVLQJah�LQW\ UVJ\TVLM\TOL En MLQ[OLNT\P JVTJ@JMLYmM[aq N\YW N@J ONRTJpV[ UJULVMJ JVTJ@JMLYmM[h �\YW JMW R TJa^ ZN WaNdT NKWMW]M^d KYWM^qXLQW\ \]WTLNT\P �̄®¯è �̄°±�¯­¬èè�°h cVJ\TNbnWb \Y^]Lb JVTJMJVaWpVJOLMMJ@J XLQW\L � JVT[ RJJVKWMLTM[k J\Nbh
ÏÐäÐ�Ð �ÙÕÛ�ÕØÛ ×ÓÛØ�ÓÔ�ØÚÔÕÙÛ ÚÛÜáØÓØÚ
�aMJZNMWN ONRTJVL ML aLTVWf^

y = Ax

aJZMJ VL\\aLTVWOLTm RLR ¯�³�¬® �̄ YWMNbMJ@J UVNJXVLQJOLMWP ONRTJVLhoUNVLTJV A∗ MLQ[OLNT\P �¯����³èè�° \ A q N\YW KYP YdX[k ONRTJVJO
x, y ∈ En

O[UJYMPNT\P VLONM\TOJ
(Ax, y) = (x,A∗y).

�LUJaMWaq ]TJ  JQML]LNT TVLM\UJMWVJOLMWN aLTVWf[ \ JKMJOVNaNMMJbQLaNMJb NN SYNaNMTJO ML RJaUYNR\MJ \JUVPZNMM[Nh j \Y^]LN \WaaNTVW]pMJb ON_N\TONMMJb aLTVWf[ JX\^ZKLNa[b JUNVLTJV JRLQ[OLNT\P �¬°¯	�¯����³èè�°h
ÏÐäÐ!Ð "ÓÛØ�ÓÔ�ØÚÔÕÙÛ ÜØØÓ�ÙÕÔá ×ÓÙ Ù�ÝÛÕÛÕÙÙ �Ô�ÙÖÔ
c^\Tm e1, e2, . . . en

W f1, f2, . . . fn
� KOL XLQW\L JKMJ@J W TJ@J ZNYWMNbMJ@J UVJ\TVLM\TOL En

h ÷LZK[b ONRTJV OTJVJ@J �MJOJ@J� XLQW\LWaNNT O \TLVJa RJJVKWMLT[
fj = s1je1 + s2je2 + . . .+ snjen, j = 1, n, ìíî#îïð

L O MJOJa � {ξj} h �NJ\JXLP aLTVWfL S \ SYNaNMTLaW {sij} MLQ[OLNT\P°¬®�±ù³ë �³�³$¯�¬ JT MJOJ@J XLQW\L R \TLVJa^h �JZMJ UJRLQLTmq ]TJONRTJV x O \TLVJa XLQW\N VLONM aLTVWfN UNVNkJKLq ^aMJZNMMJb ML ONRTJVO MJOJa XLQW\N¨ x = Sξ hñJJTONT\TONMMJq
ξ = S−1x.
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Êr)r *vzuy�x�{ uv+|~,{xy}

�MJ@WN aNTJK[ O[]W\YWTNYmMJb YWMNbMJb LY@NXV[ \OJKPT\P RO[UJYMNMWd UJ\YNKJOLTNYmMJ\TNb SYNaNMTLVM[k UVNJXVLQJOLMWb \TVJRW-WYW \TJYXfJO aLTVWf[ VNnLNaJb QLKL]W W �O \Y^]LN YWMNbMJb \Wp\TNa[ ^VLOMNMWb� RJaUJMNMT UVLOJb ]L\TWh eTW UVNJXVLQJOLMWP aJZMJWMTNVUVNTWVJOLTm RLR ^aMJZNMWN W\kJKMJb aLTVWf[ �WYW JXNWk ]L\TNb\W\TNa[ YWMNbM[k ^VLOMNMWb� ML aLTVWf[ \UNfWLYmMJ@J OWKLh .Q[R \UNpfWLYmM[k aLTVWf POYPNT\P ^KJXM[a \VNK\TOJa RJaULRTMJ@J JUW\LMWPLY@JVWTaJO YWMNbMJb LY@NXV[h
jLZM^d VJYm O O[]W\YWTNYmMJb LY@NXVN W@VLdT JVTJ@JMLYmM[N�̂ MWTLVM[N� UJKJXM[N UVNJXVLQJOLMWPq Th Nh YNO[Nq UVLO[N W KO^\TJVJMpMWN ^aMJZNMWP KLMMJb aLTVWf[ ML JVTJ@JMLYmM[N �̂ MWTLVM[N�h oMW \JpkVLMPdT \UNRTVLYmM^d W NORYWKJO^ MJVa[ W\kJKMJbh j\PRLP MJVaLYmMLPaLTVWfL ^MWTLVMJpUJKJXML KWL@JMLYmMJb aLTVWfNq L SVaWTJOL � aLTVWpfN \ ON_N\TONMMJb KWL@JMLYmdh
ÏÐ�ÐÑÐ /ÔáÓÙâß ×ÛÓÛÖáÔÕØÚØÜ
÷OLKVLTMLP n×n aLTVWfL P MLQ[OLNT\P aLTVWfNb UNVN\TLMJOJRqN\YW KYP MNRJTJVJb UNVN\TLMJORW {α1, α2, . . . , αn} \WaOJYJO 1, . . . , n

pij =
{

1, N\YW j = αi
©

0 WML]Nh
�aMJZNMWNa aLTVWf[ UNVN\TLMJOJR P ML ONRTJV x = (x1, x2, . . . , xn)

TUJY^]Wa ONRTJV x̃ = (xα1
, xα2

, . . . , xαn
)T h cVW YNOJa ^aMJZNMWW n ×maLTVWf[ A ML aLTVWf^ P LMLYJ@W]M[a JXVLQJa UNVN\TLOPT\P \TVJpRW A h �\YW ZN m × n aLTVWf^ B ^aMJZWTm ML P \UVLOLq TJ\TJYXf[ UJY^]NMMJb aLTVWf[ X^K^T UNVN^UJVPKJ]NMWNa \TJYXfJO B hoKMLRJ STJ UNVN^UJVPKJ]NMWN JUW\[OLNT\P MN W\kJKMJb UNVN\TLMJORJb

{α1, α2, . . . , αn} q L JXVLTMJb Nb {β1, β2, . . . , βn} h �\YW ZNYLNa[b MJpO[b UJVPKJR \TJYXfJO O\N ZN {α1, α2, . . . , αn} q TJ aLTVWf^ B M^ZMJ^aMJZWTm \UVLOL ML aLTVWf^ Q = P T h eTL aLTVWfL Q TLRZN POYPpNT\P aLTVWfNb UNVN\TLMJOJRq MJ \JJTONT\TO^NT JXVLTMJb UNVN\TLMJORN
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{β1, β2, . . . , βn} h cVWaNV¨

P =








0 1
0 1
0 . .

.

0 1
1 0







, Px =








xn
xn−1

· · ·
x2

x1







.

�LWXJYNN ]L\TJ W\UJYmQ^dT\P aLTVWf[q JUW\[OLd_WN TVLM\UJQWpfWd KO^k SYNaNMTJO ONRTJVL WYW KO^k \TVJR �\TJYXfJO� aLTVW]MJ@J \JpaMJZWTNYPh �\YW MJaNVL UNVN\TLOYPNa[k \TVJR \^Tm i W j q TJ \JJTpONT\TO^d_^d aLTVWf^ UNVN\TLMJOJR X^KNa JXJQML]LTm ]NVNQ Pij
h oTNKWMW]MJb aLTVWf[ JML X^KNT JTYW]LTm\P YWnm O ]NT[VNk SYNaNMTLk¨

pii = pjj = 0, pij = pji = 1 h�LTVWfL UNVN\TLMJOJR POYPNT\P UVJ\TNbnWa UVWaNVJa JVTJ@JMLYmpMJb aLTVWf[h
ÏÐ�ÐäÐ /ÔáÓÙ0ÕØÛ ×ÓÛ�ÖáÔÚÞÛÕÙÛ ÖàÛÝß 1Ô2ÖÖÔ
�LTVWfL A \W\TNa[ YWMNbM[k ^VLOMNMWb UJ\VNK\TOJa aNTJKL �L^\p\L `LRTW]N\RW VL\RYLK[OLNT\P O UVJWQONKNMWN A = LU KO^k TVN^@JYmpM[k aLTVWf � YNOJb MWZMNb L W UVLOJb ONVkMNb U � O \J]NTLMWW \TJb WYW WMJb \kNaJb O[XJVL @YLOMJ@J SYNaNMTLq JUW\[OLNaJb aL\\WOJaUNVN\TLMJOJR P h�VN^@JYmMJN VLQYJZNMWN aJZMJ \`JVaWVJOLTmq MN QMLPUVLO^d ]L\Tm \W\TNa[h cJ\YN STJ@J VNnNMWN YWMNbMJb \W\TNa[ Ax = b\OJKWT\P R UJ\YNKJOLTNYmMJa^ VNnNMWd XJYNN UVJ\T[k YWMNbM[k \W\TNa¨

• VNnLNT\P \W\TNaL Pz = b q ]TJ VLOMJ\WYmMJ UNVN^UJVPKJ]NMWdSYNaNMTJO ONRTJVL b ©
• VNnLNT\P Ly = z �UVWaNMPNT\P UVPaLP UJK\TLMJORL�©
• ONRTJV x JUVNKNYPNT\P WQ TVN^@JYmMJb \W\TNa[ Ux = y �JXVLTMLPUJK\TLMJORL�h�LTNaLTW]N\RW WaNNa

x = U−1y = U−1L−1z = U−1L−1P−1b = (PLU)−1b = A−1b.

ÏÐ�Ð�Ð 3Ô�ÞØ4ÛÕÙÛ Ù ÝÛáØ� 5ØÞÛâÜØæØ
¦YP \WaaNTVW]MJb UJYJZWTNYmMJ JUVNKNYNMMJb aLTVWf[ A aJZpMJ KJXWTm\P TJ@Jq ]TJX[ \JaMJZWTNYW TVN^@JYmMJ@J VLQYJZNMWP X[YW
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OQLWaMJ TVLM\UJMWVJOLMM[aW aLTVWfLaWh�LTVWfL A UVNK\TLOYPNT\P O OWKN

A = S∗DS,

@KN S � UVLOLP TVN^@JYmMLP aLTVWfLq S∗ � \JUVPZNMMLP \ MNbq D �KWL@JMLYmMLP aLTVWfL \ SYNaNMTLaW @YLOMJb KWL@JMLYWq VLOM[aW ;iWYW −1 h �J@KL UVW i ≤ j

aij = s̄1is1idi1 + . . .+ s̄ijsijdii.üMLYJ@W]M[N ^VLOMNMWP UVW i > j JU^_NM[q TLR RLR WQ \JJXVLZNMWb\WaaNTVWW SROWOLYNMTM[ O[nNUVWONKNMM[ah oT\dKL UJY^]LNa`JVa^Y[KYP RJaUJMNMT MJOJ@J UVNK\TLOYNMWP¨
dii = sign

(

aii −
i−1∑

k=1

|ski|2dkk
)

,

sii =
∣
∣
∣aii −

i−1∑

k=1

|ski|2dkk
∣
∣
∣

1/2

,

sij =

aij −
i−1∑

k=1

s̄kiskjdkk

s̄iidii
, i < j.

�NUNVm VNnNMWN W\kJKMJb \W\TNa[ \OJKWT\P R UJ\YNKJOLTNYmMJa^ VNnNpMWd KO^k \W\TNa \ TVN^@JYmM[aW aLTVWfLaWh <LaNTWaq ]TJ O \Y^]LN
A > 0 O\N dii = 1 W A = S∗S h oX�Na TVNX^NaJb ULaPTW W TV^KJNaRJ\TmVLQYJZNMWP O \VLOMNMWW \J \kNaJb �L^\\L ^aNMmnLdT\P UVWXYWQWTNYmMJOKOJNh

Êr=r >v�zy�v u{?{xy} |yx{�x�� ÎyÎz{�
j JX_Na \Y^]LN JUTWaLYmM[b O[XJV \UJ\JXL VNnNMWP \W\TNa[ YWpMNbM[k ^VLOMNMWb QLOW\WT JT TLRJ@J RJYW]N\TOL JX\TJPTNYm\TO W \TJYm\YJZM[a JXVLQJaq ]TJ VPK LOTJVJO UWnNT J ®¬´®±´³ VNnNMWP YWMNbM[k\W\TNa �@�q \h �A�h

§h jh �LkOLYJO �iAq \h ���� \]WTLNTq ]TJ N\YW UJVPKJR \Wp\TNa[ n MNXJYmnJbq TJ UVJ_N O\N@J JXVLTWTm\P R \TLMKLVTM[a UVJ@VLapaLa aNTJKL JTVLZNMWb �]W\YJ LVW`aNTW]N\RWk KNb\TOWb N ≈ 2n3/3 �
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WYW aNTJKL OVL_NMWb �]W\YJ LVW`aNTW]N\RWk KNb\TOWb N ≈ 4n3/3 q MJaNMmnN MLRJUYNMWN O[]W\YWTNYmMJb UJ@VNnMJ\TW�h�\YW UVWaNMNMWN STWk aNTJKJO MNOJQaJZMJ WYW MNfNYN\JJXVLQMJq\YNK^NT UVJLMLYWQWVJOLTm OJQaJZMJ\Tm UVWaNMNMWP UVJ\TNbnWk UJ \OJpNb \TV^RT^VN WTNVLfWJMM[k aNTJKJO¨ UVJ\TJb W QNbKNYNOJb WTNVLfWbq\ONVkVNYLR\LfWWh�MJ@JJJXVLQWN \OJb\TO aLTVWfq L TLRZN OJQMWRLd_Wk QLKL] W WkOQLWaJ\OPQNb JUVNKNYWYW fNYN\JJXVLQMJ\Tm KNRJaUJQWfWW QLKL] YWMNbpMJb LY@NXV[ ML SYNaNMTLVM[Nh ñTLMKLVTM[N ULRNT[ YWMNbMJb LY@NXV[ORYd]LdT O \NXP PKVJq \J\TJP_NN WQ XLQW\M[k UJKUVJ@VLaa MWZMN@J^VJOMP � O ]L\TMJ\TWq O[UJYMPd_Wk CDpVLQYJZNMWNh ¦YP VNnNMWP \Wp\TNa[ ^VLOMNMWb \ UYJTMJb aLTVWfNb fNYN\JJXVLQMJ UVWaNMPTm aNTJKqJ\MJOLMM[b ML MNUJ\VNK\TONMMJa VLQYJZNMWW aLTVWf[ A O UVJWQONKNpMWN MWZMNb TVN^@JYmMJb aLTVWf[ A W ONVkMNb TVN^@JYmMJb aLTVWf[ U ¨

Ax = LUx = b.eTJ VLQYJZNMWNq N\YW JMJ \^_N\TO^NTq NKWM\TONMMJ \ TJ]MJ\Tmd KJ O[XJpVL KWL@JMLYmM[k SYNaNMTJO ^UJaPM^T[k aLTVWf¨ aJZMJ UJYJZWTm YWXJO\N lii = 0 q YWXJ O\N uii = 0 h lL\\aJTVWa XJYNN UJKVJXMJ ^ZN ^UJaWpMLOnWb\P OTJVJb OLVWLMTq \JJTONT\TO^d_Wb \kNaN NKWM\TONMMJ@J KNYNpMWP aNTJKL �L^\\Lh EJVa^Y[ KYP O[]W\YNMWP aLTVW]M[k \JaMJZWTNYNbUJY^]Wa WQ VLONM\TOL





a11 a12 . . . a1n

a21 a22 . . . a2nh h h h h h h h h h h h h h h h h h
an1 an2 . . . ann




 =






l11 0 . . . 0
l21 l22 . . . 0h h h h h h h h h h h h h h h h
ln1 ln2 . . . lnn











1 u12 . . . u1n

0 1 . . . u2nh h h h h h h h h h h h h h h h
0 0 . . . 1




 .

eYNaNMT[ aLTVWf L W U ML r pa nL@N JUVNKNYPdT\P O \YNK^d_NaUJVPKRN¨ OML]LYN SYNaNMT[ r p@J \TJYXfL aLTVWf[ L

lir = air −
r−1∑

k=1

likukr, i = r, n,

L QLTNa r pb \TVJRW aLTVWf[ U

uri =
(

ari −
r−1∑

k=1

lrkuki

)/

lrr, i = r + 1, n.

jJQOVL_LP\m R QLUW\W W\kJKMJb \W\TNa[ ^VLOMNMWb W UJYL@LP Ux = y qUJY^]LNa ^VLOMNMWN Ly = b \ MWZMNb TVN^@JYmMJb aLTVWfNbq VNnNMWN
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RJTJVJ@J MLkJKWa UJ `JVa^YLa

yi =
(

bi −
l−1∑

k=1

likyk

)/

lii, i = 1, n.

�NWQON\TMJN x MLkJKWa WQ \W\TNa[ Ux = y \ ONVkMNb TVN^@JYmMJb aLTpVWfNbq O[]W\YPP
xi = yi −

n∑

k=i+1

uikxk, i = n, n− 1, . . . , 1.

�V^KJNaRJ\Tm STJ@J aNTJKL L\WaUTJTW]N\RW \J\TLOYPNT 2n3/3 JUNVLfWb^aMJZNMWPh j �@�� JUW\LM KJUJYMPd_Wb STJT aNTJK O[XJV @YLOMJ@J SYNpaNMTL UJ \TJYXf^h¦YP \W\TNa YWMNbM[k LY@NXVLW]N\RWk ^VLOMNMWb \ \WaaNTVW]M[paW UJYJZWTNYmMJ JUVNKNYNMM[aW aLTVWfLaW LU pVLQYJZNMWN \OJKWT\PR UVJWQONKNMWd
A = LLT ,@KN

L =






l11 0 . . . 0
l21 l22 . . . 0h h h h h h h h h h h h h h h h
ln1 ln2 . . . lnn




 .

lNLYWQ^Na[b \ ^]NTJa \WaaNTVWW aLTVWf[q JM JRLQ[OLNT\P \La[aSRJMJaM[a WQ UVPa[k aNTJKJO RLR UJ ]W\Y^ LVW`aNTW]N\RWk JUNVLfWbqTLR W UJ QL@V^QRN ULaPTW W YN@RJ aJKW`WfWV^NT\P UVWaNMWTNYmMJ R YNMpTJ]M[a W VLQVNZNMM[a aLTVWfLah EJVa^Y[ KYP O[]W\YNMWP SYNaNMTJOaLTVWf[ L WaNdT OWK
l11 =

√
a11, li1 = ai1/l11, i = 2, n,

lii =
(

aii −
i−1∑

k=1

l2ik

)1/2

, lij =
(

aij −
i−1∑

k=1

likljk

)/

ljj,

i = 2, n, j = 1, i− 1.

�JKW`WRLfWP O[nNUVWONKNMM[k `JVa^Y KYP VNnNMWP O\UJaJ@LTNYmM[kTVN^@JYmM[k \W\TNa UVWaNMWTNYmMJ R STJa^ \Y^]Ld J]NOWKMLh¦YP UJYJZWTNYmMJ JUVNKNYNMMJb aLTVWf[ KLMM[b UVJfN\\ O\N@KLO[UJYMWaq W MWRLRWk UNVN\TLMJOJR \TVJR MN TVNX^NT\Ph
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ÊrFr Gy|yx{�xv} y �wv�uvzy�xv}

H~u�� �vzuy�
c^\Tm A � KNb\TOWTNYmMLP ROLKVLTMLP aLTVWfL W x, y � UVJWQpOJYmM[N ONRTJV[ n paNVMJ@J KNb\TOWTNYmMJ@J UVJ\TVLM\TOLh ñJ\TLOWa\RLYPVMJN UVJWQONKNMWN

(Ax, y) =
n∑

j=1

(Ax)jyj =
n∑

j=1

n∑

k=1

ajkxkyj = (ATy, x) = (x,ATy). ìíîIîïð
�@J MLQ[OLdT û±é±è³ëè¯ë J �̄°¯ë aLTVWf[ A h <LaNTWaq ]TJ aLTVWf^aJZMJ UNVN\TLOYPTm \ UNVOJ@J aN\TL ML OTJVJNq \JJTONT\TONMMJ TVLM\UJpMWV^P NNh j \Y^]LN \WaaNTVW]MJb aLTVWf[ UJ\YNKMPP J@JOJVRL \TLMJpOWT\P WQYWnMNbh

<LUWnNa ONRTJVMJpaLTVW]MJN UVJWQONKNMWN
[ x1 x2 ]

[
a b
b c

] [
x1

x2

]

= ax2
1 + 2bx1x2 + cx2

2.

oXVLTWTN OMWaLMWN ML TJq ]TJ \VNKMWb \JaMJZWTNYm � \WaaNTVW]MLPaLTVWfLh cJY^]NMM^d ´­¬��¬®±²èøK J �̄°ø aJZMJ QLUW\LTm O aLTVW]pMJa OWKN¨
f = xTAx.÷OLKVLTW]MLP `JVaL MLQ[OLNT\P � é̄¯�±®³éêè¯ ¯��³�³é³èè¯ëq N\YWJML UVWMWaLNT TJYmRJ UJYJZWTNYmM[N QML]NMWPq JXVL_LP\m O M^Ym YWnmUVW M^YNOJa ONRTJVN x h j STJa \Y^]LN ^VLOMNMWN f(x1, x2, . . . , xn) = cUVW c > 0 UVNK\TLOYPNT \JXJb ^VLOMNMWN SYYWU\JWKLh o UJYJZWTNYmMJb�JTVWfLTNYmMJb� JUVNKNYNMMJ\TW @JOJVPT W UVWaNMWTNYmMJ R aLTVWfNqUJVJZKLd_Nb ROLKVLTW]M^d `JVa^h�NJXkJKWa[aW W KJ\TLTJ]M[aW ^\YJOWPaW UJYJZWTNYmMJb JUVNKNpYNMMJ\TW aLTVWf[ POYPdT\P �RLZKJN O JTKNYmMJ\TW�¨

• UJYJZWTNYmMJ\Tm O\Nk @YLOM[k aWMJVJO aLTVWf[©
• UJYJZWTNYmMJ\Tm O\Nk ONK^_Wk SYNaNMTJO \kNa[ �L^\\L �XNQ UNVNp\TLMJORW \TVJR�©
• \^_N\TOJOLMWN TLRJb MNO[VJZKNMMJb aLTVWf[ W q ]TJ A = W TW ©
• UJYJZWTNYmMJ\Tm O\Nk \JX\TONMM[k QML]NMWb �\ah MWZN�h
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üMLYJ@W]MJ `JVa^YWV^dT\P RVWTNVWW JTVWfLTNYmMJb JUVNKNYNMMJ\TWW UJYJZWTNYmMJb �JTVWfLTNYmMJb� � é̄ø¯��³�³é³èè¯�®±h �LTVWfL BJTVWfLTNYmMJ JUVNKNYNML TJ@KL W TJYmRJ TJ@KLq RJ@KL UJYJZWTNYmMJ JUVNpKNYNML aLTVWfL A = −B h¦YP UVJWQOJYmMJb ON_N\TONMMJb (m,n) aLTVWf[ A ROLKVLTMLPaLTVWfL B = ATA �B = AAT � \WaaNTVW]ML W UJYJZWTNYmMJ UJY^pJUVNKNYNMLh §Q STWk VLONM\TO \YNK^NT

�NOP
2B = (�NOP2A)2.

�LRWa JXVLQJaq aLTVWfL B JX^\YJOYNML �UJ OTJVJb MJVaN� QML]WTNYmMJk^ZNq ]Na A h�LQJONa YWMNbM^d \W\TNa^
n∑

j=1

aijxj = bi, i = 1, n

è �̄°¬éêè¯ëq N\YW¨
• aLTVWfL RJS``WfWNMTJO {aij} � \WaaNTVW]MLP©
• \JJTONT\TO^d_LP ROLKVLTW]MLP `JVaL UJYJZWTNYmMJ JUVNKNYNMLh

�JVaLYmM[N \W\TNa[ O\TVN]LdT\P O \UJ\JXN MLWaNMmnWk ROLKVLTJOq UVWMLkJZKNMWW MLUVLOYNMWb @YLOM[k J\Nb SYYWU\JWKL W Th Kh

ÊrQr t~RÎzw{xx�{ w{�z~u�
y Î~RÎzw{xx�{ +xv�{xy}

lPK WMZNMNVM[k QLKL] \OJKWT\P R VL\\aJTVNMWd \W\TNa ^VLOMNpMWbq RJTJV[N WaNdT NKWM\TONMMJN VNnNMWN TJYmRJ UVW JUVNKNYNMMJaQML]NMWW ULVLaNTVLq WaNM^NaJa �¯û�®­³èè�° 
è¬²³è±³° \W\TNa[h �LRqUVW KWMLaW]N\RJa LMLYWQN aNkLMW]N\RWk \W\TNa \JX\TONMM[N QML]NMWP\JJTONT\TO^dT \JX\TONMM[a ]L\TJTLa RJYNXLMWbq L \JX\TONMM[N ONRTJpV[ kLVLRTNVWQ^dT aJK[ STWk RJYNXLMWbh cVW VL\]NTN RJM\TV^RfWb \JXp\TONMM[N QML]NMWP UJQOJYPdT JUVNKNYPTm RVWTW]N\RWN MLSV^QRWq UVNO[pnNMWN RJTJV[k UVWOJKWT R UJTNVN ^\TJb]WOJ\TWh <LKL]W ML \JX\TONMM[NQML]NMWP OJQMWRLdT UVW W\\YNKJOLMWW RJYNXLMWb W ^\TJb]WOJ\TW WMJb`WQW]N\RJb W kWaW]N\RJb UVWVJK[q UVW `LRTJVMJa LMLYWQNq L TLRZN RLR\LaJ\TJPTNYmM[N aLTNaLTW]N\RWN UVJXYNa[h
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c^\Tm KLMJ KW``NVNMfWLYmMJN ^VLOMNMWN

du

dt
= Au.

cJYLSLP u = eλtx W O[UJYMWO UJK\TLMJOR^q WaNNa
λeλtx = Aeλtx.oT\dKL UJY^]LNa
Ax = λx,

(A− λI)x = 0 ìíîXîïð� J\MJOM[N ^VLOMNMWP JTMJ\WTNYmMJ \JX\TONMM[k QML]NMWb {λi} W \JXp\TONMM[k ONRTJVJO {xi} h ñJX\TONMM[N ONRTJV[ POYPdT\P SLVaJMWRLaW\W\TNa[ W UVW JT\^T\TOWW \VNKW {λi} RVLTM[k MNQLOW\Wa[ KV^S JT KV^SLh
�VLOMNMWN ø�®¯ë²±­¯q N\YW ON_N\TONMM[N ]L\TW O\Nk {λi} JTVWfLTNYmpM[h §\\YNKJOLMWN ^\TJb]WOJ\TW UVJfN\\JO POYPNT\P OLZMNbnNb \J\TLOpMJb ]L\Tmd TNJVWW LOTJaLTW]N\RJSJ ^UVLOYNMWPq SKN JMJ UVJONVPNT\PqMLUVWaNVq WQON\TM[a RVWTNVWNa lL^\L��^VOWfLhc^\Tm aLTVWfL A WaNNT n YWMNbMJ MNQLOW\Wa[k \JX\TONMM[kONRTJVJOh �\YW OQPTm STW ONRTJV[ O RL]N\TON \TJYXfJO aLTVWf[ S qTJ S−1AS = Λ � KWLSJMLYmMLP aLTVWfLq ML KWLSJMLYW RJTJVJb \TJPT\JX\TONMM[N QML]NMWP aLTVWf[ A h

ñJX\TONMM[N QML]NMWP aLTVWf[ A QLKLdT\P ^VLOMNMWNa
PYZ(A− λI) = 0. ìíîXî#ðeTJT JUVNKNYWTNYm MLQ[OLNT\P $¬�¬´®³�±�®±²³�´±° �ONRJO[a� JUVNKNpYWTNYNa aLTVWf[ A W O VLQONVM^TJa OWKN WaNNT OWK

∣
∣
∣
∣
∣
∣
∣

a11 − λ a12 . . . a1n

a21 a22 − λ . . . a2nh h h h h h h h h h h h h h h h h h h h h h h h h h h h h h
an1 an2 . . . ann − λ

∣
∣
∣
∣
∣
∣
∣

= 0, ìíîXî[ð
WYW

(−λ)n + σ1(−λ)n−1 + σ2(−λ)n−2 + . . .+ σn−1(−λ) + σn = 0. ìíîXî\ð÷JS``WfWNMT σk
kLVLRTNVW\TW]N\RJSJ UJYWMJaL N\Tm \^aaL O\Nk SYLOpM[k aWMJVJO k pSJ UJVPKRL aLTVWf[ A h j ]L\TMJ\TWq σ1

VLONM \^aaNKWLSJMLYmM[k SYNaNMTJO aLTVWfL A q L \OJXJKM[b ]YNM σn
� JUVNKNpYWTNYd aLTVWf[h ÷JVMW STJSJ ^VLOMNMWP JXVLQ^dT ��³´®� \JX\TONMM[kQML]NMWbh
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÷OLKVLTMLP aLTVWfL MLQ[OLNT\P ø�®¯ë²±­¯ëq N\YW NN \UNRTVVL\UJYJZNM O UJY^UYJ\RJ\TW <(λ) < 0 h÷OLKVLTMLP aLTVWfL MLQ[OLNT\P �$¯��^³ë�� q N\YW NN \UNRTV UVWpMLKYNZWT OM^TVNMMJ\TW NKWMW]MJSJ RV^SL |λ| < 1 h j UJ\YNKMNa \Y^]LNWTNVLfWJMM[b UVJfN\\ VNnNMWP \W\TNa[ YWMNbM[k ^VLOMNMWb

xk+1 = Axk + f ìíîXîIð
\kJKWT\P UVW YdXJa ML]LYmMJa UVWXYWZNMWWh�LWXJYmnWb WQ aJK^YNb \JX\TONMM[k QML]NMWb aLTVWf[ A MLQ[OLpNT\P ��³´®�¬éêè�° �¬�±ø�¯° STJb aLTVWf[ W JXJQML]LNT\P ρ(A) h ¦YPO\PRJb ROLKVLTMJb aLTVWf[ A O[UJYMPNT\P \JJTMJnNMWN

ρ(A) ≤ ||A||.cJSTJa^ MNVLONM\TOJ ||A|| < 1 POYPNT\P KJ\TLTJ]M[a ^\YJOWNa \kJKWpaJ\TW ^UJaPM^TJSJ UVJfN\\L ��h@h��hñJX\TONMM[N QML]NMWP UJYJZWTNYmMJ JUVNKNYNMMJb �UJY^JUVNKNpYNMMJb� \WaaNTVW]MJb aLTVWf[ UJYJZWTNYmM[ �MNJTVWfLTNYmM[�h
cVWaNV �hih �LbKNa \JX\TONMM[N QML]NMWP aLTVWf[

A =

[
2 5
4 3

]

.

ñJSYL\MJ ��h@h�� WaNNa ^VLOMNMWN
∣
∣
∣
∣

2 − λ 5
4 3 − λ

∣
∣
∣
∣
= (2 − λ)(3 − λ) − 20 = λ2 − 5λ− 14 = 0.

<ML]WTq λ1 = 7 W λ2 = −2 h
ÏÐ_ÐÑÐ åÖÕØÚÕßÛ ÖÚØ�ÖáÚÔ ÖØ�ÖáÚÛÕÕßà �ÕÔ0ÛÕÙ�
ih ñVNKW \JX\TONMM[k QML]NMWb aJS^T O\TVN]LTm\P RVLTM[Nh eTW\Y^]LW \^_N\TONMMJ aNMPdT W ^\YJZMPdT RLVTWM^ WQ^]LNa[k POYNMWbW O KLMMJb RMWSN MN JX\^ZKLdT\Ph�h �\YW \JX\TONMM[N QML]NMWP aLTVWf[ VLQYW]M[q TJ NN \JX\TONMpM[N ONRTJV[ JVTJSJMLYmM[h ñJOJR^UMJ\Tm n YWMNbMJ MNQLOW\Wa[k ONRTJpVJO {Xi} JXVLQ^NT û¬
±� VL\\aLTVWOLNaJSJ UVJ\TVLM\TOLq TLR ]TJ YdXJb
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ONRTJV Y STJSJ UVJ\TVLM\TOL aJZMJ UVNK\TLOWTm YWMNbMJb RJaXWMLfWNbONRTJVJO XLQW\L¨

Y =
n∑

i=1

aiXi.

�h �\YW KON aLTVWf[ UJKJXM[q TJ Wk \JX\TONMM[N QML]NMWP \JOULpKLdTh j \LaJa KNYNq TLR RLR AX = λX q TJ P−1AX = λP−1X h cJYLSLP
X = PY q WaNNa P−1APY = λY q WYW BY = λY h�h �aMJZLP \JX\TONMM[b ONRTJV ML \RLYPVq OMJOm UJY^]LNa\JX\TONMM[b ONRTJV TJb ZN aLTVWf[h cJSTJa^ JX[]MJ O\N \JX\TONMpM[N ONRTJV[ MJVaWV^dTq VLQKNYWO RLZK[b SYNaNMT YWXJ ML MLWXJYmnWbaJK^Ym SYNaNMTL ONRTJVLq YWXJ ML NSJ SORYWKJO^ MJVa^h�h ñJX\TONMM[N QML]NMWP UVPaJb W JXVLTMJb aLTVWf OQLWaJJXVLTpM[h @h ñ^aaL n \JX\TONMM[k QML]NMWb aLTVWf[ VLOML \^aaN NN KWLSJpMLYmM[k SYNaNMTJO �\YNK^�hgh �JK^Ym YdXJSJ \JX\TONMMJSJ QML]NMWP aLTVWf[ MN XJYmnN YdXJbNN MJVa[h�h ñJX\TONMM[N QML]NMWP ROLKVLTL aLTVWf[ VLOM[ ROLKVLTLa\JX\TONMM[k QML]NMWb W\kJKMJbh

�LTVWf[ O[\JRJb VLQaNVMJ\TW RVJaN \JX\TONMM[k WaNdT¤UJ]TW \JX\TONMM[N¥ QML]NMWPq \^_N\TONMMJ OYWPd_WN ML \kJKWaJ\TmWTNVLfWb �iAq �h �gA�h
<L`WR\WV^Na \OJb\TOL �¯û�®­³èè�$ �¬� a]W\YJq ONRTJVb¨

• �\YW KYP aLTVWf[ A UJY^]NML \JX\TONMMLP ULVL {λ, x} W α �MNM^YNOJN ]W\YJq TJ {λ, αx} � TJZN \JX\TONMMLP ULVL KYP A h
• �\YW KYP aLTVWf[ A − pI UJY^]NML \JX\TONMMLP ULVL {µ, x} q TJ
{λ = µ+ p, x} � \JX\TONMMLP ULVL KYP A h

• �\YW KYP aLTVWf[ A UJY^]NML \JX\TONMMLP ULVL {λ, x} q TJ {1/λ, x}N\Tm \JX\TONMMLP ULVL KYP A−1 h
• ñJX\TONMM[aW ]W\YLaW KWLSJMLYmM[k W TVN^SJYmM[k aLTVWf POYPpdT\P Wk KWLSJMLYmM[N SYNaNMT[h
• oTMJnNMWN lNYNP

R(x) = (Ax, x)/(x, x)O \Y^]LNq RJSKL x � \JX\TONMM[b ONRTJV aLTVWf[ A q POYPNT\P NN\JX\TONMM[a ]W\YJah
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ÏÐ_ÐäÐ dØ�ÖáÚÛÕÕßÛ �ÕÔ0ÛÕÙ� ÝÔáÓÙâ Ö×ÛâÙÔÞçÕØæØ ÚÙ�Ô
dÙÝÝÛáÓÙ0ÕßÛ ÝÔáÓÙâß WaNdT VPK \OJb\TO \JX\TONMM[kQML]NMWbq ON\maL UJYNQM[k KYP O[]W\YNMWb¨

• j\N \JX\TONMM[N QML]NMWP \WaaNTVW]MJb aLTVWf[ KNb\TOWTNYmM[h
• �\YW \JX\TONMM[N QML]NMWP aLTVWf[ VLQYW]M[q TJ \JJTONT\TO^d_WNWa \JX\TONMM[N ONRTJV[ JVTJSJMLYmM[ W JXVLQ^dT XLQW\ VL\\aLTpVWOLNaJSJ UVJ\TVLM\TOLh ñYNKJOLTNYmMJq YdXJb ONRTJV O KLMMJaUVJ\TVLM\TON aJZMJ O[VLQWTm ]NVNQ \JX\TONMM[N ONRTJV[ MLnNbaLTVWf[h
• j\PR^d \WaaNTVW]M^d aLTVWf^ \ UJaJ_md UVNJXVLQJOLMWP UJKJXWPaJZMJ UVWON\TW R KWLSJMLYmMJa^ OWK^h
• ÷LZKJa^ \JX\TONMMJa^ QML]NMWd \JJTONT\TO^NT \TJYmRJ YWMNbMJMNQLOW\Wa[k \JX\TONMM[k ONRTJVJOq RLRJOL RVLTMJ\Tm \JX\TONMMJSJQML]NMWPh
• �LTVWfL UJYJZWTNYmMJ JUVNKNYNML TJSKL W TJYmRJ TJSKLq RJSKL O\N\JX\TONMM[N QML]NMWP NN UJYJZWTNYmM[h
• ñUNRTVLYmMLP MJVaL aLTVWf[ VLOML aLR\WaLYmMJa^ WQ aJK^YNb\JX\TONMM[k QML]NMWbh
• �\YW aLTVWf[ A,B UNVN\TLMJOJ]M[q Th Nh AB = BA q TJ JMW WaNdTJX_^d \W\TNa^ \JX\TONMM[k ONRTJVJOh
• cVW TJa ZN ^\YJOWW \JX\TONMM[N QML]NMWP UVJWQONKNMWP VLOM[UVJWQONKNMWd \JJTONT\TO^d_Wk JKMJa^ W TJa^ ZN \JX\TONMMJa^ONRTJV^ \JX\TONMM[k QML]NMWb \JaMJZWTNYNbh

¦YP SVaWTJOJb aLTVWf[ O\N �JX\TONMM[N QML]NMWP ON_N\TONMpM[q KYP RJ\JSVaWTJOJb � ]W\TJ aMWa[q KYP ^MWTLVMJb MLkJKPT\P MLNKWMW]MJb JRV^ZMJ\TW O RJaUYNR\MJb UYJ\RJ\TWh ¦YP O\Nk STWk aLTVWfWk \JX\TONMM[N ONRTJV[ JVTJSJMLYmM[ W aJS^T X[Tm O[XVLM[ JVTJMJVpaWVJOLMM[aWh
ÏÐ_Ð�Ð å Úß0ÙÖÞÛÕÙÙ ÖØ�ÖáÚÛÕÕßà �ÕÔ0ÛÕÙ�
�NUJ\VNK\TONMMJN VLQONVT[OLMWN ONRJOJSJ JUVNKNYWTNYP ]VNQO[p]LbMJ TV^KJNaRJq W KYP NSJ O[UJYMNMWP W\UJYmQ^dT\P \UNfWLYmM[N aNpTJK[ �üh �h ÷V[YJOLq üh �h ¦LMWYNO\RJSJq ªNONVVmN W KVh�h j ���q �h ��i�
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UVJOJKWT\P \VLOMNMWN TV^KJNaRJ\TW STWk aNTJKJOh jTJVJb ]L\Tmd QLKLp]W POYPNT\P O[]W\YNMWN RJVMNb UJY^]LNaJSJ UVW STJa aMJSJ]YNML n pb\TNUNMWh j \OPQW \ STWa UVPaJb UJKkJK R VNnNMWd LYSNXVLW]N\RJb UVJpXYNa[ \JX\TONMM[k QML]NMWb JX[]MJ UVWaNMPdT UVW n = 2, 3 © ^ZN KYP
n ≥ 4 ML UNVO[b UYLM O[kJKPT \UNfWLYmM[N ]W\YNMM[N aNTJK[hj[XJV MLWXJYNN S``NRTWOMJSJ aNTJKL JUVNKNYNMWP \JX\TONMM[kQML]NMWb WYW \JX\TONMM[k ONRTJVJO QLOW\WT JT TWUL ^VLOMNMWbq ]W\YL W\pRJa[k \JX\TONMM[k QML]NMWb W Wk kLVLRTNVLh �\YW aLTVWfL TVN^SJYmMLPqTJ NN \JX\TONMM[N QML]NMWP \JOULKLdT \ KWLSJMLYmM[aW SYNaNMTLaWhc^Tm R MLkJZKNMWd \JX\TONMM[k QML]NMWb � UVNJXVLQJOLMWN aLTVWf[ RTVN^SJYmMJa^ WYW KWLSJMLYmMJa^ OWK^hüYSJVWTa[ QLKL] ML \JX\TONMM[N QML]NMWP KNYPT\P ML KON SV^UU[h§TNVLfWJMM[N aNTJK[ kJVJnJ UVW\UJ\JXYNM[ KYP MLkJZKNMWP MLWXJYmpnNSJ W MLWaNMmnNSJ \JX\TONMM[k QML]NMWbh �NTJK[ UVNJXVLQJOLMWb UJpKJXWP \YJZMNNq MJ QLTJ UJQOJYPdT JUVNKNYWTm O\N \JX\TONMM[N QML]NMWPW \JX\TONMM[N ONRTJV[h

Êrer fvÎzy�xv} Ìu~R|{�v
Î~RÎzw{xx�� +xv�{xy�

ÏÐgÐÑÐ "ØÖáÔÕØÚÜÔ �Ô�Ô0Ù
j VPKN \Y^]LNO TVNX^NT\P MLbTW YWnm aLR\WaLYmMJN WYW aWMWaLYmpMJN UJ aJK^Yd \JX\TONMMJN QML]NMWN aLTVWf[h j aNTJKN ONVkMNb \ONVkpVNYLR\LfWW �\ah VLQKh ghhh�� KYP O[]W\YNMWP WTNVLfWJMMJSJ ULVLaNTVLMNJXkJKWaJ QMLTm aLR\WaLYmMJN \JX\TONMMJN QML]NMWN WTNVWV^NaJb aLTpVWf[h j ¤RJYNXLTNYmM[k¥ QLKL]Lk UVLRTW]N\RWb WMTNVN\ UVNK\TLOYPdTMN\RJYmRJ UNVO[k �O UJVPKRN ^X[OLMWP aJK^YNb� \JX\TONMM[k QML]NMWbqUVW]Na aNMmnWN WQ MWk KJ\TLTJ]MJ JUVNKNYWTm \ aNMmnNb TJ]MJ\Tmdh�_N JKML QLKL]L � JT[\RLMWN \JX\TONMMJSJ QML]NMWP aLTVWf[qXYWZLbnNSJ R QLKLMMJa^ ]W\Y^ λ0 q WYW VL\\TJPMWP JT λ0 KJ \UNRTVLaLTVWf[ �RJSKL VL\\aLTVWOLNT\P POYNMWN VNQJMLM\L�hj TLRWk \Y^]LPk UVNKUJ]TWTNYmM[ aNMNN TV^KJNaRWN ]L\TM[N aNpTJK[h lNnNMWN O\Nk ]L\TW]M[k OLVWLMTJO UVJXYNa[ \JX\TONMM[k QML]NpMWb JX[]MJ \OJKPT R JT[\RLMWd aLR\WaLYmMJSJ UJ aJK^Yd \JX\TONMMJSJQML]NMWP aLTVWf[ B = g(A) q TLRJbq ]TJ STJ \JX\TONMMJN QML]NMWN \JJTpONT\TO^NT VLQ[\RWOLNaJa^ \JX\TONMMJa^ QML]NMWd aLTVWf[ A h



ó��� iT��W�VT( õ£�¢`]�T ��¢��U]VV�9 öVT�]VW  c::
ÏÐgÐäÐ dáÛ×ÛÕÕØ� ÝÛáØ�
c^\Tm \JX\TONMM[N QML]NMWP aLTVWf[ \ ^]NTJa Wk RVLTMJ\TW VL\pUJYJZNM[ O UJVPKRN

|λ1| > |λ2| ≥ . . . ≥ |λn−1| ≥ |λn|.
<LKLKWa UVJWQOJYmMJN ML]LYmMJN UVWXYWZNMWN y0

R \JX\TONMMJpa^ ONRTJV^ vn
W QML]NMWN ε > 0 q ^UVLOYPd_NN JRJM]LMWNa UVJfN\\Lhc^\Tm QL XLQW\ n paNVMJSJ UVJ\TVLM\TOL UVWMPTL \W\TNaL \JX\TONMM[kONRTJVJO {vj}, j = 1, n h �JSKL UVJWQOJYmM[b ONRTJV y aJZNT X[TmVLQYJZNM UJ \JX\TONMM[a ONRTJVLa¨

y(0) = c1v
(0)
1 + c2v

(0)
2 + . . .+ cnv

(0)
n .cJ\RJYmR^ \JX\TONMM[b ONRTJV JUVNKNYPNT\P \ TJ]MJ\Tmd KJ UJ\TJPMMJpSJ \JaMJZWTNYPq ^\YJOWN MJVaWVJORW UJRL UVWMWaLTm OJ OMWaLMWN MNX^KNah§Q UJ\YNKJOLTNYmM[k WTNVLfWb UJY^]LNa ONRTJV[

y(1) = Ay(0) = c1λ1v
(0)
1 + c2λ2v

(0)
2 + . . .+ cnλnv

(0)
n ,

y(2) = Ay(1) = c1λ
2
1v

(1)
1 + c2λ

2
2v

(1)
2 + . . .+ cnλ

2
nv

(1)
n ,h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h

y(k) = Ay(k−1) = c1λ
k
1v

(k−1)
1 + c2λ

k
2v

(k−1)
2 + . . .+ cnλ

k
nv

(k−1)
n

= λk1

[

c1v
(k−1)
1 + c2

(
λ2

λ1

)k

v
(k−1)
2 + . . .+ cn

(
λn

λ1

)k

v(k−1)
n

]

.§Q UJ\YNKMNb \TVJRW \YNK^NTq ]TJ
y(k) = c1λ

k
1

[

v1 +
c2
c1

(
λ2

λ1

)k

v2 + . . .+
cn
c1

(
λn
λ1

)k

vn

]

.

cVW \KNYLMM[k KJU^_NMWPk W ^ONYW]NMWW k O ROLKVLTM[k \RJXRLk X^KNTKJaWMWVJOLTm UNVOJN \YLSLNaJNq Th Nh ONRTJV y(k)
X^KNT �¯ è¬��¬­é³è±K\TVNaWTm\P R \JX\TONMMJa^ ONRTJV^ x1

hcJ\TVJNMM[b ML STWk O[RYLKRLk �®³�³èè¯ë °³®¯� \J\TJWT O \YNpK^d_Na¨ih �NVNT\P UVJWQOJYmM[b ML]LYmM[b ONRTJVh
�h cVJ\T[aW WTNVLfWPaW UJ `JVa^YN y(k) = Ay(k−1) \TVJWT\PUJ\YNKJOLTNYmMJ\Tm ONRTJVJO y(k) h oKMJOVNaNMMJ O[]W\YPdT\P JTpMJnNMWP JKMJWaNMM[k RJaUJMNMT VNQ^YmTLTJO \aNZM[k WTNVLfWb�JTMJnNMWP \ J]NMm aLY[aW KNYWTNYPaW WSMJVWV^dT\P�h
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�h ñTLXWYWQLfWP UJ MJaNV^ WTNVLfWW ^UJaPM^T[k JTMJnNMWb \ UVWpNaYNaJb TJ]MJ\Tmd ^RLQ[OLNTq ]TJ MLbKNMMJN JTMJnNMWN N\Tm MLWpXJYmnNN UJ aJK^Yd \JX\TONMMJN QML]NMWN aLTVWf[q L UJ\YNKMPPWTNVLfWP UVJXMJSJ ONRTJVL N\Tm \JJTONT\TO^d_Wb Na^ \JX\TONMM[bONRTJVh

j UVJfN\\N WTNVLfWb UJY^]LNa[b ONRTJV MJVaWV^NT\P \OJNb aLR\WaLYmpMJb RJaUJMNMTJbh
ñRJVJ\Tm \kJKWaJ\TW aNTJKL YWMNbML �RLR ^ SNJaNTVW]N\RJb UVJpSVN\\WW� W JUVNKNYPNT\P JTMJnNMWNa q = |λ1/λ2| h �\YW \kJKWaJ\Tm\YWnRJa aNKYNMMLq STJ \OWKNTNYm\TO^NT J XYWQRWk UJ aJK^Yd RJVMPkqLYmTNVMWV^d_Wb QMLR � J ULVN RJaUYNR\M[k QML]NMWbh
�X[\TVNMWN KJ\TWSLNT\P ^\RJVNMM[a OJQONKNMWNa aLTVWf[ O \TNpUNMm �̂ ZN JX\^ZKLOnWa\P UJOTJVM[a ROLKVWVJOLMWNa� \ MJVaWVJOLMWpNa UVJXMJSJ ONRTJVL UJ\YN RLZKJSJ \RL]RLh �JYNN UJU^YPVM[b \UJ\JX �

∆2 pUVJfN\\ ebTRNMLh ñ]WTLNT\Pq ]TJ N\YW λ(k−1), λ(k), λ(k+1) POYPdT\PUJ\YNKJOLTNYmM[aW UVWXYWZNMWPaW R \JX\TONMMJa^ ]W\Y^q UJY^]NMMJa^\TNUNMM[a aNTJKJaq TJ ]W\YJ
λ̃ = λ(k−1) − (λ(k) − λ(k−1))2

λ(k+1) − 2λ(k) + λ(k−1)XYWZN R UVNKNY^ STJb UJ\YNKJOLTNYmMJ\TWq ]Na RLZKJN WQ MWkh eTJT `LRTaJZNT X[Tm W\UJYmQJOLM O VNLYmM[k LYSJVWTaLk YWXJ ]NVNQ MN\RJYmRJnLSJO �]NVNQ KOL ML TVNTWb�q YWXJ ML QLONVnLd_Na STLUN O[]W\YNMWbh¦YP W\RJaJSJ �¯û�®­³èè¯µ¯ ­³´® �̄¬ TLRJN ^\RJVNMWN aJZNT UVJWQOJpKWTm\P UJRJJVKWMLTMJh¦YP JT[\RLMWP è¬±°³èêj³µ¯ \JX\TONMMJSJ QML]NMWP UVWaNMPNT\P¯û�¬®è�ë \TNUNMMJb aNTJKh j MNa W\kJKM^d \W\TNa^ ^aMJZLdT ML A−1 ¨
A−1AX = λA−1X.lLQKNYWO JXN ]L\TW NSJ ML λ q UJY^]LNa
λ−1X = A−1X.

<KN\m \JX\TONMMJN QML]NMWN 1/λ \OPQ[OLNT\P \ aLTVWfNb A−1 q UVW]NaMLWaNMmnNa^ λ \JJTONT\TO^NT MLWXJYmnNN 1/λ hj JXVLTMJa \TNUNMMJa aNTJKN �¯ ��­±µ¯° QLaNMPdT A ML A−αI h
�JSKL O\N {λi} \KOWSLdT\P ML T^ ZN ONYW]WM^ α q W \RJVJ\Tm \kJKWaJ\TWKYP JXVLTMJSJ \TNUNMMJSJ aNTJKL JUVNKNYPNT\P JTMJnNMWNa

r = |(λn − α)/(λn−1 − α)|.



ó�ó� k�`VT( õ£�¢`]�T ��¢��U]VV�9 öVT�]VW  c:I
�\YW α � kJVJnLP LUUVJR\WaLfWP λn q TJ \kJKWaJ\Tm \TLMNT J]NMm X[\TpVJbh §MJSKL O RL]N\TON TLRJb aLTVWf[ g(A) aJZNT W\UJYmQJOLTm\P aLTpVWfL (A−λ0I)−1 h cVW STJa (A−λ0I)−1 MN O[UW\[OLNT\P POMJa OWKNq LMNJXkJKWa[N UJ kJK^ O[]W\YNMWb ONRTJV[ (A− λ0I)−1y MLkJKPTq VNnLP\W\TNa^ ^VLOMNMWb (A− λ0I)x = y hj \WaaNTVW]MJa \Y^]LN UVW JT\^T\TOWW λ1

UJYmQ^dT\P JTMJnNMWpNa lNYNP
αk = (uTkAuk)/(u

T
k uk).

ÏÐgÐ�Ð lÞ20mÛÕÙÛ ÖàØ�ÙÝØÖáÙ ×ÓØÖáßà ÙáÛÓÔâÙ�
<MLMWN MLWXJYmnNSJ \JX\TONMMJSJ QML]NMWP aLTVWf[ UJQOJYPNT^\RJVWTm \kJKWaJ\Tm UVJ\T[k WTNVLfWbh ªh üh ªd\TNVMWR UVNKYJZWY\]WTLTm

x ≈ x(m) +
λ1

1 − λ1

(x(m) − x(m−1)).

<KN\m λ1
� MLWXJYmnNN UJ aJK^Yd \JX\TONMMJN QML]NMWN aLTVWf[ A�UVW ^\YJOWWq ]TJ JMJ NKWM\TONMMJN�h cVWXYWZNMMJb JfNMRJb UJ\YNKMNSJ\Y^ZWT

λ1 ≈
(x(m) − x(m−1))2

(x(m−1) − x(m−2))2

�O ]W\YWTNYN W QMLaNMLTNYN � ROLKVLT[KYWM UJ\YNKJOLTNYmM[k ONRTJVJOpUJUVLOJR�h

ÊrÊr n~|xv} Ìu~R|{�v Î~RÎzw{xx�� +xv�{xy�

�NTJK[ VNnNMWP UJYMJb UVJXYNa[ \JX\TONMM[k QML]NMWb \^_Np\TONMMJ W\UJYmQ^dT UJMPTWN �¯�¯û±� °¬®�±ùh ¦ON aLTVWf[ A W B qJUW\[OLd_WN O VLQYW]M[k XLQW\Lk JKMJ W TJ ZN YWMNbMJN UVNJXVLQJOLpMWNq MLQ[OLdT\P UJKJXM[aW¨ A ∝ B h cJKJXWN O\NSKL OQLWaMJhc^\Tm JKMJ W TJ ZN YWMNbMJN UVNJXVLQJOLMWN QLUW\LMJ O KO^kVLQYW]M[k XLQW\Lk¨
y = Ax,

η = Bξ.
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oXJQML]Wa ]NVNQ S MNO[VJZKNMM^d aLTVWf^ UNVNkJKL JT OTJVJb \W\TNpa[ R UNVOJbq Th Nh

x = Sξ, y = Sη.

�JSKL UNVOJN UVNJXVLQJOLMWN aJZMJ QLUW\LTm RLR
Sη = ASξ.

�aMJZWO ST^ QLUW\m \YNOL ML S−1 q UJY^]LNa
η = S−1ASξ.

ñVLOMWOLP VNQ^YmTLT \J OTJV[a OLVWLMTJa UVNJXVLQJOLMWPq ^XNZKLNa\Pq]TJ
B = S−1AS.oJJTONT\TONMMJq
A = SBS−1. ìíîíîïð�JZMJ KJRLQLTmq ]TJ UJKJXM[N aLTVWf[ WaNdT JKWMLRJO[N kLVLRpTNVW\TW]N\RWN UJYWMJa[ Wq \YNKJOLTNYmMJq JKWMLRJO[N MLXJV[ \JX\TONMpM[k QML]NMWbh eTJ UJQOJYPNT MLkJKWTm \JX\TONMM[N ]W\YL aLTVWf[qQLaNMWO UJ\YNKMdd ML UJKJXM^d Nbq MJ TLRJSJ OWKLq UVW RJTJVJa STLQLKL]L VNnLNT\P YNSRJh �L STJb WKNN J\MJOLM ^ZN ^UJaWMLOnWb\P aNpTJK ¦LMWYNO\RJSJh j ]L\TMJ\TWq O\PR^d KNb\TOWTNYmM^d \WaaNTVW]M^daLTVWf^ UVW UJaJ_W UVNJXVLQJOLMWP UJKJXWP aJZMJ UVWON\TW R KWLSJpMLYmMJa^ OWK^h �LUJaMWaq ]TJ \JX\TONMM[aW QML]NMWPaW KWLSJMLYmMJbaLTVWf[ POYPdT\P SYNaNMT[ KWLSJMLYWhpqrsqtu vwxw ñJX\TONMM[N ONRTJV[ KNb\TOWTNYmMJb \WaaNTVW]pMJb aLTVWf[q \JJTONT\TO^d_WN VLQYW]M[a \JX\TONMM[a QML]NMWPaqJVTJSJMLYmM[ aNZK^ \JXJbhyrzu{u|q}~�|�rw c^\Tm KLML KNb\TOWTNYmMLP \WaaNTVW]MLP aLTpVWfL A W KOL \�X\TONMM[k ONRT�VL NN x(1) W x(2) q \��TONT\TO^d_Wk\�X\TONMM[a ]W\YLa λ1

W λ2
�λ1 6= λ2 �h c� �UVNKNYNMWd \�X\TONMM[kONRT�V�O

Ax(1) = λ1x
(1),

Ax(2) = λ2x
(2). ìíîíî#ð

<LUWnNa \RLYPVM�N UV�WQONKNMWN
(Ax(1), x(2)) = (x(1), Ax(2))
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�MLU�aMWaq ]T� aLTVW]M[b aM�ZWTNYm O \RLYPVM�a UV�WQONKNMWW a�ZM�UNVN\TLOYPTmq QLaNMPP NS� TVLM\U�MWV�OLMM[a�h j \WY^ VLONM\TOL ��h�h��U�Y^]LNa

(λ1x
(1), x(2)) = (x(1), λ2x

(2))WYW
λ1(x

(1), x(2)) = λ2(x
(1), x(2)).�LRWa �XVLQ�aq (λ1 − λ2)(x

(1), x(2)) = 0 h ñ ^]NT�a ^\Y�OWP TN�VNa[ ST�VLONM\TO� O�Qa�ZM� YWnm UVW �VT�S�MLYmM�\TW x(1) W x(2) h
Nñ^_N\TO^NT VPK �TVLX�TLMM[k LYS�VWTa�O VNnNMWP U�YM�b UV�XYNpa[ \�X\TONMM[k QML]NMWbh j �iiAq \h @��@h� UVWONKNML \O�KMLP TLXYWfL\ VNR�aNMKLfWPaW U� O[X�V^ \U�\�X�O VL\]NTL \�X\TONMM[k QML]NMWbh�LWX�YNN \�ONVnNMM[N WQ MWk �\M�OLM[ ML VLQYW]M[k a�KW`WRLfWPk

QR pLYS�VWTaL �iA�h <KN\mq ML]WMLP \ A0 = A q \TV�PT KYP k = 1, 2, . . .U�\YNK�OLTNYmM�\Tm aLTVWf {Ak} U� `�Va^YLa
Ak = QkRk, Ak+1 = RkQk.cNVOLP WQ MWk �QML]LNT VLQY�ZNMWN aLTVWf[ Ak

O UV�WQONKNMWN �VT�pS�MLYmM�b Qk
W UVLO�b TVN^S�YmM�b Rk

�TLR�N VLQY�ZNMWN \^_N\TO^NTKYP YdX�b ROLKVLTM�b aLTVWf[�q L OT�VLP � UNVNaM�ZNMWN U�Y^]NMM[kO VNQ^YmTLTN `LRT�VWQLfWW Ak
aLTVWf Qk

W Rk
O �XVLTM�a U�VPKRNhcVW �UVNKNYNMM[k �SVLMW]NMWPkq �KM� WQ R�T�V[k � �T\^T\TOWN ^aLTVWf[ A VLOM[k U� a�K^Yd \�X\TONMM[k QML]NMWbq SNMNVWV^NaLP U�p\YNK�OLTNYmM�\Tm aLTVWf {Ak} \k�KWT\P R aLTVWfN UVLO�b TVN^S�YmM�b`�Va[ \ KWLS�MLYmd WQ \�X\TONMM[k ]W\NYh¦YP O[]W\YNMWP O\Nk \�X\TONMM[k QML]NMWb W UVWMLKYNZL_Wk Wa\�X\TONMM[k ONRT�V�O \WaaNTVW]M�b aLTVWf[ fNYN\��XVLQM� W\U�YmQ�pOLTm aNT�K .R�XWh �LU�aMWaq ]T� O\PRLP \WaaNTVW]MLP aLTVWfL A n pS�U�VPKRL a�ZNT X[Tm UVNK\TLOYNML O OWKN

A = QTΛQ, ìíîíî[ð
SKN Q � �VT�S�MLYmMLP aLTVWfLq Λ � KWLS�MLYmMLP \ SYNaNMTLaW
λ1, λ2, . . . , λn

���X\TONMM[aW QML]NMWPaW aLTVWf[ A �h
§Q O[nNWQY�pZNMM�S� \YNK^NTq ]T�

AQT = QTΛ, QAQT = Λ.

�LRWa �XVLQ�aq i pP \TV�RL aLTVWf[ Q POYPNT\P \�X\TONMM[a ONRT�V�aq\��TONT\TO^d_Wa \�X\TONMM�a^ ]W\Y^ λi
q W UVN�XVLQ�OLMWN U�K�XWPUNVNO�KWT aLTVWf^ A O KWLS�MLYmM^d Λ hj aNT�KN .R�XW W\U�YmQ^NT\P fNU�]RL UVN�XVLQ�OLMWb OVL_NMWPh
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Êr�r tyx��|}ux�{ �yÎ|v

y Îyx��|}ux~{ uv+|~,{xy{
üVW`aNTW]N\RWN ROLKVLTM[N R�VMW WQ U�Y�ZWTNYmM[k \�X\TONMpM[k QML]NMWb aLTVWf[ AAT �ATA � MLQ[OLdT �±èµøé��è�°± ²±�é¬°±aLTVWf[ A h ñUNRTVLYmMLP M�VaL ||A||2 VLOML s1

� MLWX�YmnNa^ WQ NN\WMS^YPVM[k ]W\NYh �W\Y� �X^\Y�OYNMM�\TW U� OT�V�b M�VaN
�NOP

2A = s1(A)/sn(A).
�LWaNMmnNN \WMS^YPVM�N ]W\Y� sn VLOM� VL\\T�PMWd O T�b ZN M�VpaN �T aLTVWf[ A K� XYWZLbnNb O[V�ZKNMM�b aLTVWf[ ��gq �h �@i�h �S��fNMRL \]WTLNT\P MLWX�YNN MLKNZM[a �M� ON\maL TV^K�NaRWa� aNT�K�aUV�ONVRW MNO[V�ZKNMM�\TW aLTVWf[h ñWMS^YPVM�N VLQY�ZNMWN aLTVWfPOYPNT\P ON\maL S``NRTWOM[a aNT�K�a \ZLTWP WQ�XVLZNMWb ��gq �h �@���@g�h

Êrs�r *vzuy�x�{ u}��
c�YmQ^P\m U�MPTWNa UVNKNYL aLTVWf[q a�ZM� OON\TW O VL\\a�TVNpMWN aLTVW]M[N \TNUNMM[N VPK[

∞∑

k=1

AkX
k = lim

N→∞

N∑

k=1

AkX
k, ìíîï�îïð

SKN X � ROLKVLTMLP aLTVWfL U�VPKRL (n, n) W {Ak} � aLTVWf[ �KM�S�W T�S� ZN TWUL \ n �T�YXfLaWh �[ VL\\aLTVWOLNa UVLO[b \TNUNMM�b VPKqM� LMLY�SW]M� a�ZM� �UVNKNYWTm W YNO[bh�\YW UVNKNY ��hiAhi� \^_N\TO^NTq T� aLTVW]M[b VPK MLQ[OLNT\P \k�pKP_Wa\Pq L U�Y^]NMMLP O UVNKNYN aLTVWfL \]WTLNT\P \^aa�b ST�S� VPKLh¦YP \k�KWa�\TW K�\TLT�]M� U�TVNX�OLTmq ]T�X[ KYP ^U�aPM^T[k aLTVWfRLRLPpYWX� WQ RLM�MW]N\RWk M�Va X[YL aNMmnN NKWMWf[h�LWX�YmnWb WMTNVN\ UVNK\TLOYPNT aLTVW]M�pSN�aNTVW]N\RLPUV�SVN\\WPq \^aaL R�T�V�b UVW ||X|| < 1 VLOML
∞∑

k=0

AXk = A(I −X)−1. ìíîï�î#ð



ó���� &T�£W�V�] �£TUV]VW( �õ]�WT`�V�¡� UW�T cB�
�\ah ���q �h ��A��h oML YNSR� O[O�KWT\P U� LMLY�SWW \� \RLYPVM[a \Y^p]LNah eTL `�Va^YL nWV�R� W\U�YmQ^NT\P O TN�VWW KW\RVNTM[k fNUNb�LVR�OL W TN�VWW �]NVNKNbh

Êrssr *vzuy�x�{ �uvwx{xy} ÎÌ{�yv|Íx~�~ wy�v
ÏÐÑÑÐÑÐ ÒÙ×ß 2ÓÔÚÕÛÕÙ�
j UVWY�ZNMWPk �TN�VWW LOT�aLTW]N\R�S� ^UVLOYNMWP� ]L\T� O\TVNp]LdT\P ^VLOMNMWP ñWYmON\TVL¨ MNUVNV[OM�N AX+XB = C W KW\RVNTM�N

AXG−X = C h jLZM[a ]L\TM[a \Y^]LNa POYPNT\P MNUVNV[OM�N ^VLOpMNMWN ªPU^M�OL¨ AX +XAT = C h pqrsqtu vw� �ªPU^M�OL� ^TONVZKLNT¨N\YW A � ON_N\TONMMLP ROLKVLTMLP aLTVWfLq C � TLRZN ON_N\TONMMLPq\WaaNTVW]MLP W U�Y�ZWTNYmM� �UVNKNYNMMLPq W ^VLOMNMWN
ATX +XA = −C ìíîïïîïð

WaNNT U�Y�ZWTNYmM� �UVNKNYNMM�N VNnNMWN X q T� aLTVWfL A ø�®¯ë	²±­¬q Th Nh O\N NN \�X\TONMM[N QML]NMWP {λi} ^K�OYNTO�VPdT ^\Y�OWd
<(λ) < 0 h

�VLOMNMWP ^RLQLMM[k TWU�O MN UVWO�KPT\P R \TLMKLVTM[a YWMNbpM[a \W\TNaLa OWKL �ghghi�h �Na X�YNN ST� �TM�\WT\P R ROLKVLTW]M[a^VLOMNMWPa
AX +XB +XFX + C = 0, ìíîïïî#ðORYd]Ld_Wa O \NXP MNUVNV[OM�N ^VLOMNMWN lWRRLTWq W U�YWM�aWLYmM[a^VLOMNMWPa

A0X
n + A1X

n−1 + . . .+ An−1X + An = 0. ìíîïïî[ð
j�Qa�ZM[N U�Kk�K[ R Wk VNnNMWd �X\^ZKLdT\P O ��i�h oX_Nb ]NVpT�b VNnNMWP aLTVW]M[k ^VLOMNMWb UNVN]W\YNMM[k OWK�O W V�K\TONMM[kWa POYPNT\P \�\TLOYNMWN W ]L\TW]M�N VNnNMWN O\U�a�SLTNYmM�b UV�XYNpa[ \�X\TONMM[k QML]NMWb � �X[]M�b WYW �X�X_NMM�bh §Q U�Y^]NMM�b\UNRTVLYmM�b WM`�VaLfWW R�M\TV^WV^NT\P VNnNMWN W\k�KM�S� ^VLOMNMWPh�NT�K[ VNnNMWP aLTVW]M�S� ^VLOMNMWP ªPU^M�OL �\M�OLM[ MLUVWONKNMWW aLTVWf[ A R TLR MLQ[OLNa�b J �̄°³ �ø�¬ � XY�]M�pTVN^S�YmM�b \ KWLS�MLYmM[aW XY�RLaW UNVO�S� W OT�V�S� U�VPKRLq WQR�T�V�b �UVNKNYPdT\P \�X\TONMM[N QML]NMWP A h
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¦W\RVNTM�N ^VLOMNMWN ªPU^M�OL AXAT − X = C \O�KWT\P R\W\TNaLa WQ mn YWMNbM[k ^VLOMNMWbq R�T�V[N O aLTVW]M�b `�VaNQLUW\[OLdT\P ]NVNQ UVPa[N �RV�MNRNV�O[� UV�WQONKNMWP aLTVWfh�NT�K[ \�\T�PT WQ ]NT[VNk STLU�O¨ UVWONKNMWN aLTVWf R \UNfWLYmM[a`�VaLa ��VT�S�MLYmM�pTVN^S�YmM[a�© UVN�XVLQ�OLMWN UVLO�b]L\TW© VNnNMWN UVN�XVLQ�OLMM�S� ^VLOMNMWP© �XVLTMLP QLaNML UNVNaNMpM[kh
ÏÐÑÑÐäÐ "ÓÙÝÛÓ ÕÔ ÜÚÔ�ÓÔáÕØÛ 2ÓÔÚÕÛÕÙÛ
cVLRTW]N\RW NKWM\TONMM[a S``NRTWOM[a aNT�K�a VL\]NTL aM�pS�RLMLYmM[k \W\TNa �X\Y^ZWOLMWP \ �TYW]M[aW �T SR\U�MNMfWLYmM�S�OVNaNMM �[aW VL\UVNKNYNMWPaW POYPNT\P aNT�K `WRTWOM[k `LQh �L KWLpSVLaaN UNVNk�K�O KYP M/E3/2

�VW\h�hi� \�\T�PMWN \W\TNa[ WKNMTW`WpfWV^NT\P U�YM[a R�YW]N\TO�a QLPO�R O MNb �M�aNV PV^\L� W VL\UVNKNpYNMWNa UV�k�KP_Wk �X\Y^ZWOLMWN QLPO�R U� NS� `LQLa �¤RYd]¥ \��TpONT\TO^d_NS� aWRV�\�\T�PMWP�h <KN\m \^aaL QML]NMWb U�QWfWb RYd]LVLOML ]W\Y^ QLKNb\TO�OLMM[k RLMLY�O �X\Y^ZWOLMWPh

���� ���� �������� � ������� M/E3/2
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¦YP VL\]NTL U�K�XM[k `WRTWOM[k `LQ a�ZM� W\U�YmQ�OLTm aNT�KaLTVW]M�pSN�aNTVW]N\R�b UV�SVN\\WWh <KN\m ONRT�V[ ONV�PTM�\TNb aWRpV�\�\T�PMWb U�YM�\Tmd QLMPT�b \W\TNa[ UVNK\TLOYPdT\P \��TM�nNMWNaTWUL

γj = γnR
j−n, j = n, n+ 1, . . . , ìíîïïî\ð

SKN R � aLTVW]M[b QMLaNMLTNYm UV�SVN\\WWh ��ZM� U�RLQLTm ����q]T� W\R�a[b QMLaNMLTNYm UV�SVN\\WW K�YZNM ^K�OYNTO�VPTm aLTVW]M�a^ROLKVLTM�a^ ^VLOMNMWd
R2B −R(D − C) + A = 0, ìíîïïîIð

SKN A,B,D,C � WQON\TM[N aLTVWf[ WMTNM\WOM�\TNb UNVNk�K�O aNZK^aWRV�\�\T�PMWPaW \aNZM[k PV^\�Oh
ÏÐÑÑÐ�Ð "ÓØÖáØÛ ÓÛmÛÕÙÛ
�WZN �UW\LM U�W\R X�YNN UV�\T�S� U^TW R VNnNMWd ^VLOMNMWP OWKL��hiih��h cVNZKN O\NS� VL\\aLTVWOLYW\m KON WTNVLfW�MM[k `�Va[ NS�

R = A(D − C)−1 +R2B(D − C)−1 ìíîïïîXðW
R = A(D − C −RB)−1. ìíîïïî ðj RL]N\TON ML]LYmM�S� UVWXYWZNMWP W\U�YmQ�OLY�\m

R0 = xI, ìíîïïîíð
SKN x � �UVNKNYPNa�N U� WQON\TM�b `�Va^YN O QLOW\Wa�\TW �T W\k�KpM[k KLMM[k UVNKNYmM�N UVW j → ∞ �TM�nNMWN \^aaLVM[k ONV�PTM�\TNb\aNZM[k PV^\�Oh �W\Y� WTNVLfWb KYP K�\TWZNMWP M�Va[ MNOPQRW 10−6K�k�KWY� K� ���q UVW]Na \R�V�\Tm \k�KWa�\TW U� aNVN UVWXYWZNMWP RVNnNMWd QLaNKYPYL\mh�LWY^]nWa VNnNMWNa O�UV�\L �RLQLY�\m O[]W\YNMWN U�UVLO�RR QMLaNMLTNYd UV�SVN\\WW O YWMNbM�a UVWXYWZNMWWh ¦YP ^UV�_NMWP
�X�QML]NMWb XNQ U�TNVW �X_M�\TW UNVNUWnNa ��hiih��q U�YLSLP C = 0 qW �UVNKNYWa aLTVW]M^d U�UVLOR^ ∆ WQ ^\Y�OWP

(R + ∆)(R + ∆)B − (R + ∆)D + A = 0.cVNMNXVNSLP ]YNM�aq \�KNVZL_Wa ROLKVLT U�UVLORWq WaNNa
R2B + ∆RB +R∆B −RD − ∆D + A ≈ 0,
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WYW

∆(RB −D) +R∆B ≈ RD −R2B − A.c�\YNKMNN ^VLOMNMWN UVWO�KWT\P R OWK^
∆F +R∆B = G, ìíîïïî¡ð

POYPNT\P ¤XYWZLbnWa V�K\TONMMWR�a¥ \WYmON\TV�O[k W é±è³ëè¯ �TM�p\WTNYmM� U�UVLO�]M�b aLTVWf[h oM� YNSR� VNnLNT\P U�\YN U�R�aU�MNMTpM�S� VL\UW\[OLMWP \W\TNa[ WQ n2 ^VLOMNMWb �TM�\WTNYmM� SYNaNMT�OW\R�a�b aLTVWf[h ÷LZK�N TLR�N ^VLOMNMWN WaNNT OWK
n∑

m=1

dimfmj −
n∑

m=1

rim

n∑

l=1

dlmamj = gij

W a�ZNT X[Tm UNVNUW\LM� O OWKN
n∑

m=1

dimfmj −
n∑

l=1

dlm

n∑

m=1

rimamj = gij.

�WZN UVWO�KPT\P UV�fNK^VL VNnNMWP �X\^ZKLNa�S� aLTVW]M�S�^VLOMNMWP W VNQ^YmTLT[ NN UVWaNMNMWPh lLX�TL UV�fNK^V[ ML]WMLNT\P\ �XM^YNMWP VL\nWVNMM�b aLTVWf[ R�S``WfWNMT�Oq VL\U�Y�ZNMM�b U�\TV�RLah <LTNa O MNN U� \TV�RLa QLM�\PT\P ¢pR�S``WfWNMT[q �XVLQ^Npa[N SYNaNMTLaW aLTVWf[ F q UVW]Na QLUW\m RLZK[b VLQ UNVNLKVN\^NTp\P ML £ SYNaNMT�Oh �L ZN W¤NP W\U�YmQ^NT\P UVW ^]NTN R�S``WfWNMT�Oq
�XVLQ^Na[k UV�WQON¤NMWNa RA h <¤N\m \^aaL MN R�UWT\Pq L NN \YLSLNpa[N U�\YN¤�OLTNYmM� O[]WTLdT\P WQ VLMNN \`�VaWV�OLMM�S� QML]NMWPh
E�VaWV�OLMWN \T�YXfL UVLO[k ]L\TNb U�P\MNMWb MN TVNX^NTh c�Y^]NMMLP\W\TNaL ^VLOMNMWb VNnLNT\P UV�fN¤^V�b ¥¦§¨¨©q Vª\\]WTª««�b «ª VªX�pT^ \ ¬�aUY­¬\«[aW ¬�S``WfW­«TªaWh �ª¬�«­fq V­®^YmTªT ®ª\[Yª­T\¯ °
�T°­T«^d aªTVWf^ �¯ �®¯éûù¬° �±T� �\�X­««�\Tm UV­¤\Tª°Y­«W¯ aªTVWf
° E�VTVª«­�h
²³´µ¶³·¸¹º »²¼µº¼½¹ ¾¿¾À¾Á¾µ¾ÂÃÄÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÄÅ ÆÇÈÇÉÊÇ ËÌÍÎÊÏÉÐÑÐ ÒÎÌÓÉÇÉÊÔ ÅÄÅ ÂÅÀÕµÅÂÅ¿ÖÁ ÅÄÅ ÐÍÉÐ×ÊÍÇØÙÉÐ ËÌÍÎÊÚÛ Â ÅÄÅ ÜØÔ ËÇÍÐÜÌ ÅÄÅ ËÌÍÎÊÏÉÐÕÑÇÐËÇÍÎÊÏÇ×ÝÐÞ ßÎÐÑÎÇ××ÊÊ ÅÄÅ ÆÌàÎÌáÐÍÏÊÝ â ã ä ã ÆÛåÊÝÐÓ Å
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ÄÅ ½æÃ ÅÄÅ çÇÎ×ÊÔ èéãêèãêëëì ÅÄÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

¸¹·ºÁºµ ¹Â¶³´íº æ¶»îíºï ¿¾À¾Á¾µ¾ÂÂ¸»º¹²¸¶¹ ¿½¹ ¾¹Ã¾À½¹ ¾¹Ã¾µ½¹ ¾¹Ã¾Á½¹ ¾¹Ã¾Â½¹ ¾¹Ãð¸¹æí³Âºñ òÁ¿³²²æ ã̧ ¹²ò
¸¹·ºÁºµ ¸¾ó¾ô ¾í¾íê¾» ¾¹¹ ¾¹¹êÂ¶³´íº æ¶»îíºï¾ ¿íí¶æ¿·¿´íº ññ ³ ½ñ¾ñÃ¾ ÂÂ½ñÃ
¹¹Ö¹Å¹ õ ¹¹êÖ¹¹öê
¿íí¶æ¿·º ½³ ½¹¹ ¾¹¹êÃ¾ÂÂ½¹¹ÃÃÄ ßÎÇÜÓÌÎÊÍÇØÙÉÐÇ ÐáÉÒØÇÉÊÇÂ¶ ¸Öê¾¹¹Â¶ óÖê¾¹¹êõ ³ ½̧ ¾óÃÖéõ º¹Â Â¶
º¹Â Â¶
Ä ÀÕÝÐ÷øøÊÚÊÇÉÍÛôÖêÂ¶ ¸Öê¾¹Â¶ óÖê¾¹

íÖ¸Â¶ »Öê¾¹ õ ³ ½ô ¾íÃÖÀ½» ¾óÃõ íÖíö¹ õ º¹Â Â¶ôÖôöê
º¹Â Â¶

º¹Â Â¶
Ä µ¿ÕÝÐ÷øøÊÚÊÇÉÍÛôÖêÂ¶ ¸Öê¾¹Â¶ óÖê¾¹

íêÖéÂ¶ íÖê¾¹Â¶ »Öê¾¹
³ ½ô ¾íêö»ÃÖ³ ½ô ¾íêö»ÃÕ¿½í¾óÃÅµ ½̧ ¾»Ã

º¹Â Â¶
íêÖíêö¹

º¹Â Â¶
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ôÖôöê
º¹Â Â¶

º¹Â Â¶
Ä ×ÓÐáÐÜÉÛÇ ÏØÇÉÛôÖêÂ¶ ¸Öê¾¹Â¶ óÖê¾¹ õ ³ ½ô ¾¹¹êÃÖÁ ½̧ ¾óÃõ ôÖôöêõ º¹Â Â¶
º¹Â Â¶Ä ÎÇÈÇÉÊÇ ×Ê×ÍÇËÛ
æ¿íí Á¿³²²æ½¹¹ ¾ê¾ê¾³ ¾ÂÂÃ
Ä ÒßÌÝÐÓÝÌ ÎÇàÒØÙÍÌÍÐÓ Ó ËÌÍÎÊÚÒ
»ÖêÂ¶ óÖê¾¹Â¶ ¸Öê¾¹ õ Â ½̧ ¾óÃÖÂÂ½»Ãõ »Ö»öêõ º¹Â Â¶
º¹Â Â¶
Âº¿íí¶æ¿·º½³ ¾ÂÂÃ

º¹Â ²³´µ¶³·¸¹º »²¼µº¼
¦Y¯ \ù\ú­a[ H2/H2/3

\ ¬�±``ùfù­«ú�a ®ªSû^®¬ù ρ = 0.9 ù ¬�p±``ùfù­«úªaù °ªûùªfùù ù\k�¤«[k ûª\üû­¤­Y­«ùb vA = 0.4 ù vB = 3�¤ª««[­q XYù®¬ù­ ¬ «ªùk^¤nùa ° \a[\Y­ \k�¤ùa�\úù� ù «ª]ªYm«�b «�ûpa­ «­°¯®¬ù ihh��A ° úû­k ü�\Y­¤�°ªú­Ym«[k ùú­ûªfù¯k X[Yù ü�Y^]­«[
«­°¯®¬ù �h��Aq 2.30 ·10−3 ù 7.23 ·10−10 h <ªa­úùaq ]ú� ù\k�¤«[b °ªûùª«úa­ú�¤ª ¤Y¯ \«ùZ­«ù¯ «�ûa[ «­°¯®¬ù ¤� 10−6 ü�úû­X�°ªY �@@ nªS�°q ù®
¬�ú�û[k iA� üûùnY�\m «ª ü�\Y­¤«ùb ü�û̄ ¤�¬h �ù ° �¤«�a ù® ûª\\a�úpû­««[k \Y^]ª­° «­ ü�úû­X�°ªY�\m X�Y­­ ]­ú[û­k nªS�° ùú­ûªfùbheú�ú a­ú�¤ ü�\Y­ �]­°ù¤«[k ü­û­�X�®«ª]­«ùb a�Z­ú X[úm üûùa­p«­« ù ¤Y¯ �\úªYm«[k ¤\ùYm°­\úû�°[k¥ ^ûª°«­«ùbh



¶·¸¹¸ ý»
þÂÿÂ¿ÀÂ �À�ÁÂ�
¿Â·À¿ÂÇ¿Ã� �Ä¸¹¿Â¿ÀÇ

�rsr �Îx~wx�{ Ìu{�Ì~|~,{xy} y
wÎÌ~�~�vz{|Íx�� vÌÌvuvz

c^�úm «^�«� «ªbúù n °­_­�ú°­««�k �ù�­	 x1, x2, . . . , xn
q ^¤�°	­pú°�û̄ d_ùk «­	ù«­b«�a �ú��«­­q «­ üû­¤ü�	ªSª­a�a 	ù«­b«�aù� ^ûª°p«­«ù¯a

f1(x1, x2, . . . xn) = 0,
f2(x1, x2, . . . xn) = 0,h h h h h h h h h h h h h h h h h h h h h h h h h
fn(x1, x2, . . . xn) = 0,

ì¡îïîïð

S¤­ {fi(x1, x2, . . . xn)} 
^¤­a ��ùúªúm `^«¬fù¯aù n ü­û­a­««�kq �üû­¤­p	­««�aù «ª °�­a n pa­û«�a üû��úûª«�ú°­h cûù n = 2 û­n­«ù­ �ù�ú­a��hhihi� ±¬°ù°ª	­«ú«� �ú��¬ª«ùd ú��­¬ ü­û­�­�­«ù¯ 	ù«ùb f1(x1, x2) = 0ù f2(x1, x2) = 0 q üûù�­a úª¬ùk ú��­¬ a��­ú 
�úm «­�¬�	m¬� ��ah ûù�hhhi�h



c�� �̀ TUT �� 
]8]VW] �W��]� V]`WV] V�9 �£TUV]VW 

���� ���� ������� ������� �� ���� ���������� ���������
j aªúûù�«�b ®ªüù�ù �ù�ú­aª �hhihi� ùa­­ú °ù¤

f(x) = 0, ì¡îïî#ð
S¤­ f � °­¬ú�û«ª¯ `�«¬fù¯ °­¬ú�û«�S� ªûS�a­«úª x h j ¤ª	m«­bn­a 
�p¤­a �üù��°ªúm a­ú�¤� û­n­«ù¯ üûùa­«ùú­	m«� ¬ °ù¤� �hhih��h cû­¤ü�	ªpSª­ú�¯q �ú� ¬�û«ù �ûª°«­«ù¯ �hhih�� ¯®�³é³è�q úh ­h �¬ª®ª«� a«�S�a­û«�­
�
	ª�úù D �üûù n = 2 � üû̄ a��S�	m«ù¬ù a ≤ x1 ≤ b q c ≤ x2 ≤ d �q° ¬ª�¤�a ù® ¬�ú�û�k «ªk�¤ùú�¯ �¤ù« ù ú�	m¬� �¤ù« °­¬ú�û«�b ¬�û­«m�hhih��h<ª¤ª«ù­ k�û�nùk «ª�ª	m«�k üûù
	ù�­«ùb úû­
�­ú ®«ª«ù¯ �ü­fù`ùp¬ù ®ª¤ª�ù ù �a­«ù¯ �úû�ùúm ªüüû�¬�ùaªfùùh ¦	¯ ü�	��­«ù¯ ¬�aü	­¬�«�k
û­n­«ùb �	­¤�­ú ®ª¤ª°ªúm ¬�aü	­¬�«�­ «ª�ª	m«�­ üûù
	ù�­«ù¯h �ú�
�«ªbúù «�°�­ û­n­«ù­q «��«� ®ª¤ªúm «�°�d �úªûú�°�d ú��¬�h �û�¤«��úm
«ªk��¤­«ù¯ «ª�ª	m«�k üûù
	ù�­«ùb 
��úû� °�®ûª�úª­ú ü� �ù�	� ü­û­pa­««�k© ü�±ú�a� �­	ªú­	m«� üû­¤°ªûùú­	m«� ù�¬	d�ùúm aª¬�ùaª	m«�­�ù�	� «­ù®°­�ú«�kh

ñ �°­	ù�­«ù­a �ù�	ª ü­û­a­««�k ¬ª¬ �¬�û��úmq úª¬ ù �
	ª�úm �k�¤ùpa��úù �a­«mnªdú�¯q ù û­n­«ù­ �¤ª­ú�¯ ü�	��ùúm 	ùnm üûù ��­«m k�û�pnùk «ª�ª	m«�k üûù
	ù�­«ù¯kh cûù ùk °�
�û­ ¤«ù�ú� «­ a��­ú ®ªa­«ùúm
®¤ûª°�S� �a��	ª ù«�­«­ûª¥ �iiA�h

�ù�­ 
�¤�ú �üù�ª«� «­¬�ú�û�­ a­ú�¤� ü��	­¤�°ªú­	m«�S� üûù
	ùp�­«ù¯ ¬ ¬�û«d x̂ h ñü­fù`ù¬ª a­ú�¤�° ���ú�ùú ° üûª°ù	ªk ü­û­k�¤ª �ú
û­®�	múªú�° k pS� nªSª x(k) ¬ ��­û­¤«�a� û­®�	múªú� x(k+1) h



���� ��V�UV�] õ£]�õ�`�']VW( W U�õ���¡T�]`�V�  TõõT£T� c�c
¦	¯ ü��	­¤�d�ùk ûª����¤­«ùb «ªa ü�«ª¤�
ùú�¯ üû�ù®°�¤«ª¯ �ú

°­¬ú�ûp`�«¬fùù a«�Sùk ü­û­a­««�kh lª��aªúûù°ª¯ ªûS�a­«ú ¬ª¬ ­³´® �̄
x q üûùk�¤ùa ¬ °­¬ú�û«�b üû�ù®°�¤«�b �¬ª	¯û«�b `�«¬fùù a«�Sùk ü­û­pa­««�k¨

df

dx
=

{
∂f

∂x1

,
∂f

∂x2

, . . . ,
∂f

∂xn

}

,

úh ­h ¬ °­¬ú�û�p�úû�¬­hcûù
	ù�­««�­ ®«ª�­«ù­ üûùûª�­«ù¯ �¬ª	¯û«�b `�«¬fùù üûùaª	�k üûùûª�­«ù¯k ªûS�a­«ú�° «ªk�¤ùú�¯ ü� `�ûa�	­
∆f ≈

n∑

i=1

∂f

∂xi
∆xi =

( df

dx
,∆x

)

, ì¡îïî[ð
S¤­ ¬û�S	�­ �¬�
¬ù �®«ª�ªdú �¬ª	¯û«�­ üû�ù®°­¤­«ù­ °­¬ú�û�°h cûùa­p«ù° ü�	��­««�­ û­®�	múªú� ¬ ¬ª�¤�b �úû�¬­ °­¬ú�ûªp�ú�	
fª f(x) q ü�p	��ª­a aªúûùf�q ¬�ú�ûª¯ ¯°	¯­ú�¯ üû�ù®°�¤«�b �ú °­¬ú�ûp`�«¬fùù f(x)ü� °­¬ú�û«�a� ªûS�a­«ú� x ¨

J(x) =
d

dx
f(x) =












∂f1

∂x1

∂f1

∂x2

. . .
∂f1

∂xn
∂f2

∂x1

∂f2

∂x2

. . .
∂f2

∂xnh h h h h h h h h h h h h h h h h h h h h
∂fn
∂x1

∂fn
∂x2

. . .
∂fn
∂xn












. ì¡îïî\ð

eúª aªúûùfª «ª®�°ª­ú�¯ °¬®�±ù³ë �´¯û± �ù�ú­a�`�«¬fùb f1, f2, . . . fn
hcûù
	ù�­««�­ ®«ª�­«ù­ °­¬ú�ûp�ú�	
fª üûùûª�­«ùb

∆f =







∆f1

∆f2hhh
∆fn






≈












∂f1

∂x1

∆x1 +
∂f1

∂x2

∆x2 + . . . +
∂f1

∂xn
∆xn

∂f2

∂x1

∆x1 +
∂f2

∂x2

∆x2 + . . . +
∂f2

∂xn
∆xnh h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h h

∂fn
∂x1

∆x1 +
∂fn
∂x2

∆x2 + . . . +
∂fn
∂xn

∆xn












= J(x)∆x

ì¡îïîIð�¬ª®�°ª­ú�¯ ûª°«�a üû�ù®°­¤­«ùd aªúûùf� J(x) «ª �ú�	
­f ∆x hj ¤ª	m«­bn­a üû­¤ü�	ªSª­ú�¯q �ú� f(x) ù °�­ ­­ üû�ù®°�¤«�­
«­üû­û�°«� ° �
	ª�úù D 	�¬ª	ù®ªfùù ¬�û«¯ x̂ h



c�ò �̀ TUT �� 
]8]VW] �W��]� V]`WV] V�9 �£TUV]VW 
�rþr *{z~� �Í�z~xv
cûù üûª¬úù�­�¬�a üûùa­«­«ùù 	d
�S� ù® �üù�ª««�k «ù�­ °ªûùª«pú�° a­ú�¤ª °«ª�ª	­ �	­¤�­ú ®ª¤ªúm «­
�	mn�­ �ù�	� nªS�°q �ú�
� �
­p¤ùúm�¯ ° �k�¤ùa��úù üû�f­��ªh cûù ­S� ûª�k�¤ùa��úù «��«� üû­�¤­ °�­S�

ü�ü�úªúm�¯ �a­«ùúm «ª�ª	m«�­ üûù
	ù�­«ù­h
�ÐäÐÑÐ åÖÕØÚÕØ� ÚÔÓÙÔÕá
o
�®«ª�ù� �­û­® xk

û­®�	múªú k pS� nªSª �­ú�¤ªh j­¬ú�û fk ≡
f(xk)

���­ú ûª���ªúûù°ªúm�¯ ¬ª¬ °­¬ú�û è³­�
¯´ � �ú¬	�«­«ù� 	­°�k�ª�ú­� �ù�ú­�� �hhihi� �ú «�	¯h j°­¤­� °­¬ú�û ∆k ≡ ∆xk
ü�üûª°�¬ ¬

k p�� üûù
	ù�­«ùdh ��S¤ª ¤�	�«� 
�úm °�ü�	«­«�
f(xk + ∆k) = 0. ì¡î#îïðª­°ª¯ �ª�úm °�ûª�­«ù¯ �hh�hi� ���­ú 
�úm üû­¤�úª°	­«ª ° °ù¤­ f(xk)+

∆f(xk)
h  ûù xk

q ¤��úªú��«� 
	ù®¬�� ¬ ¬�û«! x̂ q üûùûª�­«ù­ °­¬ú�pûª «­°¯®�¬ ���­ú 
�úm üûù
	ù�­««� °�ûª�­«� �­û­® °­¬ú�û ü�üûª°�¬� ü����m! �h"#"��" o
�®«ª�ª¯ Jk ≡ J(xk)
q ù�­­�

f(xk) + ∆f(xk) ≈ fk + Jk∆k. ûùûª°«¯° û­®�	$úªú «�	!q ü�	��ù�
Jk∆k = −fk, ì¡î#î#ð

�ú¬�¤ª ù�¬��ª¯ ü�üûª°¬ª
∆k = −J−1

k fk, ì¡î#î[ð
ª ��­û­¤«�­ üûù
	ù�­«ù­

xk+1 = xk − J−1
k fk, k = 0, 1, . . . ì¡î#î\ð��	ù ü��	­¤�°ªú­	$«��ú$ °­¬ú�û�° {xk} «­ °�%�¤ùú ù® �
	ª�úù D ù

ù�­­ú üû­¤­	 üûù k → ∞ q ú� �«ª �%�¤ùú�¯ ¬ û­&­«ù! �ù�ú­�� �h"#"#�¨
x̂ = limk→∞ xk

"
' �
���¤ª°&­��¯ °�&­ ��«�°«�� °ªûùª«ú­ �­ú�¤ª �$!ú�«ª °�(�ù�	­«ù­ �
ûªú«�� �ªúûù)� ù ­­ �
ûª�­«ù­ «ª ¬ª�¤�� &ªS­ «­ ¯°	¯!ú(�¯ «­�
%�¤ù���ù¨ üû­¤ü��úùú­	$«­­ û­&ªú$ 	ù«­�«�! �ù�ú­�� �h"�"���ú«��ùú­	$«� ü�üûª°¬ù ∆k

"



���� &]��� *�+��VT c��
�ÐäÐäÐ /Ø�Ù,ÙâÙÓØÚÔÕÕß� ÚÔÓÙÔÕá
�­«$&�! úû�¤�­�¬��ú$ &ªSª ù�­­ú °¯�±J±ù±�¯­¬èè�ë �­ú�¤�$!ú�«ª- ��­ú ° ¬�ú�û�� ù¤­ú ü� .�û��	­

xk+1 = xk − J−1
0 fk, k = 0, 1, . . . ì¡î#îIð

<¤­�$ °��ù�	­«ù­ �ªúûù)� .¬�
ù ù ­­ �
ûª�­«ù­ °�ü�	«¯!ú�¯ �¤«�(¬ûªú«�"' ��¤ù.ù)ùû�°ª««�� �­ú�¤­ �$!ú�«ª «ª 	!
�� &ªS­ °��ù�	­(«ù� ��%ûª«¯­ú�¯ «­ü��û­¤�ú°­««ª¯ �°¯®$ ü�üûª°¬ù � «ª�ª	$«�� üûù
	ù(�­«ù­�" /ú� ���S�
	¯­ú ®ª°ù�ù���ú$ �%�¤ù���úù �­ú�¤ª �ú «ª�ª	$«�S�
üûù
	ù�­«ù¯" �ú�
� ��	ª
ùú$ ¤ª««�! ®ª°ù�ù���ú$- «� ��%ûª«ùú$ ��­(û­««�! úû�¤�­�¬��ú$- ���«� �
«�°	¯ú$ �ªúûù)� .¬�
ù �­û­® è³�´¯éê´¯&ªS�°" ' �ª�ú«��úù- ù�­­ú ����	 ü­û­��ùú�°ªú$ �ªúûù)� .¬�
ù- ¬�S¤ªüûù ù�ü�	$®�°ª«ùù �úªû�� ü­û­�úª	 «ª
	!¤ªú$�¯ ���­�ú°­««�� üû�Sû­��"' üû��ú­�&­� �	��ª­ �ªúûù)ª .¬�
ù ü­û­��ùú�°ª­ú�¯ �ù �
ûª�ª­ú�¯��­û­® &ªS" ¦�¬ª®ª«� �#�- �" ����- �ú� úª¬�� üû�)­�� ���­ú ü�û��¤ªú$´øû±²³�´± �%�¤¯��!�¯ ü��	­¤�°ªú­	$«��ú$"���«� ü��úû�ùú$ °ªûùª«ú ��¤ù.ù)ùû�°ª««�S� �­ú�¤ª �$!ú�«ª� ú��«�� ü�	��­«ù­� �
ûªú«�� �ªúûù)� .¬�
ù «ª ü­û°�� &ªS­ ù ­­
üûù
	ù�­««�� �ú��«­«ù­� «ª ü��	­¤�!�ù% ��S	ª�«� ûª®¤" 0"#A" ûù�­û h"#" �ª�¤­� ü�	��ùú­	$«�­ û­&­«ù¯ �ù�ú­��

x2
1 +x2

2 +x2
3 −1 = 0,

2x2
1 +x2

2 −x2
3 = 0,

x2
1 −ex2 +1 = 0.

ì¡î#îXð
'�
­û­� «ª�ª	$«�­ üûù
	ù�­«ù­ x0 = {0.5, 0.5, 0.5} " ñ��ú°­ú�ú°�!�ª¯�ù�ú­�­ �h"�"@� �ªúûù)ª .¬�
ù ù�­­ú °ù¤

J(x) =





2x1 2x2 2x3

4x1 2x2 −2x3

2x1 −ex2 0



 .

¦	¯ ù�%�¤«�� ú��¬ù x(0) = (0.5, 0.5, 0.5) °��ù�	¯­�
f0 = f(x0) =





−0.2500
0.5000

−0.3987



 , J0 =





1.0000 1.0000 1.0000
2.0000 1.0000 −1.0000
1.0000 −1.6487 0.0000



 .
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1
ûªú«ª¯ �ªúûù)ª .¬�
ù

J−1
0 = J−1(x0) =





0.2374 0.2374 0.2879
0.1440 0.1440 −0.4319
0.6187 −0.3813 0.1440



 .

�­ü­û$ °­¬ú�û ü�üûª°�¬

J−1
0 f0 =





−0.0055
0.2082

−0.4027



 ù x1 =





0.5555
0.2918

−0.9027



 .

ü«ª	�Sù�«� °��ù�	¯!ú�¯ û­®�	$úªú� ü��	­¤�!�ù% ùú­ûª)ù�" ' úª
	" h"#üûù°­¤­«� ü�&ªS�°�­ ü�üûª°¬ù ¤	¯ ��«�°«�S� ù ��¤ù.ù)ùû�°ª««�S� °ª(ûùª«ú�° �­ú�¤ª �$!ú�«ª- ª úª¬�­ ¤	¯ ª	$ú­û«ùû�!�­S� °ªûùª«úª� � �
(«�°	­«ù­� �
ûªú«�� �ªúûù)� .¬�
ù �­û­® &ªS" �ª®�°�� °ªûùª«ú ��­ ü�(�	­ úû­ú$­S� &ªSª °%�¤ùú ° û­�ù� ¬°ª¤ûªúù�«�� �%�¤ù���úù- ù üû­¤­	$(«ª¯ ú��«��ú$ ¤	¯ #@(ûª®û¯¤«�� ¤­�¯úù�«�� �­ú¬ù ¤��úùSª­ú�¯ «ª &­�ú��&ªS­" 2­&­«ù­ �ù�ú­�� �� üûù°­¤­� � �­ú�û$�¯ ®«ª¬ª�ù ü��	­ ú��¬ù¨
x1 = 0.5386 - x2 = 0.2547 - x3 = 0.8031

"' ��¤ù.ù)ùû�°ª««�� °ªûùª«ú­ �%�¤ù���ú$ 
	ù®¬ª ¬ 	ù«­�«��© ü�
x3

�«ª ù�­­ú ¬�	­
ªú­	$«�� %ªûª¬ú­û- ù �­ú�û­ °­û«�% ®«ª¬ª «­ ü�	�(�­«� ¤ª�­ ü��	­ #@ &ªS�°"' ª	$ú­û«ùû�!�­� °ªûùª«ú­ úª¬�­ ¤��úùSª­ú�¯ ¬°ª¤ûªúù�«ª¯ �%�(¤ù���ú$ �ú�	$¬� ü��	­ &ªS�° � ü­û­°��ù�	¯­��� �ªúûù)­� .¬�
ù�" /ú�ú°ªûùª«ú ¤��úª°	¯­ú û­&­«ù­ üûª¬úù�­�¬ù ®ª ú� �­ �ù�	� &ªS�°- �ú� ù
��«�°«�� �­ú�¤- «� ù�­­ú ®ª�­ú«� �­«$&�! úû�¤�­�¬��ú$"

�ÐäÐ�Ð "ÓÛØ�ÓÔ�ØÚÔÕÕÔ� ÖÙÖáÛÝÔ
' �ù�ú­�� �h"�"@� ü­û­�­««�­ x1

ù x3
°%�¤¯ú ú�	$¬� �­û­® �°�ù

¬°ª¤ûªú�" ñ	­¤�°ªú­	$«�- ­� �¤�°	­ú°�û̄ !ú ù x1 = −0.5386 - ù x3 =
−0.8031

" ��ùú�°ª¯ ¬��
ù«ª)ùù ü�	��ùú­	$«�% ù �úûù)ªú­	$«�% ¬�û(«­�- ���«� �ú°­û�¤ªú$- �ú� �ù�ú­�ª �h"�"@� ù�­­ú «­ �­«­­ �­ú�û­%
û­&­«ù�" ¦	¯ �ú��¬ª«ù¯ °�­% û­&­«ù� �¤�
«­­ °°­�úù «�°�­ ü­û­�­«(«�­ u1 = x2

1
ù u3 = x2

3
� ú�S¤ª �ù�ú­�ª 
�¤­ú ¤
	ù�­¥ ¬ 	ù«­�«��"' �ª�ú«��úù- �ªúûù)ª .¬�
ù üûù�­ú °ù¤

J(u) =





1 2u2 1
2 2u2 −1
1 −eu2 0



 ,



���� &]��� *�+��VT c��
3�4��5� ���� ������� �������� �������

k 6789:; <=79>?;@?A8B@C D:E@F@G@?:HI;;JC
∆x1 ∆x2 ∆x3 ∆x1 ∆x2 ∆x3 ∆x1 ∆x2 ∆x3K LMNMMOLP PNQROLK LSNQTOLK LMNMMOLP PNQROLK LSNQTOLK LMNMMOLP PNQROLK LSNQTOLKP KNUPOLP TNUQOLP VNSQOLP KNSQOLP PNUVOLP KNUROLK KNSQOLP PNUVOLP KNUROLKT WNKKOLS KNQUOLT MNUKOLT PNWROLT KNQKOLP LWNKTOLP KNWUOLT WNPSOLT LKNQMOLKS RNWUOLW RNVVOLW KNVROLM RNTQOLW KNTTOLU LTNQQOLS WNUROLS PNQVOLT UNKKOLPM KNQKOLKP UNMKOLKT PNSTOLKQ KNPVOLKP KNSTOLKP MNUKOLR PNQROLS UNKSOLS LTNWWOLPU PNKUOLKW PNTQOLKR SNWKOLKW PNKUOLKW PNPROLKR LPNQVOLKK UNTTOLM KNRKOLS PNPMOLPW PNKUOLKW PNTQOLKR SNWKOLKW KNRUOLM MNTWOLM LKNTROLPR MNMPOLU KNMVOLM RNTKOLTV KNUTOLU SNWKOLU LMNQMOLTKQ SNRSOLW KNSQOLU TNQUOLTKK KNSTOLW SNKTOLW LKNRUOLTKP SNPMOLR KNPPOLW KNKPOLTKT KNPUOLR TNUTOLR LUNRPOLSKS TNWTOLV KNQWOLR SNKTOLSKM KNKQOLV TNKROLV LPNMKOLSKU TNPWOLKQ VNSKOLKQ KNMPOLS

úª¬ �ú� ü­û­��ùú�°ªú$�¯ ° «­� ¤�	�­« ú�	$¬� °ú�û�� �ú�	
­)" ' úª
	" h"�üûù°�¤¯ú�¯ ü�&ªS�°�­ °­¬ú�û� ü�üûª°�¬ ¤	¯ «�°�% ü­û­�­««�%" <ª�­(úù�- �ú� üûù ��­ú­ ° �¤°�­««�� ûª®û̄ ¤«�� �­ú¬­ ε��� ≈ 2 · 10−16 "
3�4��5� ��X� ������� Y���4���������� �������

k 6789:; <=79>?;@?A8B@C D:E@F@G@?:HI;;JC
∆x1 ∆x2 ∆x3 ∆x1 ∆x2 ∆x3 ∆x1 ∆x2 ∆x3K LMNMKOLP PNQROLK LSNQTOLK LMNMKOLP LMNMKOLP LSNQTOLK LMNMKOLP LMNMKOLP LSNQTOLKP KNSVOLP TNUQOLP WNSTOLT KNKQOLP PNUVOLP MNSROLT KNKQOLP PNUVOLP MNSROLTT MNQUOLS KNQUOLT PNMTOLS SNTWOLT KNQKOLP PNKVOLT TNKPOLT WNPSOLT KNMUOLTS SNTVOLW RNVVOLW PNPQOLW TNVMOLM RNKSOLM KNVROLM VNKKOLS PNQVOLT SNMMOLSM TNKROLKT UNMKOLKT KNMVOLKT UNSVOLW KNTTOLU TNPSOLW PNUVOLS UNKSOLS KNTSOLSU LKNUUOLKW PNPVOLKR KNVMOLKW WNQQOLKT KNSTOLKP TNMQOLKT WNVSOLM KNRPOLS TNVWOLMW LKNUMOLKW PNPVOLKR KNVMOLKW PNTMOLM MNTWOLM KNKROLMR UNVUOLU KNMVOLM TNSROLUV PNQUOLU SNWKOLU KNQTOLUKQ UNKQOLW KNSQOLU TNQMOLWKK KNRKOLW SNKTOLW VNQSOLRKP PNQTOLW PNQPOLW LKNSROLWKT MNTMOLR KNPPOLW PNUROLRKS KNMROLR TNUPOLR WNVTOLVKM SNWQOLV KNQWOLR PNTMOLVKU KNTVOLV TNKVOLV UNVUOLKQ§

® «­­ ���ªúûù°ª­ú�¯ ®ª�­ú«�­ �	��&­«ù­ �%�¤ù���úù ��¤ù.ù)ùû�°ª«(«�S� �­ú�¤ª ü� �ª��� ¤«­�¤�
«��¥ ü­û­�­««�� x3
"
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�ÐäÐ�Ð ZÚÔ�ÙÕç[áØÕØÚß ÝÛáØ�ß
�­ú�¤ �$!ú�«ª «ª ¬ª�¤�� &ªS­ úû­
�­ú úû�¤�­�¬ù% °��ù�	­«ù��ªúûù)� .¬�
ù ù û­&­«ù¯ �ù�ú­�� 	ù«­�«�% ª	S­
ûªù�­�¬ù% �ûª°«­(«ù�" ��	ù ûª®ûª
�úª«� ��¤ù.ù¬ª)ùù �­ú�¤ª �$!ú�«ª- ° ¬�ú�û�% ° %�¤­

ùú­ûª)ù�««�S� üû�)­��ª 	ù
� °�­�ú� �ª��� �ªúûù)� .¬�
ù- 	ù
� °�­�ú�
�
ûªú«�� ­� �úû�¯ú�¯ ù% ªüüû�¬�ù�ª)ùù" �ª¬ù­ �­ú�¤� ü�	��ù	ù «ª®°ª(«ù­ ´­¬
±èêK®¯è¯­�$ "

' ü­û°�� �	��ª­ «ª�ª	$«�! ªüüû�¬�ù�ª)ù! B0
�ªúûù)� .¬�
ùü�	��ª!ú- 	ù
� ü�	ªSª¯ ­­ ­¤ù«ù�«��- 	ù
� ªüüû�¬�ù�ùû�¯ J0

ü�
¬�«­�«�(ûª®«��ú«�� .�û��	ª�" <ªú­� ¤	¯ k = 0, 1, . . . °��ù�	¯!ú

xk+1 = xk −B−1
k fk,

∆k = xk+1 − xk,
∆fk = fk+1 − fk,

Bk+1 = Bk +
∆k −Bk∆kc

T
k

(∆kck)
,

ì¡î#î ð

S¤­ ck
� n (�­û«�� °­¬ú�û- �üû­¤­	¯!�ù� �ü­)ù.ù¬� ¬�«¬û­ú«�S� �­(ú�¤ª ûª���ªúûù°ª­��S� ¬	ª��ª¨ ck = ∆k

���ú°­ú�ú°�­ú ü­û°��� �­ú�¤��û��¤­«ª- ck = ∆fk
� �­ú�¤�  ùû��«ª- ck = ∆fk − Bk∆k

� �ù��­ú(ûù�«��� �­ú�¤� ü­û°�S� ûª«Sª"
'� °ú�û�� �	��ª­ �ªúûù)ª J−1

k
ªüüû�¬�ù�ùû�­ú�¯ �ªúûù)­� Hk

-
¬�ú�ûª¯ ¤	¯ «ª�ª	ª °�
ùûª­ú�¯ ­¤ù«ù�«�� ù	ù �
ûªú«�� ¬ ¬�«­�«�(ûª®«��ú«�� ªüüû�¬�ù�ª)ùù J0

" ¦ª	­­ °��ù�	¯!ú
xk+1 = xk −Hkfk,

Hk+1 = Hk +
(∆k −Hk∆fk)d

T
k

(∆fTk dk)
.

ì¡î#îíð

<¤­�$ dk = ∆fk
¤ª­ú °ú�û�� �­ú�¤ �û��¤­«ª- ª dk = ∆(k) � �­ú�¤�ª¬(÷�û�ù¬ª"

¦	¯ �ù��­úûù�«�% �ªúûù) .¬�
ù ���­�ú°�!ú �ü­)ùª	$«�­ �­ú�¤�ù® ûª���ªúûù°ª­��% ¬	ª���°"



��%� &]��� W�]£T�W  c�:
�\)\ *]^_` a^]bcda�
 ��ú$ ¬ª¬ù�(	ù
� �ü���
�� �ù�ú­�ª �h"#"#� üû­�
ûª®�°ª«ª ¬ ûª°«�(�ù	$«��� °ù¤�

x1 = ϕ1(x1, x2, . . . , xn),
x2 = ϕ2(x1, x2, . . . , xn)," " " " " " " " " " " " " " " " " " " " " " " " " " "
xn = ϕn(x1, x2, . . . , xn)

ì¡î[îïð
ù	ù e ° °­¬ú�û«�� .�û�­ e ¬ °ù¤�

x = ϕ(x). ì¡î[î#ð
��S¤ª ùú­ûª)ù�««�� üû�)­�� «ª%��¤­«ù¯ ¬�û«­� ����­�ú°	¯­ú�¯ ü� .�û(��	­

xk = ϕ(xk−1), k = 1, 2, . . . ì¡î[î[ð��	ù üûù k → ∞ °�­ ¬��ü�«­«ú� °­¬ú�ûª �úû­�¯ú�¯ ¬ ¬�«­�«�� üû­(¤­	ª� {x̂i} - ú� ±úù üû­¤­	� ¯°	¯!ú�¯ ¬��ü�«­«úª�ù û­&­«ù¯ �h"�"#�"§�­­ú �­�ú� �	­¤�!�ª¯pqrsqtu fwxw  ��ú$ ù�­­ú�¯ ®ª�¬«�úª¯ °�ü�¬	ª¯ �
	ª�ú$ D -
úª¬ª¯- �ú�¨#"

ϕ(x) �üû­¤­	­«ª ù «­üû­û�°«� ¤ù..­û­«)ùû�­�ª ° �
	ª�úù D
"

�" �ª�ª	$«�­ üûù
	ù�­«ù­ x0
ù °�­ ü��	­¤�!�ù­- ü�	��ª­��­��S	ª�«� �h"�"��- üûù«ª¤	­�ªú �
	ª�úù g"�" ' �
	ª�úù D �¤«ª ù® «�û� �ªúûù)� .¬�
ù Gϕ(x)

¤	¯ ϕ(x) �­«$&­­¤ù«ù)�"
��S¤ª ° �
	ª�úù D ���­�ú°�­ú- ù üûùú�� ­¤ù«�ú°­««�­- û­&­«ù­ x̂�ù�ú­�� �h"�"��- ù üû�)­�� ùú­ûª)ù�- �üû­¤­	¯­��� �h"�"��- �%�¤ùú�¯ ¬
û­&­«ù! x̂ �ù�ú­�� �h"�"��"¦�¬ª®ªú­	$�ú°� ±ú�� ú­�û­�� ��«�°ª«� «ª «­ûª°­«�ú°­

‖xk − x̂‖ ≤ ‖Gϕ(x)‖ · ‖xk−1 − x̂‖,
�
­�ü­�ù°ª!�­� �­�	ù û­&­«ù­ ���­�ú°�­ú� ° ��	�°ù¯% ú­�û­�� �
�°ª(«ù­ «�û�� °­¬ú�ûª ü�Sû­&«��úù ù- �	­¤�°ªú­	$«�- �%�¤ù���ú$ ¬ û­&­(«ù!" §® ¤ª««�� ú­�û­�� ¬ª¬ �ª�ú«�� �	��ª� �ϕ1, ϕ2, . . . , ϕn

e 	ù«­�«�­.�«¬)ùù �°�ù% ü­û­�­««�% ù- ®«ª�ùú- Jϕ(x) ü��ú�¯««ª� �	­¤�!ú ��	�(°ù¯ �%�¤ù���úù �­ú�¤ª üû��ú�� ùú­ûª)ùù ¤	¯ 	ù«­�«�% �ù�ú­�" h ±ú���	��ª­ �
	ª�ú$ D ûª�&ùû̄ ­ú�¯ «ª °�­ n (�­û«�­ üû��úûª«�ú°�"



c�B �̀ TUT �� 
]8]VW] �W��]� V]`WV] V�9 �£TUV]VW 
¦	¯ �)­«¬ù 
	ù®��úù û­®�	$úªú�° ��­û­¤«�� ùú­ûª)ùù ¬ û­&­(«ù! ���«� °��ü�	$®�°ªú$�¯ ��	�°ù¯�ù ûª®¤" 0"h � ®ª�­«�� ‖A‖ «ª

q ≥ max
x∈D

‖G(x)‖ - 0 < q < 1
"

¦	¯ �ù�ú­� «­	ù«­�«�% �ûª°«­«ù�- ¬ª¬ ù ° 	ù«­�«�� �	��ª­- °�®(���­« °ªûùª«ú ûª��­ú«�� �%­�� úùüª <­�¤­	¯- ¬�S¤ª ®«ª�­«ù¯ ú�	$¬��ú� ü�	��­««�% ü­û­�­««�% ù�ü�	$®�!ú�¯ ¤	¯ �ú��«­«ù¯ ü��	­¤�!�ù%
° üû­¤­	ª% �¤«�� ùú­ûª)ùù"

 ûù�­û h"�" 2ª����úûù� �ù�ú­��
x1 = 0.2(sinx1 + cosx2 + e−x3),

x2 = 0.3(cosx1 + e−x2 + sinx3),

x3 = 0.25(e−x1 + sinx2 + cosx3).

ì¡î[î\ð

 �¬ª�­�- �ú� ° �
	ª�úù D : 0 ≤ xi ≤ 1, i = 1, 3 ���­�ú°�­ú ­¤ù«(�ú°­««�­ û­&­«ù­ �ù�ú­�� (ξ1, ξ2, ξ3)
- ù üû�)­�� ùú­ûª)ùù �%�¤ùú�¯ ¬

±ú��� û­&­«ù! üûù 	!
�� °�
�û­ °­¬ú�û«�S� «ª�ª	$«�S� üûù
	ù�­(«ù¯ x(0) " ¦­��ú°ùú­	$«�- ¤	¯ üû�ù®°�	$«�� ú��¬ù (x
(0)
1 , x

(0)
2 , x

(0)
3 ) ∈ D�üûª°­¤	ù°� «­ûª°­«�ú°ª 0 ≤ sinx

(0)
i ≤ 1 - 0 ≤ cosx

(0)
i ≤ 1 - 0 ≤

exp(−x(0)
i ) ≤ 1 ¤	¯ °�­% i - ù ü�±ú��� ��­°ù¤«�- �ú� 0 ≤ x

(1)
1 ≤ 0.6 -

0 ≤ x
(1)
2 ≤ 0.9 - 0 ≤ x

(1)
3 ) ≤ 0.75 - ú" ­" ú��¬ª x(1) úª¬�­ 	­�ùú ° �
(	ª�úù D

" 1ú�!¤ª �	­¤�­ú- �ú� ­�	ù (x
(0)
1 , x

(0)
2 , x

(0)
3 ) ∈ D - ú� ¤	¯ °�­% kú��¬ª (x

(k)
1 , x

(k)
2 , x

(k)
3 ) ∈ D - ú" ­" °�ü�	«­«� ��	�°ù­ � ú­�û­�� h"#" <¤­�$

��­°ù¤«�- �ú� ü­û°ª¯ «�û�ª �ªúûù)� Gϕ
«­ üû­°��%�¤ùú °­	ù�ù«�

0.3(max |−sin x1|+max |e−x2|+max | cos x3|) = 0.3 · (1+1+1) = 0.9 < 1,

ù ú­� �ª��� °�ü�	«­«� ��	�°ù­ � ú�� �­ ú­�û­��" ��	�°ù­ #- ��­°ù¤(«�- °�ü�	«­«�- úª¬ ¬ª¬ üûª°�­ �ª�úù �ù�ú­�� �üû­¤­	­«� ù «­üû­û�°«�
¤ù..­û­«)ùû�­�� °� °�­� üû��úûª«�ú°­- ª «­ ú�	$¬� ° �
	ª�úù D

"' üûù°­¤­««�% «ù�­ û­®�	$úªúª% ùú­ûª)ùù �üû��ú�� ù <­�¤­	¯� °
¬ª�­�ú°­ «ª�ª	$«�S� üûù
	ù�­«ù¯ 
�	ª °�
ûª«ª ú��¬ª x(0) = (0, 0, 0)

"2­®�	$úªú� ûª��­úª üûù°­¤­«� ° úª
	" h"�"



��6� ��VT �õ]�WT`�VT( �W��]�T c��
3�4��5� ��i� ������� ������� j��i�kl �����5������� �����������­û  û��ú�­ ùú­ûª)ùù <­�¤­	­°�&ªSª x1 x2 x3 x′1 x′2 x′3# A"�AAA A"@AAA A"mAAA A"�AAA A"m0@� A"mm�@
� A"�@�� A"m��� A"m��# A"�@Am A"@A0# A"m�h@
� A"�m@A A"mh�0 A"m�0@ A"�m�@ A"mh@@ A"m�#h
� A"�m�h A"mh0# A"m��A A"�m�A A"mhhA A"m���m A"�m�A A"mh�� A"m�#0 A"�m#@ A"mh�0 A"m���
@ A"�m#0 A"mh�m A"m��� A"�m#@ A"mh�0 A"m���0 A"�m#@ A"mh�� A"m��� ( ( (� A"�m#@ A"mh�0 A"m��� ( ( (

' �­ú�¤­ üû��ú�� ùú­ûª)ùù �­ú�û­ °­û«�% ®«ª¬ª ü��	­ ®ªü¯ú�� 
�	ùü�	��­«� «ª °��$��� &ªS­- ª ° �­ú�¤­ <­�¤­	¯ e «ª ü¯ú��"¦	¯ üû­�
ûª®�°ª«ù¯ �ù�ú­�� «­	ù«­�«�% �ûª°«­«ù� ¬ ±®³�¬ù±	¯èè¯°ø °ù¤�- �
­�ü­�ù°ª!�­�� �%�¤ù���ú$ ùú­ûª)ù�- «��«� °��ù�	ùú$��¤�	ù �ª�ú«�% üû�ù®°�¤«�% 	­°�% �ª�ú­� ¬ª�¤�S� �ûª°«­«ù¯ ° �¬û­�ú(«��úù üû­¤ü�	ªSª­��S� û­&­«ù¯ ù ü�ü�úªú$�¯ ûª®û­&ùú$ ¬ª�¤�­ �ûª°(«­«ù­ �ú«��ùú­	$«� ü­û­�­««�� � «ªù
�	$&ù� ��¤�	­� üû�ù®°�¤«��"��	ù �ù�ú­�ª �ûª°«­«ù� ®ª¤ª«ª ° �
�­� °ù¤­- ú" ­" ¬ª¬ °­¬ú�û«�­
ûª°­«�ú°�

f(x) = 0,

ú� ùú­ûùû�!��! °­¬ú�û(.�«¬)ù!e ��" .�û��	� �h"�"��e ���«� ù�¬ªú$
° °ù¤­

ϕ(x) = x−G−1(x(0))f(x).

 û­¤ü�	ªSª­ú�¯- �ú� �ªúûù)ª G(x(0)) «­���
ª¯" ' ±ú�� �	��ª­ ��­ú ù¤­ú
ü� �%­�­- ±¬°ù°ª	­«ú«�� ��¤ù.ù)ùû�°ª««��� �­ú�¤� �$!ú�«ª"

�\=\ �`nc ÎÌ]dacoÍncp ÎaÎ^]qc
�ªû¯¤� � �
�ù�ù �­ú�¤ª�ù û­&­«ù¯ «­	ù«­�«�% �ù�ú­� ��S�ú üûù(�­«¯ú$�¯ �ª�ú«�­- ��ùú�°ª!�ù­ �ü­)ù.ù¬� ¬�«¬û­ú«�� ®ª¤ª�ù" '­�$�ª

ü���ùú­	$«� üûù�­«­«ù­ �üù�ª««�S� ° ¬«ùS­ r#A�� �­ú�¤ª ¬ ûª��­ú� üªûª(�­úû�° Sùü­û±¬�ü�«­«)ùª	$«�S� ûª�üû­¤­	­«ù¯ °û­�­«ù �
�	��ù°ª«ù¯"



ò�� �̀ TUT �� 
]8]VW] �W��]� V]`WV] V�9 �£TUV]VW 
<ªüù�$ ¤�ü�	«ùú­	$«�� .�«¬)ùù ûª�üû­¤­	­«ù¯ ° °ù¤­

F̄ (t) =
n∑

i=1

yie
−µit ì¡î\îïð

ü�®°�	¯­ú üû­¤�úª°ùú$ ù�%�¤«�� üû�)­�� üû�%�¤¯�ù� �¤«� ù® n ª	$(ú­û«ªúù°«�% .ª®" <¤­�$ {yi}, 0 ≤ yi ≤ 1,
∑n

i=1 yi = 1 ù«ú­ûüû­(úùû�!ú�¯ ¬ª¬ °­û�¯ú«��úù °�
�ûª i (� .ª®�- ª {µi} e ¬ª¬ üªûª�­úû�
ü�¬ª®ªú­	$«�S� ûª�üû­¤­	­«ù¯ °û­�­«ù üû­
�°ª«ù¯ ° «­�" ¦ùªSûª��ª
Sùü­û±¬�ü�«­«)ùª	$«�S� ûª�üû­¤­	­«ù¯ üûù°­¤­«ª «ª ûù�"h"�"

���� ��X� s�Y��tu�Y����5���v��� ���Y���������
ñû­¤ù «ª®°ª««�% °­	ù�ù« ��S�ú 
�ú$ ¬��ü	­¬�«�­ �ü�üªû«� ��üû̄ �­«(«�­�- �ú� ü�¤�­û¬ù°ª­ú .ù¬úù°«�� %ªûª¬ú­û ûª��­ü	­«ù¯ üû�)­��ª «ª.ª®�" ¦�ü��úù���ú$ úª¬ù% üªûª�­úû�° 
�	ª °ü­û°�­ �ú�­�­«ª ¦" ÷�¬(��� ° #hmm S" ù ° ¤ª	$«­�&­� �«�S�¬ûªú«� ü�¤ú°­û�¤ª	ª�$ �����	­««�(�ú$! ¬�«­�«�% û­®�	$úªú�° ûª��­ú�°" �¬ª®ª««ª¯ ªüüû�¬�ù�ª)ù¯ üûù¤ª­ú
üû�)­��� �
�	��ù°ª«ù¯ �ù	$«� �üû��ª!�­­ ûª��­ú� °¬�´¯­�´¯³ �­¯ë	�®­¯ «­®ª°ù�ù���úù ûª�üû­¤­	­«ù¯ ��úª°&­��¯ ¤	ùú­	$«��úù �
�	��ù(°ª«ù¯ ° .ª®­ �ú ��­ ù�ú­¬&­�"

��¤­� ù�¬ªú$ üªûª�­úû� ªüüû�¬�ù�ª)ùù �h"�"#�- üûùûª°«ù°ª¯ ­­���­«ú�- °�ûª�­««�­ �­û­® �ü��¯«�ú�­ üªûª�­úû�- ®ª¤ª««�� ®«ª�­(«ù¯� {f̃i} - i = 1, 2n− 1
" �ù�	� �ûª°«­«ù� ûª°«� ¬�	ù�­�ú°� è³
¬	­±�±°�$ üªûª�­úû�° �h"�"#� �«ª «ù% «ª	��­«� ­�ú­�ú°­««�­ �Sûª«ù�­(«ù­ ∑n

i=1 yi = 1 �"  ûù�­«­«ù­ .�û��	� ¤	¯ ���­«ú�° ü�¬ª®ªú­	$«�S�
ûª�üû­¤­	­«ù¯

bk = k!/µk, k = 1, 2, . . .



��6� ��VT �õ]�WT`�VT( �W��]�T ò�c
üûù°�¤ùú ¬ �ù�ú­�­ �ûª°«­«ù� �ú«��ùú­	$«� üªûª�­úû�° ªüüû�¬�ù�ª)ùù
y1 + y2 + . . .+ yn = 1,

y1/µ1 + y2/µ2 + . . .+ yn/µn = f̃1,

y1/µ
2
1 + y2/µ

2
2 + . . .+ yn/µ

2
n = f̃2/2 !," " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "

y1/µ
i
1 + y2/µ

i
2 + . . .+ yn/µ

i
n = f̃i/i !, i = 0, 2n− 1.

ì¡î\î#ð

<¤­�$ f̃i e i (� ���­«ú ù�%�¤«�S� ûª�üû­¤­	­«ù¯" '°­¤­� �
�®«ª�­«ù¯
xi = µ−1

i , fi = f̃i/i!
" ��S¤ª �ù�ú­�ª �h"�"�� ü­û­%�¤ùú °

n∑

j=1

yjx
i
j = fi, i = 0, 2n− 1. ì¡î\î[ð

¦	¯ û­&­«ù¯ ±ú�� �ù�ú­�� üûù�­«ù� �­ú�¤- �üù�ª««�� ° ¬«ùS­2" '" ý±��ù«Sª r#A�- �" #�h�#�#�" '°­¤­� �«�S��	­«
π(x) =

n∏

i=1

(x− xi) =
n∑

k=0

Ckx
k. ì¡î\î\ð

1�­°ù¤«�- ¤	¯ °�­% i ù�­­ú �­�ú� π(xi) = 0 - ª Cn = 1
" ��«��ù�

ü­û°�­ ù® �ûª°«­«ù� �ù�ú­�� �h"�"�� «ª C0
- °ú�û�­ «ª C1

- " " " - n (­ e«ª Cn
ù �	��ù� û­®�	$úªú�¨
n∑

i=0

Ci

n∑

j=1

yjx
i
j =

n∑

i=0

Cifi =
n∑

j=1

yj

n∑

i=0

Cix
i
j =

n∑

j=1

yjπ(xj) = 0.

ñ¤°ù«­� ú­ü­û$ �«��ùú­	ù {Ci} «ª �¤«� �úû�¬� °«ù®¨
n∑

i=0

Ci

n∑

j=1

yjx
i+1
j =

n∑

i=0

Cifi+1 =
n∑

j=1

yj

n∑

i=0

Cix
i+1
j =

n∑

j=1

yjxj

n∑

i=0

Cix
i
j = 0.

 û�¤�	�ª¯ ±úù üû­�
ûª®�°ª«ù¯ ¤� �¤°ùSª «ª n �úû�¬- üûù%�¤ù� ¬ �ù�ú­(�­ �ûª°«­«ù�
n∑

j=0

Cjfi+j = 0, i = 0, n− 1,

Cn = 1,
ì¡î\îIð

û­&ª­��� �¤«ù� ù® �úª«¤ªûú«�% �ù�	­««�% �­ú�¤�°" �­ü­û$ ��S	ª�«��h"�"�� ù�­­� �ûª°«­«ù­
n∑

i=0

Cix
i = 0
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� ù®°­�ú«��ù ¬�±..ù)ù­«úª�ù" 2­&ª¯ ­S�- «ª%�¤ù� ¬�û«ù {xj}

"  �¤(�úª«�°¬ª ¬�û«­� ° ü­û°�­ n �ûª°«­«ù� ù® �h"�"�� ¤ª­ú ¬�±..ù)ù­«ú�
{yj}

" �ª¬�«­)- °��ù�	¯­� °�­ µj = 1/xj
" û�°­ûù� ±ú� û­&­«ù­ ¤	¯ H2

(ªüüû�¬�ù�ª)ùù ü	�ú«��úù Sª��ª(ûª�üû­¤­	­«ù¯
f(t) =

λ(λt)r−1

Γ(r)
e−λt

� ���­«úª�ù fi = r(r + 1) . . . (r + i − 1)/(i!λi)
" ñù�ú­�ª �h"�"m� ú­ü­û$�°�¤ùú�¯ ¬

C0 +C1f1 = −f2,
C0f1 +C1f2 = −f3.�­ �üû­¤­	ùú­	$
A =

∣
∣
∣
∣

1 f1

f1 f2

∣
∣
∣
∣
= f2 − f 2

1

�
ûª�ª­ú�¯ ° «�	$ üûù r = 1 - �ú� ù�¬	!�ª­ú �úª«¤ªûú«�­ üûù�­«­«ù­�­ú�¤ª ¤	¯ ü�¬ª®ªú­	$«�S� ûª�üû­¤­	­«ù¯ e ú��«­­- ¤	¯ ûª�üû­¤­	­«ù�� ­¤ù«ù�«�� ¬�±..ù)ù­«ú�� °ªûùª)ùù"¦ª	­­- üûù ��ü­&«�� üû�%��¤­(«ùù ±ú�S� ±úªüª ù�­­�
C0 =

f1f3 − f 2
2

f2 − f 2
1

, C1 =
f1f2 − f3

f2 − f 2
1

.

ñ��ú°­ú�ú°­««�- ¬�û«ù ¬°ª¤ûªú«�S� �ûª°«­«ù¯ x2 + C1x + C0 = 0 ü�¤(��ùú�°ª!ú�¯ ��S	ª�«�
x1,2 = − f1f2 − f3

2(f2 − f 2
1 )

±
√
D.

¦ù�¬ûù�ù«ª«ú �ûª°«­«ù¯
D =

[
f1f2 − f3

2(f2 − f 2
1 )

]2

− f1f3 − f 2
2

f2 − f 2
1ûª°­« «�	! üûù r = 2 - ú" ­" ¤	¯ ûª�üû­¤­	­«ù¯ /û	ª«Sª °ú�û�S� ü�û¯¤(¬ª" ' ±ú�� �	��ª­ ¬�û«ù �ûª°«­«ù¯ ûª°«�- ù «ª ®ª¬	!�ùú­	$«�� ±úªü­

ª	S�ûùú�ª �üû­¤­	ùú­	$ �ù�ú­��
y1 + y2 = 1,

x1y1 + x2y2 = f1

�
ûª�ª­ú�¯ ° «�	$" �ª¬ù� �
ûª®��- �ü��¯«�ú�­ úùü� ûª�üû­¤­	­«ù�
¯°	¯!ú�¯ ���
��ù �	��ª¯�ù ª	S�ûùú�ª ù ¤�	�«� �
ûª
ªú�°ªú$�¯�ú¤­	$«�"



¶·¸¹¸ wx»
yÄÀÉ·ÀzÂ¿ÀÂ {�¿|}ÀÇ

~�\~\ n_Î^cn_��c +c`c�a
' üûª¬úù¬­ °��ù�	­«ù� �ª�ú� úû­
�­ú�¯ üûù
	ù�­««� ®ª�­«ùú$

«ª ù«ú­û°ª	­ [a, b] «­¬�ú�û�! .�«¬)ù! f1(x)
¤û�S�� .�«¬)ù­� f2(x)

-

�	­­ �¤�
«�� ¤	¯ ûª��­ú�°" 1¤«ª ù® úª¬ù% ®ª¤ª� ûª���ªúûù°ª	ª�$ °
ûª®¤" h"�"  �¤�
«ª¯ «ª¤�
«��ú$ û­S�	¯û«� °�®«ù¬ª­ú üûù ûª��­ú­ ü�¤û�
(«�% úª
	ù)- ª úª¬�­ ù«ú­Sûùû�°ª«ùù ù	ù ¤ù..­û­«)ùû�°ª«ùù .�«¬)ù�-
®ª¤ª««�% ª	S�ûùú�ù�­�¬ù- �	��«��ù ª«ª	ùúù�­�¬ù�ù °�ûª�­«ù¯�ù 	ù(
� úª
	ù)ª�ù �ú" ­" ° ¬�«­�«�� �ù�	­ ú��­¬�"' û�	ù ªüüû�¬�ù�ùû�!�ù% .�«¬)ù� �
��«� üûù�­«¯!ú �«�S��	­(«�¨ ù% 	­S¬� °��ù�	¯ú$- ü­û­�«��ªú$- ¤ù..­û­«)ùû�°ªú$ ù ù«ú­Sûùû�(°ªú$" �­�û­úù�­�¬�� ��«�°�� ¤	¯ üûù�­«­«ù¯ �«�S��	­«�° ° ¬ª�­�ú°­
üûù
	ù�­«ù� ¬ «­üû­û�°«�� .�«¬)ù¯� ¯°	¯­ú�¯pqrsqtu x�wx �'­�­û&úûª��ª�¨ ­�	ù .�«¬)ù¯ f(x) «­üû­û�°«ª «ª
�úû­®¬­ [a, b] - ú� ¤	¯ 	!
�S� ε > 0 ���«� �¬ª®ªú$ �«�S��	­« Pn(x)�ú­ü­«ù n(ε) - �ú°­�ª!�ù� ��	�°ù!

|f(x) − Pn(x)| < ε

üûù °�­% ∈ [a, b]
" ûù û­&­«ùù ®ª¤ª� ¤ª««�S� °ù¤ª ���­�ú°­««ª S	ª¤¬��ú$ üûù
	ù(�ª­��� .�«¬)ùù" ��°�û̄ ú- �ú� .�«¬)ù¯ f ∈ Cn[a, b] - ­�	ù �«ª ù�­­ú «ª

üû��­��ú¬­ [a, b] üû�ù®°�¤«�­ ü� ¬ûª�«­� �­û­ ¤� n (S� ü�û̄ ¤¬ª °¬	!(�ùú­	$«�"
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 ­û­%�¤ �ú ù�%�¤«�� .�«¬)ùù ¬ ªüüû�¬�ù�ùû�!�­� �úª°ùú °�üû��

� ´¬²³�®­³ ü�	��­««�S� üûù
	ù�­«ù¯- ú" ­" � �ú­ü­«ù 
	ù®��úù «ª ù«ú­û(°ª	­ [a, b] .�«¬)ù� f1(x)
ù f2(x)

"¦	¯ .�«¬)ùù f1(x)
- �üû­¤­	­««�� «ª

°�­� ù«ú­û°ª	­ [a, b] - �)­«¬� ¬ª�­�ú°ª ªüüû�¬�ù�ª)ùù ���«� ü�	��ùú$� ü����$! ü�«¯úù¯ è �̄°� Jøè´ù±± " ��ú$ «ª �úû­®¬­ a ≤ x ≤ b ûª���ªúûù°ª­ú�¯ úª¬�­ �«��­(�ú°� .�«¬)ù�- �ú� °�­�ú­ � ¤°��¯ üû�ù®°�	$«��ù .�«¬)ù¯�ù f1(x)ù f2(x)
±ú�S� �«��­�ú°ª ­�� üûù«ª¤	­�ùú ù% 	ù«­�«ª¯ ¬��
ù«ª)ù¯

c1f1(x) + c2f2(x)
- S¤­ c1, c2

e üû�ù®°�	$«�­ �ù�	ª" ��°�û̄ ú- �ú� «ª
ûª���ªúûù°ª­��� �«��­�ú°­ .�«¬)ù� �üû­¤­	­«ª è �̄°¬- ­�	ù ¬ª�(¤�� .�«¬)ùù f(x) ±ú�S� �«��­�ú°ª ü��úª°	­«� ° ���ú°­ú�ú°ù­ �ù�	��«�û�ª� ‖f(x)‖ - �
	ª¤ª!�­­ �°���ú°ª�ù¨#� ‖f(x)‖ ≥ 0 - üûù�­� ‖f(x)‖�A ú�	$¬� ¤	¯ f(x) ≡ 0 ©
�� ‖cf(x)‖ = |c| · ‖f(x)‖ - S¤­ c e üû�ù®°�	$«�­ �ù�	�©
�� ‖f1 + f2‖ ≤ ‖f1‖ + ‖f2‖ e «­ûª°­«�ú°� úû­�S�	$«ù¬ª"

 ûù°­¤­� ¤°ª üûù�­ûª «�û�¨
• ûª°«��­û«ª¯ «�û�ª ‖f(x)‖p = max

a≤x≤b
|f(x)| ©

• ¬°ª¤ûªúù�«ª¯ «�û�ª ‖f(x)‖q =

√
b∫

a

[f(x)]2 dx
"

ñüûª°­¤	ù°��ú$ �°���ú° #� ù �� ¤	¯ �
­ù% °°­¤­««�% «�û� «­ü��û­¤�ú°­«(«� ��­°ù¤«ª" ���«� ¤�¬ª®ªú$- �ú� ¤	¯ «ù% �üûª°­¤	ù°� ù «­ûª°­«(�ú°� úû­�S�	$«ù¬ª" ' ¬ª�­�ú°­ �­û� ¤
	ù®��úù¥ ¤°�% .�«¬)ù� f1(x)
ù

f2(x)
�
��«� üûù«ù�ª!ú «�û�� ûª®«��úù ±úù% .�«¬)ù�- ú" ­" °­	ù�ù«�

‖f1 − f2‖
"

' ®ª¬	!�­«ù­ �
��¤ù� ���ú«�&­«ù­ �­�¤� ¤°��¯ ûª����úû­««��ù
«�û�ª�ù" 1�­°ù¤«�- �ú� ¤	¯ üû�ù®°�	$«�� .�«¬)ùù f(x)

‖f‖q ≤
√
b− a · ‖f‖p ;

ü�±ú��� ù® �ª	��úù °­	ù�ù«� ‖f‖p �	­¤�­ú �ª	��ú$ ‖f‖q
" ��	ù ûª°«�(�­û«ª¯ «�û�ª .�«¬)ù� ü��	­¤�°ªú­	$«��úù f1(x), f2(x), . . . , fn(x)

üûù
n → ∞ �úû­�ùú�¯ ¬ «�	!- ú� �úû­�ùú�¯ ¬ «�	! ù ¬°ª¤ûªúù�«ª¯ «�û�ª
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±úù% �­ .�«¬)ù�" 1¤«ª¬� �
ûªú«�­ �ú°­û�¤­«ù­ «­°­û«� ���" üûù�­û °rh�- �" 0���"1)­«¬ª ü�Sû­&«��úù ªüüû�¬�ù�ª)ùù.�«¬)ùù- ®ª¤ª««��®¬ûé±²è¯-���­ú ��«�°�°ªú$�¯ ú�	$¬� «ª �ûª°«­«ùù ®«ª�­«ù� f2(x)

�� ®«ª�­«ù¯�ù
f1(x)

- ü�üª°&ù�ù ° úª
	ù)�"  ��ú$ úª¬ù% ú��­¬ n " ��S¤ª ü� ª«ª	�Sùù �
«�û�ª�ù ü�Sû­&«��úù «­üû­û�°«�� ªüüû�¬�ù�ª)ùù ù�­­ú ����	 üûù�­(«¯ú$ �)­«¬ù

∆p = max
1≤i≤n

|f1(xi) − f2(xi)| ìï�î#îïð
ù	ù

∆q =
( 1

n

n∑

i=1

[f1(xi) − f2(xi)]
2
)1/2 ìï�î#î#ð

�¤	¯ �üû��­«ù¯ ú­û�ù«�	�Sùù 
�¤­� «ª®�°ªú$ ù% �±�´�³®è�°± è �̄°¬	°±�" §® «­�¬�	$¬ù% °�®���«�% üûù
	ù�­«ù� ¬ .�«¬)ùù f(x) «ª �ú(û­®¬­ [a, b] �ù	ù «ª ¬�«­�«�� �«��­�ú°­ ®«ª�­«ù� ªûS��­«úª� 	��&ù���ùúª­ú�¯ ú�- ¤	¯ ¬�ú�û�S� °�
ûª««ª¯ «�û�ª ü�Sû­&«��úù �­«$&­"

~�\)\ �_b^ab_��c a Ì_aÎ�
1
���¤ª­��­ «ù�­ ª	S�ûùú�� ù«ú­ûü�	¯)ùù ù ù% ù�ü�	$®�°ª«ù­

�üùûª!ú�¯ «ª ø� �̄��¯²³èè�³ ¤ª««�­"
Ñ�Ð�ÐÑÐ "ØÙÖÜ Ú ÝÔÖÖÙÚÛ
ñ��­�ú°­««�� �ª�ú$! �«�Sù% ª	S�ûùú��° ¯°	¯­ú�¯ ü�ù�¬ ±	­�­«(úª ° �üù�¬­ ��ª��ù°­� ü� ®ª¤ª««��� ¬ûùú­ûù!"  û­¤ü�	��ù�- �ú� °�­

±	­�­«ú� �ª��ù°ª ï½êñ¹Ã ûª®	ù�«� ù úû­
�­ú�¯ «ª�úù «��­û ±	­�­«úª-
ûª°«�S� �- ­�	ù úª¬�°�� ù�­­ú�¯" ¦	¯ ü�ù�¬ª ° �û­¤«­� ü�úû­
�­ú�¯ ¹�è
üû�°­û�¬- ª ° «ªù%�¤&­� �	��ª­ e ¹"��	ù �ª��ù° ï �ü�û̄ ¤��­« �¤	¯ �üû­¤­	­««��úù ü� °�®ûª�úª«ù!�-¤	¯ ü�ù�¬ª ���«� üûù�­«ùú$ �­ú�¤ ü�	�°ù««�S� ¤­	­«ù¯¨ üû�°­ûùú$ ±	­(�­«ú ° �­û­¤ù«­ ¤ùªüª®�«ª ù ° ®ª°ù�ù���úù �ú û­®�	$úªú�° üû�°­û¬ù °
¤ª	$«­�&­� ü�°ú�ûùú$ üû�)­¤�û� ¤	¯ 	­°�� ù	ù üûª°�� ü�	�°ù«� ­S�"
<¤­�$ �û­¤«­­ �ù�	� üû�°­û�¬ ���úª°ùú [log2 n]+1

"  ûù°­¤­� .ûªS�­«ú
üû�Sûª��� ¤ù%�ú��ù�­�¬�S� ü�ù�¬ª¨
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°��ù�	ùú$ y(z) 	ù«­�«�� ù«ú­ûü�	¯)ù­� �­�¤� úª
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üû­¤ü�	ªSª!�ù% �ü�û̄ ¤��­««��ú$ ¤ª««�% �ü�ù�¬- ü��úû�­«ù­ .�«¬)ù�
ûª�üû­¤­	­«ù¯ �	��ª�«�% °­	ù�ù« ù ù«ú­ûü�	¯)ù�««�% �«�S��	­«�° ù
ú" ü"�- ù �ª�ú� �
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�úù� üûù ù�ùúª)ù�«(«�� ��¤­	ùû�°ª«ùù�" ��¤ù.ù¬ª)ù¯ ª	S�ûùú��° üûù�­«ùú­	$«� ¬ ¤û�Sù�
¬ûùú­ûù¯� �ü�û̄ ¤��­««��úù �°�¤ùú�¯ ¬ ®ª�­«­ üû�°­û̄ ­��% ��	�°ù�"
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µº¿í ¾̧ ¹·º¹· ½̧ ¹¶³·Ã ññ ï½ñÃ
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¸¹·ºÁºµ ¸¾ó¾ô
µº¿í îÂ¶ ¸Öê¾¹Õê

îÖï ½̧ Ãõ ôÖ¸Â¶ óÖ¸öê¾¹
¸À ½ï½óÃ�îÃ ·�º¹

îÖï½óÃõ ôÖó
º¹Â ¸À

º¹Â Â¶
ï½ôÃÖï ½̧ Ãõ ï ½̧ ÃÖî

º¹Â Â¶
º¹Â ²³´µ¶³·¸¹º æ�¿¹í¸¹

 ûù �ø
��ê´¯­¯ë � �̄®±�¯­´³ üû�ù®°�¤ùú�¯ ü�üªû«�­ �ûª°«­«ù­���­¤«ù% ±	­�­«ú�° ù üûù «­�
%�¤ù���úùe ù% ü­û­�úª«�°¬ª" �ù�	� �ûª°(«­«ù� ¬ª�¤�� ûª® ��­«$&ª­ú�¯ «ª ­¤ù«ù)�"  ûù ®ª°­û&­«ùù ��­û­¤«�S�
üû����úûª � «�	­°�� �ù�	�� ù«°­û�ù� ��ûúùû�°¬ª ®ª¬ª«�ù°ª­ú�¯ ¤��û��(«�" ' %�¤­ ±ú�� ��ûúùû�°¬ù �ª	�­ ±	­�­«ú� ü��ú­ü­««� ¤°�ü	�°ª!ú¥ ¬
«ª�ª	� �ª��ù°ª- �ú� ù �üû­¤­	¯­ú «ª®°ª«ù­ �­ú�¤ª" ��	$&ù­ ±	­�­«ú�¤��­¤ª!ú «ª ¤«�¥ e ° ü­û°�� üû�S�«­ �ª��� 
�	$&��- ®ªú­� �	­¤�!(�ù� ü� °­	ù�ù«­ ù ú" ¤" /ú� �
�ú�¯ú­	$�ú°� ���«� ù�ü�	$®�°ªú$- ¬�S¤ª
¤��úªú��«ª �ª�úù�«ª¯ �ü�û̄ ¤��­««��ú$ �«ªüûù�­û- «��«� «ª�úù m «ªù(
�	$&ù% �ù�­	�"�³éè¯²è¬� � �̄®±�¯­´¬ ûª
�úª­ú ª«ª	�Sù�«� �úª«¤ªûú«��� �
�­«�¤� ú­% ü�û- ü�¬ª «­ «ª¤� °�ü�	«¯ú$ ü­û­�úª«�°¬�" ñûª°«ù°ª­�ª¯ °­	ù�ù(«ª � �­«$&ù� ¬	!��� ü�¤«ù�ª­ú�¯ °°­û% ü� �üù�¬�- «ª�¬�	$¬� ±ú� °�®(���«�- ��ü��úª°	¯¯�$ �� °�­�ù ­­ üû­¤&­�ú°­««ù¬ª�ù ü� «ªüûª°	­«ù! ¬
°­û&ù«­ �«ª�ª	�� �üù�¬ª" ��	ù ­­ ¬	!� �­«$&­- �­� � üû­¤&­�ú°­««ù¬ª-
ú� °�ü�	«¯­ú�¯ �
�­« ù «ª�ù«ª­ú�¯ ��­û­¤«�­ �ûª°«­«ù­" <¤­�$ ° 	!(
�� ���­«ú �üù��¬ °�&­ ü��	­¤«­S� ü­û°ù�«�S� �ûª°«­«ù¯ �ü�û̄ ¤��­«" �±ú���- ¬�S¤ª ü­û­¤°ùSª­��� ±	­�­«ú °�úû­�ª­ú ±	­�­«ú � �­«$&ù�
¬	!���- ±ú�ú üû�)­�� üû­¬ûª�ª­ú�¯ ù «ù�%�¤¯�­­ �ûª°«­«ù­ °�®�
«�°(	¯­ú�¯ � ú�� ü�®ù)ùù- � ¬�ú�û�� °�ü�	«¯	�¯ ü­û°�� �
�­«" ñ�ûúùû�°¬ª®ª¬ª«�ù°ª­ú�¯- ¬�S¤ª «ù�%�¤¯�­­ �ûª°«­«ù­ ®ª%°ªúùú n (� ±	­�­«ú" 1ú�­(�­««�­ °�&­ �°���ú°� �ª�úù�«�� �ü�û¯¤��­««��úù ü�®°�	¯­ú üûù�­«ùú$
¤	¯ ü�ù�¬ª �­�úª °�úª°¬ù �­ú�¤ ü�	�°ù««�S� ¤­	­«ù¯"
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Ñ�Ð�Ð�Ð �ßÖáÓÔ� ÖØÓáÙÓØÚÜÔ
 û­¤	��­««ª¯ �" ý�ªû�� ° #h@A S" «­	ù«­�«ª¯ ��ûúùû�°¬ª ¬ª�(¤�� &ªS �°�­� û­ª	ù®ª)ùù �°�¤ùú ¬ ��ûúùû�°¬­ ¤°�% �ª��ù°�° �­«$&­�

¤	ù«�" 1«ª ��«�°ª«ª «ª �üû­¤­	­«ùù �­�úª «ª�ª	$«�S� ±	­�­«úª �ª��ù(°ª ° �ü�û̄ ¤��­««�� �«��­�ú°­" ¦ª	­­ ú�ú �­ �­ú�¤ ���«� üûù�­«ùú$
¬ �úû­®¬ª� ú­¬��­� ü��	­¤�°ªú­	$«��úù �	­°ª ù �üûª°ª �ú «ª�¤­««��
ü�®ù)ùù" §

úª¬- ®ª¤ª�ª ���­ú 
�ú$ û­&­«ª ü��û­¤�ú°�� �³´ø��±­è¯ë
üû�)­¤�û�" ûù�­û� üû�Sûª�� ��ûúùû�°�¬ �° ú�� �ù�	­ «­	ù«­�«�%� �
���(¤ª!ú�¯ ° r�m�"

~�\=\ �n^]bÌ_oab_�cna]
 �¤ ±è®³��¯é±�¯­¬è±³° ü�«ù�ª­ú�¯ ü��úû�­«ù­ .�«¬)ùù- üû�%�(¤¯�­� �­û­® ¬�«­�«�­ �úª
	ù�«�­� �«��­�ú°� ú��­¬"  ­û°�­ üûù	��­(«ù¯ úª
	ù) �°¯®ª«� � «ª°ùSª)ù­� ü� ®°­®¤ª�- S¤­ �«ù ù�ü�	$®�°ª	ù�$

¤	¯ �üû­¤­	­«ù¯ &ùû�ú� ù ¤�	S�ú�" ñ�®¤ª«ù­ «­�
%�¤ù��� ��°�¬�ü«�(�úù úª
	ù) °� Eûª«)ùù ü��	­ '­	ù¬�� û­°�	!)ùù ûª���ªúûù°ª	��$ ¬ª¬.�«¤ª�­«úª	$«ª¯ ®ª¤ª�ª ù 
�	� �°¯®ª«� � ù�­«­� ¬	ª��ù¬ª ù«ú­ûü�	¯()ùù e ªªSûª«�ª"  û�
	­�� ûª
�ú� � úª
	ù)ª�ù ª¬ú�ª	$«� ù ° «ª&ù
¤«ù" ¦	¯ üûù�­ûª ��&	­��¯ «ª ù�ü�	$®�°ª«ù­ ¤ª««�% ü­û­üù�ù «ª�­	­(«ù¯- üû�°�¤ù��� 	ù&$ �¤ù« ûª® ° #A 	­ú" 1 ûª®«��
ûª®ùù ù üûª¬úù�­(�¬�� ª¬ú�ª	$«��úù ®ª¤ª� ±ú�S� û�¤ª �°ù¤­ú­	$�ú°�!ú üûù°­¤­««�­ ° r0m�
úª
	ù)� ®ª°ù�ù���ú­�¨

• ú­�ü­ûªú�û� ¬ùü­«ù¯ ûª®«�% �ù¤¬��ú­� e �ú ¤ª°	­«ù¯©
• ü	�ú«��úù �ù¤¬��ú­� ù ¤ª°	­«ù¯ «ª���­««�S� °�¤¯«�S� üªûª e �ú
ú­�ü­ûªú�û�©

• ��¬�û­«ù¯ �°�
�¤«�S� üª¤­«ù¯- ü	�ú«��úù ªú���.­û�- �¬�û��úù
ûª�üû��úûª«­«ù¯ ®°�¬ª e �ú °���ú� «ª¤ ®­�«�� ü�°­û%«��ú$!©

• �ù	� �°­úª e �ú ���«��úù ±	­¬úûù�­�¬�� 	ª�ü�©
• ü�¬ª®ªú­	­� ¤û­°��ú�¯ e �ú °�®ûª�úª©
• ú­%«ù¬�(±¬�«��ù�­�¬ù% ü�¬ª®ªú­	­� �S	­¤�
�°ª!�­� üû���&	­«(«��úù e �ú S�¤ª"
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��ú$ �«­«ù­ r0m�- �ú� ° °�üû��ª% üû�S«�®ùû�°ª«ù¯ ù«ú­ûü�	¯)ù¯ ù ° ���(
­««��úù ±¬�úûªü�	¯)ù¯ ��S�ú �	��ùú$ Sù¤�� ° «ª��«�� üû­¤°ù¤­«ùù"1¤«ª¬� «ª� 
	ù�­ ¤û�Sª¯ ú��¬ª ®û­«ù¯¨ û­&­«ù­ ®ª¤ª�ù �
 �´�®�¬�¯	é�ù±± �üû­�¤­ °�­S� ü� °û­�­«ù� ° ¬ª�¤�� ¬�«¬û­ú«�� �	��ª­ úû­
�(­ú S	�
�¬�S� ü�«ù�ª«ù¯ ù®��ª­��S� ¯°	­«ù¯" ¤1�­«$ úû�¤«� �ú�(«ù
�¤$üû­¤°ù¤­ú$- ���
­««� «ª 
�¤��­­¥ r�h- �" m��" ¦�
ª°ù�¨ ù ���
­««� °2���ùù�

�­�ûù! ù«ú­ûü�	¯)ùù ���«� «ª®°ªú$ «ª�¬�� �ú­«ù¯ �­�¤� �úû�¬�ªú­�ªúù�­�¬�� úª
	ù)� r�0- �" #A��" §�­««� üû�
	­�ª ù�üûª°	­«ù¯
�&ù
�¬ ° úª
	ù)ª% ü�¤°ùS	ª �" �±

ù¤�ª «ª ¬�«�úû�ùû�°ª«ù­
°��ù�	ùú­	$«�� �ª&ù«�" �­¬�ú�û�­ �ü���
� �
«ªû��­«ù¯ �&ù
�¬ 
�	ù¤��úªú��«� ù®��û­««� �«ªüûù�­û- ü� ��ü��úª°	­«ù! ûª®«��ú­� ù ù% ûª®(«��ú­��"

§
«ú­û­�«�� �ü�ú ���úª°	­«ù¯ úª
	ù) �
���¤ª­ú�¯ ° r�0- �" #Ah�##A�"  û­�¤­ �­� ûª���ªúûù°ªú$ �ú¤­	$«�­ �ü���
� ù«ú­ûü�	¯)ùù- �.�û(��	ùû�­� «­¬�ú�û�­ �
�ù­ ü�	��­«ù¯¨

#" §«ú­ûü�	¯)ù¯ ü�	­®«ª 	ù&$ üûù ��	�°ùù- �ú� ¤ª««�­ «­ ��¤­û�ªú
�&ù
�¬"

�" ¦ª««�­ �ª�ù ü� �­
­ «­ ��S�ú �üû­¤­	ùú$ ù«ú­ûü�	¯«ú" ¦	¯ .ù¬(�ùû�°ª««�S� «ª
�ûª ¤ª««�% ���­�ú°�­ú 
­��ù�	­««�­ �«��­�ú°�
ù«ú­ûü�	¯«ú�°"

�" ��	ù ù®��ª­�ª¯ .�«¬)ù¯ ûª®û�°«ª- ú� ù«ú­ûü�	¯)ù! ���«� üû�(°�¤ùú$ ú�	$¬� «ª ù«ú­û°ª	ª%- «­ ��¤­û�ª�ù% ûª®û�°�°" �ªüûù�­û-
®ª°ù�ù���ú$ °«�úû­««­� ±«­ûSùù ­¤ù«ù)� �ª��� °�¤� �ú ú­�ü­ûª(ú�û� ù�­­ú ûª®û�°� üûù ú­�ü­ûªú�û­ 0◦ �ú��¬ª ü	ª°	­«ù¯� ù 100◦�ú��¬ª ¬ùü­«ù¯� r�h- �" �A�" ü«ª	�Sù�«� �
�ú�ùú ¤­	� üûù ûª®û�°­
üû�ù®°�¤«�%"
Ñ�Ð�ÐÑÐ �ÕáÛÓ×ØÞ�âÙØÕÕß� ÝÕØæØ0ÞÛÕ �ÔæÓÔÕ4Ô
 ��ú$ «ª ü	��¬��úù (xOy) ®ª¤ª« «ª
�û ú��­¬ (x0, y0), (x1, y1), . . .

-
(xn, yn)

- üûù�­� «ù¬ª¬ù­ ¤°­ ú��¬ù «­ «ª%�¤¯ú�¯ «ª �¤«�� °­ûúù¬ª	ù"�«�S��	­«- ��°üª¤ª!�ù� � yk
üûù x = xk, k = 0, n - 
�¤­� «ª®�(°ªú$ ±è®³��¯é�ù±¯èè�° ¤	¯ ±ú�S� �«��­�ú°ª ú��­¬" §®°­�ú«�- �ú� ��(�­�ú°�­ú ­¤ù«�ú°­««�� �«�S��	­« Pn(x)

�ú­ü­«ù «­ °�&­ n - üûù«ù(�ª!�ù� ° ú��¬ª% x0, x1, . . . , xn
®ª¤ª««�­ ®«ª�­«ù¯ y0, y1, . . . , yn

" /ú�ú
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�«�S��	­« ���­ú 
�ú$ ®ªüù�ª«- «ªüûù�­û- ° °ù¤­

P (x) = y0
(x− x1)(x− x2) . . . (x− xn)

(x0 − x1)(x0 − x2) . . . (x0 − xn)

+ y1
(x− x0)(x− x2) . . . (x− xn)

(x1 − x0)(x1 − x2) . . . (x1 − xn)" " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
+ yn

(x− x0)(x− x1) . . . (x− xn−1)

(xn − x0)(xn − x1) . . . (xn − xn−1)
.

 �¬ª�­�- �ú� úª¬�� �«�S��	­« ­¤ù«�ú°­««��" ' �ª��� ¤­	­- ü��ú$ ù�­(­ú�¯ ¤û�S�� ù«ú­ûü�	¯)ù�««�� �«�S��	­« P̃ (x) �ú­ü­«ù «­ °�&­ n
"

��S¤ª �«�S��	­« R(x) = Pn(x)− P̃ (x) �ú­ü­«ù «­ °�&­ n ¤�	�­« �
ûª(�ªú$�¯ ° «�	$ ° (n+1) ú��¬ª% x0, x1, . . . , xn
- ú" ­" ù�­ú$ «­ �­«­­ (n+1)¬�û«­�"  ��¬�	$¬� ±ú� «­°�®���«�- ��úª­ú�¯ üû­¤ü�	��ùú$ R(x) ≡ 0

"
<«ª�ùú- Pn(x) e ­¤ù«�ú°­««��"

<ª�­úù�- �ú� ­�	ù ±ú�ú �«�S��	­« �	��ùú$ � �«�S��	­«�� °ù¤ª
(x− x0)(x− x1) . . . (x− xn)Q(x) - S¤­ Q(x) e üû�ù®°�	$«�� �«�S��	­«-
ú� ����ª 
�¤­ú �«�S��	­«�� �ú­ü­«ù «­ «ù�­ (n + 1) - üûù«ù�ª!�ù�üûù x = xk

®«ª�­«ù­ yk " �ª¬ù� �
ûª®��- ���­�ú°�­ú 
­��ù�	­««�­ �«�(�­�ú°� �«�S��	­«�°- üûù«ù�ª!�ù% üûù x = xk
®«ª�­«ù¯ yk, k = 0, n -«� ú�	$¬� �¤ù« ù® «ù% ù�­­ú �ú­ü­«$ «­ °�&­ n " ��ú$ «ª �úû­®¬­ [a, b] ��ù Ox �üû­¤­	­«ª .�«¬)ù¯ f(x) - ®«ª�­(«ù¯ ¬�ú�û�� ù®°­�ú«� 	ù&$ ° (n + 1) ûª®	ù�«�% ú��¬ª% x0, x1, . . . , xn

"2ª����úûù� ú­ü­û$ �«�S��	­«
Lf (x) = f(x0)

(x− x1)(x− x2) . . . (x− xn)

(x0 − x1)(x0 − x2) . . . (x0 − xn)

+ f(x1)
(x− x0)(x− x2) . . . (x− xn)

(x1 − x0)(x1 − x2) . . . (x1 − xn)" " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
+ f(xn)

(x− x0)(x− x1) . . . (x− xn−1)

(xn − x0)(xn − x1) . . . (xn − xn−1)
,

ìï�î\îïð

ü�	��ª!�ù��¯ ù® Pn(x) ®ª�­«�� yk «ª f(xk)
" /ú�ú �«�S��	­« ù «ª®�°ª(­ú�¯ °è¯µ¯²é³è¯° �¬µ�¬è�¬ ¤	¯ .�«¬)ùù f(x) ù ú��­¬ x0, x1, . . . , xn

"1« ù�­­ú �ú­ü­«$ «­ °�&­ n ù ��°üª¤ª­ú � f(x) °� °�­% �®	ª% ù«ú­ûü�	ù(û�°ª«ù¯ {xk}
" '�üû�� � ü�Sû­&«��úù ù«ú­ûü�	¯)ùù ° ú��¬ª%- ¯®é±²è�$¯® ø
é¯­- ���­ú 
�ú$ ü��úª°	­«- ­�	ù .�«¬)ù¯ f(x) �üû­¤­	­«ª ° ±úù%

ú��¬ª%" �ù�­ ûª���ªúûù°ª­ú�¯ ­S� û­&­«ù­ ¤	¯ �	��ª¯ f(x) ∈ Cn+1[a, b]
"
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'°­¤­� �«�S��	­« ω(x) = (x − x0)(x − x1) . . . (x − xn)

- ù�­!�ù��ú­ü­«$ n+ 1 ù �úªû&ù� ¬�±..ù)ù­«ú #"pqrsqtu x�w�w  ��ú$ f(x) ∈ Cn+1[a, b]
" ��S¤ª ¤	¯ ¬ª�¤�S� x ∈

[a, b] «ª�¤­ú�¯ ü� �­«$&­� �­û­ �¤«ª ú��¬ª ξx ∈ (a, b) - ¤	¯ ¬�ú�û���üûª°­¤	ù°� ûª°­«�ú°�
f(x) − Lf (x) =

f (n+1)(ξx)

(n+ 1)!
ω(x). ìï�î\î#ð

¦­��ú°ùú­	$«�- ¤	¯ x = xk, k = 0, n ûª°­«�ú°� �#A"�"�� ù�­­ú �­�ú�-
úª¬ ¬ª¬ �
­ ­S� �ª�úù �
ûª�ª!ú�¯ ° «�	$"  ��ú$ ú­ü­û$ x 6= xk, k =
0, n

" ��S¤ª ω(x) 6= 0 - ù ù® ûª°­«�ú°ª
f(x) − Lf (x) = Aω(x) ìï�î\î[ð�ù�	� A �üû­¤­	¯­ú�¯ ­¤ù«�ú°­««�� �
ûª®��"  ûù úª¬�� °�
�û­ �ù�	ª�
ûª®�­� °�ü���Sªú­	$«�! .�«¬)ù!

ψ(t) = f(t) − Lf (t) − Aω(t).1�­°ù¤«�- �ú�- ¬ª¬ ù f(x) - .�«¬)ù¯ ψ(t) ∈ Cn+1[a, b]
" ' �ù	� ûª°­«�ú°ª�#A"�"�� ù�­­� ψ(x) = 0

" ÷û��­ ú�S�- ψ(xk) = 0, k = 0, n
" �ª¬ù� �
(ûª®��- .�«¬)ù¯ ψ(t) �
ûª�ª­ú�¯ ° «�	$ ü� �­«$&­� �­û­ ° (n+2) ûª®(	ù�«�% ú��¬ª% üû��­��ú¬ª [a, b] ¨ x0, x1, . . . , xn

"  � ú­�û­�­ 2�		¯- ψ′(t)�
ûª�ª­ú�¯ ° «�	$ ü� �­«$&­� �­û­ ° �¤«�� ú��¬­ ¬ª�¤�S� üû��­��ú¬ª-
«ª ¬�«)ª% ¬�ú�û�S� .�«¬)ù¯ ψ(t) �
ûª�ª­ú�¯ ° «�	$" ñ	­¤�°ªú­	$«�-
ψ′(t) �
ûª�ª­ú�¯ ° «�	$ ü� �­«$&­� �­û­ ° (n + 1) ûª®	ù�«�% ú��¬ª%
üû��­��ú¬ª (a, b)

"  � ª«ª	�Sù�«�� ���
ûª�­«ù¯� ψ′′(t) �
ûª�ª­ú�¯ °
«�	$ ü� �­«$&­� �­û­ ° n ûª®	ù�«�% ú��¬ª% üû��­��ú¬ª (a, b)

"  û�(¤�	�ª¯ ±úù ûª����¤­«ù¯- üûù%�¤ù� ¬ °�%�¤�- �ú� ψ(n+1)(t) �
ûª�ª­ú�¯° «�	$ ü� �­«$&­� �­û­ ° �¤«�� ú��¬­ ξx ∈ (a, b) ¨ ψ(n+1)(ξx) = 0
" ��¬�	$¬� Lf (t)

¯°	¯­ú�¯ �«�S��	­«�� �ú­ü­«ù «­ °�&­ n -ú� L
(n+1)
f (t) ≡ 0

" �ª¬ ¬ª¬ ω(t) ¯°	¯­ú�¯ �«�S��	­«�� �ú­ü­«ù (n + 1)�� �úªû&ù� ¬�±..ù)ù­«ú�� #- ú� ω(n+1)(t) = (n+ 1)!
"  �±ú���

ψ(n+1)(t) = f (n+1)(t) − 0 − (n+ 1)!A

ù- �	­¤�°ªú­	$«�- üûù t = ξx

0 = f (n+1)(ξx) − (n+ 1)!A,

�ú¬�¤ª °°­¤­««�� «ª�ù �«��ùú­	$
A = f (n+1)(ξx)/(n+ 1)!.
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 �¤�úª°ù° «ª�¤­««�­ °�ûª�­«ù­ ¤	¯ A ° .�û��	� �#A"�"��- ü�	��ù��#A"�"��- ù ú­�û­�ª #A"� ¤�¬ª®ª«ª"

N1
�®«ª�ù�
Mn+1

def
= max

a≤x≤b
|fn+1(x)|.

��S¤ª ù® �#A"�"�� �	­¤�­ú «­ûª°­«�ú°�
|f(x) − Lf (x)| ≤

Mn+1

(n+ 1)!
|ω(x)|, ìï�î\î\ð

ü�®°�	¯!�­­ �)­«ù°ªú$ ü�Sû­&«��ú$ ù«ú­ûü�	¯)ùù ° ¬ª�¤�� �ú¤­	$«��
ú��¬­"¦	¯ �)­«¬ù �ª¬�ù�ª	$«�� ü�Sû­&«��úù ù® �#A"�"�� ü�	��ª­� «­ûª(°­«�ú°�

max
a≤x≤b

|f(x) − Lf (x)| ≤
Mn+1

(n+ 1)!
max
a≤x≤b

|ω(x)|, ìï�î\îIð
ù	ù ° ú­û�ù«ª% ûª°«��­û«�% «�û� e

‖f(x) − Lf (x)‖p ≤
Mn+1

(n+ 1)!
‖ω(x)‖p. ìï�î\îXð

�ù�­ üûù°�¤¯ú�¯ üûù�­û� üûù�­«­«ù¯ ±úù% û­®�	$úªú�°" 1)­«ù�
‖ω(x)‖p = max

a≤x≤b
|ω(x)|

° �	��ª­- ¬�S¤ª x0 = a - xk = x0 + kh, k = 1, n - S¤­ h = (b− a)/n
" ��¬�	$¬� �®	ª�ù ù«ú­ûü�	¯)ùù °�
ûª«� ¬�«)� �úû­®¬ª [a, b] ù

ú��¬ù- ¤­	¯�ù­ ­S� «ª n ûª°«�% �ª�ú­�-
max
0≤x≤b

|ω(x)| ≤ hn+1n!

4
=

(b− a)n+1

nn+1

n!

4
. ìï�î\î ð§

úª¬- üûù �¬ª®ª««�� °�&­ °�
�û­ �®	�° «ª �úû­®¬­ [a, b] �)­«¬ª ü�Sû­&(«��úù ù«ú­ûü�	¯)ù�««�S� �«�S��	­«ª Lf (x)

max
0≤x≤b

|f(x) − Lf (x)| ≤
Mn+1

(n+ 1)!

(b− a)n+1n!

4nn+1
=

Mn+1

4(n+ 1)

(b− a)n+1

nn+1
.

ìï�î\îíð
 ûù�­û #A"#" §®°­�ú«�- �ú�

ex = 1 +
x

1!
+
x2

2!
+ . . .+

xn

n!
+ . . .



òc� �̀ TUT ��� k£W¢`W']VW] ��V��W 
��	ù ¤	¯ üûù
	ù�­««�S� °��ù�	­«ù¯ ex «ª ù«ú­û°ª	­ [0, 1] ü�	$®�°ªú$(�¯ n (� �ª�ú«�� ������ üûù°­¤­««�S� °�&­ û̄ ¤ª �ª¬	�û­«ª- ú� �&ù
¬ª
∆M 
�¤­ú «­ �­«$&­ xn+1/(n+1)! - ù �ª¬�ù�ª	$«ª¯ �¤	¯ x = 1 � �&ù
¬ª
�¤­ú «­ �­«$&­ 1/(n+ 1)!

" §úª¬-
∆M >

1

(n+ 1)!
.

ñ ¤û�S�� �ú�û�«�- �
ûª®�­� ù«ú­ûü�	¯)ù�««�� �«�S��	­« ªªSûª«(�ª ¤	¯ ex ü� �®	ª� {0, 1
n
, 2
n
, . . . , n−1

n
, 1} - ¤­	¯�ù� �úû­®�¬ rA-#� «ª nûª°«�% �ª�ú­�" .�«�- �ú�

Mn+1 = max
0≤x≤1

|(ex)(n+1)| = max
0≤x≤1

|ex| = e < 3.

1
�®«ª�ù° �­û­® ∆L
�ª¬�ù��� ��¤�	¯ ü�Sû­&«��úù «ª �úû­®¬­ rA-#�- «ª

��«�°ª«ùù .�û��	� �#A"�"�� ü�	��ù�
∆L = max

0≤x≤1
|ex − L(x)| ≤ 3

4(n+ 1)

1n+1

nn+1
.

1ú�!¤ª ¤	¯ �ú«�&­«ù¯ �ª¬�ù�ª	$«�% �&ù
�¬ ∆L
ù ∆M 
�¤­� ù�­ú$

∆L

∆M

≤ 3/[4(n+ 1)] · 1/nn+1

1/(n+ 1)!
=

3

4

n!

nn+1
=

3

4

(n− 1)!

nn
.

�ù�­ üûù°­¤­«� ®«ª�­«ù¯ üûª°�� �ª�úù ü��	­¤«­S� «­ûª°­«�ú°ª ¤	¯ n =
2, 5 ¨

n = 2 : (3 · 1)/(4 · 22) = 3/16;
n = 3 : (3 · 2)/(4 · 33) = 1/18;
n = 4 : (3 · 6)/(4 · 44) ≈ 1/57;
n = 5 : (3 · 24)/(4 · 55) ≈ 1/173.

�ª¬ù� �
ûª®��- °�ùSû�& ° ú��«��úù üûù �¤«�� ù ú�� �­ �ú­ü­«ù ªü(üû�¬�ù�ùû�!�­S� �«�S��	­«ª �úª«�°ùú�¯ ���úù��� ��­ üûù «­
�	$&ù%�ú­ü­«¯% �«�S��	­«ª"  �±ú��� °�S�¤«­­ ®ªüû�Sûª��ùû�°ªú$ °��ù�	­«ù­
ù«ú­ûü�	¯)ù�««�S� �«�S��	­«ª �° ���
­««��úù ¤	¯ �
���¤ª­��% «ù�­�­
�&­°�¬ù% �®	�°�- �­� °��ù�	­«ù­ �úû­®¬ª û̄ ¤ª �ª¬	�û­«ª � ú�� �­�ú­ü­«$! e ��" ûù�" #A"#"
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���� ����� ����������� �����Y���5�� � �����u� ���� ��u������
ñ��­�ú°�!ú «­�¬�	$¬� �
�
�­«ù� �«�S��	­«ª ªªSûª«�ª" �ªüûù(�­û- ¤	¯ ù«ú­ûü�	¯)ù�««�% �«�S��	­«�° /û�ùúª ° �®	ª% ®ª¤ª!ú�¯ «­

ú�	$¬� ®«ª�­«ù¯ .�«¬)ùù- «� ù ­­ üû�ù®°�¤«��" û�)­¤�ûª ü��úû�­«ù¯ ù«ú­ûü�	¯)ù�««�S� ü�	ù«��ª üûù 
�	$&��¬�	ù�­�ú°­ �®	�° ¯°	¯­ú�¯ «­��ú���ù°�� �r@�- �" ��#��¨ �­� °�&­ �ú­(ü­«$ ü�	ù«��ª- ú­� 
�	$&­ ûª®�ª% ��)ù		¯)ù�"  �±ú��� ù«ú­ûü�	ùû�(°ª«ù­ �	­¤�­ú üûù�­«¯ú$ é¯´¬éêè¯- °�
ùûª¯ «­
�	$&�­ �ù�	� «ªù
�	­­ü�¤%�¤¯�ù% �®	�°" /ú� �
�¯�«¯­ú ú­«¤­«)ù! ù�ü�	$®�°ªú$ �«�S��	­«�
«­°���¬�� �ú­ü­«ù �	ù«­�«�­- ¬°ª¤ûªúù�«�­© ¬�
ù�­�¬ù­ ��é¬ëè��"¦	¯ ù«ú­ûü�	ùû�°ª«ù¯ ü­ûù�¤ù�­�¬ù% .�«¬)ù� ü�	$®�!ú�¯ úûùS�(«��­úûù�­�¬ù�ù �«�S��	­«ª�ù rm�- �" �@�" ¦	¯ .�«¬)ùù � ü­ûù�¤�� 2π���«� ü��úû�ùú$ .�û��	�- ª«ª	�Sù�«�! 	ªSûª«�­°�� �°®¯° �ù«��� �ú
¬ª�¤�� �¬�
¬ù�"

Ñ�Ð�ÐäÐ �ÕáÛÓ×ØÞ�âÙØÕÕßÛ ÝÕØæØ0ÞÛÕß �ç[áØÕÔ
�ª	� ú�S� �ú� üûù ¤�
ª°	­«ùù ¬ Lf (x)

«�°�S� �®	ª «ª¤� üûù��(­¤ù«¯ú$ ¬ «­�� ­�­ �¤«� �	ªSª­��­© üûù%�¤ùú�¯ ù®�­«¯ú$ ù °�­ ü�	�(�­««�­ ûª«­­" 2ª����úûù� �ü���
 ¤«ªûª�ù°ª«ù¯¥ ù«ú­ûü�	¯)ù�««�S��«�S��	­«ª- ü�®°�	¯!�ù� üûù ¤�
ª°	­«ùù «�°�S� �®	ª 	ù&$ .�û�ùû�(°ªú$ «�°�­ �	ªSª­��­- è³ 
¬®�¬µ±­¬� ��­ ù�­!�ù­�¯" ��ú$ Ln(x)
­�ú$ ù«ú­ûü�	¯)ù�««�� �«�S��	­« ¤	¯ �	­¤�!�ù%

¤ª««�%¨
x0, x1, . . . , xn;
y0, y1, . . . , yn.
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 �	��ù� ωn+1(x) = (x− x0)(x− x1) . . . (x− xn)

" ¦ª	­­- ü��ú$ Ln+1(x)�
�®«ª�ª­ú ù«ú­ûü�	¯)ù�««�� �«�S��	­« ¤	¯ ¤ª««�%
x0, x1, . . . , xn, xn+1;
y0, y1, . . . , yn, xn+1.

�­úû�¤«� °ù¤­ú$- �ú� üûù 	!
�� °�
�û­ ü��ú�¯««�� C �«�S��	­«
Ln(x) + Cωn+1(x)

ù�­­ú �ú­ü­«$ «­ °�&­ (n + 1) ù ° �úªû�% �®	ª%
x0, x1, . . . xn

��°üª¤ª­ú � Ln(x) "¦	¯ �
ûª�­«ù¯ ±ú�S� �«�S��	­«ª ° yn+1üûù x = xn+1
¤��úªú��«� ü�	��ùú$ C = (yn+1 −Ln(xn+1))/ωn+1(xn+1)

"
�ª¬ù� �
ûª®��- ù�­­�

Ln+1(x) = Ln(x) +
yn+1 − Ln(xn+1)

ωn+1(xn+1)
ωn+1(x).

 �¬ª�­� üûù�­«­«ù­ ±ú�S� üûù­�ª" 1�­°ù¤«�- �ú� üûù n = 0 r¤ª««�­
(x0, y0)

� ü�	��ù� ω1(x) = x − x0
ù L0(x) ≡ y0

"  ûù ¤�
ª°	­«ùù «�°�%
¤ª««�% (x1, y1)

ù�­­�
L1(x) = y0 +

y1 − y0

x1 − x0

(x− x0),

ù ú­ü­û$ ω2(x) = (x−x0)(x−x1)
" ��	ù ¤�
ª°ùú$ ­�­ ù ¤ª««�­ (x2, y2)

-
ú�

L2(x) = y0 +
y1 − y0

x1 − x0

(x− x0) +
y2 − L1(x)

(x2 − x0)(x2 − x1)
(x− x0)(x− x1).§

úª¬- ù«ú­ûü�	¯)ù�««�� �«�S��	­« ���­ú 
�ú$ ü�	��­« ü��ú­ü­««�
¤	¯ ��¯±
­¯éêè¯µ¯ �ù�	ª �®	�°" /ú�ú üûù­� «ªûª�ù°ª«ù¯ ù«ú­ûü�	¯()ù�««�S� �«�S��	­«ª �� üûù�­«ù� ° �¤«�� �ª�ú«�� �	��ª­- ¬�S¤ª�®	� ù«ú­ûü�	¯)ùù ûª°«��ú�ú�¯�ù­ ù «��­û�!ú�¯ ° ü�û̄ ¤¬­ °�®ûª�úª(«ù¯¨ x0, x1, . . . , xn

- S¤­ xk = x0 + kh, h > 0 - k = 1, n
"  �	��ª­(��­ üûù ±ú�� ù«ú­ûü�	¯)ù�««�­ �«�S��	­«� «ª®�°ª!ú�¯ °è¯µ¯²é³è¬	°± �êK®¯è¬© ù% 
�¤­� �
�®«ª�ªú$ �­û­® N1(x), N2(x)

ù ú" ¤" ñûª®�®ª�­úù�- �ú� ωn+1(xn+1) = (xn+1 − x0)(xn+1 − x1) . . . (xn+1 − xn) =
[(n+ 1)h](nh) . . . (h) = hn+1(n+ 1)!

"
�ú�
� üûù¤ªú$ �¤�
«�! .�û�� °�ûª�­«ù! yn+1 = Ln(xn+1)

- °°­(¤­� �¬
è¯�®± ûª®	ù�«�% ü�û¯¤¬�° ¤	¯ .�«¬)ùù f(x)
" ��¤­� �
�®«ª�ªú$

yk = f(xk)
" 2ª®«��ú$ ∆yk−1

«ª®�°­� ü­û°�� ûª®«��ú$! ° ú��¬­ xk−1
-

ûª®«��ú$ ∆2yk−1 = ∆yk − ∆yk−1
e °ú�û�� ûª®«��ú$! ° ú�� �­ ú��¬­ ù

ú" ¤" /úù ûª®«��úù ®ªüù&­� ° úª
	" #A"#"
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3�4��5� ����� �������� ��������  ��u5�� y(x)

x y ∆y ∆2y
" " "

∆k−1y ∆ky
x0 y0 ∆y0 ∆2y0

" " "
∆k−1y0 ∆ky0

x1 y1 ∆y1 ∆2y1
" " "

∆k−1y1

x2 y2 ∆y2 ∆2y2
" " "

x3 y3 ∆y3 ∆2y3
" " "" " " " " " " " "

xk−1 yk−1 ∆yk−1

xk yk

��S¤ª

N1(x) = L1(x) = y0 +
y1 − y0

x1 − x0

(x− x0) = y0 +
∆y0

1!h
(x− x0);

N2(x) = L2(x) =

[

y0 +
∆y0

1!h
(x− x0)

]

+
y2 −N1(x2)

2!h2
(x− x0)(x− x1).

��

y2 −N1(x2) = y2 −
(

y0 +
∆y0

h
(x2 − x0)

)

= y2 − (y0 + 2∆y0)

= [y2 − (y0 + ∆y0)] − ∆y0 = (y2 − y1) − ∆y0

= ∆y1 − ∆y0 = ∆2y0

ù- úª¬ù� �
ûª®��-
N2(x) = y0 +

∆y0

1!h
(x− x0) +

∆2y0

2!h2
(x− x0)(x− x1).

 û�¤�	�­«ù­ ª«ª	�Sù�«�% ûª����¤­«ù� üûù°�¤ùú ¬ .�û��	­
Nk(x) = y0 +

∆y0

1!h
(x− x0) +

∆2y0

2!h2
(x− x0)(x− x1) + . . .

+
∆ky0

k!hk
(x− x0)(x− x1) . . . (x− xk−1).

ìï�î\î¡ð

�«�S��	­« °ù¤ª �#A"�"h� ù «ª®�°ª­ú�¯ ±è®³�� é̄�ù±¯èè�° °è¯µ¯²é³	è¯° �êK®¯è¬ ü�û̄ ¤¬ª k
" �	ªSª¯ (x − x0)/h = t - .�û��	� �#A"�"h� ���«� ü­û­üù�ªú$ °�úª«¤ªûú«�� .�û�­

Nk(t) = y0+
∆y0

1!
t+

∆2y0

2!
t(t−1)+. . .+

∆ky0

k!
t(t−1) . . . (t−k+1). ìï�î\îï�ð
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1�­°ù¤«�- �ú� t ­�ú$ ¤�ù�	� &ªS�°¥ ¤	ù«� h - «­�
%�¤ù��­ ¤	¯ ¤��úù(�­«ù¯ ú��¬ù x ù® x0

"§
«ú­ûü�	¯)ù�««�­ �«�S��	­«� �$!ú�«ª «ª%�¤¯ú &ùû�¬�­ üûù�­(«­«ù­ ° üûª¬úù¬­ ûª��­ú�° � úª
	ù)ª�ù- ���úª°	­««��ù ¤	¯ ûª°«��ú�ú�(¯�ù% ®«ª�­«ù� ªûS��­«úª"
 ûù�­û #A"�" '��ù�	ù� �­ú�û­ ®«ª¬ª ctg 0.00205 � ü����$!�­ú�û­%®«ª�«�� úª
	" #A"� .�«¬)ùù y = ctg x

"
3�4��5� ���X� ¡�������  ��u5�� y = ctg x � �� u������� ��������

x y ∆y ∆2y ∆3yA"AA�A mAA"A (��"� �"# (A"#A"AA�# �0@"� (�#"0 �"A
A"AA�� �m�"m (#h"0A"AA�� ���"�

' «ª&­� �	��ª­ t = (x− x0)/h = 0.5 - �ú¬�¤ª ¬�±..ù)ù­«ú� üûù ü��	­(¤�!�ù% ûª®«��ú¯%
t(t− 1)

2 !
=

0.5(−0.5)

2
= −0.125,

t(t− 1)(t− 2)

3 !
= −0.125 · −1.5

3
= −0.0625.

ñ�S	ª�«� .�û��	­ �#A"�"#A� ù�­­�
N0(0.00205) = y0 = 500.0;
N1(0.00205) = N0(0.00205) − 23.8 · 0.5 = 500.0 − 11.9 = 488.1;
N2(0.00205) = N1(0.00205) − 2.1 · 0.125 = 488.1 − 0.3 = 487.8.

��­ú úû­ú$­� ù ü��	­¤�!�ù% ûª®«��ú­� «­ ù®�­«¯­ú ü��	­¤«­S� û­®�	$(úªúª �� ¤­°¯ú$! °­û«��ù )ù.ûª�ù ctg 0.00205 = 487.804190 �"
¦	¯ ù«ú­ûü�	ùû�°ª«ù¯ ­ ´¯èù³ ®¬ûé±ù� üûù�­«¯­ú�¯ ¤û�S�� °ªûù(ª«ú .�û��	� �$!ú�«ª" <ªüù&­� ù�¬���� ù«ú­ûü�	¯)ù�««�� �«�S��	­«

° .�û�­
Ñk(x) = a0 + a1(x− xk) + a1(x− xk)(x− xk−1) + . . .

+ ak(x− xk)(x− xk−1) . . . (x− x1)

ù �üû­¤­	ù� ¬�±..ù)ù­«ú� ûª®	��­«ù¯ ù® ��	�°ù¯
Ñk(xi) = yi = f(xi).
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 �	ªSª¯ x = xk

- �
­�¤ª­��¯- �ú� a0 = yk
"  ûù x = xk−1

ù�­­�
yk−1 = yk + a1(xk−1 − xk).�� xk−1 − xk = −h " <«ª�ùú-
a1 =

yk − yk−1

h
=

∆yk−1

h
.

¦ª	­­-
yk−2 = yk +

∆yk−1

h
(xk−2 − xk) + a2(xk−2 − xk)(xk−2 − xk−1)

= yk +
yk − yk−1

h
· (−2h) + a2(−2h)(−h)

= yk − 2yk + 2yk−1 + 2a2h
2,

�ú¬�¤ª
a2 =

1

2h2
(yk− 2yk−1 + yk−2) =

1

2h2
[(yk− yk−1)− (yk−1 − yk−2)] =

∆2yk−2

2!h2
.

 û�¤�	�ª¯ ü��	­¤�°ªú­	$«�­ ü�¤�úª«�°¬ù- �
­�¤ª­��¯ ° �üûª°­¤	ù°�(�úù ûª®	��­«ù¯
Ñk(x) = yk +

∆yk−1

1!h
(x− xk) +

∆2yk−2

2!h2
(x− xk)(x− xk−1) + . . .

+
∆ky0

k!hk
(x− xk)(x− xk−1) . . . (x− x1).1
�®«ª�ù° (x− xk)/h = t - ü­û­üù&­� Ñk(xk + th) = Ñk(t)

° °ù¤­

Ñk(t) = yk + t
∆yk−1

1!
+ t(t+ 1)

∆2yk−2

2!
+ . . .+ t(t+ 1) . . . (t+ k− 1)

∆ky0

k!
.

ìï�î\îïïð1)­«ù� ü�Sû­&«��ú$ ù«ú­ûü�	¯)ù�««�S� �«�S��	­«ª �$!ú�«ª" 2ª®(«�­ �ü���
� ü��úû�­«ù¯ ù«ú­ûü�	¯)ù�««�% �«�S��	­«�° ªªSûª«�ª ù�$!ú�«ª ¤	¯ ®ª¤ª««�� úª
	ù)� ¤ª!ú ú��¤­�ú°­««�­ ù«ú­ûü�	¯«ú�- �ú��	­¤�­ú ù® ­¤ù«�ú°­««��úù ù«ú­ûü�	¯)ù�««�S� �«�S��	­«ª �ú­ü­«ù n
"

<«ª�ùú- .�û��	ª �#A"�"0� ¤	¯ ü�Sû­&«��úù ��úª­ú�¯ ° �ù	­" ¢�	ù üû­¤(ü�	ªSªú$- �ú� x0 < x < xn
- ú� «ª ��«�°ª«ùù �#A"�"�� ü�	��ù�

|f(x) −Nf,n(x)| ≤
max |f (n+1)(x)|

(n+ 1) !
· h

n+1n !

4
=

max |f (n+1)(x)|
4(n+ 1)

hn+1.

ìï�î\îï#ð
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 ûù ®ªúû�¤«­«ù¯% ° ª«ª	ùúù�­�¬�� «ª%��¤­«ùù üû�ù®°�¤«�% üûù«ù�ª!ú

f (n+1)(x) ≈ ∆n+1f(x)

hn+1
.

 ûù�­û #A"�"  ��ú$ «­�
%�¤ù�� °�
ûªú$ &ªS h ¤	¯ ªûS��­«úª úª
(	ù) «­¬�ú�û�� .�«¬)ùù � ú­�- �ú�
� 	ù«­�«ª¯ ù«ú­ûü�	¯)ù¯ �n = 1 �¤ª°ª	ª �&ù
¬� «­ 
�	­­ 10−5/2
" /ú� üûù°�¤ùú ¬ úû­
�°ª«ù!

max |f ′′(x)|h2

8
≤ 1

2
10−5,

ù	ù
h ≤ 2

( 10−5

max |f ′′(x)|
)1/2

= 0.002
( 10

max |f ′′(x)|
)1/2

.

�ªüûù�­û- üûù ���úª°	­«ùù úª
	ù) .�«¬)ùù sinx ¤��úªú��«� °�
ûªú$
h ≤ 0.006

"«­«úûª	$«�­ .�û��	� �ñúùû	ù«Sª ù �­��­	¯� ��S�ú 
�ú$ ü�	��­«�üû­�
ûª®�°ª«ù­� .�û��	 �$!ú�«ª"
Ñ�Ð�Ð�Ð å�ÓÔáÕÔ� ÙÕáÛÓ×ØÞ�âÙ�
 ��ú$ ù�­­ú�¯ úª
	ù)ª ��«�ú�««�� .�«¬)ùù y = f(x)

" <ª¤ª�ª¯û�¬®è¯µ¯ ù«ú­ûü�	ùû�°ª«ù¯ ���ú�ùú ° �üû­¤­	­«ùù ªûS��­«úª x ü�
®ª¤ª««��� ®«ª�­«ù! .�«¬)ùù y

" /úª ®ª¤ª�ª ���­ú 
�ú$ û­&­«ª �
(���¤ª°&ù�ù�¯ °�&­ �û­¤�ú°ª�ù üû̄ ��� ù«ú­ûü�	¯)ùù- ­�	ù ° ù�%�¤(«�� úª
	ù)­ ü��­«¯ú$ �­�úª�ù x ù y
" 2ª®��­­ú�¯- ü�úû­
�­ú�¯ ®ª«�°�

�ú��ûúùû�°ªú$ ¤ª««�­" ñû­¤ù �ù�­	 {yi} «­ ¤�	�«� 
�ú$ �¤ù«ª¬�°�% �1
��¤ù� ú­ü­û$ �ü���
�- «­ úû­
�!�ù­ �ü��¯«�ú�� ù«°­û�ùù" û­¤ü�	��ù�- �ú� .�«¬)ù¯ f(x) ��«�ú�««ª ù �¬ª®ª««�­ ®«ª�­«ù­ y	­�ùú �­�¤� y0 = f(x0)
ù y1 = f(x1)

" <ª�­«ù° .�«¬)ù! y ü­û°��
ù«ú­ûü�	¯)ù�««�� �«�S��	­«�� �$!ú�«ª- ü�	��ù�

y = y0 +
∆y0

1 !
t+

∆2y0

2 !
t(t− 1) + . . .+

∆ky0

k !
t(t− 1) . . . (t− k + 1).

1ú�!¤ª «ª%�¤ù� ùú­ûª)ù�««�! .�û��	� °ù¤ª

t =
y − y0

∆y0

− ∆2y0

2 !
t(t− 1) − . . .− ∆ky0

k !
t(t− 1) . . . (t− k + 1). ìï�î\îï[ð
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<ª «ª�ª	$«�­ üûù
	ù�­«ù­ ¬ t ���«� üûù«¯ú$ t0 = (y − y0)/∆y0

"'��ù�	ù° t � ¤��úªú��«�� ú��«��ú$!- ü�	ªSª!ú x = x0 + th
"1
��«� üûù �
ûªú«�� ù«ú­ûü�	¯)ùù �Sûª«ù�ù°ª!ú�¯ �«�S��	­(«�� �(S� ü�û̄ ¤¬ª"

 ûù�­û #A"�" ' úª
	 #A"� üûù°­¤­«� ®«ª�­«ù¯ ù«ú­Sûª	ª °­û�¯ú«�(�ú­� y = 2√
π

∫ x

0
exp(−t2) dt "  ûù ¬ª¬�� x ®«ª�­«ù­ y = 0.5 £
3�4��5� ���i� ¡������� ��������� ������������

x y ∆y ∆2y ∆3yA"�0 A"�h�0�m�m@ A-AAhAA�@0� (�@A#0 (h��A"�� A"mA�0�hh�h �h#�mm@ (�@hmhA"�h A"m##@@�m�m ���#@h0
A"mA A"m�AmAA��#

�ª�ª	$«�­ ®«ª�­«ù­
t0 =

0.5 − 0.493745256

0.009004673
= 0.694610930.

 �¤�úª°	¯¯ �ù�	�°�­ ¬�±..ù)ù­«ú� ù® úª
	" #A"� ° �#A"�"#��- ü�	��ª­�.�û��	�
t = a0 − a1t(t− 1) − a2t(t− 1)(t− 2),

° ¬�ú�û�� a0 = t0 = 0, 694610930 © a1 = −0.477624984 · 10−2 © a2 =
−0.1743694113 · 10−4 " ' û­®�	$úªú­ úû­% ùú­ûª)ù� «ª%�¤ù�
x� A"�0@h�@AA0"1
ûªú«ª¯ ù«ú­ûü�	¯)ù¯ &ùû�¬� üûù�­«¯­ú�¯ ¤	¯ «ª%��¤­«ù¯
¬�û«­� �ûª°«­«ù� ü� úª
	ù)­ ®«ª�­«ù� 	­°�� �ª�úù" '�
�û ­­ �­ú�¤�°
�Sûª«ù�ù°ª­ú�¯ «­ûª°«��­û«��ú$! ûª�üû­¤­	­«ù¯ ®«ª�­«ù� ªûS��­«úª"

Ñ�Ð�Ð�Ð d×ÞÔ�Õß
1
��«ª¯ ü�	ù«��ùª	$«ª¯ ù«ú­ûü�	¯)ù¯ ¯°	¯­ú�¯ S	�
ª	$«�� °

ú�� ����	­- �ú� �­û­® °�­ ®ª¤ª««�­ ú��¬ù ¤�	�­« üû�%�¤ùú$ ­¤ù«�ú°­«(«�� ��
�ù�� ù«ú­ûü�	¯«ú"  ûù ¤�
ª°	­«ùù ¤ª««�% üûù%�¤ùú�¯ �°­	ù�ù(°ªú$ �ú­ü­«$ ü�	ù«��ª"§
«ª�­ �
�ú�ùú ¤­	� � ¬����«�(ü�	ù«��ùª	$«��ù .�«¬)ù¯�ù���é¬ëè¬°±�- ¬�ú�û�­ ü�®°�	¯!ú üû�°­�úù S	ª¤¬�! ¬ûù°�! �­û­® �¤°ù(Sª­��­ «ª
�û� ù® .ù¬�ùû�°ª««�S� ¬�	ù�­�ú°ª ú��­¬" ñü	ª�« ­�ú$�ªú­�ªúù�­�¬ù� �
ûª® Sù
¬�� 	ù«­�¬ù- ¤­.�û�ª)ù¯ ¬�ú�û�� ü�®°�	¯­ú



òòò �̀ TUT ��� k£W¢`W']VW] ��V��W 
üû�°­�úù ¬ûù°�! �­û­® ®ª¤ª««�­ ú��¬ù" ¢�	ù ®ª¬û­üùú$ úª¬�! 	ù«­�¬�
° ¤°�% ���­¤«ù% �®	ª% � ®ª¤ª««��ù �S	ª�ù «ª¬	�«ª α ù β - ú� �­�¤�ú��¬ª�ù ®ª¬û­ü	­«ù¯ �«ª üûù�­ú .�û�� S(x) - �ù«ù�ù®ùû�!��! ­­ ü�(ú­«)ùª	$«�! ±«­ûSù!" §® ú­�ûùù �üû�S��úù ù®°­�ú«�- �ú� �­ú°­ûúª¯ üû�(ù®°�¤«ª¯ �ú S(x) ¤�	�«ª 
�ú$ ûª°«ª «�	!" 1ú�!¤ª �	­¤�­ú- �ú� S(x)­�ú$ �«�S��	­« úû­ú$­� �ú­ü­«ù �¬�
ù�­�¬ù��"/û�ùú�°�� ¬�
ù�­�¬ù� ù«ú­ûü�	¯«ú�� ¯°	¯­ú�¯ ¬����«�(¬�
ù�­(�¬ù� ù«ú­ûü�	¯«ú � «­üû­û�°«�� üû�ù®°�¤«��- ¬�
ù�­�¬ù� �ü	ª�«�� e� ¤°��¯ «­üû­û�°«��ù üû�ù®°�¤«��ù"

 û�Sûª��� ¬����«�(¬�
ù�­�¬�� ù«ú­ûü�	¯)ùù ù�ü�	$®�!ú üªû�
ü�¤üû�Sûª��" 1¤«ª ù® «ù% °��ù�	¯­ú «­�
%�¤ù��­ üªûª�­úû� ªüüû�¬�ù(�ª)ùù ù ¤	¯ ®ª¤ª««�S� «ª
Nûª ¤ª««�% ù�ü�	$®�­ú�¯ �¤«�¬ûªú«�" ¦û�Sª¯
°�ü�	«¯­ú�¯ üûù ¬ª�¤�� ®ªüû��­ «ª ù«ú­ûü�	¯)ù!" 1«ª �ú«��ùú ªûS�(�­«ú ¬ �¤«��� ù® ù«ú­û°ª	�° ù °��ù�	¯­ú ®«ª�­«ù­ ù«ú­ûü�	¯«úª"

�ú�
� ü��úû�ùú$ ¬�
ù�­�¬ù� �ü	ª�«- «ª¤� ®ª¤ªú$ ¬�±..ù)ù­«ú�
°�­% �
ûª®�!�ù% ­S� ¬�
ù�­�¬ù% �«�S��	­«�°

qi(x) = ki1 + ki2x+ ki3x
2 + ki4x

3. ��ú$ m e ¬�	ù�­�ú°� ù«ú­û°ª	�° ªüüû�¬�ù�ª)ùù"  ­û°�­ 2m ��	�°ù���ú$ ��	�°ù¯ «­üû­û�°«��úù¨
qi(xi) = yi, i = 1,m,

qi+1(xi) = yi, i = 0,m− 1.

ñ	­¤�!�ù­ 2m − 2 ��	�°ù� �üû­¤­	¯!ú ûª°­«�ú°� ü­û°�% ù °ú�û�%
üû�ù®°�¤«�% .�«¬)ùù «ª �ú�¬ª% ��ª�ú¬�°¨

q′i+1(xi) = q′i(xi), i = 1,m− 1,

q′′i+1(xi) = q′′i (xi), i = 1,m− 1.¦	¯ ®ª��¬ª«ù¯ ®ª¤ª�ù «��«� ­�­ ¤°ª �ûª°«­«ù¯" �ª �°�
�¤«�%¬�«)ª% ¬ûù°ù®«� 	ù«ùù ­�ú­�ú°­««� üûùûª°«¯ú$ «�	!¨
q′′1(x0) = 0, q′′m(xm) = 0. �	��­««�� úª¬ù� �
ûª®�� �ü	ª�« «ª®�°ª!ú ¤­�ú­�ú°­««�� ¬�
ù�­(�¬ù�¥"

ñü­)ùª	$«�� °�
�û °ù¤ª ¬�
ù�­�¬ù% �«�S��	­«�° ü�®°�	¯­ú �üû�(�úùú$ ®ª¤ª�� ü��úû�­«ù¯ �ü	ª�«ª" ¢�	ù �ú¤­	$«�­ ¬�
ù�­�¬ù­ �ûª°«­«ù¯ù�­!ú °ù¤
qi(x) = tyi + t̄yi−1 + ∆xi[(ki−1 − di)tt̄

2 − (ki − di)t
2t̄ ], i = 1,m,



���6� �V�]£õ�`W£�UTVW] òò�
S¤­

∆xi = xi − xi−1, t =
x− xi−1

∆xi
, t̄ = 1 − t,

∆yi = yi − yi−1, di =
∆yi
∆xi

,

ú� ¬ª�¤�­ ù® �ûª°«­«ù� ��¤­û�ùú ú�	$¬� ¤°ª «­ù®°­�ú«�% ¬�±..ù)ù­«(úª"  ��	­ ú�S� ¬ª¬ ü­û°�­ �ûª°«­«ù­ ®ªüù�ª«�- � ��­û­¤«�� �ûª°«­«ù­�
¤�
ª°	¯­ú�¯ ú�	$¬� �¤ù« «�°�� «­ù®°­�ú«�� ¬�±..ù)ù­«ú"  ûù ±ú�� ¤	¯
x = xi−1

ù�­­� t = 0, t̄ = 1 - ª üûù x = xi 
�¤­ú t̄ = 0, t = 1
"  ûù

úª¬�� °�
�û­ ¬�
ù�­�¬ù% �«�S��	­«�° ª°ú��ªúù�­�¬ù �¤�°	­ú°�û̄ !ú�¯
°�­ ��	�°ù¯- ¬û��­ «ª	ªSª­��% «ª °ú�û�­ üû�ù®°�¤«�­" ¦	¯ °«�úû­««ù%
ú��­¬ «­¤��úª!�ù­ ��	�°ù¯ ù�­!ú °ù¤

ki−1∆xi+1 + 2ki(∆xi + ∆xi+1) + ki+1∆xi = 3(di∆xi+1 + di+1∆xi),

ª ¤	¯ ¤°�% °«­&«ù% e
2k0 + k1 = 3d1, km−1 + 2km = 3dm.' ùú�S­ ü�	��ª­ú�¯ �ù�ú­�ª 	ù«­�«�% ª	S­
ûªù�­�¬ù% �ûª°«­«ù� � úû­%(¤ùªS�«ª	$«�� �ªúûù)­�










2 1 0 0 . . .
∆x2 2(∆x1 + ∆x2) ∆x1 0 . . .

0 ∆x3 2(∆x2 + ∆x3) ∆x2 . . .� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
. . . ∆xm 2(∆xm−1 + ∆xm) ∆xm−1

. . . 0 1 2










,

�ú�	
)�� «­ù®°­�ú«�%
[k0, k1, . . . , km]T

ù �ú�	
)�� �°�
�¤«�% �	­«�°









d1

d1∆x2 + d2∆x1

d2∆x3 + d3∆x2" " " " " " " " " " " " " " " " " " " " " "
dm−1∆xm + dm∆xm−1

dm










.

¦	¯ û­&­«ù¯ úû­%¤ùªS�«ª	$«�� �ù�ú­�� �ûª°«­«ù� �ú«��ùú­	$«�
¬�±..ù)ù­«ú�° �ü	ª�«ª {ci} ���«� ù�ü�	$®�°ªú$ �­ú�¤ üû�S�«¬ù���" ûª®¤" 0"��"
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1üù�ª««�­ °�&­ �ü	ª�«� «­�¤�
«� ù®(®ª �°�­� «­	�¬ª	$«��úù¨

®«ª�­«ù­ �ü	ª�«ª ° ú��¬­ x ®ª°ù�ùú �ú ®«ª�­«ù� f(xi)
­¯ ­�³$ ø
é¬$ "¦ª�­ ­�	ù úû­
�­ú�¯ ù�üûª°ùú$ �¤«� ®«ª�­«ù­- °�! �ù�ú­�� �ûª°«­«ù�

üûù¤­ú�¯ û­&ªú$ ®ª«�°�"
ñ��­�ú°�!ú ù ¤û�Sù­ �ü	ª�«�- ü�	��ª­��­ üûù ù«�% Sûª«ù�«�%��	�°ù¯% ù	ù üûù ù�ü�	$®�°ª«ùù �«�S��	­«�° ù«�% �ú­ü­«­�" �­¬�ú�(û�­ üû�Sûª��� �ü	ª�«(ù«ú­ûü�	¯)ùù ¤ª!ú ¤�ü�	«ùú­	$«�­ °�®���«�(�úù �«ªüûù�­û- �¤­	ªú$ ù«ú­ûü�	¯«ú ü­ûù�¤ù�­�¬�� .�«¬)ù­��"

~�\F\ f]R¤?]�Î�a] ÌbaRoa,]nap
Ñ�Ð!ÐÑÐ "ÓØ�ÞÛÝÔ Úß�ØÓÔ 2�ÞØÚ ÙÕáÛÓ×ØÞ�âÙÙ
�­�û­�ª '­�­û&úûª��ª ¯°	¯­ú�¯ úùüù�«� ¤±¬®ù�ú­«)ùª	$«��¥¨ �«ª

«­ ¤ª­ú «ù¬ª¬�S� ª	S�ûùú�ª ü��úû�­«ù¯ üûù­�	­��S� ù«ú­ûü�	ùû�!�­S�
ü�	ù«��ª" ¢�	ù «ª .ù¬�ùû�°ª««�� ù«ú­û°ª	­ ù«ú­ûü�	ùû�°ªú$ ù®°­�ú(«�! .�«¬)ù! g(x) °�­ ° 
�	$&­� �ù�	­ ú��­¬- ú� .ª¬ú�ûùª	 ù üû�ù®(°­¤­«ù­ ûª®«��ú­� � �°­	ù�­«ù­� n 
�¤�ú ��­«$&ªú$ �)­«¬� �&ù
¬ù- «�ü�û̄ ¤�¬ üû�ù®°�¤«�� 
�¤­ú ûª�úù" ¦	¯ 
�	$&ù«�ú°ª .�«¬)ù� °­	ù�ù«�
üû�ù®°�¤«�% �°­	ù�ù°ª!ú�¯ 
��úû­­- �­� n!

"  ûª¬úù�­�¬ù ü�	ù«��ù(ª	$«�� ù«ú­ûü�	¯«ú 
�¤­ú ��­«$ ü	�%� °­�úù �­
¯ ° ú��¬ª%- �ú	ù�«�% �ú�®	�°"  �±ú��� �
��«� �ú­ü­«$ ù«ú­ûü�	¯«úª «­ üû­°��%�¤ùú ��m"1üª�«��úù- �°¯®ª««�­ � ü�	ù«��ùª	$«�� ù«ú­ûü�	¯)ù­�- °ü­û°�­
�
«ªû��ù	 ÷" 2�«S­ ° #hA# S" 1« ü�úª	�¯ ù«ú­ûü�	ùû�°ªú$ ü�	ù«��ª(�ù «ª ù«ú­û°ª	­ [−1, 1] .�«¬)ù! y(x) = 1/(1 + 25x2) üûù �¬­è¯°³�	è¯° ûª�üû­¤­	­«ùù ª
�)ù��" '�¯�«ù	��$- �ú� üûù �°­	ù�­«ùù ü�û̄ ¤¬ª nù«ú­ûü�	¯)ù�««�S� ü�	ù«��ª ü��	­¤�°ªú­	$«��ú$ {Pn(x)} ûª�%�¤ùú�¯ °
ù«ú­û°ª	­ 0.726 ≤ |x| < 1

" ñ	­¤�°ªú­	$«�- ûª°«��­û«�­ ûª�üû­¤­	­«ù­�®	�° ®ª°­¤��� «­ ¯°	¯­ú�¯ «ªù	��&ù�"1üúù�ª	$«�� °�
�û �®	�° �°¯®ª« � ü�«¯úù­� � °è¯µ¯²é³è¬$�³û�j³­¬"
Ñ�Ð!ÐäÐ /ÕØæØ0ÞÛÕß ¥Û�ßmÛÚÔ
 ��ú$ n e )­	�­ «­�úûù)ªú­	$«�­ �ù�	�" �
­¤ù��¯- �ú� .�«¬()ù¯ cos(n arccos x) ¯°	¯­ú�¯ �«�S��	­«�� �ú­ü­«ù n �ú«��ùú­	$«� x

"



���¦� i]¢�8]U��W] õ£W¢`W']VW( òò�
¦­��ú°ùú­	$«�- ü�	ªSª¯ arccosx = θ - ù�­­�
T̃0(x) = cos 0 = 1;

T̃1(x) = cos(arccosx) = x;

T̃2(x) = cos(2 arccosx) = cos2 θ − sin2 θ = x2 − (1 − x2) = 2x2 − 1.2ª����úûù� ú��¤­�ú°�
cos[(k + 1)θ] + cos[(k − 1)θ] = 2 cos kθ cos θ,

ü�	��ª­��­ ¬ª¬ �ª�ú«�� �	��ª� ù®°­�ú«�� .�û��	�
cosα+ cos β = 2 cos

α+ β

2
cos

α− β

2
.

'«�°$ ü�	ªSª¯ θ = arccosx - ü�	��ù�
cos[(k+1) arccosx]+cos[(k−1) arccosx] = 2 cos(k arccosx)·cos(arccosx),

ù	ù
T̃k+1(x) = 2xT̃k(x) − T̃k−1(x), k = 1, 2, . . . û̄ �ª¯ ü�¤�úª«�°¬ª k = 1 ¤ª­ú ��­ ü�	��­««�� û­®�	$úªú

T̃2(x) = 2x · x− 1 = 2x2 − 1.

 ��	­¤�°ªú­	$«��ù ü�¤�úª«�°¬ª�ù ���«� ü�	��ùú$
T̃3(x) = 4x3 − 3x;

T̃4(x) = 2x(4x3 − 3x) − (2x2 − 1) = 8x4 − 8x2 + 1;

T̃5(x) = 2x(8x4 − 8x2 + 1) − (4x3 − 3x) = 16x5 − 20x3 + 5x

ù ú" ¤" 1ú�­úù� �°���ú°ª �«�S��	­«�° {T̃n(x)} ¨
#"

T̃n(x)
­�ú$ �«�S��	­« n (� �ú­ü­«ù" 1« ��¤­û�ùú ú�	$¬� �­ú«�­�ú­ü­«ù x - ­�	ù n �­ú«�- ù «­�­ú«�­ e ­�	ù n «­�­ú«�"

�" ñúªû&ù� ¬�±..ù)ù­«ú �«�S��	­«ª T̃n(x)
üûù n ≥ 1 ûª°­« 2n−1 "

�" ÷�û«ù �«�S��	­«ª °­�­�ú°­««�- ûª®	ù�«� ù ��¤­û�ªú�¯ ° �ú¬û�ú��
üû��­��ú¬­ −1 < x <

#"
¦�¬ª�­� ±ú� ü��	­¤«­­ �ú°­û�¤­«ù­" 2ª°­«�ú°� T̃n(x) = 0±¬°ù°ª	­«ú«� cos(n arccosx) = 0

" 1ú�!¤ª �	­¤�­ú- �ú� n arccos xk =
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(2k + 1)π/2, k = 0, n− 1 - ù	ù arccosxk = (2k + 1)π/(2n) ¤	¯ °�­%
k = 0, n− 1

" 1¬�«�ªú­	$«� ü�	��ù�
xk = cos

2k + 1

2n
π, k = 0, n− 1.§

® «­ûª°­«�ú°ª | cosnθ| ≤ 1 �	­¤�­ú- �ú� |T̃n(x)| ≤ 1 ¤	¯ −1 ≤ x ≤
1
" ¦	¯ ®«ª�­«ù� x - �¤�°	­ú°�û¯!�ù% ��	�°ù! nθ = n arccosx = kπ -

k = 0, n - �«�S��	­« T̃n(x) üûù«ù�ª­ú ü���­û­¤«� ®«ª�­«ù¯ ±1
" 1ú�!¤ª�	­¤�­ú- �ú�

max
−1≤x≤1

|T̃n(x)| = 1.'°­¤­� è �̄°±�¯­¬èè�³ �«�S��	­«� �­
�&­°ª
Tn(x) =

{

T̃0(x) = 1 üûù n = 0©
T̃n(x)/2

n−1 üûù n ≥ 1
"§% �°���ú°ª ��­°ù¤«�� �
ûª®�� �	­¤�!ú ù® �°���ú° �«�S��	­«�° {T̃n(x)}

"
�¬ª�­� 	ù&$ «­¬�ú�û�­ ù® «ù%¨
ª� ù% ¬�û«ù ��°üª¤ª!ú � ¬�û«¯�ù T̃n(x)

©

� �úªû&ù� ¬�±..ù)ù­«ú Tn(x)

ûª°­« ­¤ù«ù)­©
°� ¤	¯ n ≥ 1 ° (n + 1) ûª®	ù�«�% ú��¬ª% üû��­��ú¬ª r(#-#� Tn(x)ü���­û­¤«� üûù«ù�ª­ú ®«ª�­«ù¯ ±1/2n−1 - ù

max
−1≤x≤1

|Tn(x)| = 1/2n−1.

1ú�­úù� ­�­ �¤«� °ª�«�­ �°���ú°� �«�S��	­«�° �­
�&­°ª {Tn(x)}
" ��ú$ Pn(x)

e 	!
�� �«�S��	­« �ú­ü­«ù n �� �úªû&ù� ¬�±..ù)ù­«(ú�� #" �ªù
�	$&­­ ®«ª�­«ù­ ��¤�	¯ Pn(x)
«ª �úû­®¬­ r(#-#� �
�®«ª�ù��­û­® max |Pn(x)| = ‖Pn‖p �ûª°«��­û«ª¯ «�û�ª�"

§�­­ú �­�ú�pqrsqtu x�w§¨ ù® °�­% �«�S��	­«�° �ú­ü­«ù n � ­¤ù«ù�«�� �úªû(&ù� ¬�±..ù)ù­«ú�� �«�S��	­« �­
�&­°ª ü�û̄ ¤¬ª n ù�­­ú «ªù�­«$(&ù� �ª¬�ù��� ��¤�	¯ «ª �úû­®¬­ r(#-#�"¦�¬ª�­� ±ú�"  û­¤ü�	��ù� üû�úù°«�­¨ ù�­­ú�¯ �«�S��	­« Pn(x) -úª¬��- �ú�
max

−1≤x≤1
|Pn(x)| < 1/2n−1.

��S¤ª Sûª.ù¬ù Pn(x)
ù Tn(x)

- ü�¬ª®ª««�­ «ª ûù�" #A"�- ¤�	�«� ü­û­(�­�$�¯ «­ �­«­­ �­� ° n ûª®	ù�«�% ú��¬ª%"
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���� ���X� � �������v����� ������ ���������� �̈4�����
�«�S��	­« Rn(x) = Pn(x) − Tn(x)

ù�­­ú «­ �­«­­ n ûª®	ù�«�%
¬�û«­�" �� Rn

ù�­­ú �ú­ü­«$ «­ °�&­ n − 1 - ü��¬�	$¬� ¬�±..ù)ù­«(ú� üûù xn ° Pn
ù Tn

ûª°«�" <«ª�ùú- «ª&­ üû­¤ü�	��­«ù­ «­°­û«�- ù�ª¬�ù�ª	$«�� ��¤�	$ Pn(x) «ª �úû­®¬­ r(#- #� «­ ���­ú 
�ú$ �­«$&­�ª¬�ù�ª	$«�S� ��¤�	¯ Tn(x)
"

N

Ñ�Ð!Ð�Ð �ÕáÛÓ×ØÞ�âÙ� ×Ø 0Û�ßmÛÚÖÜÙÝ 2�ÞÔÝ
��¤­� �
�®«ª�ªú$ Lωf (x) ù«ú­ûü�	¯)ù�««�� �«�S��	­«- ü��úû�­«(«�� ü� �®	ª� ° ¬�û«¯% �«�S��	­«ª ω(x) = (x− x0)(x− x1) . . . (x− xn)

" ��ú$ �úª°ùú�¯ ®ª¤ª�ª ü��úû�­«ù¯ ù«ú­ûü�	¯)ù�««�S� �«�S��	­«ª Lf (x).�«¬)ùù f(x) - ®ª¤ª««�� ° üû��­��ú¬­ r(#-#�" ¢�	ù °�
ûªú$ �®	� ° ¬�û(«¯% �«�S��	­«ª Tn+1(x)
- ú" ­" üûù«¯ú$ xk = cos 2k+1

2(n+1)
π, k = 0, n,ú� �«��ùú­	$ ω(x) ° .�û��	­ �#A"�"m� ��°üª¤­ú � Tn+1(x)
- ù ü�±ú���


�¤­� ù�­ú$
max

−1≤x≤1
|f(x) − LTf (x)| ≤ max |f (n+1)(x)|

(n+ 1)!

1

2n
. ìï�îIîïð§

«ª�­ «ª ��«�°ª«ùù ú­�û­�� #A"�
max |ω(x)| ≥ max |Tn+1(x)| - ù �)­«¬ª

ü�Sû­&«��úù ¤	¯ Lωf (x)
%��­ �
�	$&­�- �­� ¤	¯ LTf (x)

" �ªüûù�­û- ­�	ù
�úû­®�¬ r(#-#� ûª®
ùú$ «ª n ûª°«�% �ª�ú­� ù ° ¬ª�­�ú°­ �®	�° °�
ûªú$­S� ¬�«)� ù ú��¬ù ¤­	­«ù¯- ú� |ω(1 − 1/n)| 
�¤­ú ù�­ú$ �)­«¬�

∣
∣
∣
∣

[(

1 − 1

n

)

− (−1)

][(

1 − 1

n

)

−
(

− 1 +
2

n

)][(

1 − 1

n

)

−
(

− 1 +
4

n

)]
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. . .

[(

1 − 1

n

)

−
(

− 1 +
2

n

)][(

1 − 1

n

)

− 1

]∣
∣
∣
∣

=
2n − 1

n
· 2n − 3

n
. . .

1

n
=

(2n − 1)!!

nn+1
,

ú" ­"
max |ω(x)| ≥ (2n− 1)!!

nn+1
.

ñ ¤û�S�� �ú�û�«�- ü�	ªSª¯ °.�û��	­ �#A"�"�� b−a = 1−(−1) = 2 -ü�	��ù�
max

−1≤x≤1
|ω(x)| ≤ 2n+1

nn+1

n!

4
=

2n−1

nn+1
n!

ù- �	­¤�°ªú­	$«�-
2n(2n− 1)!!

nn+1
≤ max |ω(x)|

max |Tn+1(x)|
≤ 2n−1n!/nn+1

2−n
=

22n−1(n− 1)!

nn
.

' úª
	" #A"� üûù°­¤­«� ®«ª�­«ù¯ ¬ûª�«ù% �ª�ú­� ü��	­¤«­S� «­ûª°­«�ú°ª
¤	¯ «­�¬�	$¬ù% ü­û°�% ®«ª�­«ù� n "

3�4��5� ���k� ©�Y���������� �5���u Y����������
n 2n(2n− 1)!!/nn+1 22n−1(n− 1)!/nn� #"mAA �"AAA
� #"��# �"�0A
� #"@�# �"AAAm #"h�m �"h��
@ �"�00 m"�@00 �"AAA 0"#@�� �"�@@ h"���
h m"A@A #�"@�##A @"0A� #h"A�m

�ûª.ù�­�¬ª¯ ù		!�úûª)ù¯ üûù
	ù�­«ù� «ª üûù�­û­ ù«ú­ûü�	¯)ùù.�«¬()ùù y = (2 + x2)/(2 + x) ¤	¯ n�� üûù°­¤­«ª «ª ûù�" #A"� ��ü	�&«ª¯	ù«ù¯ e ü� ûª°«��ú�ú�¯�ù� �®	ª�- &úûù%�°ª¯ e ü� �®	ª� �«�S��	­«ª
�­
�&­°ª�"
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���� ���i� ª  �u� ��4��� ��4�����u�� �����
 ûù ���úª°	­«ùù �úª«¤ªûú«�% ü�¤üû�Sûª�� «­¬�ú�û�% ±	­�­«úªû(«�% .�«¬)ù� �ª�ú� üûù�­«¯!ú ù«ú­ûü�	¯)ù�««�� �«�S��	­« LTf (x)°�­�ú� Lωf (x)

ù	ù °�­�ú� �úû­®¬ª û̄ ¤ª �­�	�ûª"  ��ú$ .�«¬)ù¯ f(x)®ª¤ª«ª «ª �úû­®¬­ r(#-#�"  �	��ù� x = cos θ
" ñ	��«ª¯ .�«¬)ù¯ ϕ(θ) =

f(cos θ) �üû­¤­	­«ª «ª °�­� �ù�	�°�� ��ù- 2π (ü­ûù�¤ù�«ª ù �­ú«ª"¢­ û̄ ¤ E�û$­ ��¤­û�ùú ú�	$¬� ¬��ù«���- ú" ­"
ϕ(θ) = f(cos θ) =

a′0
2

+
∞∑

n=1

a′n cosnθ.

ñ�ùúª¯ 0 ≤ θ ≤ π ù ü�	ªSª¯ θ = arccosx - ú" ­" °�®°ûª�ª¯�$ ¬ �úªû��
ü­û­�­««�� x - ü�	��ù�

f(x) =
a′0
2
T̃0 +

∞∑

n=1

a′nT̃n(x) =
a′0
2
T0 +

∞∑

n=1

2n−1a′nTn(x),

ù	ù
f(x) =

∞∑

n=0

anTn(x),

S¤­
a0 = a′0/2; an = 2n−1a′n, n ≥ 1.

�ª�ú«ª¯ ����ª Sn(x)
±ú�S� û̄ ¤ª- ¬ª¬ üûª°ù	�- ¤ª­ú �­«$&�!�ª¬�ù�ª	$«�! ü�Sû­&«��ú$ ü� �ûª°«­«ù! � ü�Sû­&«��ú$! �úû­®¬ª ú��



ò�� �̀ TUT ��� k£W¢`W']VW] ��V��W 
�­ ¤	ù«� û¯¤ª �ª¬	�û­«ª ¤	¯ .�«¬)ùù f(x)

" ' úª
	" #A"m üûù°­¤­«��ª¬�ù�ª	$«�­ ü�Sû­&«��úù ªüüû�¬�ù�ª)ùù .�«¬)ùù f(x) = sinπx/2û̄ ¤�� �ª¬	�û­«ª ù ûª®	��­«ù­� ü� �«�S��	­«ª� �­
�&­°ª"

3�4��5� ���«� ��u�����v��� Y���������� �YY��u����5�� f(x) = sinπx/2

üüüû�¬�ù�ª)ù¯ �ªù°��&ª¯ �ú­ü­«$# � m 0 h�«�S��	­«� �­
�&­°ª A"#�YA A"�mY(� A"@�Y(� A"mhY(@ A"��Y(�2¯¤ �ª¬	�û­«ª A"m0YA A"0mY(# A"�mY(� A"#@Y(� A"�mY(m

¢�	ù .�«¬)ù¯ f(x) �üû­¤­	­«ª «ª �úû­®¬­ [a, b] - ú�- °°�¤¯ «�°��
ªûS��­«ú t ù® ��	�°ù¯ x = (b − a)t/2 + (b + a)/2 - üûù¤­� ¬ ù®��­«ù!.�«¬)ùù- �üû­¤­	­««�� «ª �úû­®¬­ r(#-#�" �­� �ª��� °�°�¤� � �ûª°«­(«ùù ûª®	ù�«�% �«�S��	­««�% üûù
	ù�­«ù� ü­û­«��¯ú�¯ «ª üû�ù®°�	$(«�� üû��­��ú�¬ [a, b]

"
Ñ�Ð!Ð�Ð ãÜØÕØÝÙ�ÔâÙ� ÖáÛ×ÛÕÕßà Ó��ØÚ
' �ªú­�ªúù�­�¬�� ª«ª	ù®­ %�û�&� ù®��­«� ù �ª�ú� üûù�­«¯­ú�¯

ûª®	��­«ù­ .�«¬)ù� ° �ú­ü­««�­ û¯¤� e ° �ª�ú«��úù- ° û¯¤� �­�	�ûª"2ª��­ú ��«�°«�% ±	­�­«úªû«�% .�«¬)ù� �úûùS�«��­úûù�­�¬ù%- ±¬�ü�«­«(ú�- 	�Sªûù.�ª ù ú" ü"� «ª �ù¬û�¬ª	$¬�	¯ú�ûª% ù ¬��ü$!ú­ûª% 
ª®ùû�­ú(�¯ «ª .�û��	ª% üûù°­¤­«ù¯ üû�ù®°�	$«�S� ªûS��­«úª ¬ �úª«¤ªûú«���
ù«ú­û°ª	�" �ª�úù�«�­ ����� úª¬ù% û¯¤�°e �«�S��	­«� e ù�ü�	$®�!ú(�¯ ° ¬ª�­�ú°­ 	�¬ª	$«�% ªüüû�¬�ù�ª)ù� ¤	¯ ù�%�¤«�% .�«¬)ù�" ñú­ü­«ù±úù% �«�S��	­«�° ®ª°ù�¯ú �ú úû­
�­��� ú��«��úù ªüüû�¬�ù�ª)ùù ù ü�	�(�­«ù¯ 
ª®�°�� ú��¬ù" ' «­¬�ú�û�% �	��ª¯% úª¬�� ü�¤%�¤ �ª	� üûù­�	­�
ù®(®ª �­¤	­««�� �%�¤ù���úù û̄ ¤�° ù ���­�ú°­««�� ûª®«ù)� ° úû­
�­(��� �ù�	­ �	­«�° üûù ûª®«�% ®«ª�­«ù¯% ªûS��­«úª" <¤­�$ «­�
%�¤ù�ª®ª�­«ª .�«¬)ùù �«�S��	­«�� «ªù	��&­S� ûª°«��­û«�S� üûù
	ù�­«ù¯ �Sªûª«úùû�°ª««� �Sûª«ù�­««�� ü�Sû­&«��ú$!"

 û�)­¤�ûª üû­�
ûª®�°ª«ù¯ �ú­ü­««�S� û̄ ¤ª ° ûª®	��­«ù­ ü� �ù�ú­(�­ �«�S��	­«�° �­
�&­°ª «ª®�°ª­ú�¯ �´¯è¯°±
¬ù±³ë �®³�³èè¯µ¯ ���¬"



���L� &]��� VTW�]V�8W9 �UT�£T��U ò�c
'�ûª®ù� �­û­® �«�S��	­«� �­
�&­°ª ü��	­¤�°ªú­	$«�­ �ú­ü­«ù x ¨

1 = T0;
x = T1;
x2 = (T0 + T2)/2;
x3 = (3T1 + T3)/4;
x4 = (3T0 + 4T2 + T4)/8;
x5 = (10T1 + 5T3 + T5)/16

ìï�îIî#ð

ù ú"¤" �ªûS��­«ú x ° üûª°�% �ª�ú¯% ±ú�� �ù�ú­�� ¤	¯ ¬ûªú¬��úù �ü��­«�" ��ú$ «­¬�ú�ûª¯ .�«¬)ù¯ y = f(x) «ª «­¬�ú�û�� üû��­��ú¬­ [a, b] ∈
[−1, 1] üû­¤�úª°	­«ª �ú­ü­««�� û̄ ¤��"  �¤�úª°	¯¯ °�­�ú� �ú­ü­«­� xù% °�ûª�­«ù¯ �#m"#� �­û­® �«�S��	­«� �­
�&­°ª ù üûù°­¤¯ ü�¤�
«�­�	­«�- ü�	��ù� ûª®	��­«ù­ °ù¤ª

f(x) = b0 + b1T1 + b2T2 + . . .+ bnTn + . . .���«� ��ù¤ªú$- �ú� û­®�	$úªú 
�¤­ú 
	ù®�¬ ¬ �«�S��	­«� «ªù	��&­S�
ûª°«��­û«�S� üûù
	ù�­«ù¯"

~�\Q\ *]^_` ncaq]nÍ?a¬ ��c`bc^_�
���«�­ üû�°­¤­«ù­ ù«ú­ûü�	¯«úª �­û­® ®ª¤ª««�­ ú��¬ù ù�­­ú����	 ú�	$¬� ° �	��ª­- ­�	ù ü��	­¤«ù­ «­ ��¤­û�ªú �&ù
�¬" ýªûª¬ú­û(«�� ���
­««��ú$! ®ª¤ª� �
ûª
�ú¬ù «ª
	!¤­«ù� ù ±¬�ü­ûù�­«ú�° ¯°	¯­ú(�¯ ®ª°­¤��� üûù
	ù�­««�� %ªûª¬ú­û û­®�	$úªú�° °�	­¤�ú°ù­ ü�Sû­&«�(�úù ù®�­ûùú­	$«�% üûù
�û�°- «­°�®���«��úù ú��«� ü�°ú�ûùú$ ��	�°ù¯

±¬�ü­ûù�­«úª- �	��ª�«�% �&ù
�¬ ûª®«�S� û�¤ª ù ú" ü" ¢�ú­�ú°­««� �úû­�(	­«ù­ ù��	­¤�°ªú­	­� ¬ «ª¬�ü	­«ù! ¬ª¬ ���«� 
�	$&­S� ¬�	ù�­�ú°ª
±¬�ü­ûù�­«úª	$«�% ¤ª««�% � ú­�- �ú�
�- «­¬�ú�û�� �
ûª®�� ��û­¤«¯¯ù%- ü�	��ùú$ úû­
�­��­ ®«ª�­«ù¯ �ª	�S� �ù�	ª ù�¬���% üªûª�­úû�°"' ü�¤�
«�% �	��ª¯% ü­û­%�¤¯ú ¬ ü��úû�­«ù! «ªù	��&­S� ° «­¬�ú�(û�� ����	­ ��±ûé±�³è±� ­ ��³�è³° �«ªüûù�­û- � �ù«ù�ª	$«�� ������
¬°ª¤ûªú�° �ú¬	�«­«ù��" ÷ �­ú�¤� «ªù�­«$&ù% ¬°ª¤ûªú�° ��S�ú üûù°­�úù
ù ù«�­ ���
ûª�­«ù¯ e «ªüûù�­û- ü�	��­«ù­ ¬�ûû­	¯)ù�««�% ù .�«¬)ù(�«ª	$«�% ®ª°ù�ù���ú­� üûù ª«ª	ù®­ �	��ª�«�% üû�)­���°"

 ��ú$ «ª� ù®°­�ú«� ��¬ª�­�- ù® ±¬�ü­ûù�­«úª� üûù
	ù�­««�­ ®«ª(�­«ù¯ .�«¬)ùù f(x) ° n ú��¬ª% x1, x2, . . . , xn
" �ª¬ ¬ª¬ ±úù ®«ª�­«ù¯
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f(x1), f(x2), . . . f(xn)

®ª°­¤��� «­ ¯°	¯!ú�¯ ú��«��ù- ú� «­ú ����	ª�úû�ùú$ ü� «ù� ù«ú­ûü�	¯)ù�««�� �«�S��	­« ªªSûª«�ª �ú­ü­«ù n− 1
"2ª®��«­­ ü�ü�úªú$�¯ ü��úû�ùú$ �«�S��	­« 
�	­­ «ù®¬�� �ú­ü­«ù- ­ ��³�	è³° �úûª�ª!�ù� %ªûª¬ú­û .�«¬)ùù f(x)

"'�®$�­� ° ¬ª�­�ú°­ 
ª®ù�«�% .�«¬)ù� ¤	¯ �
�
�­««�S� �«�S��	­(«ª �ú­ü­««�­ .�«¬)ùù
ϕ0 = 1, ϕ1 = x, ϕ2 = x2, . . . , ϕm = xm.

��S¤ª �
�
�­««�� �«�S��	­«
Pm(x) = c0 + c1x+ c2x

2 + . . . cmx
m.��¤­� ù�¬ªú$ úª¬�� «ª
�û ¬�±..ù)ù­«ú�° {ci} - üûù ¬�ú�û�� ¤��úùSª­ú�¯�ù«ù��� °­	ù�ù«�

1∫

0

[Pm(x) − f(x)]2 dx.

���«� ü�¬ª®ªú$- �ú� ±úª ®ª¤ª�ª �°�¤ùú�¯ ¬ û­&­«ù! �ù�ú­��
c0 + 1

2
c1 + . . . 1

m+1
cm =

1∫

0

f(x) dx,

1
2
c0 + 1

3
c1 + . . . 1

m+2
cm =

1∫

0

xf(x) dx," " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
1

m+1
c0 + 1

m+2
c1 + . . . 1

2m+1
cm =

1∫

0

xmf(x) dx.

ìï�îXîïð

÷�±..ù)ù­«ú� ±ú�� �ù�ú­�� �
ûª®�!ú �ªúûù)� �ù	$
­ûúª � ±	­�­«úª�ù
{hij = 1/(i + j + 1} - &ùû�¬� ù®°­�ú«�! ° �ªú­�ªúù¬­ ¬ª¬ ¬	ª��ù�­�¬ù�
üûù�­û ü	�%� �
��	�°	­««�� �ªúûù)�¨ �cond H2 ≈ 20 ©

cond H6 ≈ 107 ©
condH10 ≈ 1013 �" �ª¬ù� �
ûª®��- 
ª®ù� ù® �ú­ü­««�% .�«¬)ù� «­üûù(S�¤­« ¤	¯ ü��úû�­«ù¯ «ªù	��&ù% �û­¤«­¬°ª¤ûªúù�­�¬ù% üûù
	ù�­«ù��¬�	$¬�(«ù
�¤$ °���¬ù% �ú­ü­«­�"'�
­û­� )­	�­ �ù�	� m - 0 < m ≤ n − 1

" ��¤­� ù�¬ªú$ úª¬���«�S��	­«
P (x) = a0 + a1x+ . . .+ amx

m ìï�îXî#ð�ú­ü­«ù m - �ú�
� ����ª ¬°ª¤ûªú�° ûª®«��ú­� �­�¤� f(xk)
ù P (xk)

-
k = 1, n - 
�	ª «ªù�­«$&­�- ú" ­" °�
­û­� a0, a1, . . . , am

ù® ��	�°ù¯
S =

n∑

k=1

[f(xk) − (a0 + a1xk + . . .+ amx
m
k )]2 = min . ìï�îXî[ð
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/ú�ú ü�¤%�¤ ±¬°ù°ª	­«ú­« �ù«ù�ù®ª)ùù ¤ù�¬û­ú«�� ¬°ª¤ûªúù�«��
«�û�� ü�Sû­&«��úù ªüüû�¬�ù�ª)ùù- °°­¤­««�� ° «ª�ª	­ ¤ª««�� S	ª°�"'­	ù�ù«ª S ¯°	¯­ú�¯ .�«¬)ù­� °­	ù�ù« {al}

" ¦	¯ «ª%��¤­«ù¯
ù% ®«ª�­«ù�- �
ûª�ª!�ù% S ° �ù«ù���- °��ü�	$®�­��¯ ûª°­«�ú°ª�ù
∂S/∂ak = 0, k = 0,m ¨

− ∂S

∂a0

= 2
n∑

k=1

[f(xk) − (a0 + a1xk + . . .+ amx
m
k )] = 0;" " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "

− ∂S

∂al
= 2

n∑

k=1

[f(xk) − (a0 + a1xk + . . .+ amx
m
k )]xlk = 0;" " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "

− ∂S

∂am
= 2

n∑

k=1

[f(xk) − (a0 + a1xk + . . .+ amx
m
k )]xmk = 0.

 ��	­ �üû��­«ù� ±úª �ù�ú­�ª üûù«ù�ª­ú °ù¤
n∑

k=1

(a0 + a1xk + . . .+ amx
m
k )xlk =

n∑

k=1

f(xk)x
l
k, l = 0,m. ìï�îXî\ð

ñù�ú­�ª �#A"@"�� ­�ú$ �ù�ú­�ª (m+1) 	ù«­�«�% �ûª°«­«ù� � m+1«­ù®°­�ú«��ù" ��	­­ ü�¤û�
«� �«ª ®ªüù&­ú�¯ ° .�û�­
a0n +a1

n∑

k=1

xk +a2

n∑

k=1

x2
k + . . . +am

n∑

k=1

xmk =
n∑

k=1

f(xk);

a0

n∑

k=1

xk +a1

n∑

k=1

x2
k +a2

n∑

k=1

x3
k + . . . +am

n∑

k=1

xm+1
k =

n∑

k=1

xkf(xk);" " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
a0

n∑

k=1

xmk +a1

n∑

k=1

xm+1
k +a2

n∑

k=1

xm+2
k + . . . +am

n∑

k=1

x2m
k =

n∑

k=1

xmk f(xk).

ìï�îXîIð1üû­¤­	ùú­	$ ±ú�� �ù�ú­�� üûù xi 6= xj
�ú	ù�­« �ú «�	¯- úª¬ �ú� �ù�ú­(�ª ù�­­ú ­¤ù«�ú°­««�­ û­&­«ù­- ¤ª!�­­ �ù«ù��� S

"
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 ûù�­û #A"m"  ��ú$ ¤ª«� ú��¬ù «ª ü	��¬��úù � ¬��û¤ù«ªúª�ù-�¬ª®ª««��ù ° úª
	" #A"@"

3�4��5� ���­� � ������ ������v��� u��������
k

# � � �
xk

# � � @
f(xk)

# � 0 #A
ỹ(xk)

A"��� �"m0@ @"��� #A"##�§% ûª�ü�	��­«ù­ ü�¬ª®ª«� «ª ûù�" #A"�"

���� ���k� � Y��4��� Y��������� Y����� Y� ������ ������v��� u��������
�ª¬ ¬ª¬ ú��¬ù ûª®�­�úù	ù�$ ü��úù ü� üû¯���- ú� ­�ú­�ú°­««� ù�¬ªú$

üûù
	ù�­««�­ °�ûª�­«ù­ f(x) ° °ù¤­ �«�S��	­«ª ü­û°�� �ú­ü­«ù- ú" ­"
° °ù¤­ P (x) = a0 + a1x

" ' «ª&­� �	��ª­ n = 4 - m = 1 ù �ù�ú­�ª
üûù«ù�ª­ú °ù¤

4a0 + 14a1 = 1 + 4 + 7 + 10,
14a0 + (12 + 32 + 42 + 62)a1 = 1 · 1 + 4 · 3 + 7 · 4 + 10 · 6,

ù	ù
4a0 + 14a1 = 22,

14a0 + 62a1 = 101.
ìï�îXîXð

ñ	­¤�°ªú­	$«�-
a0 =

22 · 62 − 101 · 14

4 · 62 − 14 · 14
=

−50

52
= −0.962;



����� k��¢�£ ®�õW£W�]��W9 ��£��` ò��
a1 =

4 · 101 − 14 · 22

4 · 62 − 14 · 14
=

404 − 308

52
=

96

52
= 1.846.

�ª¬ù� �
ûª®��- �­ú�¤ «ªù�­«$&ù% ¬°ª¤ûªú�° üûù°�¤ùú ¬ 	ù«­�«��.�«¬()ùù ỹ(x) = 1.846x − 0.962
" ' ü��	­¤«­� �úû�¬­ úª
	" #A"@ üûù°­¤­«�

®«ª�­«ù¯ ỹ(x) ¤	¯ úª
	ù�«�% ®«ª�­«ù� ªûS��­«úª"'� �«�Sù% üûù	��­«ù¯% «­ °�­ ��ùú�°ª­��­ ú��¬ù °ª�«� �¤ù(«ª¬�°�" ' úª¬ù% �	��ª¯% �ù«ù�ù®ùû�!ú ­
­³j³èèøK ����� ¬°ª¤ûªú�°
ûª���S	ª��°ª«ù¯" '­�ª ûª®��«� «ª®«ª�ùú$ �
ûªú«� üû�ü�û)ù�«ª	$«��ù
ü�Sû­&«��úù ù®�­û­«ù�" ûù °�ûª°«ù°ª«ùù �úªúù�úù�­�¬ù% ¤ª««�% �ü�¤
�û­ üªûª�­úû�°
ûª�üû­¤­	­«ù�� �­ú�¤ «ªù�­«$&ù% ¬°ª¤ûªú�° ¤ª­ú �)­«¬ù- 
	ù®¬ù­ ¬°¬´�±°¬éêè¯ ��¬­�¯�¯�¯ûè�° - ú" ­" ¤��úª°	¯!�ù� �ª¬�ù�ª	$«�!
°­û�¯ú«��ú$ «ª
	!¤­«ù¯ ù�­««� ù�%�¤«�% ®«ª�­«ù�"

üüüû�¬�ù�ùû�!�ª¯ .�«¬)ù¯ «­ �
¯®ªú­	$«� ¤�	�«ª 
�ú$ ü�	ù«�(���" �­�
%�¤ù�� 	ù&$- �ú�
� �«ª 
�	ª 	ù«­�«�� ¬��
ù«ª)ù­� ®ª¤ª««���ù�ú­�� 	ù«­�«� «­®ª°ù�ù��% .�«¬)ù�¨
P (x) = a0ϕ0(x) + a1ϕ1(x) + . . . amϕm(x).2ª«­­ �� ûª���ªúûù°ª	ù �ù�ú­�� 1, x, x2, . . . , xm

" où�ú­��
1, cosx, cos 2x, . . . , cosmx,

sin x, sin 2x, . . . , sinmx

�
��«� üûù�­«¯!ú�¯ ¤	¯ ªüüû�¬�ù�ª)ùù ü­ûù�¤ù�­�¬ù% .�«¬)ù�"2ª��­ú� ®«ª�ùú­	$«� �üû��ª!ú�¯- ­�	ù {ϕi(x)} ¯°	¯!ú�¯ ü�	ù«��ª�ù-
�ûú�S�«ª	$«��ù «ª ��ª�ú¬­ ªüüû�¬�ù�ª)ùù"

~�\e\ n_`R_b ¯qÌaba�]Î�a¬ H_bq�o
�¬ª®ª««ª¯ ®ª¤ª�ª «­ ¯°	¯­ú�¯ ü�	«��ú$! ª	S�ûùú�ù®�­���" ��úû�­«ù­ ±�üùûù�­�¬�� .�û��	� ü� ±¬�ü­ûù�­«úª	$«�� ¤ª««��

¤­	ª­ú�¯ ° ¤°ª ±úªüª¨ ü�¤
�û �
�­S� °ù¤ª �ù® .ù®ù�­�¬ù% ù	ù ù«�%
ú­�û­úù�­�¬ù% ���
ûª�­«ù�� ù �ú��¬ª«ù­ «ªù	��&ù% üªûª�­úû�°" ��ü­%
�üû­¤­	¯­ú�¯ �ü�ú�� ù��	­¤�°ªú­	¯" ûù ü�¤
�û­ ®ª°ù�ù���ú­� �	­¤�­ú °°­�úù «�°�­ ü­û­�­««�­ úª¬-�ú�
� ° ±úù% ü­û­�­««�% ù«ú­û­��!�ª¯ «ª� ®ª°ù�ù���ú$ �¬ª®ª	ª�$ °�®(���«� 
	ù�­ ¬ 	ù«­�«��" ¦	¯ �ú­ü­««�� ®ª°ù�ù���úù y = axn ù�­­�
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log y = log a + n log x © ®¤­�$ �­	ªú­	­« 	�Sªûù.�ù�­�¬ù� �ª�&úª
 ü�
�
­ù� ��¯�" ¦	¯ ü�¬ª®ªú­	$«�� y = y0e

−αt ü�	��ª­� ln y = ln y0 − αt
"�ª�&úª
 ü� ��ù °û­�­«ù ¤�	�­« 
�ú$ 	ù«­�«��"¦ª	­­ ° «�°�% ¬��û¤ù«ªúª% �­ú�¤�� «ªù�­«$&ù% ¬°ª¤ûªú�° �üû­(¤­	¯!ú�¯ üªûª�­úû� ªüüû�¬�ù�ª)ùù- ü��	­ �­S� ����­�ú°	¯­ú�¯ °�®°ûªú

¬ ü­û°�«ª�ª	$«�� ¬��û¤ù«ªúª�"



¶·¸¹¸ ww»
°ÂÁ½ÆÃ ½¾ÁÀ�ÀÅ¸}ÀÀ

 �¤ �üúù�ù®ª)ù­� ° ù«�­«­û«�� ¤­	­ ü�«ù�ª!ú °�
�û °ªûùª«úª-
«ªù	��&­S� ü� ®«ª�­«ù! )­	­°�� .�«¬)ùù¨ üû��«��úù ¬�«�úû�¬)ùù- ­­�ª��­- ���«��úù- «ª¤­�«��úù- üû�ù®°�¤ùú­	$«��úù- �ú�ù���úù ù ú" ü"�«�S��­û«ª¯ «­	ù«­�«ª¯ �üúù�ù®ª)ù¯ ���ú°­ú�ú°�!�­� �ªú­�ª(úù�­�¬�� ��¤­	ù e ±ú� �¤«ª ù® «ªù
�	­­ �ª�ú� °�úû­�ª!�ù%�¯ ù ° ú��­ °û­�¯ «ªù
�	­­ úû�¤«�% üûù¬	ª¤«�% ®ª¤ª�" «­	­°�% .�«¬)ù� ���­ú

�ú$ «­�¬�	$¬�- �ú� ü­û­°�¤ùú ®ª¤ª�� ° �
	ª�ú$ ú­�ûùù û­&­«ù� r#Am�"
<¤­�$ �� �Sûª«ù�ù��¯ �	��ª­� ­¤ù«�ú°­««�� )­	­°�� .�«¬)ùù" �ù�	�
üû�­¬ú«�% üªûª�­úû�° %ªûª¬ú­ûù®�­ú ûª®�­û«��ú$ ®ª¤ª�ù �üúù�ù®ª)ùù"�ª%��¤­«ù­ �üúù�ª	$«�S� û­&­«ù¯ �­ú�¤�� üû̄ ��S� ü­û­
�ûª °�®(���«� ú�	$¬� ¤	¯ ¬�«­�«�S� �«��­�ú°ª °ªûùª«ú�° ù ��üû�°��¤ª­ú�¯
±¬�ü�«­«)ùª	$«�� û��ú�� úû�¤�­�¬��úù ü� �ù�	� üªûª�­úû�°"  �¤�
(«�­ ®ª¤ª�ù û­&ª!ú�¯ �­ú�¤ª�ù è¬��¬­é³èè¯µ¯ ü­û­
�ûª e 	ù«­�«�S�
ù ¤ù«ª�ù�­�¬�S� üû�Sûª��ùû�°ª«ù¯- ¬�ú�û�­ ü�¤û�
«� �
���¤ª!ú�¯ °	ùú­ûªú�û­ ü� �üúù�ù®ª)ùù r#h- @A- @m- #Am- ##A�" ��ª	��- «ªù
�	­­ �
�­� û­¬��­«¤ª)ù­� ¯°ùú�¯ «­�
%�¤ù���ú$ü�	«�S� ��­úª �ü­)ù.ù¬ù ®ª¤ª�ù ù �­�ú¬ù� �ú
�û °ªû$ùû�­��% .ª¬ú�(û�°"

~~\~\ Gc+_�¤] Ì_np^ap
ÑÑÐÑÐÑÐ ±ÚÛ�ÛÕÙÛ
�� 
�¤­� ûª���ªúûù°ªú$ ®ª¤ª�ù �üúù�ù®ª)ùù ° ¬�«­�«��­û«�%

üû��úûª«�ú°ª%" <¤­�$ �� �Sûª«ù�ù��¯ �ª���ù �
�ù�ù
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���
ûª�­«ù¯�ù �
 ù% �ªú­�ªúù�­�¬�� ��úù ù üûù«)ùüùª	$«�% ���
­«(«��ú¯%"

<ª¤ª�ª �üúù�ù®ª)ùù ®ª¬	!�ª­ú�¯ ° �üû­¤­	­«ùù �ª¬�ù���ª ù	ù�ù«ù���ª �ù ���ú°­ú�ú°�!�ù% ­�� ªûS��­«ú�°� °­�­�ú°­««�� .�«¬()ùù F (x1, x2, . . . xn)
�ú n °­�­�ú°­««�% ªûS��­«ú�° «ª �«��­�ú°­ D

n (�­û«�S� üû��úûª«�ú°ª"  ûù ±ú�� F ùSûª­ú û�	$ )­	­°�� .�«¬)ùù- ª
D e �Sûª«ù�­«ù�" ²�¬´®±²³�´± ¤üûù%�¤ùú�¯ ¤�°�	$�ú°�°ªú$�¯ �	��&­(«ù­� ù®°­�ú«�% û­&­«ù�- ª «­ ¤�°­¤­«ù­� ù% ¤� ��°­û&­«�ú°ª"  �±ú���
ü�¤ �üúù�ù®ª)ù­� ü�«ù�ª!ú �¬�û­­ �úû­�	­«ù­ ¬ ��°­û&­«�ú°�- ¬�ú�û�­-
°�®���«�- «­ 
�¤­ú ¤��úùS«�ú�¥ r##A- �" #�m�" <ª¤ª�ù «ª%��¤­«ù¯ ±¬�úû­(���ª ù ­S� ¬��û¤ù«ªú ��S�ú û­&ªú$�¯ � ûª®«�� ú��«��ú$!" ÷ª¬ üûª°ù	�-
±¬�úû­���� °­�$�ª ü�	�Sù- �ú� ��¯S�ª­ú úû­
�°ª«ù¯ ¬ ú��«��úù �üû­¤­(	­«ù¯ ù% ¬��û¤ù«ªú"1üù��°ª­��­ «ù�­ �­ú�¤� ù®	ªSª!ú�¯ üûù�­«ùú­	$«� ¬ °±è±°±	
¬ù±±" <ª¤ª�ª �ª¬�ù�ù®ª)ùù �°�¤ùú�¯ ¬ �ù«ù�ù®ª)ùù üû��ú�� ��­«��
®«ª¬ª )­	­°�� .�«¬)ùù" ¦	¯ ���®«ª«ù¯ 
ª®�°�% üûù«)ùü�° �û­®°��ª�(«� ü�	­®«ª °ù®�ª	ù®ª)ù¯ ü�ù�¬ª �üúù���ª ü� ¤°�� ü­û­�­««�� e «ª(S	¯¤«ª¯ ¤­��«�úûª)ù¯ ü�°­û%«��úù �ú¬	ù¬ª ù ù®�	ù«ù� �û�°«¯ )­	­°��.�«¬)ùù ���" ûù�" ##"#�##"��"

���� ����� ����������v  ��u5�� z = x2 − y2 � �������� �������



����� ³Tö�U�] õ�V(�W( ò��

���� ���X� ����������v  ��u5�� z = sin x ∗ cos y � �������� �������

�ü��¯«�ú�­ üû�
	­�� û­&ª!ú�¯ �û­¤�ú°ª�ù �«ù°­û�ª	$«�% �ªú­(�ªúù�­�¬ù% üª¬­ú�° ´S	ª°ª #m�- ª úª¬�­ �ù�ú­�� µO¶·¸NZ ´��" r�@��" �ª�ú$ûù��«¬�° ¤ª««�� S	ª°� ®ªù��ú°�°ª«ª ù® Âº»¶(.ª�	�° ü��	­¤«­�"
ÑÑÐÑÐäÐ 1ÓÔ�ÙÛÕá Ù æÛÖÖÙÔÕ
' üû�)­��­ �üúù�ù®ª)ùù «­	ù«­�«�� .�«¬)ùù ª¬úù°«� ù�ü�	$®�!ú(�¯ YY Sûª¤ù­«ú ù S­��ùª«"¹�¬�±³è® )­	­°�� .�«¬)ùù �üû­¤­	¯­ú�¯ ¬ª¬ °­¬ú�û

∇F (x) ≡ g(x) =

{
∂F

∂x1

,
∂F

∂x2

, . . . ,
∂F

∂xn

}T

.

' ��«�°­ 
�	$&ù«�ú°ª �­ú�¤�° �üúù�ù®ª)ùù 	­�ùú �ü��¬ ° «ªüûª°	­«ùù
ª«úùSûª¤ù­«úª ù	ù 
	ù®¬�� ¬ «­��"
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¹³��±¬è¯° ´�ªúûù)­� �­��­� «ª®�°ª­ú�¯ ���úª°	­««ª¯ ù® °ú�û�%

üû�ù®°�¤«�% )­	­°�� .�«¬)ùù �ªúûù)ª

G(x) =













∂2F

∂x2
1

∂2F

∂x1x2

. . .
∂2F

∂x1xn

∂2F

∂x2∂x1

∂2F

∂x2
2

. . .
∂2F

∂x2∂xn" " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
∂2F

∂xn∂x1

∂2F

∂xn∂x2

. . .
∂2F

∂x2
n













. ìïïîïîïð

§
®°­�ú«�­ �°���ú°ª ��­&ª««�% �ª�ú«�% üû�ù®°�¤«�% Sªûª«úùû�!ú�ù��­úûù�«��ú$ �ªúûù)� G(x)

"
ñ S­��ùª«�� ù �
ûªú«�� ­�� �ªúûù)­� ûª
�úª!ú �­ú�¤� ¤°ú�û�S�

ü�û̄ ¤¬ª¥e «$!ú�«�°� ù ¬°ª®ù«$!ú�«�°�"
ÑÑÐÑÐ�Ð ±ß×2ÜÞØÖáç Ù ÚØæÕ2áØÖáç
ñ	��«��ú$ ®ª¤ª�ù «­	ù«­�«�S� üû�Sûª��ùû�°ª«ù¯ �üû­¤­	¯­ú�¯

®ª°ù�ù���ú$! û­&­«ù¯ �ú %ªûª¬ú­ûª .�«¬)ùù- .�û�� ù ü�	��­«ù¯
�
	ª�úù ¤�ü��úù��% û­&­«ù� ´1¦2�"ºûé¬�®ê «ª®�°ª­ú�¯ °�ü�¬	��- ­�	ù �úû­®�¬ üû̄ ���- ��­¤ù«¯(!�ù� 	!
�­ ¤°­ ú��¬ù �
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f1(x1, x2, . . . , xn) = 0,
f2(x1, x2, . . . , xn) = 0," " " " " " " " " " " " " " " " " " " " " " " " " "
fn(x1, x2, . . . , xn) = 0.

ìïïî\îïð

<ªüù&­� ­­ ° ��¬ûª�­««�� .�û�­¨
f(x) = 0 ìïïî\î#ð´°­¬ú�û(.�«¬)ù¯ °­¬ú�û«�S� ªûS��­«úª½" 2ª����úûù� .�«¬)ù!

U(x) =
n∑

i=1

f 2
i (x) = (f(x), f(x)) ìïïî\î[ð

Õ¡������Ö �� ��u���� �� �������� �
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´�¬ª	¯û«�­ üû�ù®°­¤­«ù­ .�«¬)ùù �ª��� «ª �­
¯½"  ��ú$ x e °­¬ú�û(¬�û­«$ ù x0

e ­S� «�	­°�­ üûù
	ù�­«ù­"��S¤ª U(x) = 0 e �ù«ù�ª	$«�­
®«ª�­«ù­ U

" /úª ú��¬ª ���­ú 
�ú$ ¤��úùS«�úª �¬�û­�&ù� �ü��¬�� ù®
x0
" 1
�®«ª�ù� �­û­®

∇ =

[
∂U

∂x1

,
∂U

∂x2

, . . . ,
∂U

∂xn

]T ìïïî\î\ð
Sûª¤ù­«ú .�«¬)ùù U(x) ´°­¬ú�û(�ú�	
­)½"  ­û­�¤­� ° ú��¬�

xk+1 = xk − τk∇k, k = 0, 1, . . .1�úª­ú�¯ �üû­¤­	ùú$ �«��ùú­	ù {τk}
" '°­¤­� �¬ª	¯û«�! .�«¬)ù!

Φ(τ) = U(xk − τ∇k), ìïïî\îIð
¬�ú�ûª¯ ¤ª­ú ù®�­«­«ù­ .�«¬)ùù U ü� «�û�ª	ù ¬ ü�°­û%«��úù �û�°«¯ °
ú��¬­ xk " �«��ùú­	$ τ = τk

«ª¤� °�
ûªú$ ù® ��	�°ù¯ �
ûª�­«ù¯ Φ(τ)° �ù«ù���"
<ªüù&­� Φ(τ) ° °ù¤­ �¬ª	¯û«�S� üû�ù®°­¤­«ù¯ °­¬ú�û�°

Φ(τ) = (f [xk − τ∇k], f [xk − τ∇k])

ù ûª®	��ù� ���«��ùú­	ù ° û̄ ¤ ü� �ú­ü­«¯� üûùûª�­«ù¯ ªûS��­«úª-
�Sûª«ù�ù°&ù�$ 	ù«­�«�� üûù
	ù�­«ù­�¨

f(x− τ∇) ≈ f(x) − df

dx
τ∇.

��S¤ª

Φ(τ) ≈ (f(x), f(x)) − 2τ

(

f(x),
df

dx
∇
)

+ τ 2

(
df

dx
∇, df

dx
∇
)

,

ù üû�ù®°�¤«ª¯ �ú üûª°�� �ª�úù ü��	­¤«­S� ûª°­«�ú°ª
Φ′(τ) = −2

(

f(x),
df

dx
∇
)

+ 2τ

(
df

dx
∇, df

dx
∇
)

.

 ûùûª°«¯° üû�ù®°�¤«�! «�	!- «ª%�¤ù�
τ =

(

f(x),
df

dx
∇
)/( df

dx
∇, df

dx
∇
)

. ìïïî\îXð
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��

df

dx
=












∂f1

∂x1

∂f1

∂x2

. . .
∂f1

∂xn
∂f2

∂x1

∂f2

∂x2

. . .
∂f2

∂xn" " " " " " " " " " " " " " " " " " " " "
∂fn
∂x1

∂fn
∂x2

. . .
∂fn
∂xn












= J(x)

­�ú$ �ªúûù)ª .¬�
ù °­¬ú�û(.�«¬)ùù f(x)
" ¦ª	­­- j (¯ ¬��ü�«­«úª Sûª(¤ù­«úª .�«¬)ùù U(x)

∂U

∂xj
=

∂

∂xj

{ n∑

i=1

[fi(x)]
2
}

= 2
n∑

i=1

fi(x)
∂fi(x)

∂xj
, j = 1, n.

 �±ú��� °­�$ °­¬ú�û Sûª¤ù­«úª

∇ = 2












n∑

i=1

fi(x)∂fi(x)/∂x1

n∑

i=1

fi(x)∂fi(x)/∂x2" " " " " " " " " " " " " " " " " "
n∑

i=1

fi(x)∂fi(x)/∂xn












= 2JT (x)f(x)

�¬ª®�°ª­ú�¯ ûª°«�� �¤°�­««��� üû�ù®°­¤­«ù! úûª«�ü�«ùû�°ª««�� �ªú(ûù)� .¬�
ù JT (x) «ª °­¬ú�û(.�«¬)ù! f
" 1¬�«�ªú­	$«� .�û��	ª´##"�"@½ üûù«ù�ª­ú °ù¤

τk =
(fk, 2JkJ

T
k fk)

(2JkJTk fk, 2JkJ
T
k fk)

=
1

2

(fk, JkJ
T
k fk)

(JkJTk fk, JkJ
T
k fk)

,

S¤­ ù«¤­¬� k �®«ª�ª­ú °��ù�	­«ù­ ���ú°­ú�ú°�!�ù% °­¬ú�û�° ù �ªúûù)
üûù x = xk

" ûù�­û ##"#"  �¬ª�­� û­&­«ù­ �­ú�¤�� «ªù�¬�û­�&­S� �ü��¬ª�ù�ú­�� «­	ù«­�«�% �ûª°«­«ù� ù® üûù�­ûª h"#" ' úª
	" ##"# �°­¤­«�û­®�	$úªú� ü­û°�% #A &ªS�° �­ú�¤ª"
�­ú�û­ °­û«�% ®«ª¬ª °� °�­% ¬��ü�«­«úª% °­¬ú�ûª 
�	ù ¤��úùS«�ú�«ª #�(� &ªS­"' úª
	" ##"� «ª ��«�°­ üûù�­û�° h"# ù h"� ¤ª­ú�¯ �ûª°«­«ù­ �­ú�¤ª�¬�û­�&­S� �ü��¬ª � ûª����úû­««��ù ûª«­­" �­	$®¯ «­ ü�%°ª	ùú$ ª	$(ú­û«ùû�!�ù� �­ú�¤- úû­
�!�ù� üûª¬úù�­�¬ù ú�S� �­ �ù�	ª &ªS�°- �ú�

��«�°«��- üûù �«�S� �­«$&­� úû�¤�­�¬��úù"
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3�4��5� ����� ����� �u�������� �Y��u����­û  ­û­�­««ª¯&ªSª x1 x2 x3# A"��m0 A"�A�� A"@m�@

� A"m@#A A"�00h A"�#�#
� A"m��# A"�@�@ A"�##m
� A"m�Ah A"�@�� A"�A�@m A"m�0m A"�mh� A"�A��
@ A"m�h# A"�m0# A"�A�00 A"m��� A"�m@� A"�A��� A"m��� A"�mmm A"�A�A
h A"m��m A"�mm� A"�A��#A A"m��@ A"�mmA A"�A�#

3�4��5� ���X� ������ � ����� ������­ú�¤ û­&­«ù¯ �û­
�­�ª¯ ú��«��ú$
10−4 10−5 10−6�$!ú�«ª � m mü	$ú­û«ùû�!�ù� �$!ú�«ª m m m��¤ù.ù)ùû�°ª««�� �$!ú�«ª #0 �� �0

ñ¬�û­�&ù� �ü��¬ #� #0 �A

ÑÑÐ�Ð!Ð /ÛáØ�ß ÖØ×Ó�4ÛÕÕßà æÓÔ�ÙÛÕáØÚ
�­¬�ú�û�­ °ªûùª«ú� �ü��¬ª ¤	¯ ü�¤ª°	­«ù¯ �
���¤ª°&­��¯ °�&­

°�®���«�� ¬�	­
ªú­	$«��úù ù�ü�	$®�!ú Ä¯����³èè�³ µ�¬�±³è®�" ¦°ª
«ªüûª°	­«ù¯ p ù q ��üû¯�­«� �ú«��ùú­	$«� �ù��­úûù�«�� ü�	��ùú­	$(«�� �ªúûù)� G - ­�	ù üû�ù®°­¤­«ù­

pTGq = 0.

ñ�üû̄ �­««�­ «ªüûª°	­«ù¯ °®ªù�«� �ûú�S�«ª	$«�"§
®°­�ú«� ´��" ûª®¤" �"�½- �ú� ° n (�­û«�� üû��úûª«�ú°­ ���­�ú°�(­ú «­ 
�	­­ n °®ªù�«� �ûú�S�«ª	$«�% «ªüûª°	­«ù�"  �±ú��� �ü��¬ ù¤­ú)ù¬	ª�ù ù® n &ªS�°"  ­û°�� &ªS ¤­	ª­ú�¯ ü� ª«úùSûª¤ù­«ú�- ª ¬ª�¤�­

��­û­¤«�­ «ªüûª°	­«ù­ �ûú�S�«ª	$«� °�­� üû­¤�¤��ù� ° ¤ª««�� )ù¬	­"¢�	ù .�û�ùû�°ªú$ ±ú� «ªüûª°	­«ù­ ¬ª¬ ����� ª«úùSûª¤ù­«úª ù °®°­&­«(«�S� «ªüûª°	­«ù¯ üû­¤�¤��­S� &ªSª
dk = −∇k + βkdk−1,



��Ñ¦Ñ &]���� U��£�¡� õ�£(��T ò�:
ú� üûù «ª¤	­�ª�­� °�
�û­ ¬�±..ù)ù­«úª βk

�«� �¬ª�­ú�¯ ��üû̄ �­«(«�� ù �� °�­�ù üû­¤&­�ú°�!�ù�ù «ªüûª°	­«ù¯�ù ¤ª««�S� )ù¬	ª"�­ú�¤� ûª®	ù�ª!ú�¯ °�
�û�� üªûª�­úûª ��üû¯�­«ù¯ βk
ù ¤	ù«�&ªSª" ' ûª��­ú­ «ª n (&ªS�°�� )ù¬	 �­ú�¤� ��üû¯�­««�% Sûª¤ù­«ú�°

�
	ª¤ª!ú ¬°ª¤ûªúù�«�� �%�¤ù���ú$! r@�- �" ����" ' �¬û­�ú«��úù û­&­«ù¯
°�­ ±úù �­ú�¤� ü� �¬�û��úù �%�¤ù���úù ��ú�üª!ú �­ú�¤� �$!ú�«ª"¦�¬ª®ª«� ´��" r0�½- �ú� üûù �ù«ù�ù®ª)ùù �®�¯µ¯ ´­¬��¬®±²è¯ë.�«¬)ùù ° üû��úûª«�ú°­ n ù®�­û­«ù� ü�ù�¬ ®ª¬ª«�ù°ª­ú�¯ «­ 
�	­­ �­�®ª n &ªS�°- ú" ­" ° üû­¤­	ª% �¤«�S� )ù¬	ª"¦ª	­­ ¤	¯ ¬°ª¤ûªúª ¤	ù«� °­¬ú�ûª �� 
�¤­� ü�	$®�°ªú$�¯ �
�®«ª(�­«ù¯�ù °ù¤ª dTk dk = d2

k

"
/ÛáØ� ØÞÛá0ÛÓÔÇ3ÙÚÖÔÐ ' ¤ª««�� �­ú�¤­ ¬�±..ù)ù­«ú ��üû̄ (�­«ù¯ βk = ∇2

k+1/∇2
k

" ñ�ùúª­ú�¯- �ú� ° ±ú�� °ªûùª«ú­ ü�ù�¬ «­ ®ª°ù�ª­ú
«ª °�®���«�� ù®	��­ 	ù«ù� �û�°«¯- ª ù¤­ú °¤�	$ 	ù«ùù- ��­¤ù«¯!�­�
ú��¬ù ù®	��ª ù ¬ª¬ üûª°ù	� üû�%�¤¯�­� �­û­® �ù«ù���"±ÔÓÙÔÕá "ØÞÔÜÔÇ3Ù�çÛÓÔÐ <¤­�$ üªûª�­úû ��üû̄ �­«ù¯ ú­¬�(�­S� ª«úùSûª¤ù­«úª � üû­¤�¤��ù� «ªüûª°	­«ù­�

βk = ∇T
k (∇k −∇k−1)/(∇T

k−1∇k−1).' 	ùú­ûªú�û­ ±ú�ú �­ú�¤ �ú«��¯ú ¬ «ªù
�	­­ üû­¤ü��úùú­	$«��"

~~\F\ *]^_`¤ �^_b_�_ Ì_bp`�c
�ªü��«ù�- �ú� ¬ ±ú�� Sû�üü­ �­ú�¤�° �ú«��¯ú�¯ ù�ü�	$®�!�ù­

üû�ù®°�¤«�­ )­	­°�� .�«¬)ùù ¤� °ú�û�� °¬	!�ùú­	$«�"
ÑÑÐ!ÐÑÐ /ÕØæØÝÛÓÕß� Ó�� ÒÛ�ÞØÓÔ
��¤­� ®ªüù��°ªú$ û¯¤� �­�	�ûª ° °­¬ú�û«�(�ªúûù�«�� .�û�­"¦	¯ «ªS	¯¤«��úù «ª�«­� � ¤°��­û«�S� �	��ª¯¨
F (x1 + h1, x2 + h2) ≈ F (x1, x2) + h1

∂F

∂x1

+ h2
∂F

∂x2

+
1

2

[

h2
1

∂2F

∂x2
1

+ h1h2
∂2F

∂x1x2

+ h2h1
∂2F

∂x2x1

+ h2
2

∂2F

∂x2
2

]

.
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1
�®«ª�ù°

gij =
∂2F

∂xi∂xj
,

���«� ü­û­üù�ªú$ üû­¤�¤��­­ ûª°­«�ú°� ° °ù¤­

F (x + h) ≈ F (x1, x2) + [h1 h2]







∂F

∂x1

∂F

∂x2







+
1

2
[h1 h2]







∂2F

∂x2
1

∂2F

∂x1∂x2

∂2F

∂x2∂x1

∂2F

∂x2
2











h1

h2





= F (x) + h
T
∇ +

1

2
h

T
Gh.

ü«ª	�Sù�«�� û­®�	$úªú ù�­­ú �­�ú� ù ° �	��ª­ n ù®�­û­«ù�"
ÑÑÐ!ÐäÐ /ÛáØ� �ç[áØÕÔ
 ûùûª°«ù°ª¯ «�	! üû�ù®°�¤«�! ü��	­¤«­S� °�ûª�­«ù¯ ü� ¤	ù«­&ªSª- ù® �ûª°«­«ù¯

∇ +Gh = 0

ü�	��ª­� �ù�ú­�� n 	ù«­�«�% �ûª°«­«ù� ´�$!ú�«ª½ �ú«��ùú­	$«�
¬��ü�«­«ú &ªSª

Gh = −∇.

¦	¯ .�«¬)ùù n ü­û­�­««�%
F (x0 + h) − F (x0) =

n∑

i=1

hi
∂F

∂xi
+

1

2!

n∑

i=1

n∑

j=1

hihj
∂2F

∂xi∂xi
+ . . .

= hT∇F (x0) +
1

2
hTG(x0)h+ . . .

 ûù ù�ü�	$®�°ª«ùù �­ú�¤ª �$!ú�«ª üûùûª�­«ù­ °­¬ú�û«�S� ªûS�(�­«úª h = −G−1∇ " 1¤«ª¬� ±ú� «ªüûª°	­«ù­ 
�¤­ú «ªüûª°	­«ù­� �ü��¬ª	ù&$ üûù ��	�°ùù- �ú� �ªúûù)ª G−1 ü�	��ùú­	$«� �üû­¤­	­«ª- ú" ­"
zTG−1z > 0 ¤	¯ °�­% °­¬ú�û�° z 6= 0

" ¢�	ù ±ú� ��	�°ù­ «ª «­¬�ú�û��&ªS­ «­ °�ü�	«­«�- ú� ���«� «ª ±ú�� &ªS­ ®ª�­«ùú$ S­��ùª« 
	ù®¬��ü�	��ùú­	$«� �üû­¤­	­««�� �ªúûù)­� Q̄ ù «ª�úù &ªS- û­&ù° �ù�ú­��
Q̄h = −∇ "



��Ñ¦Ñ &]���� U��£�¡� õ�£(��T ò��
ÑÑÐ!Ð�Ð ��Û� ÜÚÔ�ÙÕç[áØÕØÚßà ÝÛáØ�ØÚ
¢�	ù �� «ª%�¤ù��¯ ° üû�ù®°�	$«�� ú��¬­ x - ú� °­¬ú�û«�­ ¬��û¤ù(«ªú� �ù«ù���ª ¬°ª¤ûªúù�«�� .�«¬)ùù

a = x−G−1∇(x).1
�®«ª�ù� H = G−1 " �ªúûù)ª H ­�ú$ �ü­ûªú�û- ¬�ú�û�� ü­û­°�¤ùú 	�(¬ª	$«�­ «ªüûª°	­«ù­ �¬�û­�&­S� �ü��¬ª −∇ ° üûª°ù	$«�­ «ªüûª°	­«ù­
�ú x ¬ )­«úû� ±		ùü��ù¤ª �û�°«­�" �ª¬ù� �
ûª®��-

a = x−H∇(x).¢�	ù S	ª¤¬ª¯ .�«¬)ù¯ F «­ ¯°	¯­ú�¯ ¬°ª¤ûªúù�«��- �«ª ú­� «­ �­«­­

�¤­ú üûù
	ù®ùú­	$«� ¬°ª¤ûªúù�«�� ° úª¬�� �¬û­�ú«��úù �ù«ù���ª- S¤­�ªúûù)ª �­��­ «­ °�û��¤ª­ú�¯"

 �	��­««�­ �ûª°«­«ù¯ ü�¤�¬ª®�°ª!ú °�®���«�� ü�¤%�¤ ¬ ®ª¤ª�­
«ª%��¤­«ù¯ �ù«ù���ª üû�ù®°�	$«�� .�«¬)ùù F "  ûù�­«ù� ùú­ûª)ù�«(«�� üû�)­�� °ù¤ª

xk+1 = xk − τkHk∇k,S¤­ ∇k = ∇(xk)
- ª Hk

­�ú$ k (­ üûù
	ù�­«ù­ ¬ �ªúûù)­ H - �
ûªú«��¤	¯ �ªúûù)� �­��­ G ° ú��¬­ �ù«ù���ª a
"  �	��ùú­	$«�­ �ù�	� τk°�
ùûª­ú�¯ «ª ¬ª�¤�� &ªS­ ùú­ûª)ù� úª¬- �ú�
� ¤��úùSª	�¯ 	�¬ª	$«���ù«ù��� ° «ªüûª°	­«ùù −Hk∇k

�ú ú��¬ù xk
" ' ±ú�� ùú­ûª)ù�««��

üû�)­��­ �¤«�°û­�­««� �üû­¤­	¯!ú ù ú��¬� �ù«ù���ª a - ù �
ûªú«�!�ªúûù)� H "§
¤­¯ ´­¬
±èêK®¯è¯­�$ �­ú�¤�° e �úû�ùú$ Hk

úª¬ù� �
ûª®��-�ú�
� ü��	­ n &ªS�° Hn
��°üª	ª � H - 
�¤$ F ¬°ª¤ûªúù�«�� .�«¬)ù(­�" ��S¤ª üûù ù�ü�	$®�°ª«ùù ú��«�� ªûù.�­úù¬ù n (­ üûù
	ù�­«ù­ xn��°üª¤­ú � a ´¬°ª¤ûªúù�«� ®ª°­û&ª!�ù��¯ ª	S�ûùú�½"÷°ª®ù«$!ú�«�°�¬ù­ �­ú�¤� �%�¤¯ú�¯ 	ù&$ üûù ¤��úªú��«� %�û�(&­� «ª�ª	$«�� üûù
	ù�­«ùù x0

" ¦	¯ �	��&­«ù¯ úª¬�°�S� ���«� üûù(�­«ùú$ �¤«��­û«�� ü�ù�¬"  ��ú$ ù�­­ú�¯ ¬°ª®ù«$!ú�«�°� «ªüûª°	­«ù­
dk = −Hk∇k

"  ûù�­� ¤	ù«� &ªSª τk = 1 ù üû�°­ûù� «­ûª°­«�ú°�
||F (xk + τkdk)|| ≤ ||F (xk)||.¢�	ù �«� °�ü�	«¯­ú�¯- ú� ü�ù�¬ ®ª¬ª«�ù°ª­ú�¯ ù üûù«ù�ª­ú�¯ xk+1 =

xk + τkdk
´°�®���«ª ù ü�ü�ú¬ª ¤ª	$«­�&­S� �°­	ù�­«ù¯ &ªSª½" ' üû�(úù°«�� �	��ª­ &ªS ¤û�
ùú�¯ ù °«�°$ üû�°­û̄ ­ú�¯ ü�	��­«ù­ �	��&­«ù¯"
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 �¤
­û­� ªüüû�¬�ù�ª)ù! S­��ùª«ª ù® ��	�°ù¯ Gk+1(xk+1 − xk)�

∇k+1 − ∇k
" �­ü­û$ ° �¬û­�ú«��úù û­&­«ù¯ �­ú�¤ �%�¤ùú�¯ �� �°­û%(	ù«­�«�� �¬�û��ú$!- ª ° ­S� û­ª	ù®ª)ùù ù�ü�	$®�!ú�¯ ú�	$¬� ü­û°�­

üû�ù®°�¤«�­"
÷°ª®ù«$!ú�«�°� �­ú�¤� ���«� ûª®¤­	ùú$ «ª ¤°ª ¬	ª��ª" ' �¤«��

ùú­ûª)ùù °­¤�ú�¯ ü� .�û��	­
xk+1 = xk − τkḠ

−1
k ∇k,

S¤­ �ªúûù)ª Ḡk
ªüüû�¬�ù�ùû�­ú �ªúûù)� �­��­ Gk

" ' ¤û�S��
xk+1 = xk − τkH̄k∇k.

<¤­�$ �ªúûù)ª H̄k
ªüüû�¬�ù�ùû�­ú ¯û�¬®èøK �ªúûù)� �­��­"

ÑÑÐ!Ð�Ð /ÛáØ� ÈÙÚÙ�ØÕÔÇØÞÛá0ÛÓÔÇ"Ô2ÙÞÞÔ
' ¤ª««�� �­ú�¤­ «ªüûª°	­«ù­ ü�ù�¬ª «ª &ªS­ k ­�ú$ −Hk∇k

- S¤­
Hk

e ü�	��ùú­	$«� �üû­¤­	­««ª¯ �ù��­úûù�«ª¯ �ªúûù)ª- ¬�ú�ûª¯ ü­(û­��ùú�°ª­ú�¯ «ª ¬ª�¤�� &ªS­ ù ­ ��³�³é³ �úª«�°ùú�¯ ûª°«�� �
ûªú«���S­��ùª«�"
ñ��­�ú°�­ú �«­«ù­ ´r##A- �" #0��½- �ú� ±ú�ú �­ú�¤ ù® °�­% Sûª¤ù­«ú(«�% �­ú�¤�° «ªù
�	­­ ±..­¬úù°­«"
ü	S�ûùú� �­ú�¤ª �°�¤ùú�¯ ¬ �	­¤�!�ù� &ªSª�¨#" �ª�ªú$ ü�ù�¬ ù® x0

© «ª�ª	$«�­ ®«ª�­«ù­ H0 = I
"

�" �ª k (� &ªS­ °�
ûªú$ «ªüûª°	­«ù­ dk = −Hk∇k
"

�"  û�°�¤¯ �¤«��­û«�� ü�ù�¬ «ª dk
�ù«ù���ª F (xk + τkdk)

-
°�
ûªú$ τk "�" '��ù�	ùú$ °­¬ú�û«�­ üûùûª�­«ù­ ªûS��­«úª vk = τkdk

ù ü�	�(�ùú$ xk+1 = xk + vk
"m" '��ù�	ùú$ F (xk+1)

ù ∇k+1
" <ª�­úù�- �ú� ∇T

k+1vk = 0
"

@" ¢�	ù |∇k+1| ù	ù |vk| ¤��úªú��«� �ª	�- ü­û­�úù ¬ ±úªü� #A"0"  �	��ùú$ uk = ∇k+1 −∇k
"�"  ­û­��ùúªú$ �ªúûù)� Hk+1 = Hk + Ak +Bk

- S¤­
Ak = vkv

T
k /(v

T
k uk),

Bk = −Hkuku
T
kHi/(u

T
i Hiui).h"  �	��ùú$ k := k + 1 ù ü­û­�úù ¬ &ªS� �"#A" ÷�«­) ª	S�ûùú�ª"
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~~\Q\ �Ì^aqa+cdap Ìba ncoa�aa _�bcna�]na�
<ª¤ª�ù � �Sûª«ù�­«ù¯�ù �
��«� ®«ª�ùú­	$«� 
�	­­ úû�¤�­�¬ù"1Sûª«ù�­«ù¯ ��S�ú .�û��	ùû�°ªú$�¯ ¬ª¬ ûª°­«�ú°ª 	ù
� «­ûª°­«�ú°ª-

üûù�­� °�®���«� ù ��­&ª««�­ °ªûùª«ú�" ñ�ùúª­ú�¯ rhh- �" #0A�- �ú�¤�Sûª«ù�­«ù¯(ûª°­«�ú°ª °�ûª�ª!ú ®ª¬�«� üûùû�¤� úùüª ®ª¬�«�° ��%ûª(«­«ù¯¥" ¢�	ù )­	­°ª¯ .�«¬)ù¯ ù °�­ �Sûª«ù�­«ù¯ 	ù«­�«�- ú� �«��­�ú°�
¤�ü��úù��% û­&­«ù� 
�¤­ú °�ü�¬	�� �«�S�Sûª««ù¬�� ° n (�­û«�� üû�(�úûª«�ú°­- ª û­&­«ù­ e °­û&ù«�� ±ú�S� �«�S�Sûª««ù¬ª" �ª ¬ª�¤�� &ªS­
û­&­«ù¯ ü­û­%�¤¯ú ¬ ��­�«�� °­û&ù«­- ¤ª!�­� «ªù
�	$&­­ ��­«$&­«ù­)­	­°�� .�«¬)ùù" /ú� e ®ª¤ª�ª é±è³ëè¯µ¯ ��¯µ�¬°°±�¯­¬è±� " �û�¤«�(�úù üûù ­­ û­&­«ùù �°¯®ª«� � ��­«$ 
�	$&ù�ù n

"' «­	ù«­�«�� �	��ª­ �üúù�ª	$«�­ û­&­«ù¯ 	ù
� ���ú°­ú�ú°�!ú
�¤«��� ù® 	�¬ª	$«�% ±¬�úû­����°- 	ù
� «ª%�¤¯ú�¯ «ª �¤«�� ù® Sûª«ù)
�
	ª�úù ¤�ü��úù��% û­&­«ù� e ��" ûù�" ##"##"

���� ������ »������� ������� �����������
 ûù �üúù�ù®ª)ùù � �Sûª«ù�­«ù¯�ù ù °�%�¤­ «ª Sûª«ù)� �
	ª�úù«ªüûª°	­«ù­ ¤°ù�­«ù¯ üû�­)ùû�­ú�¯ «ª ±ú� Sûª«ù)�"
ÑÑÐ_ÐÑÐ /ÛáØ�ß ×Ó�ÝØæØ ×ØÙÖÜÔ
÷ ±ú�� Sû�üü­ �� °«�°$ �ú«­�­� �­ú�¤�- «­ ù�ü�	$®�!�ù­ üû�ù®(°�¤«�% �ú )­	­°�� .�«¬)ùù"  ��ú$ ü��úª°	­«ª ®ª¤ª�ª
F (x) → min

lj ≤ xj ≤ uj, j = 1, n e ¯°«�­ �Sûª«ù�­«ù¯,
gi(x) ≤ bi, i = 1,m e «­¯°«�­ �Sûª«ù�­«ù¯.
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¢�	ù F (x) ù °�­ {gi(x)} °�ü�¬	�- ú� ®ª¤ª�ª 
�¤­ú ù�­ú$ ­¤ù«(�ú°­««�­ û­&­«ù­" 1
¯®ªú­	$«�­ ��	�°ù­ e Sûª«ù)� ¤�	�«� 
�ú$ 
­®(�üª�«�- ú" ­" ®ª°­¤��� °¬	!�ªú$ �ù«ù���" �­�
%�¤ù�� °�
ûªú$ k = 2nú��­¬- �¤�°	­ú°�û̄ !�ù% �Sûª«ù�­«ù¯�- ù °��ù�	ùú$ ° «ù% )­	­°�!.�«¬)ù!" ñ«ª�ª	ª °�
ùûª­ú�¯ 
ª®�°ª¯ ú��¬ª x1

- ��úª	$«�­ e ��S	ª�«�
xj = lj + r(uj − lj),

S¤­ r e ûª°«��­û«� ûª�üû­¤­	­««�­ «ª [0, 1] �	��ª�«�­ �ù�	�" ¢�	ù ��­(û­¤«ª¯ ú��¬ª «­ �¤�°	­ú°�û̄ ­ú «­¯°«�� �Sûª«ù�­«ù¯�- ú� �«ª ��­�ª­ú(�¯ «ª ü�	�°ù«� ûª��ú�¯«ù¯ ¤� )­«úûª ú¯�­�úù �«��­�ú°ª ��­ üûù«¯ú�%
ú��­¬¨

x′i = (xi + xc)/2,S¤­ xc = 1
i−1

∑i−1
e=1 xe

- ü�¬ª «­ �¬ª�­ú�¯ ¤�ü��úù���"�¤�
«� �ü�û̄ ¤��ùú$
ú��¬ù ° ���ú°­ú�ú°ùù �� ®«ª�­«ù¯�ù .�«¬)ùù ° «ù%"§

ú­ûª)ù�««ª¯ �ª�ú$ üû�)­¤�û� ü�ù�¬ª �ù«ù���ª¨#" �ª�úù ú��¬� xh
� «ªù
�	$&ù� ®«ª�­«ù­� .�«¬)ùù ù )­«úû x0��úª	$«�% (k − 1) ú��­¬"

�" ¤1úûª®ùú$¥ xh
�ú«��ùú­	$«� x0

� ¬�±..ù)ù­«ú�� α > 1 ¨
xr = (1 + α)x0 − αxh

´û­¬��­«¤�­ú�¯ α ≈ 1.3 ½"�"  û�°­ûùú$ ­­ ¤�ü��úù���ú$" ¢�	ù «ªû�&ª­ú�¯ ¯°«ª¯ Sûª«ù)ª- °�(
ûªú$ ¬��û¤ù«ªú� °ü	�ú«�! ´«ª 10−6 ½ ¬ ­­ °«�úû­««­� �ú�û�«­" ¢�	ù«ªû�&­«� «­¯°«�­ Sûª«ù)�- ü­û­�­�úùú$ xr «ª ü�	�°ù«� ûª��ú�¯(«ù¯ �­�¤� xr ù )­«úû�� x0
e ü�¬ª «­ 
�¤­ú ü�	��­«ª ¤�ü��úù�ª¯

ú��¬ª"
�" ¢�	ù xr

¤�ü��úù�ª- °��ù�	ùú$ F (xr)
ù �ûª°«ùú$ � «ªù
�	$&ù�ù® {F (xk)}

" ¢�	ù «�°�­ ®«ª�­«ù­ 
�	$&­- ��­�úùú$ xr
¬ x0

«ª
ü�	�°ù«� ûª��ú�¯«ù¯ �­�¤� «ù�ù"  ­û­�úù ¬ &ªS� �" ' üû�úù°«���	��ª­ ®ª�­«ùú$ x0

«ª xr
- ü­û­�ü�û¯¤��ùú$ ú��¬ù ù ®«ª�­«ù¯"m"  �¤��ùúªú$ ¤ù�ü­û�ù! ®«ª�­«ù� ¬��ü	­¬�ª¨

σ2 =







k∑

e=1

F 2(xe) −
(

1

k

k∑

e=1

F (xe)

)2






/

k

ù �ª¬�ù�ª	$«�­ ûª��ú�¯«ù­ d �­�¤� ú��¬ª�ù ¬��ü	­¬�ª"
@" ¢�	ù %�ú¯ 
� �¤«ª ù® ±úù% °­	ù�ù« üû­°��%�¤ùú ¤�ü��¬- ü­û­�úù

¬ ü" #"



��ÑLÑ �õ�W�WöT�W( õ£W VT`W�WW �¡£TVW�]VW  ò×�
0" ÷�«­) ª	S�ûùú�ª"

<¤­�$ 	­S¬� ����úû­ú$ ª«ª	�Sùù � üû̄ ���ù �­ú�¤ª�ù �ù«ù�ù®ª)ùù 
­®�Sûª«ù�­«ù�"
 ûù «­°�ü�¬	�� 1¦2 ª	S�ûùú�� ü�¤�
«�S� úùüª ¤�	�«� ¤�(ü�	«¯ú$�¯ üû�°­û¬�� üûù«ª¤	­�«��úù ü�	��ª­��% ú��­¬ ¬ ¤�ü��úù���

�
	ª�úù ù üûù «­�
%�¤ù���úù e ¬�ûû­¬)ù­� ù% ¬��û¤ù«ªú"¢�	ù «­°�ü�¬	ª .�«¬)ù¯- «ª¤� üûù�­«ùú$ ®ªü��¬ ª	S�ûùú�ª üûù
ûª®	ù�«�% «ª�ª	$«�% ú��¬ª%"

ÑÑÐ_ÐäÐ 1ÓÔ�ÙÛÕáÕßÛ ÝÛáØ�ß
¦	¯ üû��ú�ú� ù «ªS	¯¤«��úù ûª����úûù� ®ª¤ª�� �ù«ù�ù®ª)ùù.�«¬)ùù ¤°�% ü­û­�­««�%

z = f(x, y),

S¤­ «ª x ù y «ª	��­«� «­¯°«�­ �Sûª«ù�­«ù­ °ù¤ª
g(x, y) = 0. ��ú$ y = h(x)

" ��S¤ª
dy

dx
=

d

dx
h(x) = −∂g

∂x

/∂g

∂y
,

ù «­�
%�¤ù��­ ��	�°ù­ �ù«ù���ª z

dz

dx
=
∂f

∂x
+
∂f

∂y

dy

dx
= 0,

ú" ­"
∂f

∂x
− ∂f/∂y

∂g/∂y
· ∂g
∂x

= 0.1ú�!¤ª «ª%�¤ù� x∗ ù ®ªú­� e y∗
"/ú�ú û­®�	$úªú ���«� üû­¤�úª°ùú$ ù ° ¤û�S�� .�û�­" ¢�	ù ü�	�(�ùú$

λ = −∂f
∂y

/∂g

∂yüûù x = x∗, y = y∗ - ú� ° ú��¬­ �ù«ù���ª
g(x, y) = 0,
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∂f

∂x
+ λ

∂g

∂x
= 0,

∂f

∂y
+ λ

∂g

∂y
= 0.

'�­ ±úù ��	�°ù¯ «­ü��û­¤�ú°­««� ü�	��ª!ú�¯ ¤ù..­û­«)ùû�°ª«ù­�.�«¬()ùù ªªSûª«�ª
F (x, y, λ) = f(x, y) + λg(x, y).' �	��ª­ m �Sûª«ù�­«ù�

F (x1, . . . , xn, λ1, . . . , λm) = f(x1, . . . , xn) +
m∑

i=1

λigi(x1, . . . , xn).

�­ü­û$ ��	�°ù¯ �ù«ù���ª
∂F

∂xj
=

∂F

∂xj
+

m∑

i=1

λi
∂gi
∂xj

= 0, j = 1, n,

∂F

∂λi
= gi(x) = 0, i = 1,m.1ú�­úù�- �ú� ¤	¯ ¤�ü��úù��% ®«ª�­«ù� x

F (x, λ) = f(x) +
m∑

i=1

λigi(x) = F (x).

' ú��¬­ �ù«ù���ª üûù «ª	ù�ùù �Sûª«ù�­«ù� «ª x∗

f(x∗ + h) − F (x∗) ≥ 0,

S¤­ gi(x∗ + h) = 0 ¤	¯ °�­% i " �ª¬ù� �
ûª®��-
F (x∗ + h) − F (x∗) =

n∑

j=1

∂F

∂xj
hj +

1

2

n∑

i=1

n∑

j=1

hi
∂2F

∂xi∂xj
hj + . . . ≥ 0,

S¤­ üû�ù®°�¤«�­ °��ù�	­«� ° ú��¬­ x∗ üûù λ = λ∗
" <«ª�ùú- ¬û��­

ûª°­«�ú°ª «�	! üû�ù®°�¤«�%- úû­
�­ú�¯ °�ü�	«­«ù­ ��	�°ù¯
1

2

n∑

i=1

n∑

j=1

hi
∂2F

∂xi∂xj
hj ≥ 0,

ú" ­" ü�	��ùú­	$«�� �üû­¤­	­««��úù ¬°ª¤ûªúù�«�� .�û�� ¤	¯ ®«ª�­(«ù� h - �¤�°	­ú°�û̄ !�ù% �Sûª«ù�­«ù¯�"
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ÑÑÐ_Ð�Ð åæÓÔÕÙ0ÛÕÙ� Ú ,ØÓÝÛ ÕÛÓÔÚÛÕÖáÚ
2ª����úûù� �
��! ®ª¤ª�� �ªú­�ªúù�­�¬�S� üû�Sûª��ùû�°ª«ù¯

F (x) → min,
gi(x) ≤ bi, i = 1,m.1Sûª«ù�­«ù¯ ° °ù¤­ «­ûª°­«�ú° ��S�ú 
�ú$ üû­�
ûª®�°ª«� ° ûª°­«�ú°ª

¤�
ª°	­«ù­� ¬ ¬ª�¤��� ù® «ù% ¯�é¬ûé�K^±$ ´¯°�¯è³è® {u2
i } ¨

gi(x) + u2
i − bi = 0.

ñ.�û�ùû�­� .�«¬)ù! ªªSûª«�ª
F (x, λ, u) = f(x) +

m∑

i=1

λi[gi(x) + u2
i − bi].

�­�
%�¤ù��­ ��	�°ù¯ �ù«ù���ª ��ú$
∂F

∂xj
=

∂f

∂xj
+

m∑

i=1

λi
∂gi
∂xj

= 0, j = 1, n,

∂F

∂λi
= gi(x) + u2

i − bi = 0, i = 1,m, ìïïîXîïð
∂F

∂ui
= 2λiui = 0, i = 1,m. ìïïîXî#ð

��«��ù° ü��	­¤«­­ �ûª°«­«ù­ «ª ui/2
- ü�	��ù� λiu

2
i = 0 - ú" ­"

λi[bi − gi(x)] = 0, i = 1,m. ìïïîXî[ð/ú� �ûª°«­«ù­ �®«ª�ª­ú- �ú� 	ù
� λi = 0 - 	ù
� bi − gi(x
∗) = 0

" ¢�(	ù λi 6= 0 - ú� �Sûª«ù�­«ù­ ¯°	¯­ú�¯ ¬´®±­è�° ´�úû�S�­ ûª°­«�ú°�½" ûù gi(x
∗) < 0 �Sûª«ù�­«ù­ üª��ù°«�- ù� ���«� üû­«­
û­�$ ù üûù«¯ú$

λi = 0
" ÷ª¬ù­ �Sûª«ù�­«ù¯ 
�¤�ú ª¬úù°«��ù- ®ªûª«­­ «­ù®°­�ú«�" û­¤ü�	��ù�- �ú� °�&­�¬ª®ª««�­ ��	�°ù¯ ° ú��¬­ (x∗, λ∗, u∗)°�ü�	«­«�" ��S¤ª �ù«ù��� .�«¬)ùù z = F (x∗) ���«� ûª���ªúûù°ªú$

¬ª¬ .�«¬)ù! �ú {bi}
" ��¬�	$¬� gk(x) + u2

k = bk
- ú�

∂gk
∂bi

=
k∑

j=1

∂gk
∂xj

∂xj
∂bi

=

{
0, ­�	ù i 6= k ©
1, ­�	ù i = k

"
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��S¤ª

∂z

∂bi
+

m∑

k=1

λ∗k
∂gk
∂bi

=
∂z

∂bi
+ λ∗i =

n∑

j=1

(

∂f

∂xj
+

m∑

k=1

λ∗k
∂gk
∂xj

)

∂xj
∂bi

.

�� ��S	ª�«� ü­û°��� ù® �ûª°«­«ù� ´##"@"�½ °�ûª�­«ù­ ° �¬�
¬ª% ¤�	�«�
�ú$ ûª°«� «�	!" �ª¬ù� �
ûª®��-
∂z

∂bi
= −λ∗i .

ñ °�®ûª�úª«ù­� bi
�
	ª�ú$ ¤�ü��úù��% ®«ª�­«ù� ûª�&ùû̄ ­ú�¯- �ú����­ú üûù°­�úù 	ù&$ ¬ ��­«$&­«ù! z

" <«ª�ùú-
λ∗i ≥ 0.§

úª¬- «­�
%�¤ù��­ ��	�°ù¯ ´÷�«ªe�ª¬¬­ûª½ ¤	¯ �ù«ù���ª f(x) üûù�¬ª®ª««�% °�&­ �Sûª«ù�­«ù¯% ��ú$
∂F
∂xj

+
m∑

i=1

λi
∂gi

∂xj
= 0, j = 1, n,

gi(x) ≤ bi, i = 1,m,
λi[gi(x) − bi] = 0, i = 1,m,

λi ≥ 0, i = 1,m.

ìïïîXî\ð

 ûù û­&­«ùù ®ª¤ª�ù �ª¬�ù�ù®ª)ùù ®«ª¬ù {λi} e üû�úù°�ü�	��«�­"
ÑÑÐ_Ð�Ð /ÛáØ� máÓÔ,Õßà ,2ÕÜâÙ�
 ûù «ª	ù�ùù ° �ªú­�ªúù�­�¬�� .�û��	ùû�°¬­ ®ª¤ª�ù �Sûª«ù�­«ù�

°ù¤ª
gj(x) ≥ 0, j = 1,m,���«� °°­�úù ���úª°«�! )­	­°�! .�«¬)ù!

M(x) = F (x) +
m∑

j=1

ϕ[gj(x)].

Úúûª.«ª¯ .�«¬)ù¯ ûª°«ª «�	! °� °�­% ú��¬ª% üû��úûª«�ú°ª- �¤�°	­(ú°�û̄ !�ù% �Sûª«ù�­«ù¯�- ù �úû­�ùú�¯ ¬ 
­�¬�«­�«��úù ° üû��ù%" ¢�	ù
°�­ ��	�°ù¯ �¤�°	­ú°�û̄ !ú�¯- ú� «�°ª¯ )­	­°ª¯ .�«¬)ù¯ ù�­­ú üû­�«ù��ù«ù���"  ûª¬úù�­�¬ù ®¤­�$ ûª���ªúûù°ª­ú�¯ �­ûù¯ ®ª¤ª�- û­&­«ù¯ ¬�(ú�û�% ü��	­¤�°ªú­	$«� üûù
	ù�ª!ú�¯ ¬ ��	�°«��� ±¬�úû­����"



��ÑÛÑ 
WV] V�]Ü �]`��W�`]VV�] W �WVT�W�]���] õ£�¡£T��W£�UTVWW] ò×:
¦�ü�	«ùú­	$«�� ¤��ú�ù«�ú°�� �
���¤ª­��S� ü�¤%�¤ª ¯°	¯­ú�¯

ú�- �ú� û­ª	$«�­ �Sûª«ù�­«ù¯ �ª�ú� ¯°	¯!ú�¯ «­�­�ú¬ù�ù ù ��S�ú

�ú$ ��	ª
	­«�" ' úª¬�� �ùú�ª)ùù �­ú�¤ &úûª.«�% .�«¬)ù� ü�®°�	¯­ú
�)­«ùú$ )­	­���
ûª®«�! �ú­ü­«$ «ªû�&­«ù¯ �úªûú�°�% �Sûª«ù�­«ù�"

ñ.�û��	ùû�­� ù�%�¤«�! ®ª¤ª�� ¬ª¬
z = f(x) → min,

gj(x) > 0, j = 1,m.

 û­�
ûª®�­� ­­ °
z = f(x) + P (x),

S¤­ P (x) e &úûª.«ª¯ .�«¬)ù¯"  ��	­¤«!! �¤�
«� ®ª¤ªú$ ° °ù¤­

P (x) = r
m∑

j=1

1

gj(x)
,

S¤­ r > 0
" '	ù¯«ù­ P (x) ��®¤ª­ú Sû­
­«$ � ¬û�ú��ù ¬ûª¯�ù °¤�	$

¬ª�¤�� Sûª«ù)� �
	ª�úù ¤�ü��úù��% û­&­«ù�" �ú�
� °	ù¯«ù­ P (x) °
ú��¬­ �ù«ù���ª 
�	� �ª	��- r ¤�	�«� 
�ú$ ¤��úªú��«� �ª	�"¢�	ù f(x) °�ü�¬	ª- ª cj(x) °�S«�úª- ú� ϕ(x, r) °�ü�¬	ª ° °�ü�¬	��1¦2 ù ¤	¯ ¬ª�¤�S� r ù�­­ú ­¤ù«�ú°­««�� �ù«ù���"'ª�«�- �ú�
� °�­ ü�	��ª­��­ ú��¬ù üûù«ª¤	­�ª	ù ¬1¦2- ü��¬�	$(¬� ϕ(x, r) ûª®û�°«ª «ª Sûª«ù)­ �
	ª�úù ´±∞ ���ú°­ú�ú°­««� °«�úûù ù�«ªû��ù½"�­ú�¤ &úûª.«�% .�«¬)ù� ù�­­ú ú�ú «­¤��úªú�¬- �ú� «­ ü�®°�	¯(­ú ¤°ùSªú$�¯ °¤�	$ Sûª«ù)� 1¦2"  ûù 
�	$&ù% {λi} ­S� �%�¤ù���ú$
®ª�­¤	¯­ú�¯"

~~\e\ n_np^a] _ oan]�n_qÝ d]o_�aÎo]nn_qa `ancqa�]Î�_q Ìb_�bcqqab_�cnaa
�ÙÕÛ�ÕØÛ ×ÓØæÓÔÝÝÙÓØÚÔÕÙÛ �%°ªú�°ª­ú ®ª¤ª�ù �üúù�ù®ª)ùù-

° ¬�ú�û�% x ∈ En
- °�­ .�«¬)ùù �Sûª«ù�­«ù� gj(x)

	ù«­�«�- ª �«��­(�ú°� Q ���ú�ùú ù® °­¬ú�û�° � «­�úûù)ªú­	$«��ù ¬��ü�«­«úª�ù"¦	¯ û­(&­«ù¯ ±ú�� ®ª¤ª�ù üû­¤	��­«� �«��­�ú°� �­ú�¤�°¨ �ù�ü	­¬�(�­ú�¤- �­(ú�¤� �¤«�°û­�­««�S� û­&­«ù¯ üû̄ ��� ù ¤°���ú°­««�� ®ª¤ª�- �­ú�¤� ¤	¯
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�Sûª«ù�­«ù� �ü­)ù.ù�­�¬�� �úû�¬ú�û� ´úûª«�ü�ûú«ª¯ ®ª¤ª�ª½"�û�¤�­�(¬��ú$ «ªù
�	­­ ü�ü�	¯û«�S� �ù�ü	­¬�(ª	S�ûùú�ª ° «­
	ªS�üûù¯ú«�% �	�(�ª¯% ±¬�ü�«­«)ùª	$«� ®ª°ù�ùú �ú �ù�	ª ü­û­�­««�%- ª ° úùüù�«�% �ùú�(ª)ù¯% úû­
�­ú �ú m ¤� 3m &ªS�° ´m e �ù�	� �Sûª«ù�­«ù�½ e ��" r@m�"2ª®ûª
�úª«� ±..­¬úù°«�­ �­ú�¤� û­&­«ù¯ ®ª¤ª� 
�	$&�� ûª®�­û«��úù� 
	��«�� �úû�¬ú�û�� �Sûª«ù�­«ù�"ÞÛÞØ0ÙÖÞÛÕÕØÛ ×ÓØæÓÔÝÝÙÓØÚÔÕÙÛ ù�­­ú ¤­	� � üûù«)ùüùª	$(«� )­	��ù ü­û­�­««��ù ´�¬û�S	­«ù­ °­�­�ú°­««�% ü­û­�­««�% üûù �ª(	�% ��¤�	¯% ü��	­¤«ù% �
��«� ¤ª­ú û­&­«ù¯- ¤ª	­¬ù­ �ú �üúù�ª	$«�(S�½" §«�S¤ª �ª�ú$ ü­û­�­««�% ù	ù °�­ �«ù üûù«ù�ª!ú ®«ª�­«ù¯ ú�	$¬�
ù® �«��­�ú°ª {0, 1} ´ûøé³­¯- �«� �­ 
ù°ª	­«ú«�­ üû�Sûª��ùû�°ª«ù­½"÷ ®ª¤ª�ª� )­	��ù�	­««�S� üû�Sûª��ùû�°ª«ù¯ �°�¤¯ú�¯ °­�$�ª �	��(«�­ ¬��
ù«ªú�û«�­ ®ª¤ª�ù � ¬���ù°�¯�­û­- ®ª¤ª�ù ú­�ûùù ûª�üù�ª«ù�
ù ú" ¤"¦	¯ �¬ª®ª««�% ®ª¤ª� ù�ü�	$®�­ú�¯ �ü�û¯¤��­««�� ü­û­
�û ´�­ú�¤°­ú°­� ù Sûª«ù) ù ¤û½"/ÛáØ� ÚÛáÚÛ� Ù æÓÔÕÙâ ��«�°ª« «ª ü��úû�­«ùù ¤­û­°ª °�®���(«�% û­&­«ù�" ¦	¯ °­û&ù« ¤­û­°ª ü��	­¤�°ªú­	$«� .�û�ùû�!ú�¯ �)­«(¬ù «ªù	��&ù% ®«ª�­«ù� )­	­°�� .�«¬)ùù- ü��	­ �­S� �
	ª�ú$ ¤ª	$(«­�&­S� ü�ù�¬ª ���ª­ú�¯"  û­¤ü��úùú­	$«��ú$ �úûªú­Sù� �
%�¤ª ¤­û­°ª´¤°&ùû$¥ ù	ù ¤° S	�
ù«�¥½ ®ª°ù�ùú �ú �ü­)ù.ù¬ù ®ª¤ª�ù"ÈÙÕÔÝÙ0ÛÖÜØÛ ×ÓØæÓÔÝÝÙÓØÚÔÕÙÛ �üù��°ª­ú �«�S�±úªü«�­
üû�)­��� üûù«¯úù¯ û­&­«ù� � ª¤¤ùúù°«�� ´ü� ±úªüª�½ )­	­°�� .�«¬)ù(­�" 1«� ¬�«�úû�¬úù°«� ù�ü�	$®�­ú ��±èù±� ¯�®±°¬éêè¯�®± 2" �­		�ª(«ª¨ ¤	¯ 	!
�% ±úªüª ù ���ú�¯«ù¯ «­®ª°ù�ù�� �ú üû­¤��ú�ûùù ü�°­¤­«ù­
¤�	�«� 
�ú$ �üúù�ª	$«� «ª °�! ��°�¬�ü«��ú$ ��úª°&ù%�¯ ±úªü�°"�­ú�¤ ���ú�ùú ù® �
ûªú«�S� ù üû̄ ��S� %�¤ª" ' üû�)­��­ �
ûªú«�S�%�¤ª ¤	¯ ±úªü�° �ú ü��	­¤«­S� ¤� ü­û°�S� ù ¤	¯ °�­% °�®���«�% ù�(%�¤«�% ���ú�¯«ù� �úû�¯ú�¯ úª
	ù)� �üúù�ª	$«�S� ü�°­¤­«ù¯ ù ¤�%�¤ª-
ü�	��ª­��S� ®ª °�­ ��úª°&ù­�¯ ´°¬	!�ª¯ ü��	­¤«ù�½ ±úªü�"  û̄ ��� %�¤
«ª�ù«ª­ú�¯ � ù�%�¤«�S� ���ú�¯«ù¯ ù û­ª	ù®�­ú�¯ � üûù�­«­«ù­� �ü��¯(«�ú�% úª
	ù)"' üû�)­��­ û­ª	ù®ª)ùù ¤ù«ª�ù�­�¬�S� üû�Sûª��ùû�°ª«ù¯ &ùû�¬�
ù�ü�	$®�!ú�¯ �­ú�¤� ªüüû�¬�ù�ª)ùù ®ª°ù�ù���ú­� ù �¤«��­û«�� �ù«ù(�ù®ª)ùù" ñ ¤û�S�� �ú�û�«�- ù¤­ù ù �­ú�¤� ¤ù«ª�ù�­�¬�S� üû�Sûª��ù(û�°ª«ù¯ �ª�ú� ¬��
ù«ùû�!ú � ¬	ª��ù�­�¬ù�ù ��¤­	¯�ù �üúù�ù®ª)ùù"�­ú�¤ ¤ù«ª�ù�­�¬�S� üû�Sûª��ùû�°ª«ù¯ °­�$�ª ü���ùú­	­« � ú��(¬ù ®û­«ù¯ ¤.ù	���.ùù �ù®«ù¥- ü��¬�	$¬� «ªS	¯¤«� ¤­��«�úûùû�­ú
«­°�S�¤«��ú$ �úû­�	­«ù¯ ü�	��ùú$ �ª¬�ù��� ¤®¤­�$ ù �­��ª�¥ ù «­�
%�(¤ù���ú$ ®ª¤���°ªú$�¯ � ¤�	S��û��«�% ü��	­¤�ú°ù¯% üûù«¯ú�% û­&­«ù�"



¶·¸¹¸ wß»
àÀ�·Â¿¿½Â
ÆÀ{{ÂÄÂ¿}ÀÄ½¹¸¿ÀÂ À
À¿ÁÂÈÄÀÄ½¹¸¿ÀÂ

~þ\~\ faÎo]nn_] `aHH]b]ndab_�cna]
�­ ¬ª�¤�! .�«¬)ù! ���«� ¤ù..­û­«)ùû�°ªú$ ª«ª	ùúù�­�¬ù" 1«ª���­ú 
�ú$ ®ª¤ª«ª �	ù&¬�� Sû���®¤¬�� .�û��	�� ù	ù «­¯°«� ´ü��û­¤(�ú°�� �ù�	­««�S� ª	S�ûùú�ª½" ' úª¬ù% �	��ª¯% üûù%�¤ùú�¯ �üùûªú$�¯ «ª

úª
	ù)� ­­ ®«ª�­«ù�"§
¤­¯ ²±�é³èè¯µ¯ ¤ù..­û­«)ùû�°ª«ù¯ «­ü��û­¤�ú°­««� °�ú­¬ª­ú

ù® �üû­¤­	­«ù¯ üû�ù®°�¤«��¨ üûù ­­ °��ù�	­«ùù ûª®«��ú$ ¤°�% ®«ª�­«ù�.�«¬)ùù ¤­	ùú�¯ «ª °­	ù�ù«� ∆x
" �­�û­úù�­�¬ù üûù ��­«$&­«ùù &ª(Sª û­®�	$úªú ¤�	�­« üûù
	ù�ªú$�¯ ¬ ù�úù««��� ®«ª�­«ù! üû�ù®°�¤«��"1¤«ª¬� üûù ±ú�� 
�¤­ú ��­«$&ªú$�¯ ��¤�	$ ûª®«��úù ù�úù««�% ®«ª�­«ù�.�«¬)ùù ù ���ú°­ú�ú°­««� °�®ûª�úªú$ °	ù¯«ù­ �&ù
�¬ ° ù% �üû­¤­	­«ùù"' �ª�ú«��úù- ±ú� �ú«��ùú�¯ ¬ °	ù¯«ù! �Sûª«ù�­««��úù ûª®û̄ ¤«�� �­ú(¬ù" ¢�	ù ¤ù..­û­«)ùû�°ªú$ ®ª&��	­««�� �ùS«ª	- ú� ü�Sû­&«��ú$ û­®¬��°­	ù�ùú�¯" ��¬�	$¬� üû�ù®°�¤«�­ �ú �«�S��	­«�° °��ù�	¯!ú�¯ 	­S¬� ´° ú���ù�	­ ° �ù�°�	$«�� °ù¤­½- ­�ú­�ú°­««� ü�úªú$�¯ ¤ù..­û­«)ùû�°ªú$

ü��úû�­««�� ü� �ü��¯«�ú�� úª
	ù)­ ù«ú­ûü�	¯)ù�««�� �«�S��	­«" 1¤(«ª¬� ¤ª�­ ° �	��ª­- ¬�S¤ª ü��	­¤«ù� %�û�&� ªüüû�¬�ù�ùû�­ú úª
	ù�«�!.�«¬)ù!- ­S� üû�ù®°�¤«�­ ��S�ú «­ ù�­ú$ «ù�­S� �
�­S� � üû�ù®°�¤(«��ù ªüüû�¬�ù�ùû�­��� .�«¬)ùù e �ûª°«ùú­ �S	�°�­ ¬�±..ù)ù­«ú�
¬ª�ªú­	$«�% ¬ .�«¬)ùù ù ü�	ù«��� ° �®	ª% ù«ú­ûü�	¯)ùù «ª ûù�" #�"#"
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���� �X��� ����������� Y���������� Y�� Y���������v��� �YY��u����5��  ��u5��/ú� �®«ª�ª­ú- �ú� üûù û­&­«ùù ®ª¤ª�ù �ù�	­««�S� ¤ù..­û­«)ùû�°ª«ù¯ �
üûù�­«­«ù­� ù«ú­ûü�	¯)ù�««�% .�û��	 «­�
%�¤ù�� Sûª��ú«�� °�
�û�­ú�¤ª ù ­S� üªûª�­úû�° ù ü�	��­«ù­ «ª¤­�«�% �)­«�¬ ��ü�ú�ú°�!�­�
ü�Sû­&«��úù"

ÑäÐÑÐÑÐ å�ÐÙ� ×Ø�àØ�
 ��ú$ .�«¬)ù¯ f(x) �üû­¤­	­«ª ° üû��­��ú¬­ [a, b] ù ù®°­�ú(«ª 	ù&$ ° ú��¬ª% x0, x1, . . . , xn

±ú�S� üû��­��ú¬ª"  û­¤ü�	��ù�- �ú�
¤	¯ ¬ª¬ù%(ú� )­	­� úû­
�­ú�¯ °��ù�	ùú$ üû�ù®°�¤«�! f ′(x) ° ú��¬ª%
x0, x1, . . . , xn

" ¢�ú­�ú°­««� �
ûª®�°ªú$ ù«ú­ûü�	¯)ù�««�� �«�S��	­« ¤	¯.�«¬)ùù f(x) - üûù«¯° 	ù
� °�­ «ª®°ª««�­ ú��¬ù- 	ù
� �ª�ú$ ù% ®ª �®	�ù«ú­ûü�	¯)ùù- ª üû�ù®°�¤«�! ù«ú­ûü�	¯)ù�««�S� �«�S��	­«ª ��ùúªú$
üûù
	ù�­««�� ®«ª�­«ù­� f ′(x)

" ûù�­«ù� ±ú�ú üûù­� ¤	¯ �	��ª¯ ûª°«��ú�ú�¯�ù% ´� &ªS�� h ½�®	�° ù«ú­ûü�	¯)ùù- ª üû�ù®°�¤«�! 
�¤­� ù�¬ªú$ 	ù&$ ° �®	ª% ù«ú­ûü�(	¯)ùù"
ÑäÐÑÐäÐ 3ÔÖ0ÛáÕßÛ ,ØÓÝ2Þß Ù ØâÛÕÜÔ ×ØæÓÛmÕØÖáÙ§
® üûù°­¤­««�� ° ûª®¤" #A"� .�û��	� ¤	¯ �)­«¬ù ü�Sû­&«��úù ù«(ú­ûü�	¯)ùù �	­¤�­ú .�û��	ª ¤	¯ �)­«¬ù ü�Sû­&«��úù üûù
	ù�­««�S�ûª°­«�ú°ª f ′(xj) ≈ L′

f (xj)
¨

|f ′(xj) − L′
f (xj)| ≤

max |f (n+1)(x)|
(n+ 1) !

|ω′(xj)|. ìï#îïîïð
2ª����úûù� �ª�ú«�­ �	��ªù ±ú�� .�û��	�"
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#½ n = 1

" <¤­�$ ¤ª«� �®	� x0
ù x1 = x0 + h

" ��S¤ª
Lf (x) = f(x0) +

x− x0

h
[f(x1) − f(x0)],

L′
f (x) =

f(x1) − f(x0)

h
ìï#îïî#ð

ù ü�Sû­&«��ú$ ¤ù..­û­«)ùû�°ª«ù¯
∣
∣
∣
∣
f ′(x0) −

f(x1) − f(x0)

h

∣
∣
∣
∣
≤ max |f ′′(x)|

2 !
h.

E�û��	ª ´#�"#"�½ ù�­­ú üû��ú�� S­��­úûù�­�¬ù� ����	¨ ° ¬ª�­�ú°­ üûù(
	ù�­««�S� ®«ª�­«ù¯ «­ù®°­�ú«�S� �S	�°�S� ¬�±..ù)ù­«úª ¬ª�ªú­	$«��
¬ Sûª.ù¬� y = f(x) ° ú��¬­ � ª
�)ù���� x0

üû­¤	ªSª­ú�¯ üûù«¯ú$ ù®(°­�ú«�� �S	�°�� ¬�±..ù)ù­«ú %�û¤� Sûª.ù¬ª" /ú� �­ ®«ª�­«ù­ ���«���ùúªú$ üûù
	ù�­««�� ®«ª�­«ù­� ¤	¯ f ′(x1)
"

�½  ûù n = 2

Lf (x) = f(x0) +
x − x0

h
[f(x1) − f(x0)] +

(x − x0)(x − x1)

2h2
[f(x2) − 2f(x1) + f(x0)]

ù- �	­¤�°ªú­	$«�-
L′

f (x) =
f(x1) − f(x0)

h
+

2x − (x1 + x0)

2h2
[f(x2) − 2f(x1) + f(x0)]. ácòâcâ�ã

<¤­�$ °�®���«� ¤°ª �	��ª¯¨
ª½ x = x1

´üû�ù®°�¤«ª¯ �üû­¤­	¯­ú�¯ ° �û­¤«­� ú��¬­½" ��S¤ª
2x− (x1 + x0) = x1 − x0 = h

ù
L′

f (x) =
1

2h
{2[f(x1) − f(x0)] + [f(x2) − 2f(x1) + f(x0)]} =

f(x2) − f(x0)

2h
. ácòâcâ�ã

E�û��	ª ´#�"#"#½ ° ���­úª«ùù � ´#�"#"�½ ¤ª­ú
∣
∣
∣
∣
f ′(x1) −

f(x2) − f(x0)

2h

∣
∣
∣
∣
≤ max |f ′′′(x)|

3 !
h2. ìï#îïîIð

�ª ±ú�ú ûª® ´ûù�" #�"�½ ®ª üûù
	ù�­««�­ ®«ª�­«ù­ «­ù®°­�ú«�S� �S	�°�S�
¬�±..ù)ù­«úª ¬ª�ªú­	$«�� ¬ Sûª.ù¬� y = f(x) ° ú��¬­ � ª
�)ù���� x1üû­¤	ªSª­ú�¯ üûù«¯ú$ ù®°­�ú«�� �S	�°�� ¬�±..ù)ù­«ú %�û¤�- ��­¤ù«¯(!�­� ú��¬ù Sûª.ù¬ª � ª
�)ù��ª�ù x1 − h ù x1 + h

"
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���� �X�X� s�������� 5������v���  ������ ���������� ��  ����5��������

½  �	��ù� ° ûª°­«�ú°­ ´#�"#"�½ x = x0

´üû�ù®°�¤«ª¯ �üû­¤­	¯(­ú�¯ ° ¬ûª�«­� ú��¬­½" ��S¤ª 2x− (x1 + x0) = x0 − x1 = −h - ù ´#�"#"�½¤ª­ú

L′
f (x0) =

2[f(x1) − f(x0)] − [f(x2) − 2f(x1) + f(x0)]

2h

=
−3f(x0) + 4f(x1) − f(x2)

2h
.

ìï#îïîXð

E�û��	ª ´#�"#"#½ ° ���­úª«ùù � ´#�"#"@½ üûù°�¤ùú ¬ �)­«¬­
∣
∣
∣
∣
f ′(x0) −

−3f(x0) + 4f(x1) − f(x2)

2h

∣
∣
∣
∣
≤ max |f ′′′(x)|

3!
2h2. ìï#îïî ð

<ª�­úù�- �ú� �)­«¬ª �&ù
¬ù °�®û��	ª °¤°�­ e ��" .�û��	� ´#�"#"m½"ü«ª	�Sù�«� ���«� ü�	��ùú$ .�û��	� ¤	¯ °��ù�	­«ù¯ üû�ù®°�¤«�%
°��&ù% ü�û̄ ¤¬�°"

' �
�­� �	��ª­ üûù «­�
%�¤ù���úù üûù
	ù�­««�S� °��ù�	­«ù¯
üû�ù®°�¤«�� ° «­¬�ú�û�� �®	­ xj

�­	ªú­	$«� ���úª°	¯ú$ ù«ú­ûü�	¯)ù(�««�� �«�S��	­« ü� úª¬ù� �®	ª�- �ú�
� ú��¬ª xj 
�	ª �û­¤«­� �û­¤ù��úª	$«�% �®	�° ù«ú­ûü�	¯)ùù" ' ±ú�� ����	­ .�û��	ª úùüª ´#�"#"�½
û­¬��­«¤�­�ª- ª úùüª ´#�"#"@½ e «­ û­¬��­«¤�­�ª- ù ­! �	­¤�­ú ü�	$®�(°ªú$�¯ 	ù&$ üûù �ú��ú�ú°ùù �®	�° �	­°ª �ú xj

"
 ûù�­û #�"#" ¦ª«ª úª
	" #�"# ®«ª�­«ù� .�«¬)ùù y = tg x

"
3�4��5� �X��� � ������� ������� ���������� ��  ����5��������

x tg x x tg x#"m#� #0"m�� #"m#@ #�"��##"m#m #0"hA� #"m#0 #�"m##



��Ñ�Ñ iW�`]VV�] �W��]£]V�W£�UTVW] ò:�
�û­
�­ú�¯ °��ù�	ùú$ üû�ù®°�¤«�! �ú tg x üûù x � #"m#m" 2ª����úûù�
«­�¬�	$¬� °ªûùª«ú�°¨

f ′(1.515) ≈ f(1.516) − f(1.515)

h
=

18.231 − 17.904

0.001
= 327;

f ′(1.515) ≈ f(1.515) − f(1.514)

h
=

17.904 − 17.588

0.001
= 316;

f ′(1.515) ≈ f(1.516) − f(1.514)

2h
=

18.231 − 17.588

2 · 0.001
= 321.5;

f ′(1.515) ≈ −3f(1.515) + 4f(1.516) − f(1.517)

2h
= 320.5.

 ��¬�	$¬� (tg x)′ = 1/ cos2 x - ú� tg′ 1.515 = 1/0.05772 = 321.5
"

�ªù	��&ù� û­®�	$úªú ü�	��ù	�¯ üûù úû­ú$­� °ªûùª«ú­ e .�û��	ª´#�"#"�½" �­�¬�	$¬� %�¤&ù� ùú�S ¤ª	ª .�û��	ª ´#�"#"@½ e �­ú°­ûú�� °ª(ûùª«ú- ù ®«ª�ùú­	$«� %�¤&ù� e .�û��	ª ´#�"#"�½- û­ª	ù®�!�ª¯ ü­û°��
ù °ú�û�� °ªûùª«ú�"

ÑäÐÑÐ�Ð å ×ØÖáÓØÛÕÙÙ áÔ�ÞÙâ
�Þ� 0ÙÖÞÛÕÕØæØ �Ù,,ÛÓÛÕâÙÓØÚÔÕÙ�

 ûù �ù�	­««�� ¤ù..­û­«)ùû�°ª«ùù úª
	ù�«� ®ª¤ª««�� .�«¬)ùù
y = f(x) °�®«ù¬ª!ú ü�Sû­&«��úù¨

• �¬û�S	­«ù¯- ü�û��¤ª­��­ «­ú��«�� ®ª¤ª«ù­� ®«ª�­«ù� {yi} ©
• ��­�­«ù¯- °�®�°ª­��­ ®ª�­«�� .�«¬)ùù y = f(x) ù«ú­ûü�	¯)ù�«(«�� �«�S��	­«�� Pn(x)

¬�«­�«�� �ú­ü­«ù n
"'�&­ 
�	ù üûù°­¤­«� ú­�û­úù�­�¬ù­ �)­«¬ù ¤	¯ ü�Sû­&«��úù ��­(�­«ù¯- ù® ¬�ú�û�% �	­¤�­ú ��­«$&­«ù­ ü�Sû­&«��úù ��­�­«ù¯ üûù h→ 0

"1¤«ª¬� ®«ª�­«ù¯ .�«¬)ùù y(x) °�­S¤ª �üû­¤­	¯!ú�¯ � «­¬�ú�û�� ü�(Sû­&«��ú$! °�	­¤�ú°ù­ �¬û�S	­«ù� üûù �Sûª«ù�­««�� ûª®û̄ ¤«�� �­ú¬­-
üûù�­«­«ù¯ üûù
	ù�­««�% �­ú�¤�° °��ù�	­«ù¯ y(x) ù ú" ¤"  ûù ��­«$�ª	�� &ªS­ ü�	­®«ª¯ ù«.�û�ª)ù¯ ´ûª®«��ú$ ú­�û­úù�­�¬ù% ®«ª�­«ù�.�«¬)ù�½ �¬ª�­ú�¯ ü­û­¬û�ú�� �	��ª�«��ù �&ù
¬ª�ù"  �±ú��� &ªS
«­ ¤�	�­« 
�ú$ �	ù&¬�� �ª	- ù ���­�ú°�­ú «­¬�ú�û�­ �üúù�ª	$«�­´¤	¯ ¬ª�¤�� .�û��	� �ù�	­««�S� ¤ù..­û­«)ùû�°ª«ù¯ ù ü�Sû­&«��ú­�
�¬û�S	­«ù¯ e �°�­½ ®«ª�­«ù­ &ªSª"�ª�¤­� �üúù�ª	$«�� &ªS ¤	¯ üû��ú­�&­� )­«úûª	$«�� .�û��	�
úùüª ´#�"#"�½" §® «­­ �	­¤�­ú- �ú� üûù ª
��	!ú«�� ü�Sû­&«��úù ε °��ù�(	­«ù¯ .�«¬)ùù ü�Sû­&«��ú$ �¬û�S	­«ù¯ «­ üû­°��%�¤ùú 2ε/2h = ε/h - ª
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ü�Sû­&«��ú$ ��­�­«ù¯ «­ 
�	$&­ h2M3/6

- S¤­ M3
e �ª¬�ù��� ��¤�	¯

úû­ú$­� üû�ù®°�¤«�� «ª ù�ü�	$®�­��� ��ª�ú¬­ úª
	ù)�" ñ���ªû«ª¯ ü�(Sû­&«��ú$ h2M3/6 + ε/h ¤��úùSª­ú �ù«ù���ª üûù 2hM3/6− ε/h2 = 0 -ù	ù üûù
h = 3

√

3ε/M3. �	��­««�! .�û��	� ���«� ü­û­üù�ªú$ ° °ù¤­
h2

6
M3 =

1

2

ε

h
,

¤�ü��¬ª!�­� «ªS	¯¤«�­ ù�ú�	¬�°ª«ù­¨ ü�Sû­&«��ú$ ��­�­«ù¯ ¤�	�«ª���úª°	¯ú$ ü�	�°ù«� ü�Sû­&«��úù �¬û�S	­«ù¯"
 ûù�­û #�"�" '��ù�	ùú$ üû�ù®°�¤«�! �ú ex ° ú��¬­ x = 1.15 �

ü����$! �­ú�û­%®«ª�«�� úª
	ù)� ü�¬ª®ªú­	$«�� .�«¬)ùù- °ªû$ùû�¯ h�ú A"#¤� A"A# ù üûù�­«¯¯ .�û��	� ´#�"#"�½"���«�­ ®«ª�­«ù­ üû�ù®°�¤«��
ûª°«� e1.15 = 3.1582

" 2­®�	$úªú� ûª��­úª üû­¤�úª°	­«� ° úª
	" #�"�" �Sû­&«��ú$ ¤ù..­û­«)ùû�°ª«ù¯ ∆ �¬ª®ª«ª ° ¤­�¯úùú��¯�«�% ¤�	¯%
­¤ù«ù)�"

3�4��5� �X�X� »������ ���� �� �������v ���������� ��  ����5��������ÚªS L′
f (1.15) ∆

ÚªS L′
f (1.15) ∆A"#A �"#@�A (�� A"Am �"#mhA (�A"Ah �"#@�� (�A A"A� �"#m�� (@A"A� �"#@#� (�# A"A� �"#m�� (#A"A0 �"#@A0 (�m A"A� �"#m0m 0

A"A@ �"#@AA (#� A"A# �"#mmA ��
 �Sû­&«��ú$ °��ù�	­«ù¯ .�«¬)ùù ε = 0.5 · 10−4 - ª M3 = e1.25 =

3.4903
" �­�û­úù�­�¬�­ ®«ª�­«ù­ �üúù�ª	$«�S� &ªSª

h = 3
√

3 · 0.5 · 10−4/3.4903 =
3
√

43 · 10−6 = 0.035,

�ú� üûù�­û«� ���ú°­ú�ú°�­ú .ª¬úù�­�¬��� ûª��­ú�"' r##A- �" �#���#h� üûù°­¤­«� úª
	ù)� 
­®ûª®«��ú«�% .�û��	 ªü(üû�¬�ù�ª)ùù ü� «ª�ª	$«�� ù )­«úûª	$«�� ûª®«��ú¯� ¤	¯ üû�ù®°�¤«�%
¤� úû­ú$­S� ü�û̄ ¤¬ª °¬	!�ùú­	$«� ù �)­«¬ª�ù ü�Sû­&«��úù ªüüû�¬�ù(�ª)ùù ´�ù�	� ú��­¬ 
­û­ú�¯ �ú ¤°�% ¤� ü¯úù- «� ü� ¬ûª�«­� �­û­ «ª �¤«�

�	$&­- �­� ü�û¯¤�¬ üû�ù®°�¤«��½"



��Ñ�Ñ 
T�ä]� ���]V��U £T�õ£]�]`]VW( ä]£]ö õ£]�¢£Tö�UTVW] 
Tõ`T�T ò:�
~þ\þ\ åcÎ�]^ q_q]n^_� bcÎÌb]`]o]nap�]b]+ Ìb]_Rbc+_�cna] ÿcÌocÎc
1Sûª«ù�­««ª¯ ûª®û̄ ¤«��ú$ �¬ª®�°ª­ú ®ª�­ú«�� ±..­¬ú «ª üû�)­�(�� �ù�	­««�S� ¤ù..­û­«)ùû�°ª«ù¯- ° ���
­««��úù �«�S�¬ûªú«�S�" <¤­�$ûª®«��úù °��&­S� ü�û̄ ¤¬ª ��S�ú �¬ª®ªú$�¯ ��ù®�­ûù���ù � ü�Sû­&«�(�ú$! üû­¤�úª°	­«ù¯ �ü­ûª«¤�°" ¦	¯ ü�	��­«ù¯ üûù­�	­��% û­®�	$úªú�°

úû­
�­ú�¯ ü­û­%�¤ ¬ ü��úû�­«ù! ù«ú­ûü�	ùû�!�ù% �«�S��	­«�° ü� ù³è	®�¬éêè�° .�û��	ª� ù-ù	ù ��­ú ° �°­	ù�­««�� ûª®û¯¤«�� �­ú¬­"�«�Sù­ ûª��­ú� �ù�ú­� �
�	��ù°ª«ù¯ ´° ���
­««��úù ¤	¯ üûù�ûù(ú­ú«�% û­�ù��°½ �¤ª­ú�¯ ¤�°­�úù ú�	$¬� ¤� ü�	��ª­��% ª	S�ûùú�ù�­�¬ù
üû­�
ûª®�°ª«ù� ªªü	ª�ªeñúù	ú$­�ª ´ ªñ½ �ú ûª�üû­¤­	­«ù� °û­�­«ù
üû­
�°ª«ù¯ ®ª¯°¬ù ϕ(s) - °�	­¤�ú°ù­ �­S� ûª��­ú ���­«ú�° {fk} �ü�(�¯«�ú�% ûª�üû­¤­	­«ù� üûù%�¤ùú�¯ °�ü�	«¯ú$ �ù�	­««�" �ª¬�� ûª��­ú
��«�°�°ª­ú�¯ «ª ü��úû�­«ùù ù«ú­ûü�	¯)ù�««�S� �«�S��	­«ª ¤	¯  ªñ ù
ü��	­¤�!�­� �ù�	­««�� ¤ù..­û­«)ùû�°ª«ùù ±ú�S� �«�S��	­«ª ° «�	­¨

fk = (−1)kϕ(k)(s)|s=0, k = 1, 2, . . . û�Sûª��«ª¯ û­ª	ù®ª)ù¯ �üû­¤­	¯­ú�¯ °ù¤�� ù�ü�	$®�­��� ° ±ú��
ú­%«�	�Sùù ù«ú­ûü�	¯)ù�««��.�û��	�"  û�°­¤­� ���ú°­ú�ú°�!�ù­ ûª�(���¤­«ù¯ ¤	¯ .�û��	� �$!ú�«ª"§

«ú­ûü�	¯)ù�««ª¯ .�û��	ª �êK®¯è¬ ù�­­ú °ù¤

y(x) = y0 + q∆y0 +
q(q − 1)

2!
∆2y0 +

q(q − 1)(q − 2)

3!
∆3y0 + . . . , ìï#î#îïð

S¤­
q = x/h. ìï#î#î#ð' üû�)­¤�û­ æç¢£èéê �
Å¯°	­«� �ª��ù°�¨

• ë½éñìì ¾éñììÃ ¬�«­�«�% ûª®«��ú­� ¤ù..­û­«)ùû�­��� úª
	ù�«��.�«¬)ùù ´ü­û°�� ù«¤­¬� e «��­û ú��¬ù- °ú�û�� e ü�û̄ ¤�¬ ûª®«�(�úù½©
• ¦½êñìì ¾éñììÃ ¬�±..ù)ù­«ú�° �«�S��	­«�° �ú Q üûù ¬�«­�«�%
ûª®«��ú¯% ° .�û��	­ ´#�"�"#½ ´ü­û°�� ¬�±..ù)ù­«ú e ü�û̄ ¤�¬ ûª®(«��úù- °ú�û�� e �ú­ü­«$ Q ½"�ª��ù° A üû­¤°ªûùú­	$«� �
«�	¯­ú�¯" ' «�	­°�� �ú�	
­) Y®ª��	ª!ú�¯ ûª®«��úù «�	­°�S� ü�û̄ ¤¬ª- ú" ­" úª
	ù�«�­ ®«ª�­«ù¯ .�«¬()ùù" <ªú­� ° )ù¬	­ ü� K ü��	­¤�°ªú­	$«� .�û�ùû�!ú�¯ ûª®«��úù ¤�



ò:× Ò̀ TUT ��Ñ iWí`]VVî] ïW��]ð]V�WðîUTVW] W WVñ]òðWðîUTVW]
K (S� ü�û¯¤¬ª °¬	!�ùú­	$«� ´¬ª�¤ª¯ ûª®«��ú$ e ¤	¯ ú­% �úû�¬- ° ¬�ú�(û�% �«ª �üû­¤­	­«ª½" ' üû�)­��­ ±ú�S� ûª��­úª °��ù�	¯­ú�¯ �ª¬�ù�ª	$(«�� ��¤�	$ ûª®«��úù ¬ª�¤�S� ü�û̄ ¤¬ª" 1« �ûª°«ù°ª­ú�¯ � ª«ª	�Sù�«��
°­	ù�ù«�� ¤	¯ üû­¤&­�ú°�!�­S� ü�û¯¤¬ª"  ûù �
«ªû��­«ùù °�®ûª�úª«ù¯�¬ª®ª««�� %ªûª¬ú­ûù�úù¬ù- �ú� �¬ª®�°ª­ú «ª üû�¯°	­«ù­ ±..­¬úª �Sûª«ù(�­««��úù ûª®û̄ ¤«�� �­ú¬ù- ¬�	ù�­�ú°� ù�ü�	$®�­��% ° ûª��­ú­ ûª®«��ú­�
�Sûª«ù�ù°ª­ú�¯"'��ù�	­«ù­ ¬�±..ù)ù­«ú�° �«�S��	­«�° ��«�°ª«� «ª üû­¤�úª°	­(«ùù �«�S��	­«ª üûù K (� ûª®«��úù ° .�û�­

Pk(q) = ak0 + ak1q + ak2q
2 + · · · + akkq

k,

«ª�ª	$«�� ��	�°ùù P1 = Q ù ��­°ù¤«�� ù® ´#�"�"#½ ®ª¬�«­ ü­û­��­úª
Pk = Pk−1

q − k + 1

k
= Pk−1

[ q

k
− (1 − 1/k)

]

, k = 2,K.' ü��	­¤�!�­� )ù¬	­ ü� K ù¤­ú ��
�ú°­««� °��ù�	­«ù­ üû�ù®°�¤«�%"
<¤­�$ �«ª�ª	ª ü��	­««� ¤ù..­û­«)ùû�!ú�¯ °�­ ­�­ «­ �
ûªúù°&ù­�¯ °
¬�«�úª«ú� �«�S��	­«�- ª ®ªú­� ����ùû�!ú�¯ üû�ù®°­¤­«ù¯ ù% �°�
�¤(«�% �	­«�° «ª ���ú°­ú�ú°�!��! ûª®«��ú$ ´°�­ ��úª	$«�­ �	ªSª­��­ üûù
Q = 0 �
ûª�ª!ú�¯ ° «�	$½"  ��¬�	$¬� üû�ù®°�¤«�­ �ú��¬ù°ª!ú�¯ ü�
X = QH - ¤	¯ ü�	��­«ù¯ ¬ª�¤�� ��­û­¤«�� üû�ù®°�¤«�� ¤­	ùú­	$ B��«��ª­ú�¯ «ª H

"
²³´µ¶³·¸¹º Â¸À¹º�·½ôô ¾À¾� ¾ÂºµÃÄÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÄÅ óÉ¶Ñ¶Ýî¿ÍÉ¶º ÏÊæØ ã ÜÊøøºîºÉÚÊî¶ÓÌÉÊÇ Ó ÉÒØº ÅÄÅ Í¿áØÊÏÉ¶ à¿Ü¿ÉÉ¶Þ øÒÉÝÚÊÊ ÅÄÅ äÉÍºîß¶ØÔÚÊÔ Õ ËÉÐÑÐÏØºÉÐË ôÙõÍÐÉ¿ ÅÄÅ Æ¿àî¿á¶ÍÏÊÝ â ã ä ã ÆÛåÊÝÐÓ ÅÄÅ ½æÃ ÅÄÅ çºîæÊÔ èöãéèãêëë÷ ÅÄÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

¸¹·ºÁºµ ôô ÄÄ î¿æÏºÍÉ¿Ô æÍºßºÉÙ ËÉ¶Ñ¶ÏØºÉ¿Â¶³´íº îµºæ¸²¸¶¹ À ÄÄ àÉ¿ÏºÉÊÔ øÒÉÝÚÊÊÂ¶³´íº îµºæ¸²¸¶¹ � ÄÄ È¿Ñ ÊàËºÉºÉÊÔ ¿îÑÒËÇÉÍ¿ øÒÉÝÚÊÊÂ¶³´íº îµºæ¸²¸¶¹ Âºµ ÄÄ ß¶æØºÜ¶Ó¿Í ã ßî¶ÊàÓ¶ÜÉÛºÂ¸»º¹²¸¶¹ À½éñôôÃ¾Âºµ½ôôÃ
Â¶³´íº îµºæ¸²¸¶¹ ´ ¾î ¾²¾²ê



��Ñ�Ñ 
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Tõ`TíT ò::
¸¹·ºÁºµ ¸¾ó¾ô ¾ô»¿ïÂ¶³´íº îµºæ¸²¸¶¹ ¾ ¿íí¶æ¿·¿´íº ññ ¿½ñ¾ñÃ¾ ú½ñ¾ñÃ
¿íí¶æ¿·º ½¿½ôô ¾éñôôÃ¾ú½éñôô ¾é ñôôÃÃ
²Ö¿´²½À½éÃÃÂ¶ ôÖé¾ôôú½ô ¾éÃÖÀ½ôÃõ îÖ¿´²½À½ôÃÃ

¸À ½î ãÁ· ã²Ã ²Öî
º¹Â Â¶ô»¿ïÖôôÂ¶ óÖê¾ôôú½é¾óÃÖú½ê¾óÕêÃÕú½é¾óÕêÃ

²êÖ¿´²½ú½é¾óÃÃÂ¶ ôÖê¾ôôÕóú½ô ¾óÃÖú½ôöê¾óÕêÃÕú½ô ¾óÕêÃ
îÖ¿´²½ú½ô ¾óÃÃ
¸À ½î ãÁ· ã²êÃ ²êÖî

º¹Â Â¶
¸À ½²êãí· ã²Ã ·�º¹

²Ö²ê
ºí²ºô»¿ïÖóÕêõ Á¶·¶ ê
º¹Â ¸À

º¹Â Â¶ê Â¶ ¸Öê¾ôôÂ¶ óÖé¾ôô õ ¿ ½̧ ¾óÃÖéõ º¹Â Â¶
º¹Â Â¶
¿½ê¾êÃÖêÂéÂ¶ ôÖè¾ô»¿ïÂ¶ óÖê¾ôÕê

¿½ô ¾óÃÖ¿½ôÕê¾óÕêÃ�ôÕ½êÂéÕêÂé�ôÃÅ¿½ôÕê¾óÃ
º¹Â Â¶
¿½ô ¾ôÃÖ¿½ôÕê¾ôÕêÃ�ô

º¹Â Â¶
´ÖêÂéÂ¶ ôÖê¾ô»¿ï

´Ö´Å� õ ²ÖéÂ¶ ¸Öô ¾ô»¿ïÂ¶ óÖé ¾̧ Õô õ ¿ ½̧ ¾óÃÖ½óöêÂéÃÅ¿ ½̧ ¾óöêÃõ º¹Â Â¶
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¿ ½̧ ¾̧ ÕôöêÃÖéõ ²Ö²ö¿ ½̧ ¾éÃÅú½é ¾̧ Ã

º¹Â Â¶Âºµ½ôÃÖ²�´
º¹Â Â¶Âº¿íí¶æ¿·º ½¿¾úÃ
º¹Â ²³´µ¶³·¸¹º Â¸À¹º�·
 û�)­¤�û� �¤�
«� ú­�úùû�°ªú$ «ª ûª��­ú­ ���­«ú�° ü�¬ª®ªú­	$(«�� ü	�ú«��úù ûª�üû­¤­	­«ù¯ b(t) = µe−µt - ûª°«�% k!/µk, k =

1, 2, . . . - �ù�	­««�� ¤ù..­û­«)ùû�°ª«ù­� ­­ üû­�
ûª®�°ª«ù¯ ûªü	ª�ª
β(s) = µ/(µ+ s)

"
3�4��5� �X�i� 3����������� Y��5���� ���������� ��  ����5��������ü��«�­ ®«ª�­«ù­ ü�Sû­&«��úùý üû�ù®°�¤«�� Â¸À¹º�· Â¸À¹Â¸À Â¸À²·¸µ# ("���������������Y;A# ("0@AY(#� ("��mY(## ("��mY(#�� "���������������Y;A� ("��#Y(A� ("#��Y(A0 ("@�AY(Ah� ("���������������Y;A� ("0m�Y(Am ("�#�Y(A� "##�Y(Am� "�h@�h@�h@�h@�h@Y;A� ("m#0Y(A� ("���Y(A# "��hY(A�m ("�h���0#@A�h���0Y;Am ("#��Y;A# ("��hY;A� ("#�AY;A#
@ "h�0@m���Ah�0@mmY;A@ ("#��Y;A� ("�0�Y;A� ("���Y;A�
<¤­�$ æç¢£èéê ûª
�úª	ª ü� .�û��	­ �$!ú�«ª- æç¢£æç¢ e ü� ­­


­®ûª®«��ú«��� °ªûùª«ú�- ª æç¢¨êçþ e ü� .�û��	­ ñúùû	ù«Sª � )­«(úûª	$«��ù ûª®«��ú¯�ù"
�ª
	ù)ª °��ù�	¯	ª�$ ° h ú��¬ª%" ÷ª¬ ù ��ù¤ª	��$- ��­«$&­«ù­&ªSª ü�°�&ª	� ú��«��ú$ �	ª¤&ù% üû�ù®°�¤«�% ù �%�¤&ª	� e �úªû&ù%"' %�¤­ ú­�úùû�°ª«ù¯ 
�	� �üû­¤­	­«� ûª)ù�«ª	$«�­ ®«ª�­«ù­ &ªSª ü�(�úû�­«ù¯ úª
	ù)�  ûñ h ≈ 10−3µ - üûù ¬�ú�û�� ûª�üû­¤­	­«ù­ ü�Sû­&(«��ú­� �­ú�û­% �	ª¤&ù% ���­«ú�° ÿ«ªù
�	­­ Sªû��«ù�«��"
<ª�­úù�- �ú� ° úª
	ù)­ üûù°­¤­«� ª
��	!ú«�­ ü�Sû­&«��úù ¤ù.(.­û­«)ùû�°ª«ù¯" ¢�ú­�ú°­««�� ü­û­%�¤ ¬ �ú«��ùú­	$«�� ü�Sû­&«��ú¯�� ��­ú�� 
 ��	$&ù% ¤�ü��¬�° «ª °��&ù­ ���­«ú� �
­�¤ª­ú ° üûù­�	­��(�úù °�­% üûù°­¤­««�% û­®�	$úªú�°"1
ûª�ª­� °«ù�ª«ù­ �ùúªú­	¯ «ª .�û�� üû­¤�úª°	­«ù¯ û­®�	$úªú�°

° ±ú�� úª
	ù)­� ±úª	�« ù ���é�è�è�� �ú «­S�" 1«ª ®ª�­ú«� ü�°�&ª­ú
«ªS	¯¤«��ú$ ��ü��úª°	­«ù¯ �ûª°«ù°ª­��% �­ú�¤�° ù �
	­S�ª­ú ª«ª	ù®ÿú�«¬ù% ±..­¬ú�°�"



��Ñ%Ñ �ù�W] íU]ï]VW( îù WVñ]ðõî`(�WîVV�9 �UTïðTñ�ðV�9 �îðø�`T9 ò:�
~þ\)\ �R�a] Î�]`]nap _R an^]bÌ_opda_nn¤¬��c`bc^�bn¤¬ H_bq�oc¬
' ±ú�� S	ª°­ «ª� 
�¤­ú ù«ú­û­��°ªú$ °��ù�	­«ù­ ù«ú­Sûª	ª

I =

b∫

a

f(x) dx.

ü«ª	�S ú­û�ù«ª ÿù«ú­Sûùû�°ª«ù­� e ¬°ª¤ûªú�ûª e ¬ª¬ ûª® ù �®«ª�ª­ú
°��ù�	­«ù­ ü	��ª¤ù"¢�	ù ü�¤�«ú­Sûª	$«ª¯ .�«¬)ù¯ ®ª¤ª«ª ª«ª	ùúù�­�¬ù- �üû­¤­	­«(«�� ù«ú­Sûª	 �ª�ú� �¤ª­ú�¯ °��ù�	ùú$ � ü����$! ü­û°��
ûª®«�� ü�.�û��	­ �$!ú�«ªeû­�
«ù)ª

b∫

a

f(x) dx = F (x)
∣
∣
∣

b

a
= F (b) − F (a).

1¤«ª¬� ±ú�ú ü�¤%�¤ «­ ûª
�úª­ú- ­�	ù�
• ü­û°��
ûª®«�! «­	$®¯ °�ûª®ùú$ ° ±	­�­«úªû«�% .�«¬)ù¯% e ¬ üûù(�­û�- ¤	¯ sinx/x - 1/ ln x - e−x2 ±ú� «­°�®���«�	
• ®«ª�­«ù¯ f(x) ®ª¤ª«� ú�	$¬� ° �ú¤­	$«�% ú��¬ª%"

�­ú�¤� �ù�	­««�S� ù«ú­Sûùû�°ª«ù¯ ��«�°ª«� «ª ®ª�­«­ f(x) 
�	­­üû��ú��ù °�ûª�­«ù¯�ùe «ªüûù�­û- �«�S��	­«ª�ù" '�­�ú� ú�S� �ú�
�
°��ù�	ùú$ I =

b∫

a

f(x) dx «­ü��û­¤�ú°­««�- �ü­û°ª °��ù�	¯!ú ®«ª�­«ù¯
.�«¬)ùù f(x) ° ®ª¤ª««�% ú��¬ª% xi ∈ [a, b]

" ¢�	ù p(x) e ü�	ù«��-
üû�%�¤¯�ù� �­û­® ú��¬ù {xi, f(xi)} - ú� ���«� ��ùúªú$

b∫

a

p(x) dx ≈
b∫

a

f(x) dx.

 ��¬�	$¬� ù«ú­Sûùû�°ª«ù­ ü�	ù«��ª «­ üû­¤�úª°	¯­ú úû�¤ª- ±ú�ú ü�¤%�¤	­S¬� û­ª	ù®�­� �ù�	­««�"
�ù�	­««�­ ù«ú­Sûùû�°ª«ù­ e üû�)­��- S�ûª®¤� 
�	­­ ��ú���ù°�� ¬

«ª	��­««��� �	��ª�«��� &���- �­� �ù�	­««�­ ¤ù..­û­«)ùû�°ª«ù­"
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÷°ª¤ûªú�û«�­ üûª°ù	� ®ªüù��°ª­ú�¯ ° °ù¤­

I =

b∫

a

f(x) dx =
n∑

i=1

wif(xi) +Rn.

<¤­�$ {xi} e �®	�- {wi} e °­�ª- Rn
e ��úªú�¬ ´�« �­ ü�Sû­&«��ú$½

¬°ª¤ûªú�û«�� .�û��	�" ��°�û¯ú- �ú� n (ú��­�«�­ ¬°ª¤ûªú�û«�­ üûª°ù	�
ù�­­ú ª	S­
ûªù�­�¬�! �ú­ü­«$ ú��«��úù d - ­�	ù YS� ��úªú�¬ Rn

ûª°­«
«�	! ¤	¯ 	!
�S� ü�	ù«��ª �ú­ü­«ù d - «� �ú	ù�­« �ú «�	¯ ¤	¯ «­¬�ú�û�S�
ü�	ù«��ª �ú­ü­«ù d+ 1

" ñú­ü­«$ �«�S��	­«ª- ¤	¯ ¬�ú�û�S� ¬°ª¤ûªú�ûª
ú��«ª- �üû­¤­	¯­ú�¯ �ù�	�� �°�
�¤«�% üªûª�­úû�° ­­"1ú 
�	$&ù«�ú°ª ¬°ª¤ûªú�û«�% üû�Sûª�� úû­
�­ú�¯ «­ ú�	$¬�
°��ù�	­«ù­ ù«ú­Sûª	ª- «� ù �)­«¬ª ü�Sû­&«��úù û­®�	$úªúª" ü«ª	ù® ü�(�	­¤«­� °ª�­« «­ ú�	$¬� �ª� ü� �­
­	 �« ü�®°�	¯­ú ü�°��ùú$ ±..­¬(úù°«��ú$ üû�)­��ª ù«ú­Sûùû�°ª«ù¯ e «ªüûù�­û- ���û­¤�ú��ùú$ 
�	$&�!�ª�ú$ ��ù	ù� «ª ��ª�ú¬­ 
��úû�S� ù®�­«­«ù¯ .�«¬)ùù"�­ú�¤� °��ù�	­«ù¯ ¬°ª¤ûªú�û ûª®	ù�ª!ú�¯ �ü���
�� °�
�ûª�®	�°- ù% ¬�	ù�­�ú°�� ù ü��úû�­«ù­� ù«ú­ûü�	¯)ù�««�% �«�S��	­«�°"

ÑäÐ�ÐÑÐ dØØáÕØmÛÕÙÛ ÝÛ4�2 2�ÞÔÝÙ Ù ÚÛÖÔÝÙ
 ��ú$ .�«¬)ù¯ f(x) �üû­¤­	­«ª «ª �úû­®¬­ [α, β] ù ù®°­�ú«ª 	ù&$

° ú��¬ª% x0, x1, . . . , xk
" ��S¤ª ¤	¯ °��ù�	­«ù¯ ∫ β

α
f(x) dx ­�ú­�ú°­««�

ü��úû�ùú$ ù«ú­ûü�	¯)ù�««�� �«�S��	­« Lf (x)
ü� �®	ª� x0, x1, . . . , xkù ∫ β

α
Lf (x) dx

üûù«¯ú$ ®ª üûù
	ù�­««�­ ®«ª�­«ù­ ù�¬���S� ù«ú­Sûª	ª"
«ú­ûü�	¯)ù�««�� �«�S��	­« ûªSûª«�ª 
�¤­ú ù�­ú$ °ù¤
Lf (x) = y0

ω0(x)

ω0(x0)
+ y1

ω1(x)

ω1(x1)
+ . . .+ yk

ωk(x)

ωk(xk)
.

<¤­�$
ω(x) = (x− x0)(x− x1) . . . (x− xk),

ωj(x) =
ω(x)

x− xj
, j = 0, k.

<ª�­úù�- �ú� ωj(xj) = ω′(xj)
" �­ü­û$ ���«� ®ªüù�ªú$ ûª°­«�ú°�

β∫

α

Lf (x) dx = y0

[ 1

ω′(x0)

β∫

α

ω0(x) dx
]

+ . . .+ yk

[ 1

ω′(xk)

β∫

α

ωk(x) dx
]

.
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'°­¤­� �ù�	ª

Bj =
1

ω′(xj)

β∫

α

ωj(x) dx, j = 0, k, ìï#î[îïð
�üû­¤­	¯­��­ ú�	$¬� «ª
�û�� �®	�°" ��S¤ª ü�	��ù�

β∫

α

f(x) dx ≈
β∫

α

Lf (x) dx =
k∑

j=0

Bjf(xj). ìï#î[î#ð
 �¤�­û¬«­�- �ú� �ù�	ª {Bj} è� 
������ �ú .�«¬)ùù f

"
E�û��	� °ù¤ª ´#�"�"�½ «ª®�°ª!ú�¯ .�û��	ª�ù �è�����é�ù��è	è�$ �������ø� " ¢�	ù üû­¤­	� ù«ú­Sûùû�°ª«ù¯ α ù β ¯°	¯!ú�¯ �®	ª�ù

ù«ú­ûü�	ùû�°ª«ù¯- ú� .�û��	ª °ù¤ª ´#�"�"�½ �ú«��ùú�¯ ¬ ÿ®ª�¬«�ú����
úùü�- ° üû�úù°«�� �	��ª­ e ¬ �ú¬û�ú���"
	¯ °��ù�	­«ù¯ ¬�±..ù)ù­«ú�° ���«� °��ü�	$®�°ªú$�¯ ù«ú­Sûª(	ª�ù ´#�"�"#½" 1¤«ª¬� 
�	­­ �¤�
­« ¤û�S�� ü�ú$" <ª�­úù�- �ú� ­�	ù f(x)­�ú$ �«�S��	­« �ú­ü­«ù «­ °�&­ k - ú� Lf (x) ≡ f(x)

" ' ±ú�� �	��ª­
ûª°­«�ú°� ´#�"�"�½ �úª«�°ùú�¯ ú��«��"  �	ªSª¯ ü���­û­¤«� f(x) ûª°«��
1, x, . . . , xk - ü�	��ù� �ù�ú­�� ù® (k + 1) 	ù«­�«�% �ûª°«­«ù�

β∫

α

1 · dx = B0 +B1 + . . . +Bk = β − α;

β∫

α

x dx = B0x0 +B1x1 + . . . +Bkxk = (β2 − α2)/2;" " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
β∫

α

xk dx = B0x
k
0 +B1x

k
1 + . . . +Bkx

k
k = (βk+1 − αk+1)/(k + 1)

ìï#î[î[ð¤	¯ �ú��¬ª«ù¯ «­ù®°­�ú«�% ¬�±..ù)ù­«ú�° {Bj}
" 1üû­¤­	ùú­	$ ±ú���ù�ú­�� ´úª¬ «ª®�°ª­��� �üû­¤­	ùú­	$ 'ª«¤­û��«¤ª½ üûù ûª®	ù�«�%�ù�	ª% x0, x1, . . . , xk

�ú	ù�­« �ú «�	¯- ù �ù�ú­�ª ´#�"�"�½ ù�­­ú ­¤ù«(�ú°­««�­ û­&­«ù­ e «ª
�û {Bj}
" /úù �ù�	ª 
�¤­� «ª®�°ªú$ ������

¬°ª¤ûªú�û«�� .�û��	�"
ÑäÐ�ÐäÐ "ÓÛØ�ÓÔ�ØÚÔÕÙÛ ×ÓØÝÛ42áÜÔ ÙÕáÛæÓÙÓØÚÔÕÙ�
ûù«­�«ª¯ .�«¬)ù¯ x = β−α

2
t+ β+α

2
úª¬�°ª- �ú� üûù t = −1 ù�­­�

x = α - ª üûù t = 1 - ���ú°­ú�ú°­««�- x = β
" ñ	­¤�°ªú­	$«�- �¬ª®ª««�­



òBò Ò̀ TUT ��Ñ iWí`]VVî] ïW��]ð]V�WðîUTVW] W WVñ]òðWðîUTVW]
üû­�
ûª®�°ª«ù­ ü­û­°�¤ùú �úû­®�¬ r(#-#� ° �úû­®�¬ [α, β]

" 
­	ª¯ ®ª�­«�
ü­û­�­««��- ü�	��ª­�

β∫

α

f(x) dx =
β − α

2

1∫

−1

f
(β − α

2
t+

β + α

2

)

dt. ìï#î[î\ð

 �±ú���- ­�	ù ¤	¯ °�­% �«�S��	­«�° f(t) �ú­ü­«ù «­ °�&­ l °­û«ª .�û(��	ª
1∫

−1

f(t) dt = A0f(t0) + A1f(t1) + . . .+ Akf(tk),

ú� ¤	¯ °��ù�	­«ù¯ β∫

α

f(x) dx �	­¤�­ú ü�	$®�°ªú$�¯ °­�ª�ù ù �®	ª�ù

Bj =
β − α

2
Aj,

xj =
β − α

2
tj +

β + α

2

ìï#î[îIð

���ú°­ú�ú°­««�"  ûù ±ú�� «�°ª¯ ¬°ª¤ûªú�û«ª¯ .�û��	ª úª¬�­ 
�¤­ú ú��(«ª ¤	¯ °�­% �«�S��	­«�° �ú­ü­«ù «­ °�&­ l " ' ¤ª	$«­�&­�- ù�­¯ ° °ù¤�
°�®���«��ú$ úª¬�S� ü­û­%�¤ª- �� 
�¤­� ù�­ú$ ¤­	� üû­ù���­�ú°­««� ���úª«¤ªûú«�� �úû­®¬�� r(#-#�" '­��°�­ ¬�±..ù)ù­«ú� ¤	¯ ù«ú­Sûùû�°ª(«ù¯ «ª «­� 
�¤­� �
�®«ª�ªú$ �­û­® {Aj} - ª «ª «­�úª«¤ªûú«�� �úû­®¬­ e�­û­® {Bj}

"

~þ\=\ ��c`bc^�bn¤] H_bq�o¤ �_^]Îc
2ª®�
$­� �úû­®�¬ [α, β] «ª ûª°«�­ �ª�úù � &ªS�� h

"  �	��ª­��­
üûù ±ú�� .�û��	� úùüª ´#�"�"�½ «ª®�°ª!ú�¯ .�û��	ª�ù ������" '�°­(¤­� ù% �ª�ú«�­ °ªûùª«ú� ¤	¯ «­¬�ú�û�% ®«ª�­«ù� k ù ù«ú­û°ª	ª [0, kh]

"�½ k = 1
" ' ±ú�� �	��ª­ �®	� x0 = 0 - x1 = h - úª¬ �ú�

B0 +B1 = h;
B0 · 0 +B1h = h2/2.
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�ª¬ù� �
ûª®��- B0 = B1 = h/2 - ª ü�ú���

h∫

0

f(x) dx =
h

2
[f(0) + f(h)].


	¯ üû�ù®°�	$«�S� üû��­��ú¬ª
β∫

α

f(x) dx =
β − α

2
[f(α) + f(β)]. ìï#î\îïð

/ú� e üû��ú­�&ª¯ .�û��	ª úûªü­)ù�"

½ k = 2

"�­ü­û$ �®	� x0 = 0 - x1 = h - x2 = 2h - ù �ù�ú­�ª ´#�"�"�½üûù«ù�ª­ú °ù¤
B0 +B1 +B2 = 2h;
B0 · 0 +B1h +B2(2h) = (2h)2/2 = 2h2;
B0 · 02 +B1h

2 +B2(2h)
2 = (2h)3/3 = 8h3/3.

��«��ª¯ °ú�û�­ �ûª°«­«ù­ «ª h ù °��ùúª¯ ù® úû­ú$­S�- ü�	��ª­�
2h2B2 = 2

3
h3 - ù	ù b2 = h/3 	 ù® °ú�û�S� �ûª°«­«ù¯ «ª%�¤ù� B1 =

1
h
(2h2 − 2

3
h2) = 4

3
h
" �­ü­û$ ù® ü­û°�S� ü�	��ª­� B0 = h/3

" 
úª¬-
2h∫

0

f(x) dx =
h

3
[f(0) + 4f(h) + f(2h)].

'��
�­ ¤	¯ ù«ú­Sûùû�°ª«ù¯ «ª üû�ù®°�	$«�� ��ª�ú¬­
β∫

α

f(x) dx =
β − α

6

[

f(α) + 4f
(β + α

2

)

+ f(β)
]

. ìï#î\î#ð
/ú� e .�û��	ª ������è�"ü«ª	�Sù�«�� �­ú�¤�� ���«� ü�	��ùú$ .�û��	� 
�	­­ °���¬�S�
ü�û̄ ¤¬ª ¤	¯ ù«ú­Sûùû�°ª«ù¯ «ª �úû­®¬­ [0, kh]

"  ûù°­¤­� ú�	$¬� ¬�±.(.ù)ù­«ú� ±úù% .�û��	�
k = 3 :

3

8
h (1, 3, 3, 1)

k = 4 :
4

90
h (7, 32, 12, 32, 7)

k = 5 :
5

288
h (19, 75, 50, 50, 75, 19)

k = 6 :
6

840
h (41, 216, 27, 272, 27, 216, 41).

ìï#î\î[ð
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	¯ üû�ù®°�	$«�S� ù«ú­û°ª	ª [α, β] �û¤ù«ªú� ° ±úù% .�û��	ª% 
­û�ú(�¯ �­û­® &ªS h = (β − α)/k - «ª�ù«ª¯ � α

" ¢�	ù f(x) �üû­¤­	­«ª °�
°�­% ú��¬ª% ù«ú­û°ª	ª [α, β] ù ù�­­ú «­üû­û�°«�! üû�ù®°�¤«�! ü�û¯¤(
¬ª k + 2 - ú� ���«� �¬ª®ªú$ �)­«¬� �&ù
¬ù �ú ®ª�­«� ∫ β

α
f(x) dx «ª

üûª°�! �ª�ú$ ���ú°­ú�ú°�!�­� .�û��	� ÷�ú­�ª ´úª
	" #�"�½" ' «­� Mn�
�®«ª�ª­ú �ª¬�ù��� |f (n)(x)| «ª �úû­®¬­ [α, β] - ª L = β − α
"

3�4��5� �X�k� ������v��� ���4u� u�����������  ����� ������
k

1&ù
¬ª k
1&ù
¬ª#

8.333 · 10−2L3M2
�

5.167 · 10−7L3M6�
3.472 · 10−4L3M4

m
2.910 · 10−7L3M6�

1.543 · 10−4L3M4
@

6.379 · 10−10L3M8/úù ù üûù°�¤ù��­ «ù�­ �)­«¬ù �ú«��¯ú�¯ ¬ ÿü�Sû­&«��úù ��­�­«ù¯�"÷ «ù� ¤�	�«ª 
�ú$ ¤�
ª°	­«ª ü�Sû­&«��ú$ °®°­&­««�� ����� �û¤ù«ªú-
ûª°«ª¯ ∆

∑

iBi = ∆(β − α) r��"´#�"�"�½�- S¤­ ∆ e ü�Sû­&«��ú$ °��ù�(	­«ù¯ �û¤ù«ªú" 
® úª
	" #�"� �	­¤�­ú- �ú� .�û��	ª ÷�ú­�ª ¤	¯ k = 2´.�û��	ª ñù�ü��«ª½ ú��«ª úª¬�­ ¤	¯ �«�S��	­«ª úû­ú$­� �ú­ü­«ù- ü�(�¬�	$¬� f (4)(x) ¤	¯ ü�	ù«��ª úû­ú$­� �ú­ü­«ù ûª°«ª «�	!" ü«ª	�Sù�«�.�û��	ª ¤	¯ k = 4 °­û«ª ¤	¯ �«�S��	­«�° ü¯ú�� �ú­ü­«ù" �ª¬ù� �
(ûª®��- ° ����	­ ü�û̄ ¤¬ª ú��«��úù ¬°ª¤ûªú�û«�­ .�û��	� � «­�­ú«���ù�	�� �û¤ù«ªú ¯°	¯!ú�¯ 
�	­­ °�ùSû�&«��ù"
 �¬ª�­�- ¬ª¬ «ª E�ûúûª«­ hA üû�Sûª��ùû�­ú�¯ °��ù�	­«ù­ ù«ú­(Sûª	�° �ú ����
��éêè�$ .�«¬)ù�" <¤­�$ üûù%�¤ùú�¯ üûù�­«¯ú$ .�«¬)ùù

° û�	ù üªûª�­úû�° üû�)­¤�û"  ��ú$ «­�
%�¤ù�� ü�¤��ùúªú$
∫ b

0

e−y sin y dy −
c∫

0

cos z dz

� ü����$! .�«¬)ùù- °��ù�	¯!�­� ∫ a
0
f(x) dx ü� .�û��	­ úûªü­)ù� �

ûª®
ù°¬�� ù«ú­û°ª	ª «ª #A �ª�ú­�" /ú� ®ª¤ª�� û­&ª­ú üû�Sûª��ª
îµ¶Áµ¿» ¹³»¸¹·

µº¿í ´ ¾æ¾�¾�ê¾�è
¸¹·µ¸¹²¸æ æ¶²
¸¹·ºµÀ¿æº

µº¿í À³¹æ·¸¶¹ º²¸¹ ½úÃ
µº¿í ú

º¹Â À³¹æ·¸¶¹ º²¸¹
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º¹Â ¸¹·ºµÀ¿æº
´Öèãéõ æÖêãö�êÖ²¸¹·Á ½́ ¾º²¸¹Ãõ �èÖ²¸¹·Á½æ¾æ¶²Ã�Ö�êÕ�è
îµ¸¹· Å¾ ò � Ö ò¾� Ä Õ÷ã�����ëºÕéê

æ¶¹·¿¸¹²
µº¿í À³¹æ·¸¶¹ ²¸¹·Á½¿¾ÀÃ

µº¿í ¿¾À
µº¿í � ¾ï¾²
¸¹·ºÁºµ ¸
²Ö½À½éãéÃöÀ½¿ÃÃ�è ãé�Ö¿�êéãéõ ïÖ�Â¶ ¸Öê¾ëõ ²Ö²öÀ½ïÃõ ïÖïö� õ º¹Â Â¶
²¸¹·ÁÖ²Å�

º¹Â À³¹æ·¸¶¹ ²¸¹·Á
º¹Â îµ¶Áµ¿» ¹³»¸¹·
µº¿í À³¹æ·¸¶¹ º²¸¹ ½úÃ

µº¿í ú
º²¸¹Öºïî ½ÕúÃÅ²¸¹ ½úÃ

º¹Â À³¹æ·¸¶¹ º²¸¹
1
ûªúùú­ °«ù�ª«ù­ «ª 
	�¬ ù«ú­û.­��ª ¬ º²¸¹ ù �
¯®ªú­	$«�! �ü­)ù(.ù¬ª)ù! ¬��ù«��ª ¬ª¬ °�úû�­««�� .�«¬)ùù ´ç£êþç£¨ç©½"

~þ\F\ ��c`bc^�bn¤] H_bq�o¤ f]R¤?]�c
' .�û��	ª% ù«ú­ûü�	¯)ù�««�% ¬°ª¤ûªú�û ¬�±..ù)ù­«ú� {Aj} -°��
�­ S�°�û¯- ûª®	ù�ª!ú�¯ �­�¤� ��
��- �ú� ��	��«¯­ú °��ù�	­«ù¯"÷û��­ ú�S�- ¬�S¤ª ®«ª�­«ù¯ {f(xj)} «ª%�¤¯ú�¯ � �&ù
¬ª�ù ´«ªüûù�­û-ü�	��­«� ±¬�ü­ûù�­«úª	$«�½- ú� ����ª ∑k

j=0Ajf(xj)
úª¬�­ 
�¤­ú ù�­ú$�	��ª�«�! �&ù
¬�- °­	ù�ù«ª ¬�ú�û�� ®ª°ù�ùú �ú °�
�ûª {Aj}

" 
�¬ª®ª(«�- �ú� ±úª �&ù
¬ª ° �û­¤«­� 
�¤­ú «ªù�­«$&­�- ­�	ù ¬�±..ù)ù­«ú�
{Aj} ûª°«� �­�¤� ��
��"
	¯ �üû­¤­	­««��úù 
�¤­� ûª���ªúûù°ªú$ �úª«¤ªûú«�� ù«ú­û°ª	r(#-#�" '�¯�«ù�- «­	$®¯ 	ù °�
ûªú$ �®	� x0, x1, . . . , xk ∈ [−1, 1] úª¬-�ú�
� °�ü�	«¯	��$ A0 = A1 = . . . = Ak = A ù ¬°ª¤ûªú�û«ª¯ .�û��	ª
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�	ª °­û«ª ¤	¯ «­¬�ú�û�% �«�S��	­«�° �ú­ü­«ù °�&­ k

" ¢�	ù úª¬��
°�
�û °�®���­«- ú� ù® ü­û°�� .�û��	� ´#�"�"�½ �	­¤�­ú

A =
2

k + 1
,

ù ¬°ª¤ûªú�û«ª¯ .�û��	ª ù�­­ú °ù¤
1∫

−1

f(x) dx ≈ 2

k + 1
[f(x0) + f(x1) + . . .+ f(xk)]. ìï#îIîïð


	¯ �üû­¤­	­«ù¯ �®	�° °�üù&­� �ûª°«­«ù¯ úùüª ´#�"�"�½ ¤	¯ �ú­ü­«­�
xm, m = 1, k + 1 - ù ��ú­� ûª°­«�ú°�

k∑

j=0

xmj =

{
0, ­�	ù m «­�­ú«�	
k + 1

m+ 1
, ­�	ù m �­ú«�" ìï#îIî#ð

'�­ úª¬ù­ �®	� �¬ª®�°ª!ú�¯ °­�­�ú°­««��ù ù üûù«ª¤	­�ª�ù�ù �úª«(¤ªûú«��� ù«ú­û°ª	� ú�	$¬� ¤	¯ �	��ª­° k = 0, 1, 2, 3, 4, 5, 6, 8
" ûù ±ú�� ¬°ª¤ûªú�û«ª¯ .�û��	ª ´#�"m"#½ ú��«ª ¤	¯ °�­% �«�S��	­«�°�ú­ü­«ù (k + 1) - ­�	ù k �­ú«�- ù �ú­ü­«ù (k + 2) - ­�	ù k «­�­ú«�"

�ª�¤­� ���ú°­ú�ú°�!�ù­ ¬°ª¤ûªú�û«�­ .�û��	� ¤	¯ k = 0, 1, 2
"#½ k = 0

" ÷�±..ù)ù­«ú A = 2/(0+1) = 2 	 x0 = 0 e ­¤ù«�ú°­««�­�ûª°«­«ù­ �ù�ú­�� ´#�"m"#½ ¤	¯ k = 0
"  �	��ª­� ¬°ª¤ûªú�û«�! .�û��	�

1∫

−1

f(x) dx ≈ 2f(0).

�½ k = 1
" ÷�±..ù)ù­«ú A = 2/(1 + 1) = 1

" ñù�ú­�ª ´#�"m"�½
üûù«ù�ª­ú °ù¤

x0 + x1 = 0;

x2
0 + x2

1 =
1 + 1

2 + 1
=

2

3
.

1�­°ù¤«� ­­ û­&­«ù­� −x0 = x1 =
√

1/3
" <ª�­úù�- �ú� °�ü�	«¯­ú�¯

úª¬�­ ûª°­«�ú°� x3
0 +x3

1 = 0 - ª ±ú� �®«ª�ª­ú- �ú� ¬°ª¤ûªú�û«ª¯ .�û��	ª
1∫

−1

f(x) dx ≈ f(−1/
√

3) + f(1/
√

3)



��ÑLÑ �UTïðTñ�ðV�] �îðø�`� ÒT�ííT òB:
°­û«ª ù ¤	¯ �«�S��	­«�° úû­ú$­� �ú­ü­«ù"�½ k = 2

" ÷�±..ù)ù­«ú A = 2/(2 + 1) = 2/3
" ñù�ú­�ª ´#�"m"�½üûù«ù�ª­ú °ù¤

x0 + x1 + x2 = 0;
x2

0 + x2
1 + x2

2 = 3/3 = 1;
x3

0 + x3
1 + x3

2 = 0,

ù® ¬�ú�û�� ´­�	ù ��ùúªú$ x0 < x1 < x2
½ �	­¤�­ú −x0 = x2 = 1/

√
2 ù

x1 = 0
" �ª¬ù� �
ûª®��- ü�	��ª­� ¬°ª¤ûªú�û«�! .�û��	�

1∫

−1

f(x) dx ≈ 2

3
[f(−1/

√
2) + f(0) + f(1/

√
2)],

¬�ú�ûª¯ ú��«ª ¤	¯ °�­% �«�S��	­«�° �ú­ü­«ù «­ °�&­ úû­ú$­�" ���«�
ü�¬ª®ªú$- �ú� �«ª «­ú��«ª ¤	¯ �«�S��	­«�° �­ú°­ûú�� �ú­ü­«ù"' ®ª¬	!�­«ù­ üûù°­¤­� úª
	ù)� �®	�° �­
�&­°ª ¤	¯ ®«ª�­«ù�
k = 0, 4

"
3�4��5� �X�«� ���� u�����������  ����� �̈4�����

k �®	�A
x0�A#

x1 = −x0 = 0
"

�
x2 = −x0 = 0.707106781	 x1 = 0�

x3 = −x0 = 0.794654472	 x2 = −x1 = 0.187592474�
x4 = −x0 = 0.832497487	 x3 = −x1 = 0.374541410	 x2 = 0

~þ\Q\ ��c`bc^�bn¤] H_bq�o¤ Ïc�ÎÎc
ÑäÐ_ÐÑÐ /ÕØæØ0ÞÛÕß �Û4ÔÕ�ÓÔ
'�
�û �®	�° ° ¬°ª¤ûªú�û«�% .�û��	ª% ¹�ø��� �°¯®ª« � �«�S��	­(«ª�ù û­�ª«¤ûª"  ��ú$ n e )­	�­ ü�	��ùú­	$«�­ �ù�	�" 2ª����úûù�.�«¬)ùù °ù¤ª

P̃n(x) =
dn

dxn
(x2 − 1)n. ìï#îXîïð��S�ú 
�ú$ ��úª«�°	­«� �	­¤�!�ù­ �°���ú°ª ±úù% .�«¬)ù��
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#"
P̃n(x)

­�ú$ �«�S��	­« �ú­ü­«ù n � �­ú«��ù �ú­ü­«¯�ù ´­�	ù n�­ú«�½ ù � «­�­ú«��ù- ­�	ù n «­�­ú«�"
�"
P̃n(x)

�ûú�S�«ª	­« 	!
��� �«�S��	­«� q(x) �ú­ü­«ù «ù�­ n «ª
�úû­®¬­ r(#-#�- ù«ª�­ S�°�û̄ - 1∫

−1

q(x)P̃n(x) dx = 0
"


	¯ ¤�¬ª®ªú­	$�ú°ª °��ù�	ù�
1∫

−1

q(x)P̃n(x) dx =

∫
1

−1

q(x)
d

dx

{
dn−1

dxn−1
(x2

− 1)n

}

dx

= q(x)
dn−1(x2

− 1)n

dxn−1

∣
∣
∣
∣

1

−1

−

∫
1

−1

q
′(x)

d

dx

{
dn−2(x2

− 1)n

dxn−2

}

dx.

 ­û°�­ �	ªSª­��­ «ª Sûª«ù)ª% �úû­®¬ª r(#-#� �
ûª�ª­ú�¯ ° «�	$- úª¬ ¬ª¬
üû�ù®°�¤«ª¯ ��¤­û�ùú �«��ùú­	$ (x2 − 1)

"  �±ú���
∫ 1

−1

q(x)P̃n(x) dx = −
∫ 1

−1

q′(x)
d

dx

{
dn−2(x2 − 1)n

dxn−2

}

dx.

 û�¤­	ª° �ü­ûª)ù! °®¯úù¯ ù«ú­Sûª	ª ü� �ª�ú¯� n ûª®- ü�	��ù�
∫ 1

−1

q(x)P̃n(x) dx = (−1)n
∫ 1

−1

q(n)(x)(x2 − 1)n dx = 0.

 ��¬�	$¬� �ú­ü­«$ q(x) �­«$&­ n - �
­�¤ª­��¯ ° q(n)(x) ≡ 0 - �ú� ù
¯°	¯­ú�¯ ��	�°ù­� �ûú�S�«ª	$«��úù" 1ú�!¤ª �	­¤�­ú ü�üªû«ª¯ �ûú�S�(«ª	$«��ú$ ûª®	ù�«�% �«�S��	­«�° Pn(x) ù Pm(x) ° �	��ª­ m 6= n ´�¤ù«
ù® �«�S��	­«�° �
¯®ªú­	$«� ù�­­ú 
�	­­ «ù®¬�! �ú­ü­«$- �­� ¤û�S��½"
N <ª�­�ª«ù­" '�¯¬ù� �«�S��	­« ω(x) �ú­ü­«ù n - �ûú�S�«ª	$«�� ¬�
°�­� �«�S��	­«ª� q(x) �ú­ü­«ù «ù�­ n - �ú	ù�ª­ú�¯ �ú P̃n(x) ú�	$¬� ü�(�ú�¯««�� �«��ùú­	­�"
­��ú°ùú­	$«�- üûù 	!
�� °�
�û­ ü��ú�¯««�� C�«�S��	­« r(x) = ω(x) − CP̃n(x)

úª¬�­ �ûú�S�«ª	­« ¬� °�­� q(x)
"

ñ ¤û�S�� �ú�û�«�- üûù ®«ª�­«ùù C - ûª°«�� �ú«�&­«ù! �úªû&ù% ¬�±.(.ù)ù­«ú�° ω(x) ù P̃n(x)
- �«�S��	­« r(x) ù�­­ú �ú­ü­«$ «ù�­ n ù

ü�±ú��� �ûú�S�«ª	­« �ª� �­
­- ú" ­" ∫ 1

−1
r2(x) dx = 0

" 
® ±ú�S� ûª°­«�ú°ª
ù «­üû­û�°«��úù r(x) �	­¤�­ú r(x) ≡ 0 - ú" ­" ω(x) = P̃n(x)

"
�" '�­ ¬�û«ù P̃n()

- n ≥ 1 - °­�­�ú°­««�- ûª®	ù�«� ù 	­�ªú «ª
ù«ú­û°ª	­ (́#-#½"



��ÑLÑ �UTïðTñ�ðV�] �îðø�`� ÒT�ííT òB�
' �ª��� ¤­	­- «ª ��«�°ª«ùù °ú�û�S� �°���ú°ª ù�­­�

∫ 1

−1

P̃n(x) · 1 dx = 0.

�� ±ú� �®«ª�ª­ú- �ú� P̃n(x)
«ª°­û«¯¬ª �­«¯­ú ®«ª¬ «ª �úû­®¬­ r(#-#�" ��ú$ x1, x2, . . . , xk

e °�­ ú��¬ù ±ú�S� �úû­®¬ª- ° ¬�ú�û�% P̃n(x) �­«¯­ú®«ª¬" 2ª����úûù� �«�S��	­« g(x) = ( − x1)( − x2) . . . ( − xk)
�ú­ü­«ù

k ≤ n
"  ��¬�	$¬� ��­«ª ®«ª¬�° ���«��ùú­	­� üû�ù�%�¤ùú �¤«�°û­�­«(«�- üû�ù®°­¤­«ù­ P̃n(x)g(x)

®«ª¬ª «ª �úû­®¬­ r(#-#� «­ �­«¯­ú"  �±ú���
∫ 1

−1
P̃n(x)g(x) dx 6= 0

" 1ú�!¤ª �	­¤�­ú- �ú� ¤�	�«� 
�ú$ k = n - üûù�­�¬�û«ù g(x) °�­ °­�­�ú°­««� ù ûª®	ù�«� ´«ªü��«ù�- �ú� ° ¬ª�¤�� ù®
«ù% üû­¤ü�	ªSª	ª�$ ��­«ª ®«ª¬ª g(x) ½" N

�è����é�è��� ����è��� «ª®�°ª!ú�¯ �«�S��	­«� °ù¤ª

Pn(x) =
1

n !2n
P̃n(x) =

1

n !2n
dn

dxn
(x2 − 1)n. ìï#îXî#ð

1«ù �
	ª¤ª!ú °�­�ù ü­û­�ù�	­««��ù °�&­ �°���ú°ª�ù" ÷û��­ ú�S�-
Pn(+1) = 1 ù Pn(−1) = (−1)n

"  �	ù«��� û­�ª«¤ûª ��S�ú 
�ú$ «ª�¤­(«� ü� û­¬�ûû­«ú«�� .�û��	ª�
Pn(x) =

1

n
[(2n− 1)xPn−1(x) − (n− 1)Pn−2(x)], n = 2, 3, . . .

 ûù°­¤­� ü­û°�­ ü¯ú$ ü�	ù«���° û­�ª«¤ûª�
P0(x) = 1;
P1(x) = x;
P2(x) = (3x2 − 1)/2;
P3(x) = (5x3 − 3x)/2;
P4(x) = (35x4 − 30x2 + 3)/8.

ìï#îXî[ð

ÑäÐ_ÐäÐ ±ß�ØÓ 2�ÞØÚ ÜÚÔ�ÓÔá2ÓÕØ� ,ØÓÝ2Þß 1Ô2ÖÖÔ

	¯ �üû­¤­	­««��úù 
�¤­� ûª���ªúûù°ªú$ �úû­®�¬ r(#-#�" ¢�	ù¬�±..ù)ù­«ú� {Aj} �üû­¤­	¯!ú�¯ .�û��	ª�ù ´#�"�"#½- ú� üûù 	!
��°�
�û­ �®	�°
x0, x1, . . . , xk, xj ∈ [−1, 1], xi 6= xj

¤	¯ i 6= j ìï#îXî\ð
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ûª°­«�ú°�

1∫

−1

Q(x) dx =
n∑

j=0

AjQ(xj) ìï#îXîIð
ù�­­ú �­�ú� ¤	¯ °�­% ü�	ù«���° Q(x) �ú­ü­«ù «­ °�&­ k "���«� 	ù ü�¤�
ûªú$ �®	� ´#�"@"�½ úª¬- �ú�
� ûª°­«�ú°� ´#�"@"m½
�¬ª®ª	��$ °­û«�� ¤	¯ �«�S��	­«�° �ú­ü­«ù °�&­ k - ù�­««� ¤	¯ °�­%�«�S��	­«�° �ú­ü­«ù «­ °�&­ (k+ r) - S¤­ r > 0 e )­	�­ �ù�	�£ �ª
�û�®	�° ´#�"@"�½- �¤�°	­ú°�û¯!�ù� ±ú��� ��	�°ù!- «ª®�°­� r (ø���è��"
	¯ üû�ù®°�	$«�S� «ª
�ûª ´#�"@"�½ �
ûª®�­� �«�S��	­«

ω(x) = (x− x0)(x− x1) . . . (x− xk)�ú­ü­«ù (k + 1)
" �­û­® q(x) ù R(x) �
�®«ª�ù� �ª�ú«�­ ù ��úªú�¬ �ú

¤­	­«ù¯ 	!
�S� �«�S��	­«ª Q(x) �ú­ü­«ù «­ °�&­ (k + r) «ª ω(x)
"

��S¤ª ù�­­ú �­�ú� ú��¤­�ú°�
Q(x) ≡ ω(x)q(x) +R(x). ìï#îXîXð1ú�­úù�- �ú� �ú­ü­«$ q(x) «­ üû­°��%�¤ùú (k + r) − (k + 1) = r − 1 - ª�ú­ü­«$ R(x) «­ üû­°��%�¤ùú k

"
�ª¬ ¬ª¬ ¤	¯ j = 0, k ω(xj) = 0 - ú� Qj(x) = Rj(x)

ù ü�±ú���
k∑

j=0

AjQ(xj) =
k∑

j=0

AjR(xj). ìï#îXî ð
 ��¬�	$¬� �ú­ü­«$ R(x) «­ üû­°��%�¤ùú k - ú� ¤	¯ R(x) ¤�	�«� °�ü�	(«¯ú$�¯ ûª°­«�ú°� ´#�"@"m½�

1∫

−1

R(x) dx =
k∑

j=0

AjR(xj). ìï#îXîíð

ñ	­¤�°ªú­	$«�- 	­°�­ �ª�úù ûª°­«�ú° ´#�"@"0½ ù ´#�"@"�½ ûª°«� �­�¤���
�� üûù 	!
�� °�
�û­ �®	�° ´#�"@"�½" 
® ûª°­«�ú°ª ´#�"@"m½ °�ú­¬ª(­ú- �ú� «ª
�û ´#�"@"�½ ¯°	¯­ú�¯ r (�¤ª�«�� r°�ü�	«¯­ú�¯ ´#�"@"m½�- ­�	ù
ûª°«� �­�¤� ��
�� 	­°�­ �ª�úù ûª°­«�ú° ´#�"@"m½ ù ´#�"@"�½- ú" ­" ù«ú­(Sûª	 �ú ûª®«��úù Q(x)−R(x) �
ûª�ª­ú�¯ ° «�	$" �ª ��«�°ª«ùù ´#�"@"@½
®ª¬	!�ª­�� «ª
�û ´#�"@"�½ ¯°	¯­ú�¯ r (�¤ª�«��- ­�	ù ù ú�	$¬� ­�	ù

1∫

−1

ω(x)q(x) dx = 0 ìï#îXî¡ð



��ÑLÑ �UTïðTñ�ðV�] �îðø�`� ÒT�ííT ò�c
¤	¯ 	!
�S� �«�S��	­«ª q(x) �ú­ü­«ù «­ °�&­ (r − 1) e ù«ª�­ S�°�û̄ -
­�	ù �«�S��	­« ω(x) �ú­ü­«ù (k + 1) �ûú�S�«ª	­« 	!
��� �«�S��	­«��ú­ü­«ù «­ °�&­ (r − 1)

"2ª°­«�ú°� ´#�"@"h½ «­°�®���«� üûù q(x) = ω(x) - ü��¬�	$¬�
1∫

−1

ω2(x) dx > 0
" /ú� �®«ª�ª­ú- �ú� üûù r − 1 ≥ k + 1 �ü��¯«�ú�­ ûª°­«(

�ú°� «­ ���­ú ù�­ú$ �­�ú� ¤	¯ ���$ �«�S��	­«�° q(x) �ú­ü­«ù «­ °�&­
(r−1)

" �ª¬ù� �
ûª®��- ¤	¯ r ≥ k+2 «­ ���­�ú°�­ú r (�¤ª�«�% «ª
�û�°´#�"@"�½"
 ��ú$ r = k+1

" ÷ª¬ 
�	� ü�¬ª®ª«� ° ûª®¤" #�"@"#- �«�S��	­« ω(x)�ú­ü­«ù (k + 1) - �ûú�S�«ª	$«�� ¬� °�­� �«�S��	­«ª� q(x) �ú­ü­«ù «­
°�&­ k «ª �úû­®¬­ r(#-#�- � ú��«��ú$! ¤� ü��ú�¯««�S� �«��ùú­	¯ ��°(üª¤ª­ú � �«�S��	­«�� û­�ª«¤ûª Pk+1(x)

" 1ú�!¤ª °�°�¤� üûù r = k+ 1���­�ú°�­ú ­¤ù«�ú°­««�� r (�¤ª�«�� «ª
�û �®	�° e ¬�û«ù �«�S��	­«ª
Pk+1(x)

" ÷�±..ù)ù­«ú� {Aj} ��S�ú 
�ú$ «ª�¤­«� ù® �ù�ú­�� �ûª°«­(«ù� úùüª ´#�"�"�½" ñ��ú°­ú�ú°�!�ª¯ ¬°ª¤ûªú�û«ª¯ .�û��	ª «ª®�°ª­ú�¯J���øé�ë ¹�ø��� ü�û¯¤¬ª k
" 1«ª ú��«ª ¤	¯ °�­% �«�S��	­«�° �ú­ü­«ù

k+ r = k+ (k+ 1) = 2k+ 1
" 
	¯ ¬ª�¤�S� r - 0 < r < k+ 1 - ���­�ú°�­ú�«�S� r (�¤ª�«�% «ª
�û�°" N

�ª�¤­� �®	� ù °­�ª ¬°ª¤ûªú�û«�� .�û��	� �ª���ª ¤	¯ k = 0, 1, 2
"#½ k = 0

" ñú­ü­«$ �«�S��	­«ª û­�ª«¤ûª k + 1 = 1 - ª �ª� �«�S�(�	­« P1(x) = x
" ¢S� ­¤ù«�ú°­««�� ¬�û­«$ x0 = 0

" 
® ü­û°�S� �ûª°«­«ù¯�ù�ú­�� ´#�"�"#½ «ª%�¤ù� A0 = 2
"  �	��ª­� .�û��	�

1∫

−1

f(x) dx ≈ 2f(0),

¬�ú�ûª¯ ú��«ª ¤	¯ °�­% �«�S��	­«�° �ú­ü­«ù «­ °�&­ 2k + 1 = 1
" �­�(�­úûù�­�¬ù� ����	 ­­ ��­°ù¤­«" 1«ª ��°üª¤ª­ú � .�û��	�� �­
�&­°ª¤	¯ k = 0

"
�½ k = 1

" �­ü­û$ k+1 = 2 - ù �®	� ��S�ú 
�ú$ «ª�¤­«� ù® �ûª°«­(«ù¯ P2(x) = 1
2
(3x2 − 1) = 0 	 �	­¤�°ªú­	$«�- −x0 = x1 = 1/

√
3
"  ­û°�­

¤°ª �ûª°«­«ù¯ ù® ´#�"�"�½ ¤ª!ú �ù�ú­�� ¤	¯ �ú��¬ª«ù¯ ¬�±..ù)ù­«ú�°
A0 +A1 = 2;

−A0√
3

+
A1√

3
= 0
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� ��­°ù¤«�� û­&­«ù­� A0 = A1 = 1

" 
úª¬- .�û��	� �­
�&­°ª ù �ª���ª��°üª¤ª!ú ù üûù k = 1
"

�½ k = 2
" 
® �ûª°«­«ù¯ P3(x) = 1

2
(5x3 − 3x) = 0 «ª%�¤ù� −x0 =

x2 =
√

3/5
"
	¯ �üû­¤­	­«ù¯ ¬�±..ù)ù­«ú�° A0, A1, A2

ù�­­� �ù�ú­��
úû­% 	ù«­�«�% �ûª°«­«ù�

A0 +A1 +A2 = 1 − (−1) = 2;

A0(−
√

3/5) +A1 · 0 +A2

√

3/5 =
12 − (−1)2

2
= 0;

A0(−
√

3/5)2 +A1 · 02 +A2(
√

3/5)2 =
13 − (−1)3

3
=

2

3
.


® «­­ °�°�¤ù� A0 = A2 = 5/9, A1 = 8/9
"

 ûù°­¤­� úª
	" #�"@ �®	�° ù °­��° ù«ú­Sûùû�°ª«ù¯ ü� �ª���� ¤	¯
«­�¬�	$¬ù% ü­û°�% ®«ª�­«ù� k "

3�4��5� �X�­� ���� � ���� u�����������  ������ s�����
k �®	� '­�ª
A

x0 = 0 A0 = 2.0# −x0 = x1 = 0.577350269 A0 = A1 = 1.0� −x0 = x2 = 0.774596669 A0 = A2 = 0.555555556-
x1 = 0 A1 = 0.888888889� −x0 = x3 = 0.861136312 A0 = A3 = 0.347854845

−x1 = x2 = 0.339981044 A1 = A2 = 0.652145155
−x0 = x4 = 0.906179846 A0 = A4 = 0.236926885� −x1 = x3 = 0.538169310 A1 = A3 = 0.478628670

x2 = 0 A2 = 0.568888889


�ü�	$®�°ª«ù­ .�û��	 �­
�&­°ª ù �ª���ª üûù 
�	$&ù% k ®ªúû�¤(«¯­ú�¯ «­�
%�¤ù���ú$! �)­«ù°ª«ù¯ üû�ù®°�¤«�% °���¬ù% ü�û̄ ¤¬�°" '�(%�¤ ���«� «ª�úù ° ü��úû�­«ùù ���úª°«�% .�û��	 ´��" ûª®¤" #�"�½" <¤­�$
ü�	­®«� ¬°ª¤ûªú�û«�­ .�û��	� �������" 
% ª	S­
ûªù�­�¬ª¯ ú��«��ú$
«ù�­- �­� � ���ú°­ú�ú°�!�ù% .�û��	 �ª���ª- «� ®ªú� «­¬�ú�û�­ �®	���S�ú .ù¬�ùû�°ªú$�¯ ´° �ª�ú«��úù- ��°üª¤ªú$ � Sûª«ù)ª�ù ù«ú­û°ª	ª
ù«ú­Sûùû�°ª«ù¯½"



��ÑÛÑ kîòð]8VîíñW �UTïðTñ�ðV�9 �îðø�` ò��
~þ\e\ n_�b]?n_Î^a ��c`bc^�bn¤¬ H_bq�o
 ûù ù�ü�	$®�°ª«ùù ¬°ª¤ûªú�û«�% .�û��	 °�®«ù¬ª­ú °�üû�� � °�(
�û­ úùüª ¬°ª¤ûªú�û�- �®	�°- �)­«¬­ ú��«��úù ù ú" ¤" �­�¤ª�«�­ ûª�ü�(	��­«ù­ �®	�° ���­ú ¤ªú$ �ù	$«� ù�¬ª�­««�­ û­®�	$úªú� e ° ���
­««�(�úù üûù «ª	ù�ùù ° ù«ú­û°ª	­ ù«ú­Sûùû�°ª«ù¯ ���
­««��ú­� ù	ù 
�	$&�(S� �ù�	ª «�	­� ù«ú­Sûùû�­��� .�«¬)ùù" 2­¬��­«¤�­ú�¯ ü��úû�ùú$ Sûª(.ù¬ ü��	­¤«­� ù ûª®
ùú$ ­S� «ª ù«ú­û°ª	� � ü��ú�¯««�� ®«ª¬��" 
	¯�ù	$«� ¬�	­
	!�ù%�¯ .�«¬)ù� �	­¤�­ú üûù�­«¯ú$ �ü­)ùª	$«�! ú­%«ù¬�

ù«ú­Sûùû�°ª«ù¯" ûù°­¤­� �)­«¬ù ¤	¯ ��úªú¬�° ¬°ª¤ûªú�û«�% .�û��	"ØØÓÝ2ÞÔ áÓÔ×ÛâÙ��
R ≤ b− a

12
h2M2.ØØÓÝ2ÞÔ dÙÝ×ÖØÕÔ�

R ≤ b− a

180
h4M4.ØØÓÝ2ÞÔ 1Ô2ÖÖÔ üûù k �®	ª%�

Rk ≤
(b− a)2k+1(k!)4M2k

[(2k)!]3(2k + 1)
.

' �ª�ú«��úù-
R2 ≤ 1

135

(b− a

2

)5

M4;

R3 ≤ 1

15750

(b− a

2

)7

M5;

R4 ≤ 1

3472875

(b− a

2

)9

M8

ù ú" ¤"
 ûù �ù�	­««�� ù«ú­Sûùû�°ª«ùù �	­¤�­ú ü��«ùú$ � ú��- �ú� 
�°ª!ú.�«¬)ùù � ��­«$ 
�	$&ù�ù üû�ù®°�¤«��ù °���¬�S� ü�û̄ ¤¬ª" �ª¬�� ±.(.­¬ú «ª
	!¤ª­ú�¯ ¤	¯ üû��ú­�&­� Sªû��«ù�­�¬�� .�«¬)ùù � 
�	$&��¬û�S�°�� �ª�ú�ú�� ω - ü��¬�	$¬�

sin′ ωt = ω cosωt,
sin′′ ωt = −ω2 sinωt,
sin′′′ ωt = −ω3 cosωt
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ù ú" ¤" 
	¯ ¤��úù�­«ù¯ �ûª°«ù��� ú��«��úù üûù ù«ú­Sûùû�°ª«ùù �	ª(
� �­«¯!�­��¯ .�«¬)ùù &ªS ���«� °�
ùûªú$ 
�	$&­- �­� ° �	��ª­
û­®¬� �­«¯!�ù%�¯" ¢�	ù ü�¤�«ú­Sûª	$«ª¯ .�«¬)ù¯ «ª ûª®«�% �úû­®¬ª%
ù«ú­û°ª	ª ù«ú­Sûùû�°ª«ù¯ °­¤­ú �­
¯ ü�(ûª®«���- «­�
%�¤ù� ª¤ªüúù°«��
ª	S�ûùú� � ü­û­�­««�� &ªS��"1)­«¬ù ü�Sû­&«��úù- ü�	��­««�­ ª«ª	ùúù�­�¬ù- �¬ª®�°ª!ú�¯ �	ù&(¬�� �	��«��ù ù	ù �	ù&¬�� ü­��ù�ù�úù�­�¬ù�ù" '� �«�Sù% üûù¬	ª¤«�%
®ª¤ª�ª% ü�¤ù«ú­Sûª	$«ª¯ .�«¬)ù¯ ®ª¤ª­ú�¯ ¤ª�­ «­ .�û��	��- ª ª	S�(ûùú�ù�­�¬ù"  �±ú��� ° û­ª	$«�% ®ª¤ª�ª% ��úªú�¬ �)­«ù°ª­ú�¯ «ª ��«�°­
«­ ª«ª	ùúù�­�¬ù%- ª ���é���$ ¤ª««�%" 2ª�üû��úûª«­««�� �­ú�¤ �)­«¬ù
ü�Sû­&«��ú­� ���ú�ùú ° ¬��
ù«ùû�°ª«ùù «­�¬�	$¬ù% ¬°ª¤ûªú�û«�% üûª(°ù	" ' üû��ú­�&­� �	��ª­ üûù�­«¯!ú ¤°ª üûª°ù	ª ´«ªüûù�­û- úûªü­)ù�
ù ñù�ü��«ª½ ù	ù °ªûùª«ú� ���úª°«�% .�û��	 ù ®ª �)­«¬� ü�Sû­&«��úù�­«­­ ú��«�S� ù® «ù% üûù«ù�ª!ú ��¤�	$ ûª®«��úù ¤°�% üûù
	ù�­«ù�"

~þ\Ê\ �_Î^c�n¤] ��c`bc^�bn¤] H_bq�o¤
ÑäÐÏÐÑÐ ��Û� Ù �ØÖáØÙÕÖáÚÔ
2ª����úû­««�­ °�&­ ¬°ª¤ûªú�û«�­ .�û��	� k (S� ü�û̄ ¤¬ª ´«ª®�(°­� ù% üû��ú��ù½ �°¯®ª«� � «­ü��û­¤�ú°­««�� ûª®�­�­«ù­� (k + 1)�®	�° ü� °�­�� ù«ú­û°ª	� ù«ú­Sûùû�°ª«ù¯"  ûù «­�
%�¤ù���úù °��ù�	­(«ù¯ ù«ú­Sûª	ª ü� 
�	$&��� üû��­��ú¬� ¤	¯ ü�	��­«ù¯ °���¬�� ú��«��úù

ù«ú­Sûùû�°ª«ù¯ �ù�	� �®	�° üûù%�¤ùú�¯ °�
ùûªú$ °­�$�ª ®«ª�ùú­	$«��"/ú� ®ªúû�¤«¯­ú ûª��­ú �®	�° ù °­��°�% ¬�±..ù)ù­«ú�°- ª ° «­¬�ú�û�%�	��ª¯% ´«ªüûù�­û- ° .�û��	ª% �­
�&­°ª üûù k > 8 ½ ¤­	ª­ú ù% �üû­(¤­	­«ù­ «­°�®���«��"
ñ��úª°«�­ üûª°ù	ª %�û�&ù ú­�- �ú� ü�®°�	¯!ú 	­S¬� �úû�ùú$ üûª(°ù	ª � 
�	$&ù� �ù�	�� �®	�°" <¤­�$ ù«ú­û°ª	 ù«ú­Sûùû�°ª«ù¯ ûª®
ù°ª(­ú�¯ «ª n �ª�ú­�- ¬ ¬ª�¤�� ù® «ù% üûù�­«¯­ú�¯ ¬°ª¤ûªú�û«ª¯ .�û��	ª� �ª	�� �ù�	�� �®	�° ù ü�	��­««�­ û­®�	$úªú� �¬	ª¤�°ª!ú�¯" û��ú�­ .�û��	� ÷�ú­�ª �ú«��¯ú�¯ ¬ ®ª�¬«�ú��� úùü�- �ù��­ú(ûù�«� ù üû­¤ü�	ªSª!ú °��ù�	­«ù­ ü�¤�«ú­Sûª	$«�� .�«¬)ùù ° ¬ûª�«ù%

ú��¬ª% �úû­®¬ª [a, b]
"  �±ú��� üûù ¤�ü�	«ùú­	$«�� ûª®
ù­«ùù «ª ü�¤�«(ú­û°ª	� ù ü��	­¤�!�­� ����ùû�°ª«ùù �ª�úù�«�% ���� °­�ª ®«ª�­«ù�.�«¬)ùù «ª Sûª«ù)ª% ü�¤�«ú­û°ª	�° ´¬û��­ °«­&«ù%½ �¤°ªù°ª!ú�¯"  ûù(°­¤­� ú�	$¬� �ª�ú«�­ °ªûùª«ú� ���úª°«�% .�û��	 ÷�ú­�ª- ü�	��ù°&ù­



��ÑóÑ MîíñTUV�] �UTïðTñ�ðV�] �îðø�`� ò��
«ªù
�	$&­­ ûª�üû��úûª«­«ù­"dØÖáÔÚÕÔ� ,ØÓÝ2ÞÔ áÓÔ×ÛâÙ� ù�­­ú °ù¤

b∫

a

f(x) dx ≈ h

[

f(a) + f(b)

2
+

n−1∑

i=1

f(a+ ih)

]

, ìï#îíîïð
S¤­ h = (b− a)/n

"
dØÖáÔÚÕÔ� ,ØÓÝ2ÞÔ dÙÝ×ÖØÕÔ

b∫

a

f(x) dx ≈ h

3
[f(a) + 4f(a+ h) + 2f(a+ 2h) + 4f(a+ 3h) + . . .

+ 2f(a+ 4h) + . . .+ 4f [a+ (2n− 1)h] + f(b)]

=
h

3

[

f(a) + f(b) + 4
n∑

i=1

f [a+ (2i− 1)h] +
n−1∑

i=1

f(a+ 2ih)
]

.

ìï#îíî#ð' ±ú�� .�û��	­ h = (b− a)/(2n)
"

���� �X�i� � Y�������� ���� ������� ��� ���������  ������ ©��Y����

® ûª����úû­«ù¯ ûù�" #�"� �	­¤�­ú- �ú� �û¤ù«ªú� ° Sûª«ù�«�%

ú��¬ª% ù�%�¤«�S� ù«ú­û°ª	ª ���«� °��ù�	ùú$ �¤«�¬ûªú«� ù ��ùú�°ªú$
° ù«ú­Sûª	$«�� ����­ � °­��� ÿ#�" �ª ¬ª�¤�� ��­û­¤«�� ´n (�½ &ª(S­ ü��	­¤�°ªú­	$«�S� ¤û�
	­«ù¯ ù«ú­û°ª	�° � °­��� ÿ�� 
­û­ú�¯ ���(�ª �û¤ù«ªú- «ª üû­¤�¤��­� &ªS­ ��ùú�°ª­��% � °­�ª�ù ÿ�� ù ÿ��-
ù °��ù�	¯!ú�¯ 2n «�°�% �û¤ù«ªú- ��ùú�°ª­��% � °­��� ÿ��"¢�	ù üû�)­�� ®ª¬ª«�ù°ª­ú�¯ «ª &ªS­ m - ú� �
�­­ �ù�	� �
ûª�­«ù�¬ ü�¤�«ú­Sûª	$«�� .�«¬)ùù ���úª°ùú

m∑

n=0

2n + 2 =
2m · 2 − 1

2 − 1
+ 2 = 2m+1 + 1.
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2­¬��­«¤�­� �ùúªú­	! üû�°­�úù ª«ª	�Sù�«�­ ûª����¤­«ù¯ ¤	¯.�û��	� ÿúû­% °��$��%�"
ÑäÐÏÐäÐ "ÓØâÛÖÖß 3ØÝ�ÛÓæÔ Ù ã�áÜÛÕÔ

�ü�	«ùú­	$«�­ üû­ù���­�ú°� ���úª°«�% .�û��	 �°¯®ª«� � ü�°­(¤­«ù­� ù% ��úªú¬�° üûù �¤°�­«ùù k

"
"ÓÙÕâÙ× 32ÕæÛÐ  ��ú$ ¬ üûù
	ù�­««��� °��ù�	­«ù! ®«ª�­«ù¯

I ¤ª««�S� ù«ú­Sûª	ª üûù�­«¯­ú�¯ «­¬ª¯ ¬°ª¤ûªú�û«ª¯ .�û��	ª p (S� ü�(û̄ ¤¬ª ú��«��úù hp ù® �­�­��ú°ª ���úª°«�% .�û��	 �$!ú�«ªe÷�ú­�ª" ûù ��	�°ùù «­üû­û�°«��úù p (� üû�ù®°�¤«�� ±ú� �®«ª�ª­ú ���­�ú°�°ª(«ù­ úª¬�� ü��ú�¯««�� C - �ú�
I = I(p)(h) + Chp. ìï#îíî[ð ûù ��­«$&­«ùù &ªSª °¤°�­ ü� ú�� �­ .�û��	­ ���«� ®ªüù�ªú$ ª«ª	�(Sù�«�­ ûª°­«�ú°�- «� � ¤û�S�� ü��ú�¯««���

I = I(p)(h/2) + C1(h/2)p. ìï#îíî\ð���«� üûù«¯ú$
C ≈ C1 ≈

I(p)(h/2) − I(p)(h)

hp − (h/2)p
.

 �¤�úª°ù° ±ú� °�ûª�­«ù­ ° ´#�"�"�½- ü�	��ª­�
I ≈ I(p)(h/2) +

I(p)(h/2) − I(p)(h)

2p − 1
. ìï#îíîIð

/úª .�û��	ª ü�®°�	¯­ú ü� û­®�	$úªúª� ¤°�% ûª��­ú�° �­ú�¤ª ü�û̄ ¤¬ª p«ª�úù �ú��«­««�­ ®«ª�­«ù­ � ü�û̄ ¤¬�� ú��«��úù p+ 1
"

"ÓØâÛÖÖ 3ØÝ�ÛÓæÔ- �üùûª¯�$ «ª üûù«)ùü 2�«S­- ü�®°�	¯­ú
¬�«úû�	ùû�°ªú$ ú��«��ú$ �ù�	­««�S� ù«ú­Sûùû�°ª«ù¯ ü� û­®�	$úªúª�
¤°��«�S� ��­úª ´� ù�%�¤«�� ù � ü�	�°ù««�� &ªS��½- ª úª¬�­ �ú��«ùú$
ü��	­¤«­­ ü�	��­««�­ üûù
	ù�­«ù­" �ªüûù�­û- ¤	¯ ���úª°«�S� üûª°ù	ª
úûªü­)ù� |R2k+1| ≈ |Rk+1|/4

" 
® ��	�°ù¯
I = Tk+1 +Rk+1 = T2k+1 +R2k+1

ü�	��ª­� �)­«¬�
|Tk+1 − T2k+1| = |Rk+1 −R2k+1| ≈

3

4
|Rk+1|.



��ÑóÑ MîíñTUV�] �UTïðTñ�ðV�] �îðø�`� ò�:
�ª¬ù� �
ûª®��- ûª®��«� üûù«¯ú$ ° ¬ª�­�ú°­ üûù
	ù�­«ù¯ ¬ ù«ú­Sûª	�
T2k+1

- ª ®ª �)­«¬� ü�Sû­&«��úù °®¯ú$ 4
3
|Tk+1 − T2k+1|

"ü«ª	�Sù�«�� üû�)­�� ���«� üûù�­«ùú$ ù ¬ ¤û�Sù� úùüª� ¬°ª¤ûª(ú�û e ° �ª�ú«��úù- ¬ .�û��	ª� ñù�ü��«ª" ¢S� ±..­¬úù°«��ú$ ��«�°�(°ª­ú�¯ «ª úû­% �
�ú�¯ú­	$�ú°ª%�
• ù�ü�	$®�°ª«ùù ��­ «ª�¤­««�% �û¤ù«ªú ù«ú­Sûùû�­��� .�«¬)ùù	
• ±¬�«��«�� %ûª«­«ùù ù% ° °ù¤­ ü­û­°��ù�	¯­��% ����	
• °�®���«�� ��úª«�°¬­ üû�)­��ª üûù ¤��úù�­«ùù ®ª¤ª««�� ú��«��úù"
 ûù°­¤­� üû�Sûª��� ±¬�«��«�S� �ù�	­««�S� ù«ú­Sûùû�°ª«ù¯

ü� ���úª°«�� .�û��	­ ñù�ü��«ª ¤	¯ °��ù�	­«ù¯
1∫

0

ex dx = e− 1 = 1.718281828459045.

îµ¶Áµ¿» ¸¹·ºÁ²
µº¿íÅì ¿ ¾́ ¾� ¾ºê¾À¾²ê¾²è¾²�¾� ¾�ê¾�è¾Â� ¾ï
ºêÖºïî ½êÂéÃÕêÂéõ Ä �ÐÉÍÎÐØÙÉÐÇ àÉÌÏÇÉÊÇ
¿Öéõ ´Öêãéõ �Ö½¿ö´Ã�èãé
²êÖÀ½¿ÃöÀ ½́ Ãõ Ä �ÒËËÌ ÝÎÌÞÉÊ� ÐÎÜÊÉÌÍ Õ
Ä ßÐàåÇ ÉÇ ßÇÎÇ×ÏÊÍÛÓÌÇÍ×Ô
²èÖéõ ²�ÖÀ½¿ö�Ã Ä  ÎÐ×ÍÌÔ øÐÎËÒØÌ �ÊËß×ÐÉÌ�Ö½²êö�Å²�ÃÅ��� ãéõ �êÖé
¹Öê
îµ¸¹· Å¾ ò¹ Ö ò¾ ¹ ¾ ò Â� Ö ò¾ �Õºê
Â¶ ¹Öè¾ì�êÖ� õ �Ö��èãé

²èÖ²�ö²èõ ²�Öé Ä  ÇÎÇ×ÏÇÍ ÉÌÝÐßØÇÉÉÛ� ×ÒËË
ïÖ¿ö� Ä ôÌÏ ã Ìá×ÚÊ××Ì ÜØÔ ÉÐÓÛ� ÐÎÜÊÉÌÍÂ¶ ��¸íº ½ï �Ö ´Õ��èÃ

²�Ö²�öÀ½ïÃõ ïÖïöèÅ� Ä ôÌÝÐßØÇÉÊÇ ×ÒËËÛ ÉÐÓÛ� ÐÎÜÊÉÌÍ
º¹Â Â¶�Ö½²êöèÅ²èö�Å²�ÃÅ��� ãéÄ !ÏÇÎÇÜÉÐÞ �ÊËß×ÐÉÕÊÉÍÇÑÎÌØ
îµ¸¹· Å¾ ò¹ Ö ò¾¹�µ¸·º ½Å¾�éÃ ò̈ ¸»î²¶¹ÕÂºí·¿ Ö ò¾�Õºê



ò�B Ò̀ TUT ��Ñ iWí`]VVî] ïW��]ð]V�WðîUTVW] W WVñ]òðWðîUTVW]
Â�Ö½�Õ�êÃ�ê÷ ãéõ �èÖ�öÂ� Ä ÆÐËáÇÎÑÕßÐßÎÌÓÝÌ�µ¸·º ½Å¾�éÃ òþ¶»´ºµÁÕÂºí·¿ Ö ò¾�èÕºê

º¹Â Â¶�é À¶µ»¿·½êï¾¦ ¾ºêè ã�Ã
º¹Â

µº¿íÅì À³¹æ·¸¶¹ À½ïÃ
µº¿íÅì ïÀÖºïî ½ïÃ
º¹Â

/úª üû�Sûª��ª ¤ª	ª �	­¤�!�ù­ û­®�	$úªú��
3�4��5� �X�Ê� ����������� �������������� Y� ©��Y���� � ���4����D>9:E 6:">? #I$IK P T S M U W R%@"&':;I MNWVOLS TNWQOLM PNTTOLU KNSQOLW VNKQOLQV MNUVOLKQ TNMUOLKK PNPPOLKP(:")>?$I RNMVOLW KNTROLR PNKKOLKQ TNTVOLKP MNPSOLKS WNRMOLKU LKNSROLKU
"ÓØâÛÖÖ ã�áÜÛÕÔ úû­
�­ú úû­%¬ûªú«�S� ûª��­úª üûù ûª®	ù�«�%&ªSª% ûª®
ù­«ù¯- üûù�­� h2/h1 = h3/h2 = q < 1

"  ûù ¤­	­«ùù &ªSª ü�(ü�	ª� q = 0.5
"  ��ú$ ° û­®�	$úªú­ �ù�	­««�S� ù«ú­Sûùû�°ª«ù¯ ü�	��­«�

®«ª�­«ù¯ I1, I2, I3
" ��S¤ª �ú��«­««�­ ®«ª�­«ù­ ù«ú­Sûª	ª

I = I1 −
(I1 − I2)

2

I1 − 2I2 + I3
.

 ûù°­¤­� üû�Sûª��� �ù�	­««�S� ù«ú­Sûùû�°ª«ù¯ ü� �ª����´0 �®	�°½ � ¤°�¬ûªú«�� ¤û�
	­«ù­� &ªSª ù ü�üûª°¬�� ü� /�ú¬­«�"
îµ¶Áµ¿» Á¿³²²�

µº¿íÅì ¿ ¾́ ¾ºê¾À¾� ¾²¾· ¾î· ¾�· ¾ï¾ú¾úè¾�
¸¹·ºÁºµ ¸¾ó¾ô ¾»Â¸»º¹²¸¶¹ î·½�Ã¾�·½�Ã¾ú½�Ã¾�½�ÃÂ¿·¿ î· �Õéãë�ëêé�ëêè��è�÷ì¾ Õéã��ê÷�êêì÷÷ëë�ë�¾ *Õéã�é÷ì�÷ê÷ê����ë�¾ é¾ éã�é÷ì�÷ê÷ê����ë�¾ *

éã��ê÷�êêì÷÷ëë�ë� ¾ éãë�ëêé�ëêè��è�÷ì�¾ *�· � éãêèë�ì�ëööêöìì�é¾ éãè�ë�é÷�ëê�ìëè��¾ *
éã�ìêì�éé÷é÷é÷êêë¾ éã�ê�ë÷ëêì�ö���öë¾ *
éã�ìêì�éé÷é÷é÷êêë¾ éãè�ë�é÷�ëê�ìëè��¾ *
éãêèë�ì�ëööêöìì�é�

¿Öéõ ´ÖêÂé



��ÑóÑ MîíñTUV�] �UTïðTñ�ðV�] �îðø�`� ò��
ºêÖºïî ½êÂéÃÕêãé
ôÖêõ �Ö ½́ Õ¿Ã�èÂ¶ »Öê¾�

²Öé Ä !áÉÒØÇÉÊÇ ÊÉÍÇÑÎÌØÙÉÐÞ ×ÒËËÛ
ïÖ¿ö� Ä �ÇÎÇÜÊÉÌ ÉÌÏÌØÙÉÐÑÐ ÊÉÍÇÎÓÌØÌ
îµ¸¹· Å¾ ò» Ö ò¾» Ä ôÐËÇÎ ÈÌÑÌÂ¶ óÖê¾ôÂ¶ ¸Öê¾�

·Öïö�Åî· ½̧ Ã Ä !ÏÇÎÇÜÉÐÞ ÒàÇØ
²Ö²ö�· ½̧ ÃÅÀ½·ÃÄ ôÌÝÐßØÇÉÊÇ ×ÒËËÛ ÐÎÜÊÉÌÍ

º¹Â Â¶
ïÖïöèÅ� Ä �ÇÎÇÜÊÉÌ ×ØÇÜÒõ+ÇÑÐ ÊÉÍÇÎÓÌØÌ

º¹Â Â¶�½»ÃÖ²Å�ú½»ÃÖ�½»ÃÕúê Ä  ÐÑÎÇÈÉ ã ×Ð×ÍÌÓÉÐÞ øÐÎËÒØÛ ,ÌÒ××Ì
îµ¸¹· Å¾ òæºí·¿ Ö ò¾ ú½»Ã�Ö��èõ ôÖèÅô

º¹Â Â¶
·Ö½�½êÃÕ�½èÃÃÅÅè
ïÖ�½êÃÕèÅ�½èÃö�½�ÃúèÖ�½êÃÕ·�ï Ä ä×ßÎÌÓØÇÉÉÛÞ ßÐ -ÞÍÝÇÉÒ
îµ¸¹· Å¾ ò Ð×ØÇ -ÞÍÝÇÉÌ ò
îµ¸¹· Å¾ òæºí·¿ Ö ò¾ úèÕúê

º¹Â
ãããããããããããããããããããããããããããããããã

1ü��­««�­ �üù�ª«ù­ ù«ú­Sûùû�­��� .�«¬)ùù ª«ª	�Sù�«� üû­¤�¤�(�­�� �	��ª!"' ¤ª««�� üû�Sûª��­ ü���ùú­	$«ª ûª
�úª � ���úª°«��ù .�û��	ª(�ù �ú¬û�ú�S� úùüª ´°��ù�	­«ù­ «ª�ª	$«�� ù �û­¤ù««�� ú��­¬ ��­û­¤«�(S� ù«ú­û°ª	ª½" ÷�	ù�­�ú°� ü­û­°��ù�	¯­��% �û¤ù«ªú ��­«$&ª­ú�¯ üûù
ù�ü�	$®�°ª«ùù ¬°ª¤ûªú�û ./ ./ �������- ¬�ú�û�­ üû­¤ü�	ªSª!ú ��°üª(¤­«ù­ ü� ¬ûª�«­� �­û­ �¤«�� ù® ú��­¬ ûª®
ù­«ù¯ � ­S� ¬�«)��"'��ù�	­««�­ ü� &ªSª� ¤ª««�� üû�Sûª��� ü�Sû­&«��úù ���úª°ù(	ù ���ú°­ú�ú°­««� #"�hY(h- �"�mY(#A- �"�@Y(##"  �Sû­&«��ú$ û­®�	$úªúª-
ù�üûª°	­««�S� ü� /�ú¬­«�- ���úª°ù	ª (�"m�Y(#�"

 ûù «­�
%�¤ù���úù ¤ª	$«­�&­S� ¤û�
	­«ù¯ &ªSª ���«� «ª	ª(¤ùú$ )ùû¬�	¯)ù! ¤ª««�% ° ü­û­�­««�%- üû­¤�úª°	¯!�ù% ��­�«�­ üûù(
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	ù�­«ù¯� �½êÃÖ�½èÃõ �½èÃÖ�½�Ã	 ü­û­�­««ª¯ �½�Ã ü�	��ª­ú ®«ª�­«ù­
ü��	­¤«­S� üûù
	ù�­«ù¯" �ª¬ù� �
ûª®�� ���«� ü�	��ªú$ ®«ª�­«ù¯ ù«(ú­Sûª	ª- ù�üûª°	­««�­ ü� /�ú¬­«�- «ª ������ &ªS­ üû�)­��ª- «ª�ù«ª¯� úû­ú$­S�"1ú�­úù� üûù«)ùüùª	$«�! ���
­««��ú$ ±..­¬úª �ú °°­¤­«ù¯ ü�(üûª°�¬ ü� 2�«S­ ù /�ú¬­«� üûù °��ù�	­«ùù �üû­¤­	­««�% ù«ú­Sûª	�°" '
�ú	ù�ù­ �ú ùú­ûª)ù�««�% üû�)­���° û­&­«ù¯ �ûª°«­«ù�- ®¤­�$ ù�üûª°(	­««�­ ®«ª�­«ù­ è� ����� ����éê
����ê�� ��� û�
� �é���éêè�ëj�$ ø���è�è�ë"

~þ\�\ ��c`bc^�b¤ Ïc�ÎÎc0�b_nb_`c
'�&­ 
�	� ü�¬ª®ª«�- �ú� .�û��	� �ª���ª ¯°	¯!ú�¯ «ªù	��&ù(�ù üûù ®ª¤ª««�� �ù�	­ �®	�°" �­ü­û$ «ª� ù«ú­û­��­ú- ¬ª¬ °�
ûªú$ üª(û� üûª°ù	 �ª���ª- ¤ª!��! ù üûù
	ù�­««�­ ®«ª�­«ù­ ù«ú­Sûª	ª- ù �)­«(¬� ü�Sû­&«��úù" 1
�®«ª�ù� Gn n (ú��­�«�­ üûª°ù	� �ª���ª" �� °üûª(°­ ��ù¤ªú$- �ú� G2n−1

e S�ûª®¤� 
�	­­ ú��«�� û­®�	$úªú- ù °­	ù�ù«�
|Gn−G2n−1| ���«� üûù«¯ú$ ®ª �)­«¬� ü�Sû­&«��úù Gn

" �� ûª®«�­ .�û(��	� �ª���ª «­ ù�­!ú �
�ù% �®	�°- ù�¬	!�ª¯ �­û­¤ù«� �úû­®¬ª ù«ú­Sûù(û�°ª«ù¯"  �±ú��� ° ¤ª««�� °ªûùª«ú­ ü�úû­
�­ú�¯ 3n − 1 °��ù�	­«ù�
ü�¤�«ú­Sûª	$«�� .�«¬)ùù"

ñ�°­ú�¬ù� �ªú­�ªúù¬ ü" ÷û�«û�¤ ° #h@m S" üû­¤	��ù	 üûª°ù	�
K2n+1 =

n∑

i=1

aif(xi) +
n+1∑

j=1

bjf(yj),

¬�ú�û�­ ù�­­ú n �
�ù% �®	�° � Gn
" ÷û��­ ú�S�- K2n+1

ù�­­ú n+1 ¤�(ü�	«ùú­	$«�% �®	�° ù «�°�­ °­�ª {ai, bj}
" ü	S­
ûªù�­�¬ª¯ �ú­ü­«$ ú��(«��úù üûª°ù	ª �ª���ª Gn

ûª°«ª 2n−1
" <«ª�­«ù¯ 3n+2 «�°�% üªûª�­ú(û�° üûª°ù	ª K2n+1 
�	ù «ª�¤­«� ÷û�«û�¤�� úª¬- �ú� ª	S­
ûªù�­�¬ª¯�ú­ü­«$ ú��«��úù ±ú�S� üûª°ù	ª ûª°«ª 3n + 1

" 1­«ª °��ù�	­«ù¯ üªû����úª°	¯­ú 2n+1 ®«ª�­«ù� ü�¤�«ú­Sûª	$«�� .�«¬)ùù" 1ü�ú ü�¬ª®�°ª(­ú ´r�0- �" #�0�½- �ú� |Gn−K2n+1| ���­�ú°­««� üû­°��%�¤ùú ü�Sû­&«��ú$

�	­­ ú��«�S� üûù
	ù�­«ù¯- ù ���«� üûù«¯ú$

∆ = (200|Gn −K2n+1|)1.5. ªûª �ª���ªe÷û�«û�¤ª ´�úª«¤ªûú G7, K15
½ °�­�ú­ � ±ú�� �)­«¬�� ��ù(úª­ú�¯ �¤«ù� ù® �ª��% ±..­¬úù°«�% �­ú�¤�° °��ù�	­«ù¯ ù«ú­Sûª	�°



��Ñ��Ñ *]íîùíñU]VV�] WVñ]òðT`� �Íc
�
�­S� °ù¤ª" ' úª
	" #�"� üûù°­¤­«� ���ú°­ú�ú°�!�ù­ �®	� ù °­�ª´ü­û°�­ �­ú�û­ �úû�¬ù e Sª����°�- ü��	­¤�!�ù­ e ü� ÷û�«û�¤�½"

3�4��5� �X��� ���� � ���� u��������� s����� Ì ���������®	� '­�ª
∓ A"h�h#A 0h#�� ��0m� A"#�h�� �h@@# @��0A
∓ A"0�#m� ##�mm hh�h� A"�0h0A m�h#� �h�00
∓ A"�Am�� m#m#� 00�h0 A"��#�� AAmAm Am##h

A"AAAAA AAAAA AAAAA A"�#0hm h#��@ 0��@h
∓ A"hh#�m m�0## �A�#� A"A��h� m���A #Am�h
∓ A"h�h#A 0h#�� ��0mh A"A@�Ah �Ah�@ �hh0h
∓ A"�@��@ ����� mh0@h A"#A�0h AA#A� ���mA
∓ A"0�#m� ##�mm hh�h� A"#�A@m ��mh0 #mm�m
∓ A"m�@A� 0��m� @0@h# A"#@hAA �0�@@ �h�@0
∓ A"�Am�� m#m#� 00�h0 A"#hA�m Am0�A @�0�m
∓ A"�A00� �hmmA A0�h� A"�A��� �h�AA 0m�h�
∓ A"AAAAA AAAAA AAAAA A"�Ah�� �#�#A ��0��

~þ\~�\ �]Î_RÎ^�]nn¤] an^]�bco¤
ÿ1­««�� ü�¤ªû¬��� ù��	­¤�°ªú­	! ¯°	¯!ú�¯ «­��
�ú°­««�­ ù«(ú­Sûª	�- ü�¤ ¬�ú�û��ù ü�«ù�ª!ú�¯ ù«ú­Sûª	� �ú ûª®û�°«�% .�«¬)ù�

ù-ù	ù � 
­�¬�«­�«��ù üû­¤­	ª�ù"  ��¬�	$¬� ù«ú­Sûª	� � ûª®û�°ª�ù
ü­û°�S� û�¤ª ´¬�«­�«��ù �¬ª�¬ª�ù ü�¤�«ú­Sûª	$«�� .�«¬)ùù½ �°�¤¯ú�¯
¬ ����­ ù«ú­Sûª	�° ü� �úû­®¬ª� «­üû­û�°«��úù- ° ¤ª	$«­�&­� �
���¤ª(!ú�¯ ú�	$¬� �	��ªù � 
­�¬�«­�«��ù ûª®û�°ª�ù ü�¤�«ú­Sûª	$«�� .�«¬()ùù" .�«�- �ú� úª¬ù­ .�«¬)ùù ´ù 	!
�­- ù«ú­Sûùû�­��­ «ª 
­�¬�«­�«��ù«ú­û°ª	­½ «­°�®���«� %�û�&� üûù
	ù®ùú$ �
���¤ª°&ù�ù�¯ «ª�ù ûª«­­
ü�	ù«��ª�ùÔ- ù ¤	¯ °��ù�	­«ù¯ ¬°ª¤ûªú�û ¤�	�«ª üûù�­«¯ú$�¯ ���
ª¯�úûªú­Sù¯"

<¤­�$ ü���Sª!ú �­ú�û­ �­ú�¤ª�
• ù«ú­Sûùû�°ª«ù­ ü� �ª�ú¯�	
• ��úûª«¯!�ª¯ ���
­««��ú$ ®ª�­«ª ü­û­�­««��	Õ��2�� ��Y��v�����v ���4��3��5�����v��Ö �YY��u����5�Ö4 � u������ ���Y��v����������� ���� ���Y��� ��������� �
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• °�¤­	­«ù­ ���
­««��úù	
• ÿ«ª�ú�ü	­«ù­ «ª ���
­««��ú$�-

¬�ú�û�­ ���«� üûù�­«¯ú$ ¬ª¬ ü�û�®«$- úª¬ ù ° ¬��
ù«ª)ùù" �ªüûù�­û-
1∫

0

ex√
x
dx = 2

1∫

0

exd
√
x = 2ex

√
x
∣
∣
1

0
− 2

1∫

0

ex
√
x dx = 2e− Ĩ ,

S¤­ ��úªú��«�� ù«ú­Sûª	
Ĩ =

1∫

0

ex
√
x dx

ù�­­ú �¤�
«�! ¤	¯ �ù�	­««�S� ù«ú­Sûùû�°ª«ù¯ ü�¤�«ú­Sûª	$«�! .�«¬()ù!" 
	¯ üû­�
ûª®�°ª«ù¯ �
	ª�úù [0,∞) ° ¬�«­�«�! ù-ù	ù ¤	¯ ��¬�û­(«ù¯ �úû­�	­«ù¯ ü�¤�«ú­Sûª	$«�� .�«¬)ùù ¬ «�	! û­¬��­«¤�!ú�¯ ü�¤(�úª«�°¬ù x = 1/z - x = − ln(t) ù x = t/(1− t)
"  ��ú$ «��«� °��ù�	ùú$

I =

∞∫

1

dx√
x(1 + x)

.

<ª�­«�� ü­û­�­««�� x = 1/z ù ¤ù..­û­«)ùª	ª dx = −dz/z2 ü�	��ª­�
I = −

0∫

1

dz
√
z

z2(1 + 1/z)
=

1∫

0

dz√
z(1 + z)

.


«ú­û°ª	 �°­¤­« ¬ ¬�«­�«���- «� ��úª	ª�$ ���
­««��ú$ ° «�	­"  ûù�­«ù�ù«ú­Sûùû�°ª«ù­ ü� �ª�ú¯��
I =

1∫

0

1

1 + z
d(2

√
z) =

2
√
z

z + 1

∣
∣
∣
∣

1

0

−
1∫

0

2
√
z

(

− dz

(z + 1)2

)

= 1 + 2

1∫

0

√
z dz

(z + 1)2
.

 ��	­¤«ù� ù«ú­Sûª	 �ù�	­««� 
­û­ú�¯ 
­® üû�
	­�" 1¤«ª¬� ­�­ 	��&­
ù�ü�	$®�°ªú$ ­S� ¯°«�­ üû­¤�úª°	­«ù­

∫ √
z dz

(z + 1)2
= −

√
z

z + 1
+ arctan

√
z.
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/ú� üûù�­û «­�
%�¤ù���úù %�û�&­S� ®«ª«ù¯ ¬	ª��ù�­�¬�S� ª«ª	ù®ª e
ù	ù «­�
%�¤ù���úù üû­¤°ªûùú­	$«�S� �
ûª�­«ù¯ ¬ ª°ú��ªúù®ùû�°ª««���û­¤�ú°ª� �ù�°�	$«�� �ªú­�ªúù¬ù ´5�·¸Y- 5�Z6Y7�Z8�� ù ¤û"½"

�­ü­û$ °�¤­	ù� ù® ù�­!�­� ���
­««��ú$ ü�¤�«ú­Sûª	$«�� .�«¬()ùù f(x) .�«¬)ù! g(x) - ù�­!��! ú� �­ ���
­««��ú$- «� ù«ú­Sûùû�­(��! ±	­�­«úªû«� ù ��úª°	¯!��! ¤��úªú��«� S	ª¤¬�! ûª®«��ú$�
b∫

a

f(x) dx =

b∫

a

g(x) dx+

b∫

a

[f(x) − g(x)] dx.

÷ ù«ú­Sûª	� �ú ûª®«��úù ���­ú 
�ú$ üûù�­«­«ª �
��«ª¯ ú­%«�	�Sù¯�ù�	­««�S� ù«ú­Sûùû�°ª«ù¯"
2ª����úûù� �	��ª�- ¬�S¤ª üû�)­�� ù«ú­Sûùû�°ª«ù¯ °­¤­ú�¯ «ª

ü�	���ù" ñ%�¤ù���ú$ ù«ú­Sûª	ª �üû­¤­	¯­ú�¯ ú�	$¬� ü�°­¤­«ù­� .�«¬()ùù f(x) «ª ���
­««��úù- ú" ­" üûù x→ ∞ " ÷ª¬ üûª°ù	�- f(x) �ûª°«ù(°ª­ú�¯ �� �ú­ü­««�� .�«¬)ù­� C/xp - ù«ú­Sûª	 �ú ¬�ú�û��
∫

f(x) dx =
C

(p− 1)xp−1
.

 ûù ü�¤�úª«�°¬­ ° ±ú� .�û��	� ÿ
­�¬�«­�«��úù� ¬�«­�«�­ ®«ª�­«ù­
ü�	��ª­ú�¯ ú�	$¬� üûù p > 1

" �ªüûù�­û- .�«¬)ù¯
f(x) =

x2/3

n
√
x4 + 1ª�ù�ü�úù�­�¬ù °­¤­ú �­
¯ ¬ª¬ �ú­ü­««ª¯ � ü�¬ª®ªú­	­� �ú­ü­«ù ° ®«ª�­(«ªú­	­ 4/n − 2/3 - ù ù«ú­Sûª	 �%�¤ùú�¯ üûù n < 12/5

"  ��ú$ n = 2
" �	��ù� ϕ(x) = x−4/3 " ��S¤ª

∫

ϕ(x) dx =
1

(4/3 − 1)x1/3
= 3/ 3

√
x.

 �±ú���
I =

∞∫

a

f(x) dx =

∞∫

a

ϕ(x) dx+

∞∫

a

[f(x) − ϕ(x)] dx = I1 + I2.

 ��	­ ü�¤�úª«�°¬ù üû­¤­	�° ü­û°�� ù«ú­Sûª	 ¤ª­ú

I =

∞∫

a

f(x) dx = −3/ 3
√
x.
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 �¤�
ûª° ª�ù�üú�úù�­�¬ù ±¬°ù°ª	­«ú«�! f(x) �ú­ü­««�! .�«¬)ù!-���«� ª«ª	�Sù�«� üû­¤�¤��­�� ü�«¬ú� ª«ª	ùúù�­�¬ù °��ù�	ùú$ S	ª°(«�! �ª�ú$ ù«ú­Sûª	ª" �	ª¤¬ù� ��úªú�¬ 
�¤­ú ®«ª�ùú­	$«� 
��úû­­ �%�(¤ùú$�¯ ¬ «�	! ù ���­ú 
�ú$ üû�ù«ú­Sûùû�°ª« �ù�	­««� «ª ¬�«­�«��
ù«ú­û°ª	­"¾�ÔÖá2×ÞÛÕÙÛ ÕÔ ØÖØ�ÛÕÕØÖáç¿ üû­¤ü�	ªSª­ú �°­¤­«ù­ �
	ª�úùù«ú­Sûùû�°ª«ù¯ ¬ ¬�«­�«�� �úû­®¬ª� ûª®«�� ¤	ù«� ù ¬�«úû�	$ �ª	�(�úù °¬	ª¤ª ÿ%°��ú�°�" 1
��«� �«� ¤�	�«� ü�¤¬û­ü	¯ú$�¯ .ù®ù�­�¬ù�ù���
ûª�­«ù¯�ù" <ª¤ª�ª �úª°ùú�¯ ° °ù¤­

∞∫

a

f(x) dx ≈
c∫

a

f(x) dx+

d∫

c

f(x) dx = I1 + I2.

�ªüûù�­û- üûù ù«ú­Sûùû�°ª«ùù ü� ûª�üû­¤­	­«ù! �	��ª�«�� °­	ù�ù«����«� «ª®«ª�ùú$ üûª°�! Sûª«ù)� c = x̄+ 3σ - S¤­ x̄ e �ªú­�ªúù�­�¬�­
��ù¤ª«ù­ �	��ª�«�� °­	ù�ù«�- ª σ e �û­¤«­¬°ª¤ûªúù�­�¬�­ �ú¬	�«­«ù­" û­�¤­ °�­S� ¤��úªú��«� ú��«� °��ù�	¯­ú�¯ I1

" �ª®«ª�ª­ú�¯ 
ª®�°�­üûùûª�­«ù­ ∆ üûª°�� Sûª«ù)� ù«ú­û°ª	ª- «ªüûù�­û ∆ = 2σ
" 
ª	­­

°�ü�	«¯!ú�¯ �	­¤�!�ù­ ¤­��ú°ù¯�
#" '��ù�	ùú$ d = c+ ∆ ù I2 =

d∫

c

f(x) dx
"  �	��ùú$ I = I1 + I2

"
�" ¢�	ù |I2/I| < ε - ü­û­�úù ¬ ±úªü� �"
�"  �	��ùú$ c = c+ ∆

" �°­	ù�ùú$ ∆ °¤°�­ ù ü­û­�úù ¬ ±úªü� #"
�" ÷�«­) °��ù�	­«ù�"

ñ%�¤ù���ú$ ù	ù ûª�%�¤ù���ú$ ù«ú­Sûª	ª � ���
­««��ú$! ´
­�¬�(«­�«�� ®«ª�­«ù­� ü�¤�«ú­Sûª	$«�� .�«¬)ùù½ ° è���é� ù«ú­û°ª	ª ù«ú­(Sûùû�°ª«ù¯ �ü¯ú$ �­ ��úª«ª°	ù°ª­ú�¯ ��ü��úª°	­«ù­� ü�¤�«ú­Sûª	$«��.�«¬)ùù �� �ú­ü­««��" ���«� ü�¬ª®ªú$- �ú�
b∫

a

C

(x− a)p
dx

�%�¤ùú�¯ ú�	$¬� üûù p < 1
"

¢�	ù «­�
%�¤ù�� °��ù�	ùú$ b∫

0

f(x) dx - üûù�­� f(0) = ∞ - ú�



��Ñ��Ñ *]íîùíñU]VV�] WVñ]òðT`� �Í�
®ª¤ª�ª üû­¤�úª°	¯­ú�¯ ° °ù¤­

b∫

0

f(x) dx = I1 + I2,

S¤­

I1 =

a∫

0

f(x) dx, I2 =

b∫

a

f(x) dx.

���¬ª a °�
ùûª­ú�¯ ¤��úªú��«� 
	ù®¬�� ¬ «�	!"  ��	­ ±ú�S� �ù�	­««��´üû­¤ü��úùú­	$«� ª¤ªüúù°«��½ �­ú�¤�� «ª%�¤ùú�¯ I2
ù � üûù�­«­«ù­�

�¤«�S� ù® �������$ ¬°ª¤ûªú�û«�% �­ú�¤�° ´«ªüûù�­û- �ª���ª½ e I1
"ÿ1ú¬û�ú��ú$�.�û��	� «­�
%�¤ù�ª- �ú�
� ù®
­�ªú$ °��ù�	­«ù¯ f(0)
"
ª	$«­�&ù� üû�)­�� �üù��°ª­ú�¯ �	­¤�!�ù�ù ±úªüª�ù�

#" 2ª®¤­	ùú$ [0, a] ü�ü�	ª�" '��ù�	ùú$
I ′1 =

a/2∫

0

f(x) dx - I ′′1 =
a∫

a/2

f(x) dx - I3 = I ′1 + I ′′1
"

�" ¢�	ù |(I3 − I1)/(I3 + I2)| < ε - ü�	��ùú$ I = I3 + I2
ù ü­û­�úù ¬

±úªü� �"
�"  �	��ùú$ I2 = I2 + I ′′1

- I1 = I ′1
- a = a/2

"  ­û­�úù ¬ ±úªü� #"
�" ÷�«­) ª	S�ûùú�ª"


	¯ ù«ú­Sûùû�°ª«ù¯ «ª ü�	���ù [0,∞) � ü�¬ª®ªú­	$«�� °­���
üûù�­«¯!ú�¯ ¬°ª¤ûªú�û� �ª���ªeûªS­ûûª�

∞∫

0

e−xf(x) dx =
k∑

j=1

Ajf(xj).

 û­¤ü�	ªSª­ú�¯- �ú� ±¬�ü�«­«úª ����é�è� �
 �è������ø���ë Jøè�ù�� "
�®	ª�ù ¤ª««�� .�û��	� �	��ªú ¬�û«ù �«�S��	­«ª ûªS­ûûª

Ln(x) = (−1)nex
dn

dxn
(xne−x).


«ú­Sûª	� �¬ª®ª««�S� °ù¤ª üûù%�¤ùú�¯ °��ù�	¯ú$ üûù û­&­«ùù ®ª¤ª�
ú­�ûùù ��­û­¤­�- ª úª¬�­ üûù °�ü�	«­«ùù üû­�
ûª®�°ª«ù¯ ûªü	ª�ª"
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 ûù°­¤­� .ûªS�­«ú üû�Sûª��� �ù�	­««�S� ù«ú­Sûùû�°ª«ù¯ «ª ü�(	���ù.�«¬)ùù f(t) � ���
­««��ú$! ° «�	­" <¤­�$ ù«ú­Sûª	 z(1) �«ª�ª	ª°��ù�	¯­ú�¯ «ª ù«ú­û°ª	­ rA-#� ü� ¬°ª¤ûªú�û«�� .�û��	­ �ª���ª � °��­(�$! �®	ª�ù" ' ¤ª	$«­�&­� ÿSª����°� ù«ú­û°ª	 ¤­	ùú�¯ ü�ü�	ª�" 
	¯

­S� 	­°�� �ª�úù ù«ú­Sûª	 z(1) �«�°ª °��ù�	¯­ú�¯ ü� �ª����- ¤	¯ üûª°��
z(2) e ü� ���úª°«�� ¬°ª¤ûªú�û«�� .�û��	­ ñù�ü��«ª � ü��	­¤�°ªú­	$(«�� ¤­	­«ù­� &ªSª ü�ü�	ª� ù üûù�­«­«ù­� üûª°ù	 2��
­ûSª ¤	¯ �)­«¬ù
ú­¬��­� ü�Sû­&«��úù ù ü�üûª°¬ù" ÿñù�ü��«�°� ù«ú­Sûª	 è����é�����	�� ° ü­û­�­««�� z(4) e 
­® ü­û­��­úª ûª«­­ �
ûª
�úª««�% ü�¤�«ú­û(°ª	�°" �­¬��­­ ®«ª�­«ù­ ù«ú­Sûª	ª ûª°«� z(4) + z(1) ù �ûª°«ù°ª­ú�¯� �
«�°	¯­��� ° ¬ª�¤�� )ù¬	­ üû­¤�¤��­� �)­«¬�� z(5)

" ûù �úª
ù	ù®ª)ùù �ü��¯«�ú�� ����� ¬ «­� ¤�
ª°	¯!ú�¯ ù«ú­(Sûª	� ü� ��­û­¤«�� ù«ú­û°ª	ª� ­¤ù«ù�«�� ¤	ù«�- °��ù�	¯­��­ ü�
ñù�ü��«�e2��
­ûS�"  û�)­�� ®ª¬ª«�ù°ª­ú�¯ üûù ¤��úªú��«�� �ú«��ù(ú­	$«�� �ª	��úù �ú��«­«ù¯"
ãããããããããããããããããããããããããããããããããããããããããããããããããããããã�½êÃÖéõ �½�ÃÖéõ �½÷ÃÖêãé Ä ôÌÏÌØÙÉÛÇ æÒËËÛ
¿Öéõ æÖêãé Ä ôÌÏÌØÙÉÛÇ ÑÎÌÉÊÚÛ ØÇÓÐÑÐ ÊÉÍÇÎÓÌØÌÄ äÉÍÇÑÎÊÎÐÓÌÉÊÇ ÉÌ ÉÇËÂ¶ ��¸íº ½¿´²½�½êÃö�½�ÃÕ�½÷ÃÃãÁ· ãºî²Ã�½÷ÃÖ�½�Ãö�½êÃõ

´Öæõ Ä  ÎÌÓÌÔ ÑÎÌÉÊÚÌ ñÖ ×ÍÌÎÌÔ ×ÇÎÇÜÊÉÌ
æÖ½¿ö´Ã�è Ä ôÐÓÌÔ ×ÇÎÇÜÊÉÌ
²³»Öé Ä äÉÍÇÑÎÌØÙÉÌÔ ×ÒËËÌÂ¶ ¸Öê¾ì

·Ö½êÂéöî· ½̧ ÃÃÅæ�è Ä 9ÎÑÒËÇÉÍ øÒÉÝÚÊÊ
²³»Ö²³»öÀ½·ÃÅ�· ½̧ Ã Ä ôÌÝÐßØÇÉÊÇ ÊÉÍÇÑÎÌØÙÉÐÞ ×ÒËËÛ

º¹Â Â¶�½êÃÖ²³»Åæ�è Ä :ÇÓÌÔ ßÐØÐÓÊÉÌ Õ ßÐ ,ÌÒ××Ò
¿²Öæõ ´²Ö´ Ä ,ÎÌÉÊÚÛ ÜÐáÌÓØÇÉÊÔ Ý ßÎÌÓÐÞ
æ¿íí ²¸»îµ¶»´ ½¿²¾́ ²¾À ¾ºî²¾�½èÃÃ Ä  Ð �ÊËß×ÐÉÒ�½�ÃÖ�½�Ãö�½èÃ

º¹Â Â¶ Ä �ÐÉÇÚ ÊÉÍÇÑÎÊÎÐÓÌÉÊÔ ÉÌ ;é¾ê<
�½�ÃÖ�½�Ãö�½êÃ Ä �ÐÉÇÚ ÜØÔ ÉÌÏÌØÙÉÐÑÐ ÒÏÌ×ÍÝÌ
Â²ÖêÂéõ ´²ÖêÂéÂ¶ ��¸íº ½¿´²½Â²ÃãÁ· ãºî²Ã

¿²Ö´²õ ´²Ö´²öêÂé Ä  ÇÎÇ×ÏÇÍ ÑÎÌÉÊÚ ÜØÔ �ÊËß×ÐÉÌ



��Ñ��Ñ �Vñ]òðWðîUTVW] îí�W``Wð�+�W9 ��V��W= �Í:
æ¿íí ²¸»îµ¶»´ ½¿² ¾́ ²¾À¾ºî²¾�½èÃÃ Ä äÉÍÇÑÎ ã ßÐ �ÊËß×ÐÉÒÂ²Ö¿´²½�½èÃ��½�ÃÃ Ä !ÍÉÐ×ÊÍ ã ÑØÐáÌØÙÉÐÇ ÒÍÐÏÉÇÉÊÇ�½�ÃÖ�½�Ãö�½èÃ Ä ôÌÝÐßØÇÉÊÇ ÊÉÍÇÑÎÌØÌ

º¹Â Â¶
¼éÖ�½�Ã Ä ÆÇàÒØÙÍÌÍ

�­%«ù¬ª ±..­¬úù°«�S� ù«ú­Sûùû�°ª«ù¯ «ª �úû­®¬­ ü� ñù�ü�N«�e2��
­ûS� �
���¤ª	ª�$ ° ûª®¤" #�"�"�"  ­û­�­««�­ �½êÃ¾ �½èÃ¾ �½�Ã
üû­¤�úª°	¯!ú �ø��� �û¤ù«ªú- °%�¤¯�ù% ° ¬°ª¤ûªú�û«�! .�û��	� � ��(�ú°­ú�ú°�!�ù� °­��� e �ª�ù �û¤ù«ªú� «­ ®ªü��ù«ª!ú�¯- �ú� ��­«$&ª(­ú ü�úû­
«�! üª�¯ú$" 1ú�­úù� úª¬�­- �ú� «ù¬ª¬ù­ �û¤ù«ªú� ü�°ú�û«�
«­ °��ù�	¯!ú�¯"

~þ\~~\ �n^]�bab_�cna]_Îdaooab���a¬ H�n�da�
 ��ú$ «­�
%�¤ù�� °��ù�	ùú$ ù«ú­Sûª	 °ù¤ª

I =

b∫

a

f(x) sin(ωx+ α) dx, ìï#îïïîïð
üûù�­� ω °­	ù¬�" .�«�- �ú� ù«ú­Sûª	 
�¤­ú �ª	- ü��¬�	$¬� ­S� ü�	��ù(ú­	$«�­ ù �úûù)ªú­	$«�­ ���úª°	¯!�ù­ ° ®«ª�ùú­	$«�� �ú­ü­«ù «­�úûª(	ù®�!ú�¯"  û�ù®°­¤¯ ù«ú­Sûùû�°ª«ù­ ü� �ª�ú¯�- «ª%�¤ù�
I =

1

ω
[f(a) cos(ωa+ α) − f(b) cos(ωb+ α)] +

1

ω

b∫

a

f ′(x) cos(ωx+ α) dx.

ìï#îïïî#ð �	��­««�� ù«ú­Sûª	 ù�­­ú °ù¤ ´#�"##"#½- ª ü�ú��� °ú�û�­ �	ªSª­(��­ ù�­­ú ü�û̄ ¤�¬ �ª	��úù °�&­ 1/ω
"  ­û°�­ �	ªSª­��­ ¤ª­ú �)­«¬�

ù�¬���S� ù«ú­Sûª	ª" 1«� ���­ú 
�ú$ ®ªüù�ª«� �­û­® ü�¤�«ú­Sûª	$«�!.�«¬)ù!" ��S¤ª
I ≈ 1

ω2
[F ′(a) − F ′(b)].
ª	$«­�&ù­ �ú��«­«ù¯ ��" r#A- �" ##@� ù r�h- �A�"
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~þ\~þ\ >¤R_b q]^_`c a ?c�c an^]�bab_�cnap
'�
�û ¬°ª¤ûªú�û«�� .�û��	� ®ª°ù�ùú �ú �«�Sù% �
�ú�¯ú­	$�ú° ù

üû­�¤­ °�­S� e �ú °ù¤ª ü�¤�«ú­Sûª	$«�� .�«¬)ùù ù °�
ûª««�S� &ªSª"û!
ª¯ ü�ü�ú¬ª �ûª°«­«ù¯ �­ú�¤�° �ù�	­««�S� ù«ú­Sûùû�°ª«ù¯ �úª°ùú
°�üû�� úùüª ÿ�ú� 
�	$&­e h2y′′ ù	ù h4yIV £�1ú°­ú ���­ú 
�ú$ ú�	$¬��¤ù«� °�­ ®ª°ù�ùú �ú °ù¤ª .�«¬)ùù ù ­­ üû�ù®°�¤«�%"
	¯ 	!
�� ¬°ª¤ûªú�û«�� .�û��	� ���­�ú°�!ú .�«¬)ùù- �&ù
¬ªù«ú­Sûùû�°ª«ù¯ ¬�ú�û�% 
�¤­ú �¬�	$ �S�¤«� °­	ù¬ª ´üûù�­û� ¬°ª¤ûªú�«�S��	­«ª � ¬�û«¯�ù ° �®	ª% ¬°ª¤ûªú�û«�� .�û��	�- ��«��­««�� «ª
¤��úªú��«� 
�	$&�! ü��ú�¯««�!½" �ª¬ù� �
ûª®��- ��û�� û�éêj��� ���	é� ø
é�� �^� è� ����è���ø�� ������ë ���è���� �è���������è�� "�­ü��û­¤�ú°­««�­ �üû­¤­	­«ù­ ü�Sû­&«��úù ù«ú­Sûùû�°ª«ù¯ ü�.�û(��	ª�- üûù°­¤­««�� ° ûª®¤" #�"��#�"@- úû­
�­ú �)­«¬ù ��¤�	¯ üû�ù®°�¤(«�� °���¬�S� ü�û̄ ¤¬ª" ¢�	ù ü�	��­«ù­ úª¬�� �)­«¬ù ®ªúû�¤«­«�- ���«����úª°ùú$ úª
	ù)� ¬�«­�«�% ûª®«��ú­� ü�¤�«ú­Sûª	$«�� .�«¬)ùù ° �®(	ª% ±	­�­«úªû«�S� ��ª�ú¬ª ù«ú­Sûùû�°ª«ù¯"  ûª¬úù�­�¬�­ ü��ú�¯«�ú°�
ûª®«��ú­� k (S� ü�û̄ ¤¬ª �°ù¤­ú­	$�ú°�­ú � °�®���«��úù ®ª�­«� ü�¤�«(ú­Sûª	$«��.�«¬)ùù ü�	ù«���� k (� �ú­ü­«ù ù Sªûª«úùû�­ú %�û�&�! ú��(«��ú$ ° �	��ª­ üûù�­«­«ù¯ ¬°ª¤ûªú�û«�� .�û��	� ÷�ú­�ª k (S� ü�û¯¤¬ª"1
��«� ù�¬���� ù«ú­Sûª	 I °��ù�	¯!ú ü� °�
ûª««��.�û��	­ ¤°ª�¤��� &ªSª�ù h1

ù h2 = h1/2
- ü��	­ �­S� üûù�­«¯!ú üûª°ù	� 2�«S­"÷�	ù�­�ú°� ù ûª®�­�­«ù­ �®	�° ¬°ª¤ûªú�û«�� .�û��	� °�
ùûª!ú(�¯ � ��­ú�� �ù�	ª ù ü�	��­«ù¯ ±¬�úû­����° ü�¤�«ú­Sûª	$«�� .�«¬)ùù" ûù.ù¬�ùû�°ª««�� �ù�	­ �®	�° «ªù°��&�! ú��«��ú$ �
��«� ¤ª!ú .�û(��	� �ª���ª- ª ®ªú­� e .�û��	� �­
�&­°ª"  �¬ª�­� ±ú� «ª üûù�­û­"

 ûù�­û #�"�"  ��ú$ úû­
�­ú�¯ °��ù�	ùú$ ù«ú­Sûª	
I =

∞∫

0

√
2 + x dx =

2

3

√
2 + x

∣
∣
∣

1

−1
=

2

3
[
√

33−
√

13 ] = 2[
√

3−1/3] = 2.797435,

ü�	$®�¯�$ ûª®	ù�«��ù .�û��	ª�ù üûù k = 2
" E�û��	ª ñù�ü��«ª ¤ª­ú

I ≈ 1

3
[
√

2 − 1 + 4
√

2 + 0 +
√

2 + 1 ] = 2.796302.

E�û��	ª �­
�&­°ª üûù°�¤ùú ¬ ®«ª�­«ù! ù«ú­Sûª	ª
I ≈ 2

3

[√

2 −
√

2/2 +
√

2 + 0 +

√

2 +
√

2/2

]



��Ñ��Ñ ?�ùîð ø]ñîïT W 8TòT WVñ]òðWðîUTVW( �Í�
=

1

3

[√

8 − 2
√

2 + 2
√

2 +

√

8 + 2
√

2
]

= 2.797731;

ü� .�û��	­ �ª���ª ü�	��ª­�
I ≈ 1

9

[

5

√

2 −
√

3/5 +

√

2
√

3/5 + 8
√

2 + 0

]

= 2.797463.

ñûª°«­«ù­ ü�	��­««�% üûù
	ù�­««�% ®«ª�­«ù� � ú��«�� ®«ª�­«ù­� ù«(ú­Sûª	ª ü�¬ª®�°ª­ú- �ú� .�û��	ª �ª���ª ¤ª­ú m °­û«�% ®«ª¬�°- .�û��	ª
�­
�&­°ª e �- ª .�û��	ª ñù�ü��«ª e ú�	$¬� �" ûù ��%ûª«­«ùù ¬	ª��ª ù ü�û¯¤¬ª .�û��	� ù«ú­ûü�	¯)ù�««�%
¬°ª¤ûªú�û ¤ª	$«­�&­­ ü�°�&­«ù­ ú��«��úù �
��«� ���­ú 
�ú$ ¤��úùS(«�ú� üûù�­«­«ù­� ���úª°«�% .�û��	" 
�­­ú ����	 «ª ��ª�ú¬ª%- S¤­
ü�¤�«ú­Sûª	$«ª¯ .�«¬)ù¯ ¬�	­
	­ú�¯ �ù	$«­­- ���û­¤�ú��ù°ªú$ 
�	$&­­¬�	ù�­�ú°� �®	�° ù «ª¬û�°ªú$ ù% 
�	­­ ¬�û�ú¬ù�ù �úû­®¬ª�ù"

ñ ¤û�S�� �ú�û�«�- ü�°�&­«ù­ ú��«��úù ���­ú 
�ú$ ¤��úùS«�ú� 
­®¤�ü�	«ùú­	$«�S� ûª®
ù­«ù¯e ü�°�&­«ù­� ü�û¯¤¬ª .�û��	�" '�®«ù¬ª­ú
°�üû�� � ú��- ¬ª¬�� ù® ±úù% �ü���
�° ´ù	ù ¬ª¬�­ ���­úª«ù­ ù%½ °�S�¤(«­­ üûù �¤ù«ª¬�°�� �
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¬ù ü�¯°	¯!ú�¯ üûù ¤ù�¬û­(úù®ª)ùù ¤ù..­û­«)ùª	$«�� ®ª¤ª�ù" '� �«�Sù% �	��ª¯% ü�°ú�û«�­ û­&­(«ù­ ®ª¤ª�ù «ª 
�	­­ �ª�ú�� �­ú¬­ ü�®°�	¯­ú ¤�
ùú$�¯ 
�	$&­� ú��«��úù"1¤«ª¬� ù«�S¤ª �ª	�­ �&ù
¬ù- °«­�­««�­ ° «ª�ª	­ °��ù�	­«ù�- ��S�ú ��(°­û&­««� ù�¬ª®ùú$ û­&­«ù­" /ú� ¯°	­«ù­ «ª®�°ª­ú�¯ è�ø���ë������êK�­ú�¤ª" ��­«$&­«ù­ &ªSª �°­	ù�ù°ª­ú úû�¤�­�¬��ú$ û­&­«ù¯ ®ª¤ª�ù ù
«ª¬�ü	­««�! �&ù
¬� �¬û�S	­«ù�" ûù
	ù�­««�­ �­ú�¤� û­&­«ù¯ ®ª¤ª�ù ÷�&ù ���«� Sû�
� ûª®¤­(	ùú$ «ª ¤°ª ¬	ª��ª� ª«ª	ùúù�­�¬ù­ ù �ù�	­««�­" ' ª«ª	ùúù�­�¬ù% �­ú�(¤ª% üûù
	ù�­««�­ û­&­«ù­ ûª®��¬ù°ª­ú�¯ ° °ù¤­ .�«¬)ùù ´�«�S��	­«-
úûùS�«��­úûù�­�¬ù� �«�S��	­« ù ú" ¤"½"  ûù
	ù�­««�­ �­ú�¤� ù�ü�	$(®�!ú ûª®	ù�«�­ �üû��­«ù¯ �ª�ù% �ûª°«­«ù� ü�ú­� �
��«�°ª««�S� �ú(
ûª��°ª«ù¯ «­¬�ú�û�% ù% �	­«�°- ª úª¬�­ ü�ù�¬ª û­&­«ù� ° �Sûª«ù�­«(«�� ¬	ª��­ .�«¬)ù�" Úùû�¬� ù�ü�	$®�­ú�¯ ûª®	��­«ù­ û­&­«ù¯ ° û̄ ¤
ü� �ú­ü­«¯� °%�¤¯�­S� ° ü��úª«�°¬� ®ª¤ª�ù �ª	�S� üªûª�­úûª- ª úª¬�­
ª�ù�üú�úù�­�¬ù­ �­ú�¤�"' �ù�	­««�% �­ú�¤ª% û­&­«ù­ üû­¤�úª°	¯­ú�¯ úª
	ù)­� üûù
	ù(�­««�% ­S� ®«ª�­«ù� ¤	¯ û̄ ¤ª ®«ª�­«ù� ªûS��­«úª"  � ±ú�� úª
	ù)­��S�ú 
�ú$ ü��úû�­«� ´üûù ��°û­�­««�% üû�Sûª��«�% �û­¤�ú°ª% e ª°(ú��ªúù�­�¬ù½ Sûª.ù¬ù"

<ª¤ª�ª ÷�&ù ¤	¯ �ûª°«­«ù� ü�û¯¤¬ª °�&­ ü­û°�S� �°�¤ùú�¯ ¬ û­(&­«ù! ®ª¤ª�ù ÷�&ù ¤	¯ �ù�ú­�� �ûª°«­«ù� ü­û°�S� ü�û¯¤¬ª" �­ú�¤�
û­&­«ù¯ ü��	­¤«­� ü� ���­�ú°� «­ �ú	ù�ª!ú�¯ �ú �­ú�¤�° û­&­«ù¯ ®ª¤ª(�ù ÷�&ù ¤	¯ �¤«�S� �ûª°«­«ù¯"  �±ú��� ù®	ªSª­��� «ù�­ �ªú­ûùª	 
­®úû�¤ª ü­û­«��ùú�¯ «ª �ûª°«­«ù¯ °��&­S� ü�û̄ ¤¬ª ù �ù�ú­�� �ûª°«­«ù�
ü­û°�S� ü�û¯¤¬ª"



�%Ñ�Ñ kð]ïíñTU`]VW] ð]8]VW( öTïTäW �î8W U UWï] íñ]õ]VVîòî ð(ïT �c:
~)\þ\ nb]`Î^c�o]na] b]?]nap +c`c�a �_?a� �a`] Î^]Ì]nn_�_ bp`c
 û­¤ü�	��ù� ¤	¯ üû��ú�ú�- �ú� x0 = 0 - �­S� °�­S¤ª ���«� ¤�(
ùú$�¯ °°­¤­«ù­� «�°�� ü­û­�­««�� t = x−x0

" ñ�ùúª¯- �ú� úª¬ª¯ ®ª�­(«ª üû�ù®°­¤­«ª- °�­�ú� t 
�¤­� üù�ªú$ x "  û­¤�úª°ù� ù�¬���­ û­&­«ù­
û̄ ¤�� �ª¬	�û­«ª

y = y0 + a1x+ a2x
2 + . . . ìï[î#îïð

ù �¬ª�­� �ü���
 «ª%��¤­«ù¯ ¬�±..ù)ù­«ú�° û̄ ¤ª" 1�­°ù¤«�-
ak =

1

k!
y(k)
∣
∣
x=0

.

' �ª�ú«��úù-
a1 =

1

1!
y′|x=0 =

1

1!
f(x, y)|x=0 =

1

1!
f(0, y0) = f(0, y0).
ª	­­- a2 = 1

2!
y′′|x=0

- ù ¤	¯ �üû­¤­	­«ù¯ a2
«��«� «ª�úù y′′

" 
ù..­(û­«)ùû�¯ �
­ �ª�úù ûª°­«�ú°ª ´#�"#"#½- ü�	��ù�
y′′ =

∂f

∂x
+
∂f

∂y

dy

dx
= f ′

x(x, y) + f ′
y(x, y)y

′. ìï[î#î#ð
ñ	­¤�°ªú­	$«�-

a2 =
1

2!
y′′|x=0 =

1

2!
[f ′
x(0, y0) + f ′

y(0, y0)f(0, y0)].
ù..­û­«)ùû�°ª«ù­� ´#�"�"�½ «ª%�¤ù� °�ûª�­«ù­ ¤	¯ y′′′ ù ®ª(ú­� ¤	¯ a3
ù ú" ¤" /ú�ú üû�)­�� üûù ��	�°ùù- �ú� f(x, y) ù�­­ú �ª�ú«�­

üû�ù®°�¤«�­ 	!
�S� ü�û¯¤¬ª- ���«� üû�¤�	�ªú$ �¬�	$ �S�¤«� ¤ª	­¬�" ûù ¤�°�	$«� &ùû�¬ù% üû­¤ü�	��­«ù¯% �
 f(x, y) ¤�¬ª®�°ª­ú�¯ �%�¤ù(���ú$ û¯¤ª ´#�"�"#½ ° «­¬�ú�û�� üû��­��ú¬­ (−a, a) ¬ û­&­«ù! ù�%�¤(«�� ®ª¤ª�ù ÷�&ù" ��­�­««ª¯ ����ª û¯¤ª ´#�"�"#½ 
�¤­ú üûù
	ù�­««��­­ û­&­«ù­� e ú­� 
�	­­ ú��«��- �­� �­«$&­ |x| "
 ûù�­û #�"#"  ��ú$ y′ = x2+y2 - y(0) = 1

"��S¤ª y′(0) = 02 + 12 = 1
"
ù..­û­«)ùû�¯- «ª%�¤ù�

y′′ = 2x+ 2yy′

ù y′′(0) = 2 · 0 + 2 · 1 · 1 = 2
" ñ	­¤�°ªú­	$«�- a2 = 1

2!
· y′′|x=0 = 1

"



�cB Ò̀ TUT �%Ñ iWí`]VVî] WVñ]òðWðîUTVW] ïW��]ð]V�WT`JV�9 �ðTUV]VW=
�û­ú$¯ üû�ù®°�¤«ª¯
y′′′ = 2 + 2(y′)2 + 2yy′′; y′′′|x=0 = 2 + 2 · 12 + 2 · 1 · 2 = 8;

®«ª�ùú- a3 = 8/3! = 4/3
"

�­ú°­ûúª¯ üû�ù®°�¤«ª¯
y(4) = 6y′y′′ + 2yy′′′; y(4)

∣
∣
x=0

= 28; a4 =
28

4!
=

7

6
.
úª¬-

y ≈ 1 + x+ x2 +
4

3
x3 +

7

6
x4.
	¯ |x| ≤ 0.1 �&ù
¬ª ±ú�S� üû­¤�úª°	­«ù¯ «­ üû­°��%�¤ùú A"AAA�"2ª®	��­«ù­� ° û¯¤ �ª¬	�û­«ª ���«� ü�	$®�°ªú$�¯ ¤	¯ «­�¬�	$(¬ù% ü­û°�% ®«ª�­«ù� .�«¬)ùù ° ú��¬ª% h, 2h, . . . üûù �ª	�% ®«ª�­«ù¯%&ªSª h

" /ú� ü�úû­
�­ú�¯ «ª� ° ¤ª	$«­�&­�"

~)\)\ �`]p �aÎo]nn¤¬ q]^_`_�b]?]nap +c`c�a �_?a
�ù�	­««�­ �­ú�¤� ¤ª!ú û­&­«ù­ ®ª¤ª�ù ÷�&ù ° °ù¤­ úª
	ù)� üûù(
	ù�­««�% ®«ª�­«ù� ù�¬���� .�«¬)ùù y(x) ¤	¯ û¯¤ª ®«ª�­«ù� ªûS�(�­«úª ´�®	�°½- �
��«� °�
ùûª­��% ûª°«��ú�ú�¯�ù�ù" /úù �®	� 
�¤­��
�®«ª�ªú$ �­û­® x0, x1, . . . , xk, . . .

- ª ���ú°­ú�ú°�!�ù­ üûù
	ù�­««�­®«ª�­«ù¯ �­û­® y(xk) ≈ yk
	 �úªûú�°ª¯ ú��¬ª (x0, y0)

®ª¤ª­ú�¯ «ª�ª	$«�(�ù ��	�°ù¯�ù"
�ûª°«­«ù­ «ª®�°ª­ú�¯ ø���ë����� - ­�	ù ¬ûù°�­ ù® �­�­��ú°ª û­(&­«ù� �%�¤¯ú�¯ ´�
	ù�ª!ú�¯½ � û��ú�� x - ù «­��ú���ù°�� ° üû�úù°(«�� �	��ª­" ¢�	ù �ûª°«­«ù­ «­��ú���ù°�- ú� �&ù
¬ù ù�­!ú ú­«¤­«)ù!

¬ û��ú�" ��ú���ù°�­ �ûª°«­«ù¯ ü�¤ª°	¯!ú �&ù
¬ù" ��ú$ ỹk(x) ­�ú$ ú��«�­ û­&­«ù­ �ûª°«­«ù¯ ´#�"#"#½- �¤�°	­ú°�û̄ (!�­­ ��	�°ù! ỹk(xk) = yk
" �­û­® ∆̄yk

�
�®«ª�ù� üûùûª�­«ù­ ỹk(x)üûù ü­û­%�¤­ �ú xk
¬ xk+1

" �ª¬ ¬ª¬ ỹ′(x) ≡ f(x, ỹk(x))
- ú�- ü�	ªSª¯

hk = xk+1 − xk
- ù�­­��
∆̄

def
= ỹk(xk+1) − yk =

xk+hk∫

xk

f(x, ỹk(x)) dx. ìï[î[îïð



�%Ñ%Ñ �ï]( äWí`]VV�9 ø]ñîïîU ð]8]VW( öTïTäW �î8W �c�
¢�	ù 
� �� ��­	ù ú��«� «ª%�¤ùú$ �ú¤­	$«�­ �ª�úù ûª°­«�ú°ª ´#�"�"#½- ú�

�	ù 
� ° ���ú�¯«ùù ���úª°ùú$ úª
	ù)� ú��«�% ®«ª�­«ù� ù�¬���� .�«¬()ùù- �úüûª°	¯¯�$ �ú y0

ù «ª%�¤¯ ü��	­¤�°ªú­	$«� ∆̄y0
	 y1 = ỹ(x1) =

y0 + ∆̄y0
	 ∆̄y1

	 y2 = y1 + ∆̄y1
ù ú" ¤"2ª���ªúûù°ª­��­ «ù�­ ûª®	ù�«�­ �­ú�¤� �ù�	­««�S� ù«ú­Sûùû�(°ª«ù¯ �ú	ù�ª!ú�¯ ¤û�S �ú ¤û�Sª ü�¤%�¤�� ¬ °��ù�	­«ù! ∆yk

e üûù
	ù(�­««�S� ®«ª�­«ù¯ ¤	¯ ∆̄yk
" ¢�	ù �¬ª®ª« üûù­� ¤	¯ °��ù�	­«ù¯ ∆yk

-
ú� ûª��­ú yk+1

°­¤­ú�¯ ü� .�û��	­
yk+1 = yk + ∆yk, k = 0, 1, 2, . . . ìï[î[î#ð' ü��	­¤�!�­� ù«�S¤ª °�­�ú� xk

- yk - hk - ∆̄yk
- ∆yk

¤	¯ üû�(�ú�ú� 
�¤­� üù�ªú$ x̄ - ȳ - h - ∆̄y - ∆y
" ' üû­¤ü�	��­«ùù �Sûª«ù�­««�(�úù f(x, y) ° �¬û­�ú«��úù ú��¬ù (x̄, ȳ) üûù h → 0 °­	ù�ù«ª ∆̄y ­�ú$


­�¬�«­�«� �ª	ª¯ ü� �­«$&­� �­û­ ü­û°�S� ü�û̄ ¤¬ª �ú«��ùú­	$«� h
"¢�ú­�ú°­««� úû­
�°ªú$ ú�S� �­ �ú ∆y

" ��S¤ª ü�Sû­&«��ú$ üûùûª�­«ù¯
∆̄y − ∆y ­�ú$ 
­�¬�«­�«� �ª	ª¯ ü�û̄ ¤¬ª «­ «ù�­ ü­û°�S�"

�ù�	� l «ª®�°­� �������� ��j�����ë �����jè���� �ù�	­««�S��­ú�¤ª- ­�	ù ���­�ú°�­ú úª¬�­ �ù�	� c 6= 0 - ®ª°ù�¯�­­ �ú ®«ª�­«ù�
f(x, y) ù ­­ �ª�ú«�% üû�ù®°�¤«�% ° ú��¬­ (x̄, ȳ) - �ú�

lim
h→0

∆̄y − ∆y

hl
= c. ìï[î[î[ð

 �û̄ ¤�¬ ü�&ªS�°�� ü�Sû­&«��úù e �¤«ª ù® °ª�«­�&ù% %ªûª¬ú­ûù�úù¬�ù�	­««�S� �­ú�¤ª" û�¬ª	$«ª¯ �&ù
¬ª ��­�­«ù¯ ��°üª¤ª­ú � ��úªú��«���	­«�� .�û��	� �­�	�ûª" ûù û­&­«ùù ®ª¤ª�ù ÷�&ù � ü��ú�¯««�� &ªS�� h «ª üû��­��ú(¬­ [x0, X] �ù�	� &ªS�° n = (X − x)/h - ù ü�û¯¤�¬ �ª	��úù ����ªû«��
ü�Sû­&«��úù ° ú��¬­ X «ª ­¤ù«ù)� �­«$&­ ü�û¯¤¬ª ü�&ªS�°�� ü�Sû­&(«��úù- ú" ­" ûª°­« l − 1

" û�ù�%��¤­«ù­ é���éêè�$ �&ù
�¬ üûù û­&­«ùù ¤ù..­û­«)ùª	$(«�% �ûª°«­«ù� ª«ª	�Sù�«� ûª®«��ú«�� ªüüû�¬�ù�ª)ùù üû�ù®°�¤«��" ¢�	ù	�¬ª	$«ª¯ �&ù
¬ª ���­ú 
�ú$ ®ªüù�ª«ª ° °ù¤­ O(hp+1) - ú� S�°�û̄ ú ��­ú�¤­ p (S� ü�û̄ ¤¬ª" ' ���ú°­ú�ú°ùù � üûù«)ùü�� 2�«S­ ü�°ú�û«�� ��­ú
�ú ú��¬ù t0

¤� T � &ªS�� h′ < h ���­ú ��¬ûªúùú$ �&ù
¬� ° ú��¬­ Tüûù�­û«� ° (h′/h)p ûª®"¹é�û�éêè�� �&ù
¬ª ü�	��ª­ú�¯ ����ùû�°ª«ù­� 	�¬ª	$«�� �&ù
¬ùú­¬��­S� &ªSª � S	�
ª	$«�� �&ù
¬�� «ª üû­¤�¤��­� &ªS­- ��«��­««��
«ª ü­û­��­ú«�� �«��ùú­	$"  ��	­¤«ù� ®ª°ù�ùú �ú ¯¬�
ùª«ª �ù�ú­�� Jù °�
ûª««�S� &ªSª ù«ú­Sûùû�°ª«ù¯ ù ¤�	�­« 
�ú$ ü� ��¤�	! �­«$&­



�òÍ Ò̀ TUT �%Ñ iWí`]VVî] WVñ]òðWðîUTVW] ïW��]ð]V�WT`JV�9 �ðTUV]VW=
­¤ù«ù)�"  �±ú��� �ù�	­««�� �­ú�¤ ���­ú 
�ú$ «­��ú���ù°�� ¤ª�­ ¤	¯��ú���ù°�% �ûª°«­«ù� e ° ®ª°ù�ù���úù �ú ûª®�­û�° &ªSª"��������� ��û��� j��� ��é�è� ������ê�� è� �����KK ���é�è	è�ë ���������è� � �è�ø�ù�K"  ��	­¤«!! «ª¤� «ªûª
�úªú$�

~)\=\ *]^_` L�o]bc
 û��ú­�&ù� ù® �ù�	­««�% �­ú�¤�° ù«ú­Sûùû�°ª«ù¯ ¤ù..­û­«)ù(ª	$«�% �ûª°«­«ù� ¯°	¯­ú�¯ �­ú�¤ /�	­ûª" 1« ��«�°ª« «ª ®ª�­«­ «­ù®(°­�ú«�� ü�¤�«ú­Sûª	$«�� .�«¬)ùù f(x, ỹk(x))

° ù«ú­Sûª	­ ´#�"�"#½ «ª
­¤ù«�ú°­««�­ ù®°­�ú«�­ ­­ ®«ª�­«ù­ ° ú��¬­ xk

� f(xk, yk)
" �ª¬ù� �
ûª(®��-

∆̄yk ≈ ∆yk = yk+1 − yk = hkf(xk, yk),�ú� üûù°�¤ùú ¬ ûª��­ú«�� .�û��	­ �­ú�¤ª /�	­ûª
yk+1 = yk + hkf(xk, yk), k = 0, 1, . . . ìï[î\îïð
	¯ �­ú�¤ª /�	­ûª ü�û̄ ¤�¬ ü�&ªS�°�� ü�Sû­&«��úù l = 2

" o	­¤�(°ªú­	$«�- ü�û¯¤�¬ ü�Sû­&«��úù «ª °�­� ù«ú­û°ª	­ ûª°­« l− 1 = 1
"  ûù

ü­û­%�¤­ �ú tk
¬ tk+1

«ª¬�ü	­««ª¯ S	�
ª	$«ª¯ �&ù
¬ª ��«��ª­ú�¯ «ª
(1 − hkJ)

" ¢�	ù ±ú�ú �«��ùú­	$ 
�	$&­ #- ú� �&ù
¬ù 
�¤�ú °�®ûª�úªú$"/ú�ú ü�¤%�¤ ­�ú­�ú°­««� �
�
�ª­ú�¯ «ª �ù�ú­�� �ûª°«­«ù� r�0- �" ����"' ����J�ù�����èè�� �­ú�¤­ /�	­ûª °�ü�	«¯­ú�¯ ��û­¤«­«ù­ ®«ª(�­«ù¯ üû�ù®°�¤«�� ° «ª�ª	­ ù ° ¬�«)­ ��­û­¤«�S� ù«ú­û°ª	ª ´° ¬�«)­ e
°��ù�	­««�­ üûù
	ù�­««�½"

 ûù�­û #�"�"  ��ú$ ¤ª«� ¤ù..­û­«)ùª	$«�­ �ûª°«­«ù­ y′ = −y ù
«ª�ª	$«�­ ��	�°ù­ y(0) = 1

" 
®°­�ú«� ú��«�­ û­&­«ù­ ®ª¤ª�ù y = e−x
" �¤�úª°ù° ° ´#�"�"#½ f(x, y) = −y - ü�	��ù�

yk+1 = yk + h(−yk) = yk(1 − h), k = 0, 1, 2, . . . ;�	­¤�°ªú­	$«�- � ��­ú�� y0 = 1 ù�­­�
yk = (1 − h)k. ��ú$ ¤ª«� X > 0 ù n e )­	�­ ü�	��ùú­	$«�­ �ù�	�"  �	ªSª¯

h = X/n ù �
�®«ª�ª¯ �­û­® ỹ(x) üûù
	ù�­««�­ û­&­«ù­ ®ª¤ª�ù- «ª�¤­�
ỹ(X) = (1 − h)n = (1 − h)X/n.



�%Ñ¦Ñ &]ñîï� 
�Vò]M��ññ� �òc
1ú�!¤ª �	­¤�­ú

ln y(X) =
X

n
ln(1 − h) =

X

h

(

−h− h2

2
− h3

3
− . . .

)

= −X −X

(

h+
h2

2
+
h3

3
+ . . .

)

.

��ùú�°ª¯- �ú� ln y(X) = ln e−X = −X - «ª%�¤ù�
ln y(X) − ln ỹ(X) = X

(

h+
h

2
+
h2

3
+ . . .

)

,

ù ü�±ú���
lim
h→0

y(X) − ỹ(X)

h
=
X

2
e−X 6= 0,

�ú� ü�¤ú°­û�¤ª­ú ��úª«�°	­««�� ûª«­­ ü�û̄ ¤�¬ ü�Sû­&«��úù �­ú�¤ª/�	­ûª"�­¤��úªú¬�� ù�üûª°	­««�S� �­ú�¤ª /�	­ûª ù ¤û�Sù% �­ú�¤�° 
�(	­­ °���¬ù% ü�û¯¤¬�°- ��«�°ª««�% «ª ü�&ªS�°�� üû­¤�úª°	­«ùù û­&­«ù¯
®ª¤ª�ù ÷�&ù ü� .�û��	­ �­�	�ûª ù ü��	­¤�°ªú­	$«�� ¤ù..­û­«)ùû�(°ª«ùù �ûª°«­«ù¯ ´#�"#"#½ ¤	¯ ü�	��­«ù¯ ú­�	�û�°�% ¬�±..ù)ù­«ú�°- ¯°(	¯­ú�¯ «­�
%�¤ù���ú$ °��ù�	­«ù¯ «ª ¬ª�¤�� &ªS­ �ª�ú«�% üû�ù®°�¤«�%.�«¬)ùù f(x, y)

"

~)\F\ *]^_`¤ å�n�]0��^^¤

¤­¯ ü��úû�­«ù¯ ¯°«�% �­ú�¤�° 2�«S­e÷�úú� p (S� ü�û¯¤¬ª ®ª(¬	!�ª­ú�¯ ° ü�	��­«ùù üûù
	ù�­«ù� ¬ ®«ª�­«ù¯� f(xi+1)

ü� .�û��	­
°ù¤ª

yi+1 = yi + hϕ(xi, yi, h),

S¤­ ϕ(x, y, h) e «­¬�ú�ûª¯ .�«¬)ù¯- üûù
	ù�ª!�ª¯ �úû­®�¬ û̄ ¤ª �­�(	�ûª ¤� p (S� ü�û̄ ¤¬ª ù «­ ��¤­û�ª�ª¯ �ª�ú«�% üû�ù®°�¤«�% .�«¬)ùù
f(x, y)

" E�«¬)ù! ϕ(x, y, h) 
­û�ú �«�S�üªûª�­úûù�­�¬�� ù ü�¤
ùûª(!ú ­­ üªûª�­úû� �ûª°«­«ù­� � «��«�� �ú­ü­«ù �«�S��	­«�� �­�	�ûª
¤	¯ y(x)

"
	¯ üû��ú�ú� °�­�ú� xk, yk, hk 
�¤­� üù�ªú$ x̄, ȳ, h
"  ��ú$

r ≥ 2 ­�ú$ )­	�­ �ù�	�	 {α1, α2, . . . , αr−1} e ü�	��ùú­	$«�­ �ù�	ª	



�òò Ò̀ TUT �%Ñ iWí`]VVî] WVñ]òðWðîUTVW] ïW��]ð]V�WT`JV�9 �ðTUV]VW=
ü��ú$ �ù�	ª {βsm}, s = 1, r − 1; m = 1, s ù γ1, γ2, . . . , γr

�¤�°	­ú°�(û̄ !ú ��	�°ù¯�
β11 = α1;

s∑

m

βsm = αs;
r∑

j=1

γj = 1. ìï[îIîïð
1¤ù« ±úªü �­ú�¤ª 2�«S­e÷�úú� ´ü­û­%�¤ �ú xk ¬ xk+1

½ ����­�ú°	¯­ú�¯�	­¤�!�ù� �
ûª®���#½ ü��	­¤�°ªú­	$«� �¤«� ®ª ¤û�Sù� °��ù�	¯!ú�¯ �	­¤�!�ù­
r �ù�­	�

∆1 = hf(x̄, ȳ);
∆2 = hf(x̄+ α1h, ȳ + β11∆1);
∆3 = hf(x̄+ α2h, ȳ + β21∆1 + β22∆2);" " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
∆j+1 = hf(x̄+ αjh, ȳ + βj1∆1 + . . .+ βjj∆j);" " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
∆r = hf(x̄+ αr−1h, ȳ + βr−1,1∆1 + . . .+ βr−1,r−1∆r−1);

ìï[îIî#ð

�½ °��ù�	¯­ú�¯
∆ =

r∑

j=1

γj∆j; ìï[îIî[ð
�½ «ª%�¤ùú�¯ �û¤ù«ªúª ��­û­¤«�� ú��¬ù

yk+1 = ȳ + ∆ = yk + ∆. ìï[îIî\ð
�ù�	ª {αs, βsm, γj} üûù ®ª¤ª««�� r °�
ùûª!ú�¯ úª¬- �ú�
�ûª®«��ú$
∆̄ȳ − ∆ȳ =

x̄+h∫

x̄

f(x, ỹ(x)) dx− ∆ ≡ [ỹ(h) − ȳ] − ∆, ìï[îIîIð
S¤­ ỹ(x) e ú��«�­ û­&­«ù­ ®ª¤ª�ù ÷�&ù y′ = f(x, y) - y|x=x̄ = ȳ -ûª���ªúûù°ª­�ª¯ ¬ª¬ .�«¬)ù¯ ü­û­�­««�� h - 
�	ª 
­�¬�«­�«� �ª	��
°�®���«� 
�	­­ °���¬�S� ü�û¯¤¬ª l �ú«��ùú­	$«� h

" �ù�	ª {α, β, γ}±úù� úû­
�°ª«ù­� «­ �üû­¤­	¯!ú�¯ �¤«�®«ª�«�- ù üûù ù% °�
�û­ �úû­(�¯ú�¯ ¬ üû��ú�ú­ .�û��	 °ù¤ª ´#�"m"�½- ´#�"m"�½" '��ù�	­«ù¯ ü� úª¬ù�.�û��	ª� «ª®�°ª!ú �­ú�¤�� ���� 2�«S­e÷�úú�"



�%Ñ¦Ñ &]ñîï� 
�Vò]M��ññ� �ò�
2ª����úûù� °�°�¤ ¬�«¬û­ú«�S� °ù¤ª ±úù% .�û��	 ¤	¯ üû��ú­�&­S��	��ª¯ r = 2

" �ù�­ �ù�°�	� f, f ′
x, f

′
y, f

′′
xy

ù ú" ¤" 
­® �¬ª®ª«ù¯ ªûS��­«(úª 
�¤�ú �®«ª�ªú$ ®«ª�­«ù¯ ���ú°­ú�ú°�!�ù% .�«¬)ù� ° ú��¬­ (x̄, ȳ) - ª�ù�°�	� y0, y
′
0, y

′′
0
e ®«ª�­«ù¯ û­&­«ù¯ ù ­S� üû�ù®°�¤«�% ° ú��¬­ x̄

"
�­­�
y0 = ȳ; y′0 = f(x̄, ȳ) = f ; y′′(x) = f ′

x + y′f ′
y,ù ü�±ú��� y′′0 = f ′

x + ff ′
y

" 
ª	­­-
y′′′ = f ′′

xx + y′f ′′
xy + y′(f ′′

x,y + f ′′
y,yy

′) + y′′f ′
y,

�ú¬�¤ª
y′′′0 = f ′′

xx + 2ff ′′
xy + f 2f ′′

yy + f ′
y(f

′
x + ff ′

y).��S¤ª

ỹ(h)−ȳ = fh+
f ′
x + ff ′

y

2!
h2+

f ′′
xx + 2ff ′′

xy + f 2f ′′
yy + f ′

y(f
′
x + ff ′

y)

3!
h3+O(h4).

ìï[îIîXðñ ¤û�S�� �ú�û�«�- �ù�ú­�ª ´#�"m"�½ üûù r = 2 � ��­ú�� β1,1 = α1¤ª­ú
∆1 = hf(x̄, ȳ) = hf ;

∆2 = hf(x̄+ α1h, ȳ + α1∆1) = hf(x̄+ α1h, ȳ + α1hf)

= hf + α1h
2[f ′

x + ff ′
y]

+
h3

2
[f ′′
xxα

2
1 + 2fα2

1f
′′
xy + α2

1f
2f ′′
yy] +O(h4).
ª	­­ «ª%�¤ù�

∆ = γ1∆1 + γ2∆2 = hf(γ1 + γ2) + α1γ2h
2(f ′

x + ff ′
y)

+
γ2h

3α2
1

2
(f ′′
xx + 2ff ′′

xy + f 2f ′′
yy) +O(h4).

��ùú�°ª¯ ´#�"m"@½- �
­�¤ª­��¯- �ú� � ú��«��ú$! O(h4)

ỹ(h) − ȳ − ∆ = hf(1 − (γ1 + γ2)) + h2(f ′
x + ff ′

y)(1/2 − α1γ2)
+ h3

[
(f ′′
xx + 2ff ′′

xy + f 2f ′′
yy) (1/6 − α2

1γ2/2)
+ f ′

y(f
′
x + ff ′

y)/6)
]
. ìï[îIî ðñ	­¤�°ªú­	$«�- ­�	ù ü�úû­
�°ªú$

γ1 + γ2 = 1; α1γ2 = 1/2, ìï[îIîíð



�ò� Ò̀ TUT �%Ñ iWí`]VVî] WVñ]òðWðîUTVW] ïW��]ð]V�WT`JV�9 �ðTUV]VW=
ú� 
�¤­� ù�­ú$

ỹ(h) − ȳ − ∆ = O(h3),

ú" ­" ü�û̄ ¤�¬ ü�&ªS�°�� ü�Sû­&«��úù l = 3
" �ù¬ª¬ù� °�
�û�� α1, γ1, γ2«­	$®¯ ¤�
ùú$�¯ ú�S�- �ú�
� ¤	¯ üû�ù®°�	$«�% f ′

x, f
′
y, f

′′
xx, f

′′
xy, f

′′
yy

¬�±.(.ù)ù­«ú üûù h3 ° üûª°�� �ª�úù °�ûª�­«ù¯ ´#�"m"0½ �
ûªúù	�¯ ° «�	$"
��	�°ù¯ ´#�"m"�½ «­ �üû­¤­	¯!ú α1, γ1, γ2

�¤«�®«ª�«�" 
	¯ üû�(�ú�ú� ûª��­ú�° �
��«� ü�	ªSª!ú α1 = 1, γ1 = γ2 = 1/2 - ù .�û��	�2�«S­e÷�úú� ¤	¯ r = 2 üûù«ù�ª!ú °ù¤
∆1 = hf(x̄, ȳ);
∆2 = hf(x̄+ h, ȳ + ∆1);
∆ = (∆1 + ∆2)/2;
yk+1 = yk + ∆.

ìï[îIî¡ð

 ûù ±ú�� l = 3
"�­��­úûù�­�¬ª¯ ù«ú­ûüû­úª)ù¯ ±ú�S� �­ú�¤ª ü�¬ª®ª«ª «ª ûù�" #�"�"

���� �i�X� ����� �����Ì����� X3�� Y����u�
�¬ª�­� ü�û̄ ¤�¬ ü��úû�­«ù¯ ú��¬ù (xk+1, yk+1)

�
�½ �­û­® ú��¬� A(xk, yk)

üû�°­�úù üû̄ ��! ü�	¯ «ªüûª°	­«ù� ¤� ü­û­(�­�­«ù¯ ­­ � °­ûúù¬ª	$! x = xk+1
° ú��¬­ B 	


½ �­û­® ú��¬� B üû�°­�úù üû̄ ��! ü�	¯ «ªüûª°	­«ù� ¤� ü­û­�­�­«ù¯
­­ ° ú��¬­ C � °­ûúù¬ª	$! x = xk+1 + hk = xk + 2hk

" <ª�­úù�-



�%Ñ¦Ñ &]ñîï� 
�Vò]M��ññ� �ò�
�ú� �û¤ù«ªúª ú��¬ù C ��°üª¤ª­ú � �û¤ù«ªú�� yk+2

- ü�	��­««�� ü��­ú�¤� /�	­ûª üûù ��	�°ùù hk+1 = hk;

°½ ú��¬� A ��­¤ù«ùú$ � ú��¬�� C 	 ú��¬ª D ü­û­�­�­«ù¯ üû̄ ��� AC� °­ûúù¬ª	$! x = xk+1
ù ­�ú$ ��­û­¤«ª¯ ú��¬ª- �û¤ù«ªúª ¬�ú�û��

üûù«ù�ª­ú�¯ ®ª yk+1
"

ü«ª	�Sù�«�� �
ûª®�� �úû�¯ú�¯ �­ú�¤� 2�«S­e÷�úú� 	!
�S�ü�û̄ ¤¬ª" 1
��«� ù�ü�	$®�­ú�¯ �	��ª� r = 4 - ° ¬�ú�û��
∆1 = hf(x̄, ȳ);

∆2 = hf(x̄+ h/2, ȳ + ∆1/2);

∆3 = hf(x̄+ h/2, ȳ + ∆2/2);

∆4 = hf(x̄+ h, ȳ + ∆3);

∆ = (∆1 + 2∆2 + 2∆3 + ∆4)/6./úª �%­�ª �ú°­�ª­ú �	­¤�!�­�� °�
�û� �ù�­	 α, β ù γ �
α1 = α2 = β1,1 = β2,2 = 1/2; α3,3 = β3,3 = 1;
β2,1 = β3,1 = β3,2 = 0;
γ1 = γ4 = 1/6; γ2 = γ3 = 1/3.¢� ���ú°­ú�ú°�­ú l = 5

" ��°�û̄ � �­ú�¤­ 2�«S­e÷�úú�- �
��«� ù�­!ú °
°ù¤� ù�­««� ±ú�ú °ªûùª«ú"1
��«� ù«ú­Sûùû�°ª«ù­ �ú tn ¤� tn+1

üû�°�¤ùú�¯ ¤°ª�¤�� ü­û°��
ûª® � &ªS�� h - °ú�û�� e ¤°��¯ &ªSª�ù h/2

" ñûª°«ù°ª¯ ¤°­ �)­«¬ù-���«� �)­«ùú$ 	�¬ª	$«�! �&ù
¬�" �ª¬ù� �
ûª®��- üûù ��ü­&«� °�ü�	(«­««�� &ªS­ úû­
�­ú�¯ ##(¬ûªú«�­ °��ù�	­«ù­ üûª°�% �ª�ú­�"
�­ú�¤� 2�«S­e÷�úú� ù�­!ú ®«ª�ùú­	$«�­ �ù�	� �°�
�¤«�% üªûª(�­úû�°- ¬�ú�û�­ ��S�ú ù�ü�	$®�°ªú$�¯ ¤	¯ ü�°�&­«ù¯ °��ù�	ùú­	$«��

±..­¬úù°«��úù ±úù% �­ú�¤�°" 2�¬�°�¤¯�ª¯ ù¤­¯ ±úù% ��¤ù.ù¬ª)ù� e
ü�	��ùú$ .�û��	� ù® ¤ª««�S� �­�­��ú°ª- ¬�ú�û�­�

• ù�ü�	$®�!ú �¤«ù ù ú­ �­ ®«ª�­«ù¯ .�«¬)ùù	
• �üû­¤­	¯!ú ûª®«�­ °­û�ùù �­ú�¤ª �¤«�S� ù	ù ��­�«�% ü�û̄ ¤¬�°	
• ü�®°�	¯!ú ü� ûª®«��úù û­®�	$úªú�° ��¤ùú$ � ú��«��úù ��­úª"

' °ªûùª«ú­ ÷�úú�e�­û��«ª «ª ¬ª�¤�� &ªS­ °��ù�	¯!ú�
ηi1 = f(xi, yi),



�ò× Ò̀ TUT �%Ñ iWí`]VVî] WVñ]òðWðîUTVW] ïW��]ð]V�WT`JV�9 �ðTUV]VW=
ηi2 = f(xi +

h

3
, yi +

h

3
ηi1),

ηi3 = f(xi +
h

3
, yi +

h

6
ηi1 +

h

6
ηi2),

ηi4 = f(xi +
h

2
, yi +

h

8
ηi1 +

3h

8
ηi2),

ηi5 = f(xi + h, yi +
h

2
ηi1 −

3h

2
ηi3 + 2hηi4),

ỹi+1 = yi +
h

2
(ηi1 − 3ηi3 + 4ηi4),

yi+1 = yi +
h

6
(ηi1 + 4ηi4 + ηi5).

 ��	­ ±ú�S� ü�¤��ùú�°ª!ú °­	ù�ù«�
R = 0.2|yi+1 − ỹi+1|

ù üû�°�¤¯ú �ûª°«­«ù¯" ¢�	ù ®«ª�­«ù­ R �¬ª�­ú�¯ 
�	$&­ ®ª¤ª««�S� ¤�(ü��úù��S� �û�°«¯ ª
��	!ú«�% ü�Sû­&«��ú­� ε - ú� &ªS ��­«$&ª!ú °¤°�­
ù °�®°ûª�ª!ú�¯ ¬ «ª�ª	� °ú�û�S� ±úªüª" ' üû�úù°«�� �	��ª­ ü�	ªSª!ú
yi+1 = ỹi+1

� ü�Sû­&«��ú$! «­ 
�	­­ ε
" ¢�	ù R ≤ ε/64 - ú� ûª��­ú

üû�¤�	�ª­ú�¯ � &ªS�� 2h
"

E­	$
­ûS ù�%�¤ù	 ù® &­�úù±úªü«�S� �­ú�¤ª 2�«S­e÷�úú�
ù ü�¤�
ûª	 ¬�±..ù)ù­«ú� úª¬- �ú� �­ú�¤ ù�­­ú ü¯ú�� ü�û̄ ¤�¬" � �­ú�û­� ®«ª�­«ù¯� k ���«�- �¬��
ù«ùû�°ª° ù% � ¤û�Sù�ù °­�ª�ù γ -ü��úû�ùú$ «­¬	ª��ù�­�¬ù� °ªûùª«ú �­ú�¤ª 2�«S­e÷�úú� ù- �	­¤�°ªú­	$(«�- ü�	��ùú$ °ú�û�! �)­«¬� û­&­«ù¯ ° ú��¬­ tn+1

" 
% ûª®«��ú$ ���«�
ù�ü�	$®�°ªú$ ¤	¯ �)­«¬ù 	�¬ª	$«�� �&ù
¬ù û­&­«ù¯ ù ¤	ù«� �	­¤�!(�­S� &ªSª"'ªûùª«ú �­ú�¤ª � ¬�«úû�	­� ü�&ªS�°�� ü�Sû­&«��úù ´r#A- �" �@��½�

k1 = hf(x, y); k2 = hf

(

x+
h

2
, y +

k1

2

)

;

k3 = hf

(

x+
h

2
, y +

k1 + k2

4

)

; k4 = hf(x+ h, y − k2 + 2k3);

k5 = hf

(

x+
2h

3
, y +

7k1 + 10k2 + k4

27

)

;



�%ÑLÑ N�íñðTõî`(�WîVV�] ðTöVîíñV�] ø]ñîï� �ò:
k6 = hf

(

x+
h

5
, y +

28k1 − 125k2 + 546k3 + 54k4 − 378k5

625

)

;

∆y =
k1 + 4k3 + k4

6
.

�	ª°«�� �	­« ü�Sû­&«��úù
r = −42k1 + 224k3 + 21k4 − 162k5 − 125k6

336
+O(h6).

~)\Q\ L�Î^bcÌ_opda_nn¤] bc+n_Î^n¤] q]^_`¤
' �­ú�¤ª% /�	­ûª ù 2�«S­e÷�úú� ¤	¯ °��ù�	­«ù¯ ∆yk

ù�ü�	$(®�°ª	��$ 	ù&$ ®«ª�­«ù­ yk
" �ù�­ 
�¤�ú �üù�ª«� �­ú�¤�- ° ¬�ú�û�%

¤	¯ °��ù�	­«ù¯ ∆yk
ù�ü�	$®�!ú�¯ yk, yk−1, . . . , yk−r

e ú" ­" ®«ª�­«ù¯
û­&­«ù¯ ´ª- °�®���«�- ù üû�ù®°�¤«�%½ ° «­�¬�	$¬ù% üû­¤&­�ú°�!�ù%
ú��¬ª%" �ª¬ù­ �­ú�¤� «ª®�°ª!ú �è���j�������- ù üûù ù% üûù�­«­«ùù
�
��«� ù�ü�	$®�!ú ûª°«��ú�ú�¯�ù­ �®	�" ñ ±ú�S� ���­«úª 
�¤­� ��ù(úªú$ xk = x0 + kh, k = 1, 2, . . . �­û­® fk 
�¤­� �
�®«ª�ªú$ f(xk, yk)

"
 û­¤ü�	��ù�- �ú� ü��ù�� y0

¬ª¬ù�(	ù
� �ü���
�� ��­ «ª�¤­(«� ®«ª�­«ù¯ {ym}, m = 1, 2, . . . , k - S¤­ k ≥ r
"  � (r + 1) ú��(¬ª� (xk−r, yk−r), (xk−r+1, yk−r+1), . . . , (xk, yk)

ü��úû�ù� ù«ú­ûü�	¯)ù�«(«�� �«�S��	­« Ir(x)
�ú­ü­«ù «­ °�&­ r

" ý�ú¯ ù«ú­û°ª	 (xk, xk+1)
«­��¤­û�ùú �®	�° ù«ú­ûü�	¯)ùù- °�­ �­ ­�ú­�ú°­««� ��ù¤ªú$- �ú� «ª «­�

f(x, ỹk(x)) ≈ Ir(x)
- ú" ­" �«�S��	­« Ir(x)

��������é��ø�� f(x, ỹk(x))«ª �úû­®�¬ [xk, xk+1]
" <ª�­«ù° ° ù«ú­Sûª	­ ´#�"�"#½ ü�¤�«ú­Sûª	$«�!.�«¬)ù! f(x, ỹk(x))
«ª Ir(x)

- üûù%�¤ù� ¬ ûª��­ú«�� .�û��	ª� ±¬�(úûªü�	¯)ù�««�S� �­ú�¤ª ü¤ª��ª ü�û̄ ¤¬ª r

∆yk =

xk+h∫

xk

Ir(x) dx. ìï[îXîïð

2ª����úûù� ûª®	ù�«�­ .�û�� ù ü�û¯¤�¬ °��ù�	­«ù¯ üûª°�� �ª�úù.�û��	� ´#�"@"#½"



�òB Ò̀ TUT �%Ñ iWí`]VVî] WVñ]òðWðîUTVW] ïW��]ð]V�WT`JV�9 �ðTUV]VW=
Ñ�Ð_ÐÑÐ 3Ô�ÕØÖáÕÔ� ,ØÓÝÔ ÝÛáØ�Ô Ó�ÔÝÖÔ
<ªüù&­� ù«ú­ûü�	¯)ù�««�� �«�S��	­« Ir(x)

° .�û�­ �$!ú�«ª
¤	¯ ù«ú­ûü�	ùû�°ª«ù¯ «ª®ª¤ ù ü­û­�¤­� ° «­� ¬ «�°�� ü­û­�­««�� tü� .�û��	­ x = xk + th

"  �	��ù�
Ir(x) = fk +

r∑

j=1

∆jfk−j
j!

t(t+ 1) . . . (t+ j − 1).

 �¤�úª°ù° ±ú�ú �«�S��	­« ° ´#�"@"#½ ù ®ª�­«ù° ü­û­�­««�! ù«ú­Sûùû�(°ª«ù¯ x «ª t - «ª%�¤ù�
∆yk = h

(

fk +
r∑

j=1

aj∆
jfk−j

)

, ìï[îXî#ð
S¤­

aj =
1

j!

1∫

0

t(t+ 1) . . . (t+ j − 1) dt. ìï[îXî[ð
 ûù°­¤­� úª
	" #�"# ¬�±..ù)ù­«ú�° ±¬�úûªü�	¯)ù�««�� .�û��	� ü¤ª�(�ª ¤	¯ j = 1, 5

"
3�4��5� �i��� Àªu����Y���5������Â u�t  �5����� j����������  ����lO # � � � m

aj
#-� m-#� �-� �m#-0�A hm-���

Ñ�Ð_ÐäÐ �Û�ÓÔ�ÕØÖáÕÔ� ,ØÓÝÔ ÝÛáØ�Ô Ó�ÔÝÖÔ
<ªüù&­� ù«ú­ûü�	¯)ù�««�� �«�S��	­« Ir(x) ° .�û�­ ûªSûª«�ª ù

ü­û­�¤­� ° «­� ¬ «�°�� ü­û­�­««�� t ü� .�û��	­ x = xk+ th
"  �	��ù�

Ir(x) =
r∑

j=0

fk−j
(−1)j

j!(r − j)!

r∏

i=0,
i6=j

(t+ i),

ü��	­ �­S� .�û��	ª ´#�"@"#½ üûù«ù�ª­ú °ù¤

∆yk = h
r∑

j=0

arjfk−j, ìï[îXî\ð



�%ÑLÑ N�íñðTõî`(�WîVV�] ðTöVîíñV�] ø]ñîï� �ò�
S¤­

arj =
(−1)j

j!(r − j)!

1∫

0

[ r∏

i=0,
i6=j

(t+ i)
]

dt. ìï[îXîIð
 ûù°­¤­� úª
	" #�"� ¬�±..ù)ù­«ú�° 
­®ûª®«��ú«�� ±¬�úûªü�	¯)ù�««��.�û��	� ü¤ª��ª"
3�4��5� �i�X� Àªu����Y���5������Â u�t  �5����� j4������������  ����lP a0 a1 a2 a3# �-� (#-�� ��-#� (�-� m-#�

� mm-�� (mh-�� �0-�� (�-�
÷.�û��	­ ´#�"@"�½ ���«� ü­û­�úù- ®ª�­«ù° ° ´#�"@"�½ ûª®«��úù {∆jfk−j}ù% °�ûª�­«ù¯�ù �­û­® {fm}

"
Ñ�Ð_Ð�Ð "ØÓ��ØÜ Úß0ÙÖÞÛÕÙ�
�ª�ª	$«�­ ��	�°ù¯ ®ª¤ª�ù ÷�&ù ¤ª!ú �ù�	� y0

" 
	¯ üûù�­«­(«ù¯ �­ú�¤ª ü¤ª��ª ü�û¯¤¬ª r «ª¤�- �ú�
� 
�	ù ù®°­�ú«� úª¬�­ ®«ª(�­«ù¯ y1, y2, . . . , yr
" /ú�ú ��ª�ú�¬ úª
	ù)� ù�¬���% ®«ª�­«ù� «ª®�°ª!ú

��
��èè�� "  û­¤ü�	ªSª­ú�¯- �ú� ûª®S�««�� ��ª�ú�¬ ü�	��­« ¬ª¬ù�(	ù
�¤û�Sù� �­ú�¤�� ´«ªüûù�­û- �­ú�¤�� 2�«S­e÷�úú�½" ûù �ª&ù««�� ��­ú­ �	­¤�­ú ü�	$®�°ªú$�¯ 
­®ûª®«��ú«�� .�û(���- ���	ª!�­��¯ «­ü��û­¤�ú°­««� «ª °��ù�	­«««�­ ®«ª�­«ù¯ {fk}
"

E�û��	� ´#�"@"�½ ü­û°�� ûª® üûù�­«¯!ú�¯ ¤	¯ k = r - ª ®ªú­� ¤	¯
k = r + 1, r + 2 ù ú" ¤"

Ñ�Ð_Ð�Ð "ØmÔæØÚß� ×ØÓ��ØÜ ×ØæÓÛmÕØÖáÙ ÝÛáØ�Ô Ó�ÔÝÖÔ
 ��ú$ ỹ(x) ­�ú$ ú��«�­ û­&­«ù­ �ûª°«­«ù¯ ´#�"#"#½ üûù ��	�°ùù

ỹ(xk) = yk
"  �	��ù� yk−j = ỹ(xk − jh), j = 1, 2, . . . r - ù °��ü�	$®�­�(�¯ .�û��	�� ´#�"@"#½ ¤	¯ °��ù�	­«ù¯ ∆yk

" ' ±úù% ��	�°ù¯% ü�û̄ ¤�¬ lü�&ªS�°�� ü�Sû­&«��úù ° ����	­ .�û��	� ´#�"�"�½ ¤	¯ �­ú�¤ª ü¤ª��ª
ü�û̄ ¤¬ª r ûª°­« r + 2

"
® °�&­ù®	��­««�S� �	­¤�­ú- �ú� ��«�°«�� �­ú�¤ 2�«S­e÷�úú�
ù �­ú�¤ ü¤ª��ª �(S� ü�û̄ ¤¬ª ù�­!ú �¤ù«ª¬�°�­ ü�û̄ ¤¬ù ü�&ªS�°��
ü�Sû­&«��úù"



��Í Ò̀ TUT �%Ñ iWí`]VVî] WVñ]òðWðîUTVW] ïW��]ð]V�WT`JV�9 �ðTUV]VW=
~)\e\ �n^]bÌ_opda_nn¤] bc+n_Î^n¤] q]^_`¤QÎ Ì]b]Î�]^_qR
 ��ú$ r ≥ 1 e )­	�­ �ù�	� ù ù®°­�ú«� ®«ª�­«ù¯ y0, y1, . . . , yk

- S¤­
k ≥ r

" ý�ú¯ ­�­ «­ù®°­�ú«� ®«ª�­«ù­ yk+1
- üûù ü��úû�­«ùù ù«ú­ûü�(	¯)ù�««�S� �«�S��	­«ª ¤	¯ f(x, y) ü� r + 1 �®	ª� üûù°	­�­� ù ú��¬�

(xk+1, fk+1)
" 
úª¬- �
�®«ª�ù� �­û­® Ĩr(x) ù«ú­ûü�	¯)ù�««�� �«�S��	­«

ü� r+1 ú��¬ª� (xk−r+1, fk−r+1), (xk−r+2, fk−r+2), . . . , (xk, fk), (xk+1, fk+1)ù ü�	��ù�
∆yk =

xk+h∫

xk

Ĩr(x) dx. ìï[î îïð
'�
ûª° .�û�� ûªSûª«�ª ¤	¯ �«�S��	­«ª Ĩr(x)

ù ù�ü�	$®�°ª° .�û��	�´#�"�"�½- «ª�¤­� 
­®ûª®«��ú«�! .�û�� ù«ú­ûü�	¯)ù�««�S� �­ú�¤ª ü¤ª�(�ª ü�û̄ ¤¬ª r �
yk+1 = yk + h

[

b−1f(xk+1, yk+1) +
r−1∑

j=0

brjfk−j

]

, ìï[î î#ð
S¤­ ¤	¯ {brj} ���«� �¬ª®ªú$ .�û��	�- ª«ª	�Sù�«�­ ´#�"@"m½"  ûù°­¤­�
®«ª�­«ù¯ ¬�±..ù)ù­«ú�° ù«ú­ûü�	¯)ù�««�� .�û��	� ü¤ª��ª {brj} ¤	¯
r � #-�-� ´úª
	" #�"�½"

3�4��5� �i�i� ÀÃ����Y���5������Â u�t  �5����� j4������������  ����lP b−1 b0 b1 b2# #-� #-�
� m-#� �-� (#-#�� �-� #h-�� (m-�� #-��

¢�	ù ù®°­�ú«� ®«ª�­«ù¯ yk−r+1, yk−r+2, . . . , yk
- ú� ° .�û��	­ ´#�"0"�½

�üû­¤­	­«ª 	ù&$ ����ª r−1∑

j=0

brjfk−j
" �ª¬ù� �
ûª®��- .�û��	ª ´#�"0"�½

��¤­û�ùú «­ù®°­�ú«�­ ¬ª¬ ° 	­°�� �ª�úù- úª¬ ù ° üûª°�� e ° �	ªSª­���
b−1f(xk+1, yk+1)

"¢�	ù üûª°�! �ª�ú$ ´#�"0"#½ �
�®«ª�ùú$ �­û­® ϕ(yk+1)
- ú� .�û��(	� ´#�"0"�½ ���«� ûª���ªúûù°ªú$ ¬ª¬ ø���è�è�� °ù¤ª yk+1 = ϕ(yk+1)

-
üûùS�¤«�­ ¤	¯ ùú­ûª)ùù" 
	¯ ¤��úªú��«� �ª	�S� &ªSª h ±ú� �ûª°«­«ù­
ù�­­ú ¬�û­«$- 
	ù®¬ù� ¬ yk - ù ùú­ûª)ùù 
�¤�ú �%�¤ùú$�¯ ¬ ±ú��� ¬�û«!"



�%ÑÛÑ �Vñ]ðõî`(�WîVV�] ðTöVîíñV�] ø]ñîï� Sí õ]ð]íä]ñîøT ��c
'­	ù�ù«ª ü��	­¤«­S� ù üûù«ù�ª­ú�¯ ° ¬ª�­�ú°­ yk+1

"
	¯ ü�	��­«ù¯ ­S�� ¤��úªú��«�� �ú­ü­«$! ú��«��úù «ª¤� üû�°�¤ùú$ ùú­ûª)ù! ´ü­û­��­ú½
ü� .�û��	­
y

(m+1)
k+1 = yk+h

[

br−1f(xk+1, y
(m)
k+1)+

r−1∑

j=0

brjfk−j

]

, m = 0, 1, 2, . . . , ìï[î î[ð
°�
ûª° ° ¬ª�­�ú°­ «ª�ª	$«�S� üûù
	ù�­«ù¯ y

(0)
k+1

e «ªüûù�­û- ®«ª�­(«ù­ yk+1
- ü�	��­««�­ ü� ±¬�úûªü�	¯)ù�««�� .�û��	­ ü¤ª��ª ú�S� �­

ü�û̄ ¤¬ª" �ª¬ù� �
ûª®��- °�®���«ª �	­¤�!�ª¯ °��ù�	ùú­	$«ª¯ �%­�ª�
ª½ �«ª�ª	ª ù�ü�	$®�­ú�¯ ±¬�úûªü�	¯)ù�««�� �­ú�¤ ü¤ª��ª ¤	¯

ü�	��­«ù¯ y
(0)
k+1

	 ±úª �ª�ú$ °��ù�	­«ù� «ª®�°ª­ú�¯ üû­¤�¬ª®ª«ù­�´üû�S«�®��½	

½ ®ªú­� üû�°�¤ùú�¯ ùú­ûª)ù¯ ü� .�û��	­ ´#�"0"�½	 ±úª �ª�ú$ °��ù�(	­«ù� «ª®�°ª­ú�¯ �ú��«­«ù­� ´¬�ûû­¬)ù­�½"÷ª¬ üûª°ù	�- ¤	¯ �ª	�% ®«ª�­«ù� h �Sûª«ù�ù°ª!ú�¯ �¤«�� ùú­ûª)ù­�-

ú" ­" °��ù�	¯!ú y
(1)
k+1

- ü�	ªSª!ú yk+1 ≈ y
(1)
k+1

ù ü­û­%�¤¯ú ¬ °��ù�	­«ù!
yk+2

"
�ù�	­««�­ �­ú�¤�- ° ¬�ú�û�% °��ù�	¯­��­ ®«ª�­«ù­ yn+1

°%�¤ùú
° üûª°�! �ª�ú$ f - «ª®�°ª!ú�¯ è���è���" �­¯°«�­ �­ú�¤� ¬ª¬ üûª°ù	���ú���ù°­­ ¯°«�% ù ��S�ú ù�­ú$ «­�Sûª«ù�­««�! �
	ª�ú$ ��ú���ù°��úù"
	¯ «ù% °�
�û &ªSª �üû­¤­	¯­ú�¯ ���
ûª�­«ù¯�ù- �°¯®ª««��ù � 	�¬ª	$(«�� �&ù
¬��"' �	��ª­ r = 1 .�û��	� ´#�"0"�½ ù ´#�"0"�½ üûù«ù�ª!ú °ù¤

yk+1 = yk +
h

2
[f(xk, yk) + f(xk+1, yk+1)]; ìï[î î\ð

y
(m+1)
k+1 = yk +

h

2
[f(xk, yk) + f(xk+1, y

(m)
k+1)]. ìï[î îIð

¢�	ù ü�	��ùú$ y(0)
k+1 = yk +hf(xk, yk)

- ú" ­" °��ù�	ùú$ y(0)
k+1

ü� �­(ú�¤� /�	­ûª- ú� ü�	��ù� �­ú�¤ /�	­ûª � ü­û­��­ú��" /úª �%­�ª �¤�
«­­�üù�ª««�� °�&­ ú­�- �ú� «­ úû­
�­ú ®«ª«ù¯ yk−1
- ª ü�ú��� «­ «��¤ª­ú�¯

° ûª®S�««�� ��ª�ú¬­ ´¯°	¯­ú�¯ �¤«�&ªS�°��½"÷ª¬ üûª°ù	�- ü�	��­««�­ �üù�ª««�� �ü���
�� «ª�ª	$«�­ üûù
	ù(�­«ù­ Sû�
­­ «ª�¤­««�S� �­ú�¤�� ü¤ª��ª ü­û°�S� ü�û̄ ¤¬ª- ù ú�S¤ª �ù�(	� ùú­ûª)ù�- «­�
%�¤ù��% ¤	¯ ¤��úù�­«ù¯ ®ª¤ª««�� ú��«��úù- ���­ú
�¬ª®ªú$�¯ 
�	$&­- �­� üûù °�
�û­ y(0)

k+1
ü� �­ú�¤� ü¤ª��ª"



��ò Ò̀ TUT �%Ñ iWí`]VVî] WVñ]òðWðîUTVW] ïW��]ð]V�WT`JV�9 �ðTUV]VW=
<ª�­úù�- �ú� ü�û̄ ¤�¬ ü�&ªS�°�� ü�Sû­&«��úù ù«ú­ûü�	¯)ù�««�S��­ú�¤ª ü¤ª��ª ü�û¯¤¬ª r ��°üª¤ª­ú � ü�û¯¤¬�� ¤	¯ ±¬�úûªü�	¯)ù�««�S��­ú�¤ª ù ûª°­« r + 2

" 1¤«ª¬� �ª�ª ü�Sû­&«��ú$ ¬ª¬ üûª°ù	� �­«$&­ ù
ù�­­ú üû�úù°�ü�	��«�� ®«ª¬"' �	��ª­ r = 1 ü�û̄ ¤�¬ ü�&ªS�°�� ü�Sû­&«��úù ûª°­« � ù- �	­(¤�°ªú­	$«�- ü�û¯¤�¬ ����ªû«�� ü�Sû­&«��úù «ª «­¬�ú�û�� üû��­��ú¬­
ûª°­« �"  �¬ª�­� ±ú� «ª üûù�­û­ ù«ú­ûü�	¯)ù�««�� .�û��	� ü¤ª��ª
¤	¯ r = 1 ´.�û��	ª /�	­ûª � ü­û­��­ú��½"

 ûù�­û #�"�" 2ª����úûù� ®ª¤ª�� ÷�&ù üûù�­ûª ##"�" ' ¤ª««���	��ª­ f(, y) = −y - ù �ûª°«­«ù­- ���ú°­ú�ú°�!�­­ ´#�"0"�½- üûù«ù�ª(­ú °ù¤
yk+1 = yk −

h

2
(yk+1 + yk)./ú� �ûª°«­«ù­ ü�®°�	¯­ú ¯°«� ´
­® ùú­ûª)ù�½ «ª�úù

yk+1 =
1 − h/2

1 + h/2
yk,

�ú¬�¤ª ° �ù	� ��	�°ù¯ y0 = 1 �	­¤�­ú
yk =

(
1 − h/2

1 + h/2

)k

, k = 0, 1, 2, . . .

 ��ú$ X > 0 e «­¬�ú�û�­ �ù�	�- n e )­	�­ ü�	��ùú­	$«�­ �ù�(	�"  �	ªSª¯ h = X/n ù �
�®«ª�ª¯ �­û­® ỹ(x) üûù
	ù�­««�­ û­&­«ù­
®ª¤ª�ù- «ª%�¤ù�

ỹ(X) =

(
1 − h/2

1 + h/2

)X/h

ù- �	­¤�°ªú­	$«�-
ln ỹ(X) =

X

h
ln

[(

1 − h

2

)

− ln

(

1 +
h

2

)]

=
X

h

[(

−h

2
− 1

2

(
h

2

)2

− 1

3

(
h

2

)3

− . . .

)

−
(

h

2
− 1

2

(
h

2

)2

+
1

3

(
h

2

)3

− . . .

)]

= −X

h

(

h +
2

3

(
h

2

)3

+ . . .

)

= −X − X

(
h2

12
+

h4

80
+ . . .

)

.

ñ ¤û�S�� �ú�û�«�- ú��«�­ û­&­«ù­ ®ª¤ª�ù y(x) = e−x - ù ü�±ú���
ln y(x) − ln ỹ(x) = X

(
h2

12
+
h4

80
+ . . .

)

.



�%ÑóÑ 
]8]VW] öTïTäW �î8W ï`( íWíñ]ø� ïW��]ð]V�WT`JV�9 �ðTUV]VW= ���
1ú�!¤ª 	­S¬� «ª�úù

lim
h→0

y(X) − ỹ(X)

h2
=
X2

12
e−X 6= 0,

ú" ­" ü�û¯¤�¬ ����ªû«�� ü�Sû­&«��úù y(X) − ỹ(X) ûª°­« �"
<ª�­�ª«ù­"  ��ú$ s e )­	�­ �ù�	�- 0 ≤ s ≤ r

" ¢�	ù y(x) e
û­&­«ù­ �ûª°«­«ù¯ ´#�"#"#½- ú� ��­°ù¤«ª .�û��	ª

y(xk+1) − y(xk−s) =

xk+1∫

xk−s

y′(x) dx =

xk+1∫

xk−s

f(x, y(x)) dx.

<ª�­«¯¯ f(x, y(x)) «ª ù«ú­ûü�	¯)ù�««�� �«�S��	­« Ir(x)
ù	ù Ĩr(x)

-
ü�	��ª!ú ¤û�Sù­ ûª��­ú«�­ ±¬�úûªü�	¯)ù�««�­ ù	ù ù«ú­ûü�	¯)ù�««�­.�û��	� úùüª

yk+1 = yk−s + h
∑

j

crjfk−j

´�ù	«ª- �ù�úû­�ª- ÷��±		ª ù ¤û"½" 2ª���ªúûù°ªú$ ù% �� «­ 
�¤­�"

~)\Ê\ å]?]na] +c`c�a �_?a `op ÎaÎ^]q¤`aHH]b]ndacoÍn¤¬ �bc�n]na�

ù..­û­«)ùª	$«�­ �ûª°«­«ù¯ °��&­S� ü�û̄ ¤¬ª ¤	¯ ù% �ù�	­««�(S� û­&­«ù¯ �
��«� üû­�
ûª®�!ú�¯ ° «�û�ª	$«�! .�û��� �ù�ú­�� �ûª°(«­«ù� ü­û°�S� ü�û̄ ¤¬ª- ûª®û­&­««�% �ú«��ùú­	$«� üû�ù®°�¤«��" �ù�(	� �ûª°«­«ù� «�û�ª	$«�� �ù�ú­�� ¤�	�«� 
�ú$ ûª°«� �ù�	� «­ù®°­�ú(«�% .�«¬)ù�" �ª¬�­ üû­�
ûª®�°ª«ù­ ¤ª­ú ù «­¬�ú�û�! ¤�ü�	«ùú­	$«�!

°�S�¤�- ü��¬�	$¬� üû�ù®°�¤«�­ ù�¬���� °­	ù�ù«� ´° ���
­««��úù ü­û(°ª¯½ úª¬�­ ��S�ú üû­¤�úª°	¯ú$ �üû­¤­	­««�! )­««��ú$- ª ¤��úª!ú�¯ÿ
­�ü	ªú«��"1
���¤ª°&­­�¯ °�&­ ü�«¯úù­ ��ú���ù°��úù üûù�­«ù�� úª¬�­ ¬ �ù(�ú­�ª� �ûª°«­«ù�" ¢S� �üû­¤­	¯­ú ���û��è �ù�ú­�� �ûª°«­«ù� e �ªú(ûù)ª J = {∂fi/∂yj}
" ��ú���ù°��ú$ �ù�ú­�� «­ü��û­¤�ú°­««� �°¯®ª«ª ���
�ú°­««��ù ®«ª�­«ù¯�ù �ªúûù)� J

" ��ú���ù°��ú$! �üûª°	¯­ú ��
(�ú°­««�­ ®«ª�­«ù­ � ª	S­
ûªù�­�¬ù «ªù
�	$&­� °­�­�ú°­««�� �ª�ú$!"
ñù�ú­�ª ��ú���ù°ª- ­�	ù � «­­ «­ú ��
�ú°­««�% ®«ª�­«ù� � ü�	��ù(



��� Ò̀ TUT �%Ñ iWí`]VVî] WVñ]òðWðîUTVW] ïW��]ð]V�WT`JV�9 �ðTUV]VW=
ú­	$«��ù °­�­�ú°­««��ù �ª�ú¯�ù" ýªûª¬ú­ûù�úù¬ù ��ú���ù°��úù ��S�ú
®ª°ù�­ú$ �ú t

"' �ª�ú«��úù- ¤	¯ �ù�ú­�� °ú�û�S� ü�û̄ ¤¬ª ü��úª«�°¬ª ®ª¤ª�ù ÷�&ù
üûù�
û­úª­ú °ù¤� û­&ùú$ �ù�ú­��

y′ = f1(x, y, z);
z′ = f2(x, y, z)

ìï[îíîïð
� «ª�ª	$«��ù ��	�°ù¯�ù

y|x=x0
= y0;

z|x=x0
= z0.

ìï[îíî#ð

	¯ ù		!�úûª)ùù �
�­� ù¤­ù �ù�	­««�� û­ª	ù®ª)ùù úª¬�­ ¤�(�úªú��«� �ù�ú­�� °ú�û�S� ü�û̄ ¤¬ª- úª¬ ¬ª¬ °�­ ûª����úû­««�­ ° ûª®¤"#�"��#�"@ �ù�	­««�­ �­ú�¤� û­&­«ù¯ ¤ù..­û­«)ùª	$«�S� �ûª°«­«ù¯

ü­û°�S� ü�û̄ ¤¬ª 
­® úû�¤ª ü­û­«��¯ú�¯ «ª �ù�ú­�� úùüª ´#�"�"#½�´#�"�"�½ù	ù 
�	­­ �
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�" ñ���ª ¤°�% .�«¬)ù� ù® L2

úª¬�­ üûù«ª¤	­�ùú L2
"



��ò Ò̀ TUT �6Ñ �Vñ]òðT`JV�] �ðTUV]VW(
�" ¢�	ù f(x) ∈ L2

ù λ e üû�ù®°�	$«�­ °­�­�ú°­««�­ �ù�	�- ú�
λf(x) ∈ L2

"
�" ¢�	ù f(x) ∈ L2

ù g(x) ∈ L2
- ú� °�ü�	«¯­ú�¯ «­ûª°­«�ú°���«¯¬�°�¬�S�eÚ°ªû)ª

[
b∫

a

f(x)g(x) dx
]2

≤
b∫

a

f 2(x) dx

b∫

a

g2(x) dx.

�����ë Jøè�ù�� f(x) ∈ L2
«ª®�°ª!ú «­�úûù)ªú­	$«�­ �ù�	�

||f(x)|| =
√

(f, f) =
[

b∫

a

f 2(x) dx
]1/2

.

ûù«­�«�­ ù«ú­Sûª	$«�­ �ûª°«­«ù­ �
�­S� °ù¤ª ®ªüù��°ª­ú�¯ ¬ª¬

r(x)y(x) =

b∫

a

K(x, t)y(t) dt+ f(x). ìï\îïîïð
E�«¬)ùù r(x) - K(x, t) - f(x) üû­¤ü�	ªSª!ú�¯ ù®°­�ú«��ù" E�«¬)ù¯
K(x, t) - a ≤ x, t ≤ b - «ª®�°ª­ú�¯ ����� �ûª°«­«ù¯- ª f(x) - a ≤ x ≤ be ­S� �°�
�¤«�� �	­«��" '�­ �«ù ��ùúª!ú�¯ üûù«ª¤	­�ª�ù�ù ¬ L2

"' �	��ª­ r(x) = 0 ù�­­� �ûª°«­«ù­ ������� û�¤ª- ° üû�úù°«���	��ª­ e �������" �ûª°«­«ù­ °ú�û�S� û�¤ª üûù°�¤ùú�¯ ¬ �úª«¤ªûú«���
°ù¤�

y(x) =

b∫

a

K(x, t)y(t) dt+ f(x). ìï\îïî#ð
�ª¬�­ �ûª°«­«ù­ «ª®�°ª­ú�¯ �ûª°«­«ù­� ¼�����éê��"  ûù ü­û­�­««��
°­û%«­� üû­¤­	­

y(x) =

x∫

a

K(x, t)y(t) dt+ f(x) ìï\îïî[ð
ü�	��ª­� �ûª°«­«ù­ a�éê����� °ú�û�S� û�¤ª"



�6Ñ�Ñ �õð]ï]`]VW( W �`TííW�W�T�W( ���
1¤«�û�¤«�­ ù«ú­Sûª	$«�­ �ûª°«­«ù­ Eû­¤S�	$�ª �(S� û�¤ª

y(x) = λ

b∫

a

K(x, t)y(t) dt ìï\îïî\ð
ü� ûª®Å¯�«¯­��� «ù�­ üûù�ù«ª� ®ªüù��°ª­ú�¯ � üªûª�­úû�� λ

" 1«�
°�­S¤ª ù�­­ú ������éêè�� û­&­«ù­ y(x) ≡ 0

" <«ª�­«ù¯ üªûª�­úûª λ -üûù ¬�ú�û�% ���­�ú°�!ú ù «­«�	­°�­ û­&­«ù¯- ��ú$ $�������������	���� ���é� �ûª°«­«ù¯ ´#�"#"�½ r̄ ¤ûª K(x, t)
�- ª ¬ª�¤�­ «­«�	­°�­ û­&­(«ù­ «ª®�°ª­ú�¯ ��û����èè�ë Jøè�ù��ë- ���ú°­ú�ú°�!�­� ��
�ú°­««����ù�	� λ "  ûù û­&­«ùù üûù¬	ª¤«�% ®ª¤ª� ±úù ü�«¯úù¯ üûù�
û­úª!ú �­ú(¬�! .ù®ù�­�¬�! ù«ú­ûüû­úª)ù!" 
®°­�ú«�- «ªüûù�­û- �ú� üûù «­¬�ú�û���¬�û��úù °ûª�­«ù¯ °ª	ª- ¬�ú�ûª¯ «ª®�°ª­ú�¯ ¬ûùúù�­�¬��- °ª	 «ª�ù«ª­ú

¬�	­
ªú$�¯ �¬�	� �°�­� üû�¤�	$«�� ��ù" ÷°ª¤ûªú ±ú�� �¬�û��úù ûª°­«%ªûª¬ú­ûù�úù�­�¬��� �ù�	� ���ú°­ú�ú°�!�­S� ù«ú­Sûª	$«�S� �ûª°«­«ù¯´r�h- �" m��mm�½"
�ûª°«­«ù¯ ¼�����éê�� ������� ���� ù�­!ú °ù¤

b∫

a

K(x, t)y(t) dt = f(x). ìï\îïîIð
1«ù �û­®°��ª�«� ��°�ú°ùú­	$«� ¬ �ª	�� ù®�­«­«ù¯� üûª°�� �ª�úù" ��ú$- «ªüûù�­û- ®ª¤ª«� �ûª°«­«ù­

1∫

0

x2ty(t) dt = 3x2 + ε. ìï\îïîXð
1«� üûù°�¤ùú�¯ ¬

x2

1∫

0

ty(t) dt = 3x2 + ε.

 û­¤ü�	��ù�- �ú� ¤	¯ .�«¬)ùù y(t) ù�­­ú �­�ú� ∫ 1

0
ty(t) dt = 3 ´úª¬ù%.�«¬)ù� ���­�ú°�­ú 
­�¬�«­�«�­ �«��­�ú°�½"  ûù ε = 0 ±ú� .�«¬)ù!���«� ��ùúªú$ û­&­«ù­� �ûª°«­«ù¯ ´#�"#"@½	 ° �	��ª­ �­ ε 6= 0 û­&­«ù­

ü��	­¤«­S� «­ ���­�ú°�­ú" <ª¤ª�ù ¤ª««�S� °ù¤ª �ú«��¯ú�¯ ¬ è��������	è�� ù üûù «­�
%�¤ù���úù ° ù% û­&­«ùù úû­
�!ú û­S�	¯ûù®ª)ùù" 2ª®û­(&ù���ú$ �ûª°«­«ù� Eû­¤S�	$�ª ü­û°�S� û�¤ª � �ù��­úûù�«�� ¯¤û����úª«ª°	ù°ª­ú�¯ ú­�û­���  ù¬ªûª e ��" r�h- �" #�0�"



��� Ò̀ TUT �6Ñ �Vñ]òðT`JV�] �ðTUV]VW(
 ûù�­û�� ù«ú­Sûª	$«�S� �ûª°«­«ù¯ '�	$ú­ûûª #(S� û�¤ª ¯°	¯­ú�¯�ûª°«­«ù­ ü
­	¯

x∫

0

y(t)√
x− t

dt = f(x), ìï\îïî ð
S¤­ f(x) e ®ª¤ª««ª¯ .�«¬)ù¯- ª y(t) e ù�¬��ª¯" ' �	��ª­ f(x)�bcdefù�­­� ¬	ª��ù�­�¬�! ®ª¤ª�� � ��ø��$��è�� «ª�úù ¬ûù°�!- �¬�	$®¯ °¤�	$
¬�ú�û�� 
­® úû­«ù¯- ú¯�­	ª¯ �ª�úù)ª ¤��úùSª­ú �°�­S� �ª��S� «ù®¬�S� ü�(	��­«ù¯ ®ª �¤«� ù ú� �­ °û­�¯ «­®ª°ù�ù�� �ú ­­ «ª�ª	$«�S� ü�	��­«ù¯"¢­ û­&­«ù­� ¯°	¯­ú�¯ )ù¬	�ù¤ª"


«ú­Sûª	$«�­ �ûª°«­«ù­ '�	$ú­ûûª #(S� û�¤ª
x∫

0

K(x− t)y(t) dt = f(x), ìï\îïîíð
¯¤û� ¬�ú�û�S� ®ª°ù�ùú 	ù&$ �ú ûª®«��úù ªûS��­«ú�° x − t - «ª®�°ª­ú(�¯ ù«ú­Sûª	$«�� �ûª°«­«ù­� úùüª ������� " ÷ �ûª°«­«ù¯� ±ú�S� úùüª�°�¤¯ú�¯ �«�Sù­ ®ª¤ª�ù � ûª�üû­¤­	­«ù¯% °û­�­««�% ù«ú­û°ª	�° ù ®ª(¤ª�ù �
 �üûª°	­«ùù ®ªüª�ª�ù e ��" r�h- �" #�A�#�#�" �ª�ú«�� �	��ª­�ü�¤�
«�% �ûª°«­«ù� � ûª®«��ú«�� ¯¤û�� «ª ü�	���ù ¯°	¯­ú�¯ ù�­!�­­�«�S��ù�	­««�­ üûù	��­«ù¯ �ûª°«­«ù­ a�è���gú��J� " ��¬�	$¬� �ûª°«­«ù¯ '�	$ú­ûûª ü­û°�S� û�¤ª ��S�ú 
�ú$ üûù°­¤­(«� ¬ �¤«�ù�­««�� �ûª°«­«ù¯� °ú�û�S� û�¤ª- ° ¤ª	$«­�&­� �� �Sûª«ù(�ù��¯ ú�	$¬� �ûª°«­«ù¯�ù °ú�û�S� û�¤ª- ¤�ü�	«ùú­	$«� ±ú� �
�ú�¯ú­	$(�ú°� «­ �S�°ªûù°ª¯"

~=\þ\ >]_b]q¤ Î��]Î^�_�cnapa ]`anÎ^�]nn_Î^a b]?]nap
ûù«­�«�­ ù«ú­Sûª	$«�­ �ûª°«­«ù¯ «ª®�°ª!ú�¯ ��è����è���- ­�	ù

f(x) ≡ 0
" o��ú°­ú�ú°­««� ù�­­� �¤«�û�¤«�­ �ûª°«­«ù¯ Eû­¤S�	$�ª

y(x) =

b∫

a

K(x, t)y(t) dt ìï\î#îïð



�6Ñ�Ñ 7]îð]ø� í��]íñUîUTVW( W ]ïWVíñU]VVîíñW ð]8]VW( ���
ù '�	$ú­ûûª

y(x) =

x∫

a

K(x, t)y(t) dt. ìï\î#î#ð
' �
�ù% �	��ª¯% ��­°ù¤«�� û­&­«ù­� ¯°	¯­ú�¯ «�	­°�­� y(x) ≡ 0

" 
�(¬ª®ª«�- �ú� ¤	¯ �ûª°«­«ù¯ úùüª '�	$ú­ûûª �«� ¯°	¯­ú�¯ ­¤ù«�ú°­««��"
	¯ �ûª°«­«ù¯ Eû­¤S�	$�ª ��S�ú ���­�ú°�°ªú$ ù «­«�	­°�­ û­&­«ù¯"' ±ú�� �	��ª­ �«ù «ª®�°ª!ú�¯ ��û����èè��� Jøè�ù���� ¯¤ûª K(x, t)
"1ú«��ùú­	$«� û­&­«ù� ù«ú­Sûª	$«�% �ûª°«­«ù� ��úª«�°	­«��	­¤�!�ù­ hijkilm�

#" �ûª°«­«ù­ '�	$ú­ûûª ´#�"#"�½ ù�­­ú ­¤ù«�ú°­««�­ û­&­«ù­ üûù	!
�� °�
�û­ �°�
�¤«�S� �	­«ª f(x)
"

�" 
	¯ ù«ú­Sûª	$«�% �ûª°«­«ù� Eû­¤S�	$�ª ù�­­ú �­�ú� ª	$ú­û«ªúù(°ª� 	ù
� «­�¤«�û�¤«�­ 	ù«­�«�­ �ûª°«­«ù­ �(S� û�¤ª

y(x) − λ

b∫

a

K(x, t)y(t) dt = f(x) ìï\î#î[ð
ù�­­ú ­¤ù«�ú°­««�­ û­&­«ù­ üûù 	!
�� .�«¬)ùù f(x) ù® «­¬�ú�û�(S� ¤��úªú��«� &ùû�¬�S� ¬	ª��ª- 	ù
� ���ú°­ú�ú°�!�­­ ��è����è���ûª°«­«ù­

y(x) − λ

b∫

a

K(x, t)y(t) dt = 0 ìï\î#î\ð
ù�­­ú ü� ¬ûª�«­� �­û­ �¤«� «­úûù°ùª	$«�­ û­&­«ù­" 
�¬ª®ªú­	$(�ú°� �ú��ú�ú°ù¯ úª¬�°�% �®«ª�ª­ú ���­�ú°�°ª«ù­ û­&­«ù¯ «­�¤«�(û�¤«�S� �ûª°«­«ù¯"

�" 
��úªú��«�� ��	�°ù­� ���­�ú°�°ª«ù¯ ù ­¤ù«�ú°­««��úù û­&­«ù¯�ûª°«­«ù¯ ´#�"#"�½ ¯°	¯­ú�¯ «­ûª°­«�ú°�
|b− a| · max

a≤x,t≤b
|K(x, t)| < 1. ìï\î#îIð

' ¤ª	$«­�&­� üûù �
���¤­«ùù üûù
	ù�­««�% �­ú�¤�° û­&­«ù¯ �ûª°«­(«ù¯ ´#�"#"�½ ���­�ú°�°ª«ù­ ù ­¤ù«�ú°­««��ú$ ±ú�S� û­&­«ù¯ üû­¤ü�	ªSª(!ú�¯"



��× Ò̀ TUT �6Ñ �Vñ]òðT`JV�] �ðTUV]VW(
~=\)\ nbc�n]nap ob]`�_oÍqc

Î �¤b_,`]nn¤q p`b_q
 ��ú$ u1(x), u2(x), . . . , un(x)

ù v1(x), v2(x), . . . , vn(x)
e ¤°­ ��°�(¬�ü«��úù ü� n .�«¬)ù�- �üû­¤­	­««�% «ª [a, b]

"E�«¬)ùù ¬ª�¤�� ù® «ù%��ùúª­� 	ù«­�«� «­®ª°ù�ù���ù"
.¤û� K(x, t) «ª®�°ª­ú�¯ �������èè�� - ­�	ù �«� üû­¤�úª°ù��

° °ù¤­

K(x, t) =
n∑

j=1

uj(x)vj(t). ìï\î[îïð
'�û��¤­««��- «ªüûù�­û- ¯°	¯­ú�¯ ¯¤û� K(x, t) = sin(x+t) = sinx cos t+
cosx sin t � ®¤­�$ n = 2 - u1(x) = sin x - u2(x) = cos x - v1(t) = cos t -
v2(t) = sin t

"' �	��ª­ °�û��¤­««�S� ¯¤ûª ¤	¯ 	!
�� .�«¬)ùù y(t) ù�­­�
b∫

a

K(x, t)y(t) dt =

b∫

a

[u1(x)v1(t) + . . .+ un(x)vn(t)]y(t) dt

= u1(x)

b∫

a

v1(t)y(t) dt+ . . .+ un(x)

b∫

a

vn(t)y(t) dt.

�ª¬ù� �
ûª®��- ¤	¯ °�û��¤­««�S� ¯¤ûª
b∫

a

K(x, t)y(t) dt = c1u1(x) + c2u2(x) + . . .+ cnun(x), ìï\î[î#ð

S¤­ c1, c2, . . . , cn �¤�°	­ú°�û̄ !ú �ù�ú­�­ n 	ù«­�«�% �ûª°«­«ù�

ck =

b∫

a

y(x)vk(x) dx = c1

b∫

a

u1(x)vk(x) dx+ . . .

+ cn

b∫

a

un(x)vk(x) dx+

b∫

a

f(x)vk(x) dx, k = 1, n.



�6Ñ%Ñ pðTUV]VW( qð]ïòî`JøT í U�ðî'ï]VV�ø (ïðîø ��:
'°�¤¯ �
�®«ª�­«ù¯

fk
def
=

b∫

a

f(x)vk(x) dx, dkj
def
=

b∫

a

uj(x)vk(x) dx, ìï\î[î[ð
ü­û­üù&­� üû­¤�¤��­­ �ûª°«­«ù­ ° °ù¤­

ck = dk1c1 + dk2c2 + . . . dkncn + fk, k = 1, n.

 �	ªSª¯ akj
def
= −dkj, k 6= j - ù akk

def
= 1 − dkk

- ü�	��ª­� �ù�ú­���ûª°«­«ù�
a11c1 + a12c2 + . . . + a1ncn = f1,
a21c1 + a22c2 + . . . + a2ncn = f2," " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
an1c1 + an2c2 + . . . + anncn = fn.

ìï\î[î\ð

�­�¬�	$¬� ®ª¬	!�ùú­	$«�% ®ª�­�ª«ù��#" ¢�	ù �üû­¤­	ùú­	$ �ù�ú­�� ´#�"�"�½ �ú	ù�­« �ú «�	¯- ú� ù«ú­(Sûª	$«�­ �ûª°«­«ù­ ù�­­ú ´#�"#"�½ ­¤ù«�ú°­««�­ û­&­«ù­" ' üû�úù°«���	��ª­ �ù�ú­�ª 	ù
� «­��°�­�ú«ª- 	ù
� ù�­­ú 
­��ù�	­««�­ �«��­�ú°�û­&­«ù� e ° ®ª°ù�ù���úù �ú «ª
�ûª �ù�­	 {fk} - �üû­¤­	¯­��% �°�
�¤(«�� �	­«�� f(x) ù�%�¤«�S� ù«ú­Sûª	$«�S� �ûª°«­«ù¯"�"  û��ú�úª «ª%��¤­«ù¯ û­&­«ù¯ �ûª°«­«ù¯ � °�û��¤­««�� ¯¤û��
­�ú­�ú°­««� üûù°�¤ùú ¬ ���	ù � üûù
	ù�­««�� ®ª�­«­ ¤ª««�S� üû�ù®(°�	$«�S� ¯¤ûª K(x, t) «ª °�û��¤­««�­ L(x, t)

" ' ¬ª�­�ú°­ ü��	­¤«­S�
üûù�­«ùú­	$«� ¬ ¯¤û� K(x, t) ���«� 
ûªú$ �úû­®�¬ û¯¤ª �­�	�ûª ù	ù
û̄ ¤ª E�û$­ ü� 	!
�� ü�	«�� �ûú�«�û�ùû�°ª««�� �ù�ú­�­ .�«¬)ù� e��" r�h- S	" m�" �ªüûù�­û- «­°�û��¤­««�­ ¯¤û� K(x, t) = ext ���«�
üû­¤�úª°ùú$ �ú­ü­««�� û̄ ¤�� � ¬�«­�«�� �ù�	�� �	­«�°

K̃n(x, t)
def
= 1 +

xt

1!
+

(xt)2

2!
+ . . .+

(xt)n−1

(n− 1)!
.

�­ü­û$ ­S� ���«� ��ùúªú$ °�û��¤­««�� � ü�û��¤ª!�ù�ù «ª
�ûª�ù.�«¬)ù�
uk(x) = xk−1, vk(t) =

tk−1

(k − 1)!
, k = 1, n.



��B Ò̀ TUT �6Ñ �Vñ]òðT`JV�] �ðTUV]VW(
~=\=\ åc+o_,]na] Ì_ �__b`anc^n¤q H�n�dapq
Ñ�Ð�ÐÑÐ "ØÖáÔÕØÚÜÔ �Ô�Ô0Ù
 û­¤�úª°ù� û­&­«ù­ Yn(x) ù«ú­Sûª	$«�S� �ûª°«­«ù¯

y(x) = f(x) + λ

b∫

a

K(x, t)y(t) dt

° °ù¤­ ¬��
ù«ª)ùù ù®°­�ú«�% 	ù«­�«� «­®ª°ù�ù��% ¬��û¤ù«ªú«�% .�«¬()ù��
Yn(x) = y0(x) +

n∑

i=1

ciyi(x) ìï\î\îïð
´
­® ü�ú­ûù �
�«��úù ���«� ��ùúªú$ y0 ≡ 0 ½"�­°¯®¬ª üû­¤	ªSª­��S� û­&­«ù¯
R[Yn] = y0(x) +

n∑

i=1

ciyi(x) − f(x) − λ

∫ b

a

K(x, t)
[

y0(t) +
n∑

i=1

ciyi(t)
]

dt,

ù	ù
R[Yn(x)] = ψ0(x, λ) +

n∑

i=1

ciψi(x, λ), ìï\î\î#ð
S¤­

ψ0(x, λ) = y0(x) − f(x) − λ
b∫

a

K(x, t)y0(t) dt,

ψi(x, λ) = yi(x) − λ
b∫

a

K(x, t)yi(t) dt, i = 1, n.

ìï\î\î[ð

 ªûª�­úû� c1, c2, . . . , cn
ü�¤
ùûª!ú úª¬- �ú�
� ±úª «­°¯®¬ª 
�	ª ° �üû­(¤­	­««�� ����	­ °�®���«� �ª	��" �ù�­ ûª���ªúûù°ª!ú�¯ ûª®	ù�«�­

¬ûùú­ûùù ù- ���ú°­ú�ú°­««�- �­ú�¤� �ù«ù�ù®ª)ùù «­°¯®¬ù"
<ª�­úù�- �¤«ª¬�- �ú� ù® �ª	��úù «­°¯®¬ù è� �é��ø�� ûé�
���êJøè�ù�ë Yn(x)

ù y(x) ° ����	­ ûª°«��­û«�� ù	ù ¬°ª¤ûªúù�«�� «�û(��"��ü­% üûù�­«­«ù¯ �­ú�¤�° ±ú�� Sû�üü� �üû­¤­	¯­ú�¯ ú­�- «ª�¬�	$¬��¤ª�«� °�
ûª«� ¬��û¤ù«ªú«�­ .�«¬)ùù y1(x), y2(x), . . . , yn(x)
"



�6Ñ6Ñ 
Tö`î']VW] õî �îîðïWVTñV�ø ��V��W(ø ���
Ñ�Ð�ÐäÐ /ÛáØ� ÜØÞÞØÜÔâÙÙ
�­ú�¤ ¬�		�¬ª)ùù üû­¤ü�	ªSª­ú �
ûª�­«ù­ «­°¯®¬ù ° «�	$ ° ®ª¤ª«(«�� �ù�ú­�­ ú��­¬ {xj} - j = 1, n - ù® �úû­®¬ª ¬�		�¬ª)ùù [a, b]

" ñ��ú(°­ú�ú°­««� «ª ��«�°ª«ùù .�û��	� ´#�"�"�½ ü�	��ª­� �ù�ú­�� 	ù«­�«�%
ª	S­
ûªù�­�¬ù% �ûª°«­«ù�

n∑

i=1

ciψi(xj, λ) = −ψ0(xj, λ), j = 1, n. ìï\î\î\ð

Ñ�Ð�Ð�Ð /ÛáØ� ÕÔÙÝÛÕçmÙà ÜÚÔ�ÓÔáØÚ
<¤­�$ °­��°�­ ¬�±..ù)ù­«ú� {ci} �ú��¬ù°ª!ú�¯ ù® ��	�°ù¯�ù«ù���ª ù«ú­Sûª	ª

b∫

a

{R[Yn]}2 dx =

b∫

a

[

ψ0(x, λ) +
n∑

i=1

ciψi(x, λ)
]2

dx. ìï\î\îIð

ù..­û­«)ùû�¯ ü� üªûª�­úûª� ü�¤ ®«ª¬�� ù«ú­Sûª	ª ù üûùûª°«ù°ª¯
üû�ù®°�¤«�­ «�	!- ü�	��ª­� �ûª°«­«ù¯

1

2

∂I

∂cj
=

b∫

a

ψj(x, λ)
[

ψ0(x, λ) +
n∑

i=1

ciψi(x, λ)
]

dx = 0, j = 1, n.

ìï\î\îXð'°�¤¯ ��¬ûª�­««�­ �
�®«ª�­«ù¯
(ψi, ψj) =

b∫

a

ψi(x, λ)ψj(x, λ) dx, ìï\î\î ð
���«� ü­û­üù�ªú$ �ù�ú­�� ´#�"�"@½ ° °ù¤­ «�û�ª	$«�� �ù�ú­�� �­ú�¤ª
«ªù�­«$&ù% ¬°ª¤ûªú�°�

c1(ψ1, ψ1) + c2(ψ1, ψ2) + . . . + cn(ψ1, ψn) = −(ψ1, ψ0);
c1(ψ2, ψ1) + c2(ψ2, ψ2) + . . . + cn(ψ2, ψn) = −(ψ2, ψ0);" " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
c1(ψn, ψ1) + c2(ψn, ψ2) + . . . + cn(ψn, ψn) = −(ψn, ψ0).ìï\î\îíð'�­�ú� ù«ú­Sûª	$«�S� °ªûùª«úª �­ú�¤ª «ªù�­«$&ù% ¬°ª¤ûªú�° ���«�

ûª����úû­ú$ ­S� ¤ù�¬û­ú«�! °­û�ù!"



��Í Ò̀ TUT �6Ñ �Vñ]òðT`JV�] �ðTUV]VW(
Ñ�Ð�Ð�Ð /ÛáØ� ÝØÝÛÕáØÚ
' ¤ª««�� �­ú�¤­ üûù
	ù�­««�­ û­&­«ù­ ®ª¤ª�ù üû­¤�úª°	¯­ú�¯

¬�«­�«�� ������
Yn(x) = f(x) +

n∑

i=1

ciyi(x). ìï\î\î¡ð
��S¤ª «­°¯®¬ª

R[Yn] =
n∑

j=1

cj

[

yj(x) − λ

b∫

a

K(x, t)yj(t) dt
]

− λ

b∫

a

K(x, t)f(t) dt.

ìï\î\îï�ð÷�±..ù)ù­«ú� {cj} ®¤­�$ �üû­¤­	¯!ú�¯ ù® ��	�°ù¯ �ûú�S�«ª	$«��úù
«­°¯®¬ù «ª �úû­®¬­ [a, b] ¬� °�­� ¬��û¤ù«ªú«�� .�«¬)ù¯��

b∫

a

R[Yn]yi(x) dx = 0, i = 1, n.

 �	ªSª¯

αij =

b∫

a

yi(x)yj(x) dx,

βij =

b∫

a

dx

b∫

a

K(x, t)yi(x)yj(t) dt,

γi =

b∫

a

dx

b∫

a

K(x, t)yi(x)f(t) dt,

ü�	��ª­� �¬�«�ªú­	$«�� °ªûùª«ú �ûª°«­«ù� ¤	¯ °­��°�% ¬�±..ù)ù­«(ú�°
n∑

j=1

cj(αij − λβij) = λγi, i = 1, n. ìï\î\îïïð



�6Ñ¦Ñ &]ñîï Wñ]ðWð�]ø�9 (ï]ð ��c
Ñ�Ð�Ð!Ð /ÛáØ� �2�ÕØÚÔÇ1ÔÞÛÓÜÙÕÔ
' ±ú�� �­ú�¤­ °�
ùûª!ú �ù�ú­�� 	ù«­�«� «­®ª°ù�ù��% .�«¬)ù�

{yi(x)} - ü�	«�! ° L2[a, b]
- ù ù��ú üûù
	ù�­««�­ û­&­«ù­ �ûª°«­«ù¯

y(x) = f(x) + λ

b∫

a

K(x, t)y(t) dt ìï\î\îï#ð
° °ù¤­ ��­�­««�S� û¯¤ª

Yn(x) =
n∑

i=1

ciyi(x). ìï\î\îï[ð
÷�±..ù)ù­«ú� {ci} �üû­¤­	¯!ú�¯ ù® �ù�ú­�� 	ù«­�«�% �ûª°«­«ù�
(Yn(x), yi(x)) = (f(x), yi(x)) + λ

[
b∫

a

K(x, t)Yn(t) dt, yi(x)
]

, i = 1, n,

ìï\î\îï\ðS¤­ (f, g) �®«ª�ª­ú �¬ª	¯û«�­ üû�ù®°­¤­«ù­ .�«¬)ù�- ª °�­�ú� Yn(x)ü�¤�úª°	¯­ú�¯ �ú­ü­««�� û̄ ¤ ´#�"�"#�½" ¢�	ù ®«ª�­«ù­ λ ° �ûª°«­«ùù´#�"�"#�½ «­ ¯°	¯­ú�¯ %ªûª¬ú­ûù�úù�­�¬ù�- ú� üûù ¤��úªú��«� 
�	$&ù% n´#�"�"#�½ ûª®û­&ù�ª- ù üûù n → ∞ û̄ ¤ ´#�"�"#�½ �úû­�ùú�¯ ¬ ú��«���
û­&­«ù! �ûª°«­«ù¯"
	¯ °�û��¤­««�% ¯¤­û �­ú�¤ ��
«�°ªe�ª	­û¬ù«ª ¤ª­ú ú��«�­ û­(&­«ù­	 ¤	¯ �
�­S� �	��ª¯ �« ±¬°ù°ª	­«ú­« ®ª�­«­ ¯¤ûª «ª °�û��¤­««�­"

~=\F\ *]^_` a^]bab�]q¤¬ p`]b
��¤­� ûª���ªúûù°ªú$ °�­�ú� ´#�"#"�½ ù«ú­Sûª	$«�­ �ûª°«­«ù­

y(x) = λ

b∫

a

K(x, t)y(t) dt+ f(x). ìï\îIîïð
�ûª°«­«ù­ ´#�"#"�½ ü�	��ª­ú�¯ ù® «­S� ¬ª¬ �ª�ú«�� �	��ª� üûù λ = 1

" ûù λ = 0 �ûª°«­«ù­ ´#�"m"#½ ù�­­ú ��­°ù¤«�­ û­&­«ù­ y(x) = f(x)
"



��ò Ò̀ TUT �6Ñ �Vñ]òðT`JV�] �ðTUV]VW(
 �ü�úª­��¯ ü�	��ùú$ ­S� û­&­«ù­ ° °ù¤­ ���� ��ë��è� e ûª®	��­«ù¯
ü� �ú­ü­«¯� λ

y(x) = y0(x) + λy1(x) + . . .+ λnyn(x) + . . . , ìï\îIî#ð
üûù�­� y0(x) = f(x)

" 
	¯ �%�¤ù���úù û¯¤ª �­��ª«ª ¤��úªú��«�- �ú�
�
|λ| < 1

BK

[ ∫ ∫

K2(x, t) dxdt
]−1/2

.


	¯ ¬°ª¤ûªú«�� �
	ª�úù ù �Sûª«ù�­««�S� ¯¤ûª |K(x, t)| ≤ M ±ú� ��	�(°ù­ �°�¤ùú�¯ ¬
|λ| < 1/[M(b− a)]. �¤�úª°	¯¯ ´#�"m"�½ ° 	­°�! ù üûª°�! �ª�úù ´#�"m"#½- ü�	��ù�

y0(x) + λy1(x) + . . .+ λnyn(x) + . . . = f(x) + λ
[

b∫

a

K(x, t)y0(t) dt+

+λ

b∫

a

K(x, t)y1(t) dt+ . . . + λn−1

b∫

a

K(x, t)yn−1(t) dt+ . . .
]

.

ñûª°«ù°ª¯ ¬�±..ù)ù­«ú� üûù �¤ù«ª¬�°�% �ú­ü­«¯% λ - ü�	��ù� 
­�¬�(«­�«�! �ù�ú­�� û­¬�ûû­«ú«�% ���ú«�&­«ù�
y0(x) = f(x),

y1(x) =
b∫

a

K(x, t)y0(t) dt," " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
yn(x) =

b∫

a

K(x, t)yn−1(t) dt," " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
ìï\îIî[ð

 ûù�­û #�"# r�h- �" #mm�"  ��ú$ «­�
%�¤ù�� û­&ùú$ �ûª°«­«ù­
y(x) = 1 +

x∫

0

y(t) dt.

 �	��ù� y0 ≡ 0
" ��S¤ª y1 ≡ 1

" '�ü�	«¯¯ ü��	­¤�°ªú­	$«�­ ü�¤�úª(«�°¬ù- ü�	��ª­�
y2(x) = 1 +

∫ x

0

1 · dt = 1 + x,



�6ÑLÑ rTø]VT WVñ]òðT`T �UTïðTñ�ðVî= í�øøî= ���

y3(x) = 1 +

∫ x

0

(1 + t) dt = 1 + x+ x2/2,

y4(x) = 1 +

∫ x

0

(1 + t+ t2/2) dt = 1 + x+ x2/2! + x3/3!

ù ú" ¤" 1�­°ù¤«�-
yn(x) = 1 + x+ x2/2! + . . .+ xn−1/(n− 1)!.1ú�!¤ª �	­¤�­ú- �ú�

lim
n→∞

yn(x) =
∞∑

n=0

xn

n!
= ex.

û­S¬� üû�°­ûùú$- �ú� ex ¤­��ú°ùú­	$«� ¯°	¯­ú�¯ û­&­«ù­� ù�%�¤«�S�
ù«ú­Sûª	$«�S� �ûª°«­«ù¯"

~=\Q\ scq]nc an^]�bcoc ��c`bc^�bn_� Î�qq_�
�ù�	­««�­ �­ú�¤� û­&­«ù¯ ù«ú­Sûª	$«�% �ûª°«­«ù� �üùûª!ú�¯ «ª

®ª�­«� ù«ú­Sûª	ª ¬�«­�«�� ������- û­ª	ù®�!�­� ¬ª¬�!(	ù
� ¬°ª¤ûªú�û(«�! .�û��	�" ' û­®�	$úªú­ ®ª¤ª�ª �°�¤ùú�¯ ¬ ª	S­
ûªù�­�¬�� �ù�ú­�­�ú«��ùú­	$«� ¤ù�¬û­ú«�% ®«ª�­«ù� ´�������½ ù�¬���S� û­&­«ù¯- ���ú(°­ú�ú°�!�ù% �®	ª� ±ú�� .�û��	�"¢�	ù «ª� «��«� ®«ª�­«ù¯ ù�¬���� .�«¬)ùù ú�	$¬� ° ±úù% ú��¬ª%-
ú� ®ª¤ª�ª û­&­«ª" ¢�	ù «��«� ­�­ ù ¤û�Sù­- ú� ü� ¬ªû¬ª�� ���«� ü�(�úû�ùú$ ù«ú­ûü�	¯)ù�««�� �«�S��	­« ù	ù ªüüû�¬�ù�ª)ù! ¬ª¬�S�(	ù
�ù«�S� °ù¤ª" ý�û�&ù­ û­®�	$úªú� 
�¤�ú ü�	��­«� 	ù&$ ° �	��ª­- ¬�S¤ª
ª	S­
ûªù�­�¬ù� ü�û̄ ¤�¬ ú��«��úù ¬°ª¤ûªú�û«�� .�û��	� %�û�&� ��S	ª(��­ú�¯ �� �ú­ü­«¯�ù S	ª¤¬��úù ¯¤ûª ù �°�
�¤«�S� �	­«ª ù«ú­Sûª	$«�S��ûª°«­«ù¯"

���«��ú$ �ù�	­««�S� û­&­«ù¯ ù«ú­Sûª	$«�S� �ûª°«­«ù¯ ¬°ª¤ûªú�û(«�� �­ú�¤�� ®ª°ù�ùú �ú üûù�­«¯­��� ¬°ª¤ûªú�û«�� .�û��	�- ¬�	ù�­(�ú°ª �®	�° ù- ûª®��­­ú�¯- �°���ú° .�«¬)ù�- �üû­¤­	¯!�ù% �ûª°«­«ù­"
®°­�ú«�­ �)­«¬ù ü�Sû­&«��ú­� �û­®°��ª�«� �	��«�" �­ü��û­¤�ú°­«(«�­ ù�ü�	$®�°ª«ù­ üûù«)ùüª 2�«S­ ´� ¤û�
	­«ù­� &ªSª½ °�®���«� ú�	$(¬� «ª ûª°«��­û«�� �­ú¬­ ´�	­¤�°ªú­	$«�- 	ù&$ ¤	¯ ¬°ª¤ûªú�û �$!ú�«ªe÷�ú­�ª½"
	¯ ¤û�Sù% ¬°ª¤ûªú�û«�% .�û��	 «­�
%�¤ù� ü­û­��­ú ÿ«�°�%�
û­®�	$úªú�° ¬ ÿ�úªû��� �®	ª�"



��� Ò̀ TUT �6Ñ �Vñ]òðT`JV�] �ðTUV]VW(
Ñ�Ð_ÐÑÐ lÓÔÚÕÛÕÙÛ ±ØÞçáÛÓÓÔ
��¤­� üû­¤ü�	ªSªú$- �ú� ¯¤û� K(x, t) ù �°�
�¤«�� �	­« f(x)�ûª°«­«ù¯ ´#�"#"�½ úùüª '�	$ú­ûûª «­üû­û�°«� ° a ≤ t ≤ x ≤ b ù °

a ≤ x ≤ b ���ú°­ú�ú°­««� ù û­&­«ù­ y(x) ûª®��¬ù°ª­ú�¯ ° ¬�«­�«��
üû��­��ú¬­ [a, b]

"'�
­û­� «ª ±ú�� üû��­��ú¬­ ûª°«��ú�ú�¯�ù­ �®	� {xk} � &ªS��
h = (b − a)/n - °¬	!�ª¯ Sûª«ù)� üû��­��ú¬ª" ��¤­� ù�¬ªú$ û­&­«ù­ °
°ù¤­ úª
	ù)� {yk} ¤	¯ �ü��¯«�ú�% ú��­¬" '°­¤­� �
�®«ª�­«ù¯

fk
def
= f(xk), Kij

def
= K(xi, yj), i = 0, n, j = 0, i.
® �ûª°«­«ù¯ ´#�"#"�½ üûù x = a ü�	��ª­� y(a) = 0 + f(a) - ú" ­" y(a) =

f(a)
"  �±ú��� ü�	ªSª­� y0 = f(a) = f0

"
�ü��úù�- �ú� ��­ «ª�¤­«� y0, y1, y2, . . . , yk−1
¤	¯ i < n

"  �	ªSª¯
° ´#�"#"�½ x = xi

- ü�	��ù�
yi = y(xi) =

xi∫

a

K(xi, t)y(t) dt+ fi. ìï\îXîïð
<ª�­«¯¯ ù«ú­Sûª	 ° üûª°�� �ª�úù ´#�"@"#½ ¬°ª¤ûªú�û«�� ������ ü�.�û��	­ úûªü­)ù� ù y(xj)

«ª yj
- ù�­­�

yi = h
[1

2
Ki0y0 +Ki1y1 + . . .+Ki,i−1yi−1 +

1

2
Kiiyi

]

+ fi,

ù	ù
(

1 − h

2

)

yi = h
[1

2
Ki0y0 +Ki1y1 + . . .+Ki,i−1yi−1 +Kiiyi

]

+ fi.1ú�!¤ª
yi =

h

1 − hKii/2

[1

2
Ki0y0 +Ki1y1 + . . .+Ki,i−1yi−1 + fi

]

. ìï\îXî#ð
 ­û°�� ûª® ±úª .�û��	ª üûù�­«¯­ú�¯ üûù i = 1 �

yi =
f1 −Ki0f0h/2

1 −K11h/2
,

ª ®ªú­� üûù i = 2, n
" ÚªS üû­¤ü�	ªSª­ú�¯ ¤��úªú��«� �ª	���

h� 1/ max
a≤t≤x≤b

|K(x, t)|.



�6ÑÛÑ �Vñ]òðî@ïW��]ð]V�WT`JV�] �ðTUV]VW( ���
Ñ�Ð_ÐäÐ lÓÔÚÕÛÕÙÛ ØÓÛ�æØÞçÝÔ
 ��ú$ ¤	¯ °��ù�	­«ù¯ �üû­¤­	­««�S� ù«ú­Sûª	ª ù�ü�	$®�­ú�¯ ¬�«(¬û­ú«ª¯ ¬°ª¤ûªú�û«ª¯ .�û��	ª

b∫

a

ϕ(t) dt ≈
n∑

j=1

Ajϕ(tj) ìï\îXî[ð
� n �®	ª�ù tj ∈ [a, b] ù ���ú°­ú�ú°�!�ù�ù °­��°��ù ¬�±..ù)ù­«úª�ù
{Aj}

"  �¤�úª«�°¬ª ­­ ° «­�¤«�û�¤«�­ ù«ú­Sûª	$«�­ �ûª°«­«ù­ Eû­¤S�	$(�ª ������� û�¤ª ¤ª­ú
y(x) ≈ λ

n∑

j=1

AjK(x, tj)x(sj) + f(x). ìï\îXî\ð
 ûù�­«­«ù­ ±ú�S� ûª°­«�ú°ª ¬ ú��¬ª� {xi} - ��°üª¤ª!�ù� � �®	ª�ù ¬°ª¤(ûªú�û«�� .�û��	�- üûù°�¤ùú ¬ n ûª°­«�ú°ª�

y(xi) ≈ λ

n∑

j=1

AjK(xi, xj)y(xj) + f(xi). ìï\îXîIð
1
�®«ª�ù� ¤	¯ ¬ûªú¬��úù

Kij = K(xi, xj), fi = f(xi), yi = y(xi). �	��ª­� �ù�ú­�� n 	ù«­�«�% ª	S­
ûªù�­�¬ù% �ûª°«­«ù� � n «­ù®°­�ú(«��ù {xj} �
(1 − λA1K11)x1 −λA2K12x2 − . . . −λAnK1nxn = f1,

−λA1K21x1 +(1 − λA2K22)x2 − . . . −λAnK2nxn = f2," " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
−λA1Kn1x1 −λA2Kn2x2 − . . . +(1 − λAnKnn)xn = fn.ìï\îXîXð ûù 	!
�% .ù¬�ùû�°ª««�% {Aj, Qij} ®ª ��­ú üªûª�­úûª λ ���«�

¤�
ùú$�¯ üû­�
	ª¤ª«ù¯ ¤ùªS�«ª	$«�% ±	­�­«ú�°- �ú� Sªûª«úùû�­ú�%�¤ù���ú$ �­ú�¤ª üû��ú�% ùú­ûª)ù�"

~=\e\ �n^]�b_A`aHH]b]ndacoÍn¤] �bc�n]nap
' ®ª¬	!�­«ù­ ¤ª««�� S	ª°� ü�¬ª�­� üûù�­«­«ù­ ªüüªûªúª ù«(ú­Sûª	$«�% �ûª°«­«ù� ´ù ­S� �
�
�­«ù¯½ ¬ ª«ª	ù®� �ù�ú­� �ª���°�S�

�
�	��ù°ª«ù¯ ´ñ�1½"



��× Ò̀ TUT �6Ñ �Vñ]òðT`JV�] �ðTUV]VW(
Ñ�ÐgÐÑÐ ��Û� ÝÛáØ�Ô Ù �ÙÔæÓÔÝÝÔ ×ÛÓÛàØ�ØÚ
'�­ �­ú�¤� ûª��­úª �ù�ú­� �
�	��ù°ª«ù¯ ° ¬�«­�«�� ��­ú­ üûù(�­«ù�� ú�	$¬� ¬ «­ ®ª°ù�¯�ù� �ú üû­¤��ú�ûùù ���������� üû�)­��ª�

° «ù%" ñ��ú°­ú�ú°�!�ù� ûª�&ùû­«ù­� ü�«¯úù¯ ÿ���ú�¯«ù­� e ù«ª�­
S�°�û̄ - �°­	ù�­«ù­� �ù�	ª ¬��ü�«­«ú �ú�
ûª�ª!�­S� üû�)­�� °­¬ú�(ûª e ­S� ���«� �°­�úù ¬ �ªû¬�°�¬���" ' �ª�ú«��úù- ° �ù�ú­�­ M/G/1´�¤«�¬ª«ª	$«�� � �ªû¬�°�¬ù� ü�ú�¬�� ®ª¯°�¬ ù üû�ù®°�	$«�� ûª�üû­(¤­	­«ù­� �
�	��ù°ª«ù¯½ ¤	¯ °­û�¯ú«��ú«�S� üû�S«�®ùû�°ª«ù¯ ­­ 
�¤�(�­S� üûù%�¤ùú�¯ °°­�úù ° °­¬ú�û ���ú�¯«ù¯ ù�ú­¬&­­ °û­�¯ ��­û­¤«�S�
�
�	��ù°ª«ù¯"

���� �k��� t��������� ��������� Y�������� ��� ������� M/G/1 �	��­««�� �ªû¬�°�¬ù� üû�)­�� ° �°¯®ù � Sûª.ù�­�¬ù� �­ú�¤��
­S� üû­¤�úª°	­«ù¯ e ûù�" #�"# e «ª®�°ª­ú�¯ é�è�ë����� " <¤­�$ «��­û
¬ª�¤�� ü�	�üû¯��� �¬ª®�°ª­ú �ù�	� ®ª¯°�¬ ° �ù�ú­�­" <ª°­û&­«ù­ �
(�	��ù°ª«ù¯ ��­«$&ª­ú �ù�	� ®ª¯°�¬ «ª ­¤ù«ù)� ù °�®�
«�°	¯­ú �ú��­ú
°û­�­«ù �
�	��ù°ª«ù¯ τ � «�	¯"  ûù
�úù­ ®ª¯°¬ù üûù°�¤ùú ¬ �S«�°­«(«��� ü­û­%�¤� °«ù® «ª �	­¤�!��! ü�	�üû̄ ��! üûù ��%ûª«­«ùù τ

"
Ñ�ÐgÐäÐ uÔÜØÕß ÖØàÓÔÕÛÕÙ� �Þ� ÞÙÕÛ�0Ôáßà ×ÓØâÛÖÖØÚ
ñ�S	ª�«� r�A�- ° �úª)ù�«ªû«�% «­�ªû¬�°�¬ù% ®ª¤ª�ª% �û­¤«ù­

ù«ú­«�ù°«��úù üû�úù°�ü�	��«�% ü­û­%�¤�° �­û­® ûª®û­® ûª°«�" ñü­()ùª	$«� ¤	¯ 	ù«­��ªú�% üû�)­���° ù�­!ú �­�ú� ¤ù..­û­«)ùª	$«�­ ù
ù«ú­Sûª	$«�­ °ªûùª«ú� ®ª¬�«ª ��%ûª«­«ù¯ ®ª¯°�¬�



�6ÑÛÑ �Vñ]òðî@ïW��]ð]V�WT`JV�] �ðTUV]VW( ��:

• ¤	¯ �¬�	$®¯�­� ú��¬ù ��ù üû�ù®°�¤«ª¯ �ú ü	�ú«��úù °­û�¯ú«��ú­�
ûª°«ª ûª®«��úù ù«ú­«�ù°«��ú­� ü­û­%�¤�° ü� °%�¤¯�ù� ù °�%�¤¯(�ù� �úû­	¬ª�	

• ¤	¯ «ª�ª	$«�% ú��­¬ ��­� ü	�ú«��ú$ ûª°«ª ù«ú­Sûª	� �ú °®°­&­«(«�% ù�%�¤«��ù ü	�ú«��ú¯�ù ù«ú­«�ù°«��ú­� ü­û­%�¤�° ü� °%�¤¯(�ù� �úû­	¬ª�"
Ñ�ÐgÐ�Ð "ØÖáÔÕØÚÜÔ Ù ÓÛmÛÕÙÛ �Ô�Ô0Ù

	¯ �ù�ú­�� � ¤ùªSûª���� ü­û­%�¤�° ûù�" #�"# ù«ú­«�ù°«��ú$ ü�ú�(¬ª ü­û­%�¤�° °«ù® λ = �NOvZ - ª �S«�°­««ª¯ ù«ú­«�ù°«��ú$ �
�	��ù°ª«ù¯

µ(τ) ­�ú$ ù®°­�ú«ª¯ ü	�ú«��ú$ ®ª°­û&­«ù¯ ¤	ùú­	$«��úù �
�	��ù°ª«ù¯üûù ��	�°ùù- �ú� �«� «­ ®ª°­û&­«� ¤� ���­«úª τ
"1
�®«ª�ù� ρk(τ)

�úª)ù�«ªû«�! ü	�ú«��ú$ °­û�¯ú«��úù «ª%��¤­(«ù¯ �ù�ú­�� ° ���ú�¯«ùù Ek(τ)
"  ûù�­«­«ù­ ¬ ¤ùªSûª��­ �¬ª®ª««�%

°�&­ ®ª¬�«�° ��%ûª«­«ù¯ üûù°�¤ùú ¬ �ù�ú­�­ ¤ù..­û­«)ùª	$«�% �ûª°(«­«ù�
dρ1(τ)

dτ
= −[µ(τ) + λ]ρ1(τ),

dρk(τ)

dτ
= −[µ(τ) + λ]ρk(τ) + λρk−1(τ), k = 2, 3, . . .

ìï\î îïð

� «ª�ª	$«��ù ��	�°ù¯�ù
ρ1(0) = λp0+

∞∫

0

µ(τ)ρ2(τ) dτ,

ρk(0) =
∞∫

0

µ(τ)ρk+1(τ) dτ, k = 2, 3, . . .

ìï\î î#ð

 û�°­¤­«ù­ ûª®û­®ª �­�¤� ���ú�¯«ù¯�ù E0
ù E1

ü�®°�	¯­ú ��úª«�°ùú$-�ú�
λp0 =

∞∫

0

µ(τ)ρ1(τ) dτ. ìï\î î[ð
'°­¤­� ��	�°«�­ ü	�ú«��úù °­û�¯ú«��úù

ρ̃k(τ) =
ρk(τ)

B̄(τ)
, k = 1, 2, . . .



��B Ò̀ TUT �6Ñ �Vñ]òðT`JV�] �ðTUV]VW(
ñûª®� �­ ®ª�­úù�- �ú� üûù ­�ú­�ú°­««�� ¤�ü��­«ùù B(+0) = 0 �¬ª®�(°ª­ú�¯ B̄(+0) = 1 ù ρ̃k(0) = ρk(0)

"  û�ù®°�¤«ª¯
ρ̃′k(τ) =

ρ′k(τ)B̄(τ) − ρk(τ)B̄
′(τ)

B̄2(τ)
=
ρ′k(τ)

B̄(τ)
−B̄

′(τ)

B̄(τ)
ρ̃k(τ) =

ρ′k(τ)

B̄(τ)
+µ(τ)ρ̃k(τ),

�ú¬�¤ª
ρ′k(τ)

B̄(τ)
= ρ′k(τ) − µ(τ)ρ̃k(τ). ìï\î î\ð

2ª®¤­	ù° 	­°�­ ù üûª°�­ �ª�úù ¤ù..­û­«)ùª	$«�% �ûª°«­«ù� �ù(�ú­�� ´#�"0"#½ «ª B̄(τ) ù ù�ü�	$®�¯ ´#�"0"�½- �
­�¤ª­��¯- �ú� �ù�ú­�ª´#�"0"#½ ���­ú 
�ú$ ü­û­üù�ª«ª ° °ù¤­
dρ̃1(τ)

dτ
= −λρ̃1(τ),

dρ̃k(τ)

dτ
= −λρ̃k(τ) +λρ̃k−1(τ), k = 2, 3, . . .

ìï\î îIð

 ��¬�	$¬� µ(τ)ρk(τ) = B′(τ)

B̄(τ)
ρk(τ) = ρ̃k(τ)B

′(τ) - «ª�ª	$«�­ ��	�°ù¯´#�"0"�½ üû­�
ûª®�!ú�¯ °

ρ̃1(0) = λp0+
∞∫

0

ρ̃2(τ) dB(τ),

ρ̃k(0) =
∞∫

0

ρ̃k+1(τ) dB(τ), k = 2, 3, . . .

ìï\î îXð

 �	��­««ª¯ �ù�ú­�ª û­&ª­ú�¯ ü��	­¤�°ªú­	$«�� ù«ú­Sûùû�°ª«ù(­� �ù�ú­� ¤ù..­û­«)ùª	$«�% �ûª°«­«ù� ¤	¯ ü	�ú«��ú­� � ú��«��ú$!
¤� ü��ú�¯««�%" �ª�¤­««�­ °�ûª�­«ù¯ ü�¤�úª°	¯!ú�¯ ° °�ûª�­«ù¯ ¤	¯
«ª�ª	$«�% ü	�ú«��ú­�- �ú� ¤ª­ú �ù�ú­�� 	ù«­�«�% �ûª°«­«ù� ¤	¯ �ü��¯(«�ú�% ü��ú�¯««�%" ý�¤ û­&­«ù¯ ±ú�� ù û¯¤ª ¤û�Sù% ª«ª	�Sù�«�% ®ª¤ª�
�üù�ª« ° r�A�"



wxyzy w{|
°y}~�y}��~�|�~ �y|~}�
� ���x��}~|�

~�\~\ �^cn`cb^n¤] �_`�b_�bcqq¤
' üû­�&��ú��!�ù% �	���% �
�����	ù�$ ������������� �����������	���	$��� ���������� � ����		�	$�� e �	������ �����������(����� �� ������% �	��������" �� ��& ���	��- ��������� ������� ������������� ��������� ��	��� ������$�� �
�����	$�� ���������- ��� ����	� ����� � ������� �����������&�% ���)��	���% ÿ������ �����	�(����- ÿ�������������� ������ � ���������� ��	�� � �" �"/��- ����������- �� �������� ���
%�������� ����������	$����������������$ ���������� ������ ��� ��&���� ������ ����	�����������" �� m� 	�� ������������� �����	���	$��� ��%���� � ���������(������� 
�	� ������� 
������&�� 
�
	������ ���	����% �����������"�	������� ���	����% ������� ������ � ������	$���� ��������� ´���(��� e � � ������������� �
����������½ ����	���� ��
	���!��� � �����(	�% ´������� ÿ��77¶ 8��¡8� v �¢ £�¤�½ � ����	$��% �
������% ´ÿ¥�
(	������ �	���������- �������&���� '1 �� ¦¦¦2½" ¦�&	���� ����� ��r�§- #��- ¨©�" 
������ ��������- ��������� �����
���� �.���)����	$�������������� ��	����&�% ������! ����������$ ������� �
�����!��� ��
������ r¨��"1����� ���������� 
��������� ���� �����$ �����	$�����$��- ������� ���������� ��	����� �	!��� � ����- �����	$���

#" ������ �� ������� �����	� �����	���	$��� ���������� �����	$��������
�����- ��� �� ����� 
��$ ��������� �������� ����������(�� ���)�������"



ª×Í Ò«¬­¬ ®¦Ñ ¯¬ñ°ø¬ñ±ä°í²±° ³¬²°ñ� ± ù±ù«±îñ°²±
¨"  �´������ µ¶�¶� ��������$ �����´· � �·µ��� ¸�����- &���- ���µ¶(�¸�¹ ��º��´��- ��º�»$�·% ���µ»�¼���¹ � �" �"
½¾ ¿��%����´� µ�»��´������$ ¸�¼�¶ ���¹��´��¸�� �����¸��- � ´»¶(º�� �������¶� e ��������¹ ��»¶º���� ���µ¶�¸�¹ ��º��´�� �»� »À(µ�¹ ���·������»$��¹ .¶��)�� � µ·´��·¸ �·º�´»����¸ �������»�´ �¶¼��¹ ��º��´�$À �»� µ�»$&��´��� ����Å��»���·% ����º¾
Á¾ Â�¼�·¹ �·º�´»���»Ã�·¹ �»�����¸ ¸�¼�� �¸��Ã ´��� �»À´·�

Ä ���´���� ������¸¸��������-
Ä ¸�»�� ��¶���¸��´�Ã ´µ·´���� ´Å���¸�´�Ã½-
Ä ¸�»�� ����»����»Ã��� ��¸��Ã-
Ä ���´���� �Æ���� �����Ç��´��-
Ä ���¸���¸�´�Ã � Ç�����¸¶ ��¶�¶ ����º¾

È·���·��� ´�������� �� ����¸ ��������»�¸- �� �µ�����»Ã�� ¶´�¶É���� ����¶�����¸ �� ��¶��¸¾
m¾ ¦��¶�Æ�� ¶´¶�¶µ»���´� ���µ»�¸�¹ Ê������������ ������¸¸� ���É»�º��¸ ��·��� � ���»����� ��·��� ´���»������¸� �� ´���������½	�´�µ����´��¸� ����»Ã�·Å ����´»������ ´�����¸��Ë ������º����¸�� �»��¶ ¸�´´���� e �� ©Á Âµ�¹�½	 ��������·¸� �´�µ����´��¸�´���»�º��¸ � ¸�Ç���·Å ε Ë ¶´»����Å ������»����� � ������ ���º�É¸�´��½¾
©¾ /ÌÌ�������� ��Ç���� ��´����º�� ´����¼���»Ã��¹ ����º� �´�����¶¼����´� � �´�µ�¸ ���Å���Ë º�� ���µ¶�� ��� �������� � ´��Æ��»�É��Æ�� ¸������ È� ´��»��Ã �� ´������� ���·Å½Ë ��� � ´�¸�´�����»ÃÉ���� ������¸¸��������¾

È·µ�� ��»Ã������»� ��»¼�� ������»��Ã´� ´��¶�Æ��¹� ��»�º�´���¸����ºË �Å ´��¶��¶��¹Ë �¸��¸·¸� ����µ����¸�Ë ���´�������¸�Ë ���»�ÉÌ���Æ��¹ ´���¶������Ë �·º�´»���»Ã�·¸� ´���´���¸� ´µ������� ÍÈ� ´������º���·¸� ���¸�¼��´��¸�Ë ���´���»Ã�·¹ ��¸�ÃÀ��� �»� ÿ7�8 É¢P�7Î�½Ë �����´������´�ÃÀ ���¸�����¹¾¿��Ì�´´����»Ã�·� �����µ��º��� µ�µ»����� �µ·º�� ����À� ����É����� ÿ�ÌÌ������·¸ �»�����¸�¸Ë �´��¹ ���¶¸����Æ�� � ��º�·¸���¶»Ã����¸� r½Ï�¾ ¢´»� � ���´���� �����» �´��»Ã������� ´���������¹���������¸¸· ����´��� ´»�Ç��¸ ¸����Ë �� ��»Ã������»Ã ¸�¼�� �� ��É���Ã ����Ë º�� ����´���Ë ��



®¦ÑÐÑ ÑîÒÓñ±° î ø¬ñ°ø¬ñ±ä°í²±Ô ³¬²°ñ¬Ô ª×Õ
• �µ�����Ã´� � Å¶�Ç�¹ ¿¿Ë �¸�ÀÖ�¹ »¶ºÇ�� ���´���� �»� µ�»�����´��� �µ��Ö����	
• ������� �µ�����Ã´� � ¿¿ � ��»¶º��Ã ���´�	
• �Ö� Å¶¼� × ��»¶º��Ã �������� ��Ç���� � ������Ã ��� �� �´������¾

¿� ���¹ ���º��� � ´�����º�·Å ´�´��¸�Å ¸���¸���º�´��Å ����������������¸¸· ����´���»�À�´� ��� ÿº���·�� �»� ÿ´��·�� �Ö���¾

~�ØÙØ ÚÛÜÝÞßà Û áâÞàáâÞß�àã�ß¬ �â�àÞâ¬
¢Ö� ������� �»� ��Ç���� ´���¹ ¸���¸���º�´��¹ ����º� ��»Ã��É����»Ã ��»¼�� µ·» �� ��»Ã�� ���µ����Ã´� � ¸���¸�����Ë �� � �´����Ã��µ��¶ �� ��¸�ÃÀ����Ë ����Ã ���� ´� �� � ��´��»Ã��½ ��·��� ������¸¸�É�������Ë �´����Ã ´»�¼�·� � ���º�´ �������·� º�´»���·� ¸����·Ë �����É´�� ��¶���¸��� � �����´������� ��´���������¾ ¦�¹º�´ � ¶´»¶��¸ ��ÅË ����� ¸�¼�� �»� �� Å�º�� ������¸¸������ÃË �¸�À�´� �����·� ´�� �� �´������´�¶��·� ��� � ���¸�¸Ë ��� � � �����¸�º�´��¸ ´¸·´»�½ µ�µ»������ ��É¶º�·Å ������¸¸Ë �»�������·� ´�����º���� � �¾ �¾Ë � ���¼� Ê����� Ê��ä�å�æ��ç Ê������� ´¿¿¿½ × ��¼��¹Ç�¹ ��´��¶¸��� �·��»����� ����É�·Å ��´º���� � ��´����º�� Ì��¸�»�������·Å �µ»�´��Å ������¾ 
�»����É¸·� ��¼� ´������� ��»���· ´�¸� �� ´�µ� � �¸�À� ����»����»Ã��¹ Æ�»ÃÀ��µ¶���Ã º�����»� � ´������À ��è�������ç �������Ë ��� ��� ������Ç»�´ ������¸ ´éÏ½�½¾Â�¼�·¹ ����¹ ����� ��»���´� ��¸�»��´�¸ ����¸�´������·Å ���É�»���·Å ������¸¸Ë ´��Æ��»Ã�·Å � �µÖ�Å ´���´�� ´�´��¸���� �µ�´��º�É���¾ ê���Ç�¹ ����� �����»��� �����»��ÃË �� �·Å��� �� ����Ë �´À �¶¼�¶À��µ��¶ �»� ��´Ã¸� ���º���»Ã�¶À �� º�´�Ã�

• �´´»�������� ���µ»�¸· ´� ��¸ º�´»� � ´�¸��»Ã��¹ Ì��¸�½Ë
• ���»�� ����·ÅË
• �������¶ ´¶Ö�´�������� ��Ç����Ë
• ¸���»��������Ë
• ��´���������Ë
• ����¸���Æ�ÀË



ª×ë Ò«¬­¬ ®¦Ñ ¯¬ñ°ø¬ñ±ä°í²±° ³¬²°ñ� ± ù±ù«±îñ°²±
• ��´������� ���Ì����Ë
• ���¶¸����������� � �Ì��¸»���� ���¶»Ã�����Ë
• ���������¶ ��������Æ��¾

¿���� �����»��� ´�´������º��Ã �´������ ���¸���� �� �ìí��������µ»�¸·Ë �´���»�� � ´������ ��Å���¶ �»�´´�º�´��¹ ¸���¸�����Ë ���É��� ����»� �·º�´»���»Ã�·Å ¸������Ë ÿ¸�»��Ã��� Å����´�����·��� ���É���¸¸�������� � ��¸��� �����Æ�����¹ ´�´��¸·¾ î����� �´���� ´»��¶��´º����Ã´� ´ ���¸�¼��´�ÃÀ �������Ã´� �¸���� �� ��Å¾¥�»ÃÇ��´��� ¿¿¿ ����� �´��»Ã�������¸ ���µ¶À� ���������������ååïð��� ��´���¹�� ������ �� ��������·� ¶´»���� ��´�»¶���Æ��´���Ì��¶��Æ�� ��������·Å ´���´��Ë ���¸�Ö���� ´�´��¸�·Å Ì�¹»��Ë������»���� ��´��»»��¶�¸��� ���¸��¼�´��� ������Ë �·µ����¸·� ��¶¸�»º���À ��Æ��½¾
ñì��ð����åò��ï º�´�Ã ������ × ��� ´����¶���´�Ã µ���´�·Å ���ÉÆ��¶�Ë ��¸µ����������¸ �����·Å ¸�¼�� µ·�Ã ��»¶º��� ��Ç���� ��´��É��º�� Ç������� ��¶�� ����º ����¸����¹ �µ»�´��¾ ��æìåò��� ��´�������Ì¶��Æ����»Ã��¹ º�´�� �µ�´��º������

• �µ����¸�´�ÃË ´��¶��¶����Æ�À � ´�´��¸�����Æ�À ��	
• ���¸�¼��´�Ã ����»»�»Ã��¹ �����µ���� ¸��¶»�¹	
• ´����Ö���� �µÖ��� �µÅ�¸� ������¸¸���� ���´��	
• ��µ��´�Ã ���¸������	
• ¶¸��ÃÇ���� �����µ��´�� � ����������¹ ��¸��� ��µ�����»Ã��¹����¶���¹ ��»Ã�� ���µÅ���¸·Å � º�´���¸ ´»¶º�� ¸��¶»�¹	
• ¶¸��ÃÇ���� ������ �� ����´»�Æ�À¾

îµÖ�� ���µ������ � Ì¶��Æ����»Ã��¹ º�´�� �������
• º»���¸� µ�µ»������ ��»¼�� µ·�Ã ������·�� �´� �µ»�´�Ã ���¸�¼É�·Å �����´��	
• �»�����¸· ��»¼�· �� ����¶�������ÃË � æ�Ê�å�ï�ò ��¶� ��¶��	
• µ�µ»����º��� ���»���Æ�� ��»¼�� ´�º����Ã ���������¸��¸·��� ¶¸�»º���À ´��������·� ��¹´���� ´ ���¶¸�·¸ �·µ���¸ ��Æ�¹��»Ã������»�¸	



®¦ÑóÑ Ñ¬²°ñ� ± ³î«Jôî­¬ñ°«J ª×ª
• µ�µ»������ ��»¼�� ´����¼��Ã �µÖ�¹ ¶������»ÃË �����·¹ �»�´´�Ì�ÉÆ��¶�� ��������� ����º¾ ���µÅ���¸· ´Å�¸· �·µ���Ë �����·� ���É����»�À�´� � ����´�¸�´�� �� ����·Å ��»Ã������»�¸ ������� �����´�·� �����´·Ë ��´�ÀÖ��´� ��� ����º�¾ Â���º�·¹ �»�¸��� ��É���� �·µ��� × �¸� ����¸���¶�¸�¹ ���Æ��¶�·¾ ¿�� ���µÅ���¸�´����»Ã������»Ã ��»¼�� �¸��Ã ���¸�¼��´�Ã ´�´�����Ã � ���¸����Ã�´��¸�����»Ã�·� ���Æ��¶�·¾

�Ê�ð��åò��� ���æ���� ���������� �è��Ê�����ï × ��� �µÖ�¹�»� Ì¶��Æ����»Ã�·Å ¸��¶»�¹ ´��Æ�Ì�º�´��¹ ¸�Å����¸ ���������� �Å� ��¹´����¾ Â ����¸ ´���´���¸ ¸�¼�� ����´���
• �Å����¹ ��·� ������	
• ����´»���� ´�µ·º�� × �����������¶ÀÖ��� ����½ ����´���·Å �� ��¸������¹	
• ��Å��· ������¸¸ � ���´���·Å �´�����	
• µ��� �´Å���·Å ����·Å � ���¶»Ã����� ´º���	
• ¸������ �������������� �µÖ����	
• ´�����º�¶À ´�´��¸¶ ´õö÷øùú

¿�� ��µ��� ´ ¿¿¿ ����´���´������ �û�»� º���� ´��Æ��»Ã�·�´�´��¸�·� ´���´��� �´��»Ã�¶��´� � �èí�� Ê���������� �è��Ê�������·º�´»���»Ã��¹ ¶´��������
• ��¸��»����·Ë ¸�������������·Ë ��������· ´����¹Ë ����¶�º���	
• ���´���·� ��������·	
• ��µ��· Ç��Ì���	
• Ì�¹»��·� ´�´��¸·¾

ü�ØýØ ÚâþàÞÿ ß �Û���Û�âÞà��
î´������ ¸�Ç����¹ ¸���¸����� ¸�¼�� ´�����Ã ¶ ��»Ã������»��»»À��À �´������ ´�¸�¹ ¸���¸�����¾ î����� ´»��¶�� ����¸��ÃË º�� ��ä���ì���� �� �����ï�� ���Ê���������ò¾ ������� ���´�º�·� ¸��À



ª×� Ò«¬­¬ ®�Ñ ¯¬ñ°ø¬ñ±ä°í²±° ³¬²°ñ� ± ù±ù«±îñ°²±
�� �´��µ�¼��À� ��»Ã������»� �� ����¸���� ´¶�� ¸���¸���º�´��Å ��É¸��� � ¸������Ë ���»�������·Å � ����Å ´�´��¸�Å¾ Í��¸ ¸���¸���º�´���´�´��¸· ����Æ����»Ã�� ��»�º�À�´� �� ���´���·Å � ���Ì�º�´��Å �����É�����¾ �´»� ��»Ã������»Ã �� �����Ë º�� ����� ¸����Æ�Ë �� ����� ������¸¸¸����º��¹ �»��µ�· �¸¶ �� ��¸�¼��¾ �´»� �� �·����´� ���¸����Ã º�´»��É�·¹ ¸���� � �·º�´»���À ��´�µ´�������� �������»�Ë �� ��´�¶�� ��»¶º��Ã��Ç����Ë ´��»Ã ¶����� ��»���� �� �´�������Ë �»� ���µÖ� ��º��� �� ��É»¶º��Ã¾ ûÀµ�¹ ����� Ç������� ���¸������ �� ���µÅ���¸�´�� ���»��¶��¶�����´�»Ã�·¹ �Å�º��´� ´�����Ã ÿ�¶��¹�	 ���Å��¾ È º�´���´��Ë �´� ¸�É��¸���º�´��� �����· ´����� ���Ì��� ´ ��´�����·¸ Ç���¸ ���¶¸����Ë����� ��� �»� ��»��Æ������ �´´»�������� �����¹ �¶¼�· Å��������·���º�� � ´��¹´��� ������Ë ��´���¸¶¸·Ë ��º�� ������µ�Ë �´�¸����·	¾Â ´�¼�»���ÀË ���¶»���·� ��¸�ÃÀ����·� ¼¶���»· ���µ�»¶À� ���É����º�´�� ��´�´�����»Ã�·¸� ´���Ã�¸� ´�¸���������¹ ¸�»���¼�Ë ����É¸���Ç�¹Ë º�� ��� ÿ¶Å����»� ��´���� µ��� �� µ����¶�¾ Â�� ��¸�º���´� �é¨
Ë �¾ ¨��Ë ÿ¸����� ����¸����Æ�� 
��¡Î
� 
�ÎPv� �� ��7��¡8 �
 �� �µÉ»�´�� º�´»���·Å ��´º���� ��´�� ��»�����´��¹ Å��������¾ Í�� ����´��´�� � ��¶��¸ �µ»�´��¸ ��¸�ÃÀ�����¹ ��ì�� ��� �¶���Ã ´ ��Å��»����¹�	¾Â ���¸��¶Ë ¸�»��·� ´��Æ��»�´�· �� ��¸�ÃÀ����·¸ ´���¸ ¶µ�¼���· ���¸Ë º�� ��Ì��¸�Æ����·� ��Å��»���� ���»�� ��¸���À� ������ �´��������� �º�����¹¾ ����� ´���Ã� é�©� �¾ Â¶»Ã��� ��»�����Ë º�� ÿ���»�É��� ¸�¼�� �����´�� ���»�� �º�����¹ � �������¹ ´�����¹ ´��¶��¶��Ë �´É��»Ã�¶� ¶¼� �����·� ��µ»�Æ· �º�����¹ �»� ���´�·� ��¸�ÃÀ����·� ���É���¸¸·Ë �����·� ����¸�À� ��´��»Ã�� ´���� �����Ë � ��»�� ��¸��´���É�¶�� ¸���¸���º�´�¶À µ�����¸����´�Ã � ��»��� ������¸���� ���µ»�¸·¾���¸¶»� Pr[Θ ≥ ϑ] = 100e−µϑ ��É�� ����´�Ã ���¶�� ������Ç�¹´� ´��É�� ¸�¼�� �����Ã ���º���� ��������´��¹ �� ��� ��»Àº���»Ã��¾ 
�»��¶����¼����´�Ë º�� ÿµ × ¶�����Ã �µ´»¶¼������Ë � �����¸ ´»¶º�� ���É�·¹ ���ÌÌ�Æ����¶ ����¶��� ρ �¾ ¿�´��»Ã�¶ ρ × ��»�º��� µ�����¸�����Ë��������»Ã ´������ ����µ������ ���¸����´�Ã ���¸��� × ´����Ç���� ��É��ÀÖ�¹ �µ´¶��¾ �� ´�¸�¸ ��»� µ �´�Ã ������������ò �è�åì������ï���»�º���Ë �µ������ ��� ´�����¹ �»���»Ã��´��	¾

�����¼����´�Ë ��»��Ë º�� ÿ�´»� ´¶Ö�´��¶�� ´���� � �����»��¸·¸�����»�¸� ´����Ë �� �����������»Ã��´�Ã ����¹ ´�´��¸· �µ·º�� ��¸���É��´� �� ��´�����Æ��»Ã��¸¶ �����¶ ��� ¶��»�º���� ����¶��� ¾ ¾ ¾ ¿�� ��»ÃÉ��¹Ç�¹ ����¶��� ´�´��¸· �� �����������»Ã��´�Ã µ¶��� ����� ´��¼��Ã´��¾�� ´�¸�¸ ��»� �����������»Ã��´�Ã ´�´��¸· ��¸�����´� �� ���¸���¸ ��É����Ë � º�´»�¸ ������Ë �µ´»¶¼���·Å � �����Æ¶ ���¸���¾ î�� ����� �����É´����´�� �Å���Ö��� ������ × ´»�������»Ã��Ë ´ ��´��¸ ���ÌÌ�Æ����� ��É



®��ó� Ñ¬²°ñ� ± ³î«Jôî­¬ñ°«J ª��
��¶��� ρ µ¶��� ���������òË ���� �� �� ��´������ �����Æ·¾ ¿�´»� ����������������»Ã��´�Ã ´�´��¸· µ¶��� ��´������ � ����� �� ¸��´�¸�»Ã��¹�����������»Ã��´��¾ Í�´�����Æ��»Ã��¸¶ ¼� �����¶ ��� �������º�´��¸��¼�¸� ���º�����´� �� �����������»Ã��´�Ã ´�´��¸·Ë � ��´�����»����������� Ê��è�����ï ������ � ��¹¾

È�����Ö��´Ã � ���µ»�¸� �´��»Ã������� ¸���¸���º�´��Å µ�µ»��É��� � �������Ë ��¸���¸Ë º�� ��»Ã�� ´��Æ��»�´� ¸�¼�� ´��»��Ã ���¶¸�·����¶Ö����	 �����´�� »��������Æ�À	 ��´���Ã �����´������·� Ì�����·	���´�� Å���Ç�� ��º�»Ã�·� ���µ»�¼����	 �·µ���Ã �� �»Ã���������·Å���������¸¸ ���µ�»�� ���Å���Ö¶À � ���������¸ ´»¶º��	 ��� ���µÅ�É��¸�´�� × ¸���Ì�Æ������Ã ���������¸¸¶ � ������»���� ��´Ç�������µ»�´�� ���¸������Ë »¶ºÇ��� ���´��´�µ»���� � ���������¹ ´��¶�Æ��Ë´����� ����� ��»�¼���·Å ������º���¹Ë ¶¸��ÃÇ���� �µ��¸� �·º�´»���¹� �¾ �¾È ��´���Ö�� ���¸� ����´���»Ã�� ��´�¶��· �����· ��¸�ÃÀ���É��¹ �»��µ�· ¤�¡ Î7�¡8��Ë ¤���ÎË ¤�¡!�"Ë ¤�¡ �£#Ë #ÎP8$Î � %�8Î ¡8&�'�P(����Î¾ 
� ��Å ��� ����·Å ������������· �� ���Ì�´´����»Ã�·Å¸���¸������� �����»�À� �µ�»��¸ �����´���»��¸·Å ���¸�¼��´��¹ ��´�� Ȩ́��¸ »Àµ�¸�� È¾ 
¾ û����·¸ �·��¼���� ÿÎ7"�PP�v )Î P8� ÎvvÎ�	Ë ��É��´���»Ã�� ´»�¼�· � �´��»Ã�������¾ ¿����»Ã��� �µÖ��´�Ã ��´�����É�� ����º� ��´� ����¸���· × ��¸�»��´�·�	 ������º����� ���¸�¼��´����»¶º���� ��Ç���� � ����¶����� ��� ����������Æ�À¾¤�¡!�" ������������ �� ��µ��¶ ´ ¸����Æ�¸� � ��Ç���� ����º������ ����¸���º�´���� ¶����»���� � �µ��µ���� ´����»��¾¤�¡ �£# � #ÎP8$Î ���µ�»�� ���´�· � ���¸������ � ���»�� �µ�´��Éº���À� �����·� �����µ��´�� ´�¶�����¾ Â ���¸¶ ¼� �»�´´¶ ������� ����É´��´� *�PÎ(�¾
%�8Î ¡8&� '�P(����Î ��»���´� ��������������¹ ´����¹ ����������¸���¸���º�´��Å �¶����´�¹ � ´�´��¸� �¶����´�¹ LATEX ´ ���¸�¼��´�ÃÀ�������¸������ �·��»����� ´�¸��»Ã�·Å � º�´»��·Å �·�»����¾î���´���»Ã�� �����µ�·¹ �µ��� ���Å ������� � �Å ´���´���»������������· � é
¨�¾ û������¶�� �� ��¼��¸¶ �� ��Å �´º�´»���´� ��´����¸����¸�������¹¾ 
´�»Àº����¸ ��»���´� %�8Î ¡8&� '�P(����Î × ´¸¾ é¨¨�¾
���¸���� ���Å� × ����»���� ì��è����� Ê� �����å���åò��+ ��ä��������Ë �������������·Å �� ¶��¸��¶�·� �����·¾ È º�´���´��Ë �´����¸��· ÿ�¶�´� »��Æ�¹� éÏ©� ����´��· �� ��·�� ¤�¡!�"Ë � ���Ã �»���¶�����´��� �� �������»�Æ�� éÏ�� ��´��Ö��· ��Ç���À ´������´��¶ÀÖ�Å



ª�� ,«¬­¬ ®�� ¯¬-°.¬-±/°0²±° ³¬²°-� ± 1±1«±2-°²±
����º � ����·Å ������Å¾ �� ��Ç ���»��Ë ��µ��� ´ ������¸� Æ�»�´��µ���É�� ���¼�� �´��� ��¸Ë ��� º�´»��·� ���¶»Ã���· �¶¼�· µ������´���»Ã��� ´��´�µ¶ �Å ��»¶º���� ��·��»����� �¶�´��·Å ��µ�� �� �»�������Å��É��Ë ´����¸��¶Ë ������ ¶����»���� � ��¾	¾ ¦�¸� �� ´�µ� × ��� ��µ���´ Ì¶��Æ��¸� ������ ��� ÿº���·¸� �Ö���¸�� × ��� �� �Ê���è���ìä�� ì������3 �����å���åò��+ ����������¾ 4�¸ �� ¸���� ��´�������������º�´��Å ������¹ ����

• �´´»�������� �µ»�´��¹ ´Å���¸�´�� �����Æ�¹Ë
• ������»���� ´����´�� ´Å���¸�´��Ë
• ´�������� ���´�·Å �����Æ�¹ ´ ��¹��»��·¸� � ´���Å��»��´�Æ��¹Ë
• ´�������� �������¶��·Å Ì��¸¶» ��� ���������¸ º�´»� ¶�»��Ë
• ´���´���»���� ¸������ �·º�´»���� ��´�µ´�����·Å �������»��

� �¾ �¾ ����´���»���´� ��»����¹¾ ¿��µ»�¸�¹ ���´Ã ��»���´� �� ���¸���É��� �������Ë Å���Ç� �µ�´��º����� »������¶��¹Ë � ����¶¸���·¹ ���µ��������¹ �·Ç�¶��������� ´����¼����¾�º��·��� ��»�¼�����Ë ��¼� ����´� »�ÇÃ ������¹ 5è�5� �5��5�ä�5�67+ ����º���� ¸���¸���º�´���� ������ × ¤���Î¾

ü�Ø8Ø 9�à:àÜßà � ;<=>?
¤@��Î × ��� ´���� �»� �·��»����� ´�¸��»Ã�·ÅË º�´»���·Å ����Ì�º�´��Å �·º�´»���¹ ���Ì�´´����»Ã�·¸� ¸���¸�����¸�Ë �����µ�É������ Ì��¸�¹ '@¡ÎA��� ¤@��Î %�B¡C@AÎ �D E$ÎAvE¡� �B '@¡ÎA���Ë Â���É��	 � È·´Ç�¹ ��Å��º�´��¹ Ç��»�¹ � FÀ��Å�¾ î�� ���»���»� ��»�´´�»ÃÉ�·¹ ¸���¸���º�´��¹ �����Æ��»Ë ��»Àº��� Ç���º�¹Ç�¹ ��´���» ´���´���G�� �»�¸�������¹ ���Ì¸����� �� �µÖ�¹ ������ ����´���»Ã��´��H	 �������� �´��»Ã�¶��´� ��¶º��¹ �µÖ�´������´�ÃÀË � º�¸ ´������»Ã´��¶À�¸����º�´»���·� ´´·»�� � ��¶º�·Å ´���Ã�Å¾ È·�¶´����´� ¼¶���» IJKLMNMOPQROJL SMTULMVVMW � ��¼� ������¾ ¿��¸��¼�´��� ´�¸��»Ã���� ��´��¶É¸������� ¤@��Î ��»�À�´� ´¶Ö�´�����·¸� �»�¸����¸� ��������������¹´�´��¸· XORMQVRYO Z[W\]LJOMË � ���¼� ���¶»���·Å ������� ¤@¡ �£^ �¤@¡_@`¾ �� ¨É¹ È´���´´�¹´��¹ ���Ì����Æ�� �� �¸���Æ�����¸¶ ¸���»�É������À �¦����É¿����µ¶��Ë ����µ�Ã ¨��� �¾	 ���»��·��»�´Ã �·��»������



®��a� b­°c°Ò±° ­ defgh ª�i
� ÈF j�� ´���´���¸� ¤@��Î ���»���º�´��� ¸���»Ã ��´´�¹´��¹ ������¹�����¸���¾¿������¸�� ���´Ã ������� ���´���� ����� ������ �������´��� ´º�´�»��¶À ���¸�¼��´�Ã ���´���� ������¸¸�·Å ´���´�� ´���¶ ��´»���»�¼���� � ����Ç�´��¶ÀÖ�Å �»���Å �Å ¸���¸���º�´��Å �´���¾

k!lmlkl nopqrps tuvw
È ´�����Å ��µ�º��� »�´�� ��´»� ����»�Ç���� > ��µ���À�´� ��É¸���· ¤@��ÎË ´�´���Ö�� �»���·¸ �µ����¸ � �·���� �� ���Æ��¶�¾ È´�������Å ���Æ��¶� ���»� ���Å �·´�ºË � ��¼� �Å ����º�´»���� ��»��� �·ÉÅ���� �� ��¸�� �����¹ �����¾ ���µ�»�� ¶�����µ���»Ã�·� �� ��Å µ¶�¶������¸¸���������· ��¼�¾x»� �µ��Ö���� � ������´��� ����´�¸�¸¶ yö÷øz¶ ���µÅ���¸� �·��É»��Ã � ��µ�º�¸ »�´�� �»Àº���� ´»��� ��¸� ���Æ��¶�· �»� ��������	 ���¼��Ã é{��¾ È ����� �·´�����´� ´������´��¶ÀÖ�� ´�����Æ� yö÷øz� � ��¸�´�� � �����Å�� ´�����º�·Å ´������¹ �¶�»· �¶�� �� ����� ������	¾ Í�������»��� ��� ���µÅ���¸�´�� ������¸��Ã´� � ´� ´¸�¼�·¸� ���µ»�¸�¸�¾¤@��Î �� ����¶´¸�������� �µ�����»Ã���� �µ���»���� ����� ����É¸���·Å¾ j�Æ����»Ã�·� º�´»� � �µÖ�¸ ´»¶º�� �¸�À� ��� ���µ�¹ ´ Æ�É»·¸� ��¸�������¸� ���� �·���� × ��´������¸·Å	¾ È�Ö�´������� º�´»�����´·����´� � Ì��¸� |}~�����~������|��������ù¾ È´� ����¸���·� ��¶¸�»º���À ´º���À�´� �5�Êå7������¾ �¸��� �������Ì������·	 ����É´·��À�´� ��� �� �´�Å �»�����¸�º�´��Å ��·��Å¾�� �»�¸������·Å �µ������ ¸��¶� µ·�Ã ´Ì��¸������· ´�´����·��¸��¼�´���Ë ´��´��Ë ¸�´´��·Ë ¸����Æ· � ������·¾ j�Ç���� ¶�������¹�µ·º�� ����´���»�À�´� � ���� ¸��¼�´��¾x»� Ì��¸�������� �����7��� �´��»Ã�¶À�´� ����� �����Æ�¹�� �� �� �� ���¾ ¦���´���¸ ����¸������ ���¶»Ã����� �·º�´»������»���´� �������� ���´��������Ë ����´·���¸·¹ º���� ��¾ñì��ð�ï�� ¤@��Î ���·��À�´� ���Æ��¶�·Ë �·��»��ÀÖ�� ´�´�� Ȩ́�·� � �·º�´»���»Ã�·� �µ������´��¾ î�� ��»��´� �� ��¶������� ��´���É���·�Ë �¾ �¾ �Å���Ö�� � ���� ¤@��Î	Ë ���Ç��� �����¸���º�´�� ´º��·É���¸·� �� µ�µ»������ ��´»� ��¸���· �ö� ÷¡¢ |�}��	 � G������·�HË�»� ���¸������ �����·Å �¶¼�� ����������»Ã�� ¶�����Ã � ��¸���� £¡¤y�¸� ´����¼�Ö��� �Å ������¾



ª�¥ ,«¬­¬ ®�� ¯¬-°.¬-±/°0²±° ³¬²°-� ± 1±1«±2-°²±
¿���º�´»�¸ ���µ�»�� ¶�����µ���»Ã�·� ¸���¸���º�´��� Ì¶��Æ���

¦ö§§ö÷¨ �Î©©Î�ª �Î©©Î�« �Î©©Î�¬ �Î¡@ ­£¤¤£
%E @A���© @A���© @A�©Î� @A�©Î� @A�©E @A�©E  @A�¡@  @A�¡@  `ÎA ����E � Î �̀© Î$ ����Î�¡��®`E Î ��© ��© )©��$Î ÎAB Î$@��Î$@�® Î¯� B@�¡�A BA@� B©��$Î ��)E©�AE®Î E¡ �AE®Î �@��@�Î �@¡Î¯ �E®E¡ �E @���  ��� ®©��$Î ���¡ ���¡½) �A�)��¡A@ ) A�� ) ©E� �® ©E®��EB� ©E  ©E  ©��$Î ©°A¡ ©�® ¡@  ¡@  ¡A@�Î

¥±�»ÃÇ�� º�´�Ã ���Å Ì¶��Æ�¹ »���� ¶������¸�¾
k!lml²l n³pq ³ ´µ¶rq¶·µrps ´¸¹³pº¸w»
È ���·Å ���´��Å ¤@��Î �����»�´Ã ���¸�¼��´�Ã G�����º���������H � ����·º��¹ ¸���¸���º�´��¹ ´�¸��»���¾x»� �� ���»���Æ�� �¶¼É�� º���� ¸��À ¼¡ö£�½�÷ö¤¤ö§ �·����Ã �� ����� ����»� ¾¿À¢Á÷ ´ ���Éº�´��¸� µ¶���¸� � ´��Æ��»Ã�·¸� ´�¸��»�¸�Ë ÂÃø�ö§§¡ÁÄ ´ Ç�µ»���É¸� ���������� � ��� ���µÅ���¸�´�� Å�¤�¡Ã × ´ Ç�µ»���¸� ��������É¸����º�·Å �µ������¾¿�� Ö�»º�� ¸·ÇÃÀ �� ����»� ´������´��¶ÀÖ�¹ ´�¸��» ����»���É´� � ����Æ�� �´����� �� ��µ�º�¸ »�´��¾ ¿��»�¼�Ö�� ����»����À ´»��·��������� �ø÷�ÆöyÁ÷ ö�§	 ¶���·��À�´� �����´���»Ã�·¸� �����¸�¾ ¦»������»����´� ´ ��¸�ÖÃÀ �»�����¶�· �»� ����»� ´�¸��»��¾ ���µÅ���¸·����·�� ����µ����À�´� ��´����º�� µ·´���Ç ������ ��»Ã������»Ã ´ ���·É��¸� ���Æ��¶����� ������¸¸��������Ë ��������Ë ������º��� ��µ��¶ �����Æ�� ¤@��Î¾��µ������ ��¸���� �·��»����´� ��´»� ��¼���� é* ¡ÎA� �»�G��´�»�Æ���»Ã��¹H ������ ����»�¾
k!lmlÈl É»Ê»r¸» Ë·¶³r»r¸s ¸ ´¸´µ»¹ Ë·¶³r»r¸s
x����� ����º� ��Ç���´� ���������¸ §Á÷Ìö�|öÍÄ§��|Ì��§�ù¾¿�� ��´��»Ã��Å ������´��·Å ¶�������� � ������´��·� ��»¼�· ����´���É»��Ã´� ��� ¸��¼�´���Ë �¾ �¾ � Ì��¶��·Å ´��µ��Å¾ ¦������´������ µ¶�¶������������· � ���¶»Ã���·¾ Î�´��·� ���· ¶�������¹ �»� ���µ�����¹ �



®��a� b­°c°Ò±° ­ defgh ª�Ï
��Ç����¸ �µ��µ��·��À�´� ´��Æ��»Ã�·¸� ���Æ��¶��¸� ��Ç���� ¶�����É��¹�
 §Á÷Ìö × ��ÌÌ����Æ��»Ã�·ÅË
Ð§Á÷Ìö × ´ �»���ÀÖ�¹ ��º��¹Ë
¡§Á÷Ìö × � Æ�»·Å º�´»�ÅË
À§Á÷Ìö × �� ¸��¶»ÀË
�§Á÷Ìö × ���¶������·ÅË
÷¡Ä�÷Ñ Ò÷¡Ä§Á÷ÌöÓ × ¸����º�·Å¾
È ��´»����¸ ´»¶º�� �´��»Ã�¶��´� G��������H ���Æ��¶��Ë ������� ��»¼É�� �¸��Ã ���Ì��´�¸ �¸� ������¾¿�� �·���� ���Æ��¶� ��Ç���� ¶�������¹ ¸��¶� ¶���·���Ã´�����»����»Ã�·� ��Æ��¾ x»� Ð§Á÷Ìö �¸� ¸��¶� µ·�Ã ÆÁÀø÷öÃ ��´���Ã��¸�»��´�·� �����	Ë Ã��úú¢ ��´���Ã �����Ã � �������¸ �������»�	¾È ¤@��Î ���»�º�À�´� ¸�´´��·Ë ¸����Æ· � ������·¾ ���µ�»�� �µÉÖ�¹ �� ´��¶��¶� ����� �»�´´� ��»���´� ¸�´´��¾ î� ´������´� ��¸����¹����

� ����¿�¡Ä Ð�|Ô�~��ÕÖ��|�������ù��´´�� ¸�¼�� �¸��Ã �������»Ã�·� ���¸����´�Ã � �����Æ· �´��´�� ���É��º�·Å ���	¾ ���»Àº���»Ã�·¹ ����µ�����»Ã�·¹	 ´��´�� × ��� ´��´����º�»Ã�·Å ���º���¹ � ����¸����¸ ´»¶º�� � ´��´�� ����Å ´��´��� × ���¶¸����¸¾ î���º������ ¸�¼�� �·��»���Ã � ��´»��¶ÀÖ�¸� ���������É¸�¾ �������»Ã ¡Ä Ð ������»��� ´��Æ��»Ã�¶À ´��¶��¶�¶ ¸�´´��� �§¿À�Àö¤�¡ÆË �Ä¤¡§¿ÀÀö¤�¡ÆË §ø��§öË  ¡�ÑÁÄ�÷	¾ �º�� ´��¶��¶�· ¶¸��ÃÇ�����¶���¸��´�Ã �µ��µ���� ¸�´´��� � �����»��� ��������»��Ã ��� ´�´�� Ȩ́�·¸� ´���´���¸�¾È ¸����º��¸ �·��¼���� ���¶´��¸· ´¶¸¸��������Ë ����¸��¼����Ë�·º�´»���� Æ�»·Å ´������¹ � ����¸�������·� �����Æ��¾ �����º�¶À¸����Æ¶ ´»��¶�� ����´·���Ã ��� ×��ù �»� �´��»Ã�����Ã ´�µ´������� �µ�É���º���� × �����¸��Ë Â × ��������� ���������¸ ���� ��÷¡�§�Â�×��ùù��µ¶��� ¨ ������ ��� ¸��¸¶À �����Æ¶	¾�����º�·� ������������ ��»¼�·����´·���Ã´� � Ì��¸� Ø×�¦×�Ù �»� ×��Ø�¦ �Ùù¾



ªiÚ ,«¬­¬ ®�� ¯¬-°.¬-±/°0²±° ³¬²°-� ± 1±1«±2-°²±
k!lmlml Û¸¹³pº¸Ü»´w¸» ³vÜ¸´º»r¸t
ÝpÞËß»r¸tl È ���� ´»¶º��� ������¸��Ë ��� �·º�´»���� ������É»���·Å �������»�� �»� µ�´����º�·Å ´¶¸¸	 ��� ���¶»Ã���� � ��¼� ���É¸�¼��´�Ã ��� ��»¶º���� ¸��¶� ����´��Ã �� �µ»�´�� ���º���¹ ���¶¸������»� ����¸�����¾ îµ»�´�Ã ������´� ��¸����¹ �����§§àÀö�ø �|�á�â��á��ù��� ´��¹´���¸ ¸��¶� µ·�Ã ¡Ä¤öÑö�� �ö�÷� ãö�÷ã�ÄÑö���¢ùË øÁ§¡¤¡ÌöËÄöÑ�¤¡Ìö¾ È ��»� G´��¹´���H ¸�¼�� �·´�¶���Ã ���»Àº����� � ´��µ������Ç���� �»� ����º��Ã ����Ç���¹ �������¶¸�����´� »���º�´��� �����É������� ����Ç���¹	¾ �¸���´� ���¸�¼��´�Ã �������� ��»Ã������»Ã´��Å����� ´��¹´�� � �����Å�¹ ����� ´ ��´»��������¸ ´��¹´�� G�������H¾
äw³¸³¶º»rµrv» Þ·»på·¶up³¶r¸tl

§à¢§ �·��»���� ��¸��¶ ����¸���·Å �� �����¸ ���¶¸���� ´��»�´�������¸¶Ç
öÃø�Ä  � ���´��¹Ç�¸ ´»¶º�� �������º����� ������������ � Ì¶��Æ��´»�¼�·Å ���¶¸����� � ´¶¸¸·Ç
Ð�Æ¤Á� �·��»���� ���������»�¼��� ����µ���������Ç
ÄÁ�À�÷ �´��»Ã�¶�� �´����·� �»��µ���º�´��� Ì��¸¶»· �»� �����������·��¼���¹ � Ì��¸� ��»���¸�� �»� ���µ�¹Ë º�´»���»Ã � ���¸���É��»Ã �����·Å × ����¸�� ���´�·� ¸����º»��· ´ Æ�»·¸� ���ÌÌ�Æ�É����¸�Ç
§¡Àø÷¡Ð¿ �����»��� ¶���Ö��Ã �·��¼���� × � �´�µ����´�� ��� ¶����É��� �µ»�´�� ���´�� ��Ç����¾ È ��º�´��� ����Å ¶������»�¹ ����É��¸ æØÅÅØ� öÃø � ÷Ä � §Í�¤ � ¤�¡Ñ� øÁ£ö�Ë � ���¼� ´��Æ�Ì�����É�· �»�´´� ���¶»Ã���¶ÀÖ�Å ���º���¹Ç
ÆÁ÷÷öÆ¤ ��¶����¶�� º»��· �·��¼���� �� ´������¸ ����·��¼���� × �º�´���´��Ë ¸����º»��� �� ¸����Å ����¸���·Å �� ´������¸ ����¹ ������¸���·ÅÇ
ÆÁÀ¢¡Äö �·����´� �µ�������Ã ��������»� ´������·Å Ì¶��Æ�¹É´�¸��¼�É��»�¹ � �������Ã ´������ �������¸����º�´��Å Ì¶��Æ�¹ ����Å���¸� �����·¸ ¶�»�¸¾

ÛË¹¹v ¸ Þ·p¸u³»q»r¸tl Â�¸���� §àÀ �Ð�çè ç�À úúÄùé ������É���º��� �»� G´�¸��»�º�´����H ´¶¸¸��������¾ ¿�����»�����´�Ë º�� f



®��a� b­°c°Ò±° ­ defgh ªiÕ
����´�� �� k ¾ ���»���º�� �´��»Ã�¶��´� � ��¸���� �·º�´»���� �������É����� ø�Á àÆ¤¾êÞÞ·pw´¸¹¶ë¸¸l È ������ ÄàÀ�øø�ÁÃ ����»���À�´� �½ �����������´�¸�Æ�� Ì¶��Æ�¹¾ È ��º�´��� �»»À´���Æ�� ¸· ��´´¸����¸���¸��· �� ��� �»�´´� ������´�¸�Æ�¹¾�¶��Æ�� À¡Ä¡À�Ã�Ð �Ã�� úú¢ �ÒÀ �ÄÓ�£ �ìÀ�Ãö��Á�ìù �µ�´��º��������µ��É��Æ����»Ã�¶À ������´�¸�Æ�À f(x) �� [a, b] � ��´�¸ w(x) Ë ��ÉÀÖ¶À ¸���¸¶¸ ¸��´�¸�»Ã��¹ �Ç�µ�� ��Æ���� ��´»����¹ ���´�������´�����¸����¹ ´ �¸���¸ À�Ãö��Á�	¾ F�»·� m,n �¶�Ã ¸��´�¸�»Ã�·� ´����É�� º�´»���»� � ���¸�����»� ´������´������¾�¶��Æ�� ø� ö�Ð�Ã���ÒÀ �ÄÓù ´»¶¼�� �»� ���µ��� ������´�¸�Æ��¿��� Ì¶��Æ�� f(x)

¾ Í�� ������´�¸�Æ�� ���� ���µÃË ���»�¼���� ����É��¹ � ��� 4�¹»��� �¸��� ¸���¸�»Ã��� ��»�º�� �� ����´���´�����������»�¼���� f(x)
¾íÞ»·¶ë¸¸ ¹¶µ»¹¶µ¸Ü»´wpîp ¶r¶º¸u¶l ¿����»· �·º�´»�À�´���¸����¹ ÷¡À¡¤�Ð�Ã�� Ò� ¡�Óù¾ ¿����»Ã��� ��º�� ¸�¼�� ��Å����Ã´�� µ�´����º��´��¾ 4����¹ ����µ�����»Ã�·¹	 ����¸��� ¸�¼�� �����¸��Ã���º���� ÷öÐ¤Ë �¡Ñy¤Ë �ö�÷Ë ÆÁÀø÷öÃ¾�¶��Æ��  ¡ÐÐ�Ð�Ã�ïèð��úúú�ÃÄïèðÄù �µ�´��º����� ��ÌÌ����Æ�É������� f � ������·¸� �»� ��¼��¹ �� ����º�´»���·Å ����¸���·Å ��´»�ñ ������´��¸� ������º�¶À ������´�Ã ¸�¼�� �� ¶���·���Ã	¾�¶��Æ�� §ö�¡ö§�Ð�Ã���Äù ���� ���»�¼���� f(x) � ´�������¹ ���� ����´���´�� x = a � ¶º���¸ º»���� �� n É�� ������� ��»Àº���»Ã��¾î������� ���� ¡Ä¤�Ð�Ãù �·º�´»��� ��������»���·¹ �������»Ë �¡Ä¤�Ð�Ã��úú¢ù × ������»���·¹¾ Î�´»����� �������������� �������¶É��´� ���¼� ���������¸öÌ�÷Ð�¡Ä¤ �Ð�Ã��úú¢ � ¡Ñ¡¤§�Ð÷�Ñùù���´Ã ´��º�»� �·��»����´� ´�¸��»Ã��� ��������������Ë � ����¸ ��»¶Éº���� º�´»������ ������»����¾ 4����¹ � º������·¹ ����¸���· �� �µ�É����»Ã�·�  ¡Ñ¡¤§ ������»��� º�´»� ����·Å ������ ���¶»Ã����Ë Ð÷�Ñ ×¸���� ��������������¾ �´»� ��¶��� �������»� ���·������»Ã��� Ì¶��ÉÆ�� �¸��� �´�µ����´��Ë �� ��»���´� ���·��� �Å ¶´�������� ���¸������¸���»���º�´��Å ����µ��������¹ ���¸��� ����¸���·ÅË G�·º������ �´�µ��É��´��HË ���»�¼���� � ���	¾

É»Ê»r¸» q¸òò»·»rë¸¶ºórvo Ë·¶³r»r¸slî������� ���� §Á÷Ìö�| öÍÄ§��|Ì��§��|ÁøÄ§�ù´»¶¼�� �»� ��Ç���� �µ·�������·Å ��ÌÌ����Æ��»Ã�·Å ¶�������¹¾¿�´»����� ��»¼�· ´����¼��Ã ���������·� � ����¹ Ì��¸� �����´Ã �



ªië ,«¬­¬ ®�� ¯¬-°.¬-±/°0²±° ³¬²°-� ± 1±1«±2-°²±
��ÌÌ����Æ��»�Å �� ���¶´����´�	¾ ���¼�¸ ´¸·´» � �´����·� �������·��� ����¸�����¾ öÍÄ§ ´����¼�� �´Å���·� ¶�������� �´�´��¸· ¶�������¹	 � × ������µÅ���¸�´�� × ��º�»Ã�·� ¶´»���� � ��¸¾ ¿��������·� ����´·��À�É´� � Ì��¸�  ¡ÐÐ�¿�Ãù�Ãù¾ ¿�´»� ������´�¸�¹ ����¸����¹ º���� ñ ¸�É¼�� µ·�Ã ¶������ ������´�Ã �·´Ç�Å ���������·Å¾ ô�º�»Ã�·� ¶´»�����»� ���������·Å ����´·��À�´� ���¸������¸ � Ì¶��Æ�� ��������� D������¸��Ë ������ � ������ ���������·� z � �¶»� × ��� D(z)(0) Ë
D(D(z))(0) ´������´������	¾

Ì��§ × ��� ´��´�� �´��¸·Å ����¸���·Å¾ ���¶¸���· Ì¶��Æ�¹�µ�����»Ã�� ¶���·���Ã ��»Ã�� ���´Ã � ��� ����´� ���������·Å¾ÁøÄ§ ������ ��Æ�� � Ì��¸��� |�}���|õ�~ö÷��÷�¾ È�¼��¹Ç�¹ ����Å ��»���´� ��� ��Ç���� ¤¿øö∈ øöÃ�Æ¤ � §ö�¡ö§� ÄàÀö�¡Æù¾È��¸�¼��´�� �´´»�������� � ��Ç���� �µ·�������·Å ��ÌÌ����ÉÆ��»Ã�·Å ¶�������¹ ��´Ç���À�´� ������¸ úÂ¤ÁÁ÷§¾ È º�´���´��Ë � �����Å���� �»�´´�Ì������ ¶�������¹ Á ö� Ì¡§Á�¾
û��å7��57 ��Ç���� ��ÌÌ����Æ��»Ã�·Å ¶�������¹ �������¶��´�¶�������¸ ¤¿øö�ÄàÀö�¡Æ¾ ¿� ¶¸�»º���À ��� ��������´� ¸�����¸ j¶���×Â¶��·×��»Ãµ���� ��èÐüý	¾ ¿���»���À�´� �Ö� Ï ¸������Ë ´���� ��Å ���É��µ�����·¹ � þ����¸��´��¹ »�µ�������� ¸���� ��Ç���� G¼�´���ÅH¶�������¹¾ j�Ç���� �� ¶¸�»º���À �·�����´� � ���� ��µ»�Æ·Ë ��¼���´����� ������¹ ´����¼�� ���¶Ö�� ���º���� ������´�¸�¹ � ����´�¸·Å����¸���·Å¾ 4�µ»�Æ� ����Ç�´��¶À� ����»���� ��»����¾ x»� ���Ì�º�É´���� ����´���»���� ���¶»Ã����� ��Ç���� ��ÌÌ����Æ��»Ã�·Å ¶�������¹´¶Ö�´��¶�� ´��Æ��»Ã�·¹ ��������¾
kÿlmlÿl ����� ¸ �p·µ·¶r
¦�´��¸� ¤@��Î �� ���´��´�µ»��� �»� ¸�´´��·Å ��¶���¸��Å ��´Éº���� × �Å »¶ºÇ� �·��»���Ã � �µ·º�·Å ´�´��¸�Å ������¸¸�����É���¾ �¸���´� ���¸�¼��´�Ã ����¸���º�´���� ������´� ����µ�������·Å´���´���¸� ¤@��Î ���Å���� � �������É������¸¸·¾ x»� ����� ´»¶¼����¸����
� ÐÁ�¤��Ä �öÃø��|������ ��Õ�â�ù��� öÃø�× �·��¼���� �»� ´��´�� �·��¼���¹¾ È´� ��Æ�� ��¸� �·Å������Ì�¹»�Ë ���µÅ���¸�´�Ã �����¸�� ����·��¼���¹Ë ��������´�Ã ´º���	 ���µ�����»Ã�· � ¸��¶� �����¸��Ã´� �� ¶¸�»º���À¾



®��a� b­°c°Ò±° ­ defgh ªiª
kÿlml�l �·¶ò¸Ü»´w¸» ´·»q´µ³¶
ô�µ�� ���Ì�º�´��Å ���¸�¼��´��¹ ¤@��Î ���´���� ¶����»��¾x�´��É��º�� ´�����ÃË º�� ��� ��´������� ��¶¸���·Å ���Ì���� ¤@��Î ������É¼����� �� ´�´��¸ ���������Ë � � ���Å¸����¸ ´»¶º�� × ½� �´ ���¸�¼��É´��¸� ����µ��������� �� ����¹ ´�´��¸· � ��¶�¶À	¾ ¤���Î ��������¶����´¶�´���� ��»�¼���� Æ�Ì� � µ¶�� �� ����·� � ´���¶¾ ¾À��¤É���Ì��������»��� µ·´��� ´�����Ã ���µ�·� ���Ì��� ´ �Å ��´»��¶ÀÖ�¹ G�����É��¹H¾
kÿlml�l ÝpÞpºr¸µ»ºórv» Þ¶w»µv
È ´�´��� ¤@��Î �Å���� ����»����»Ã�·� �����·�
úÂ¤ÁÁ÷§ úÁÀ�¡Ä§ æ	 æ�à§§¨Ä¤

ãÂ¤ÁÁ÷§ ÆÁÀ¢¡Ä�¤ ÆÁÀ¢§¤�àÆ¤  ¡ÐÐÁ�À§Ð¡Ä�ÄÆö ÑöÄÐàÄÆ ÑöÁÀö¤�¿ æ�Áö¢Äö�Ñ�Áàø ¡Ä¤¤��Ä§ ÷¡ö§¿ÀÀ ÷¡Ä�÷Ñ÷ÁÑ¡Æ Äö¤£Á�è§ ÄàÀ�øø�ÁÃ ÄàÀ¤yöÁ�¿Á�¤yÁøÁ÷¿ ø� ¡Æ ø÷Á¤§ ø÷Á¤¤ÁÁ÷§øÁ£§ö�¡ö§ ø�ÁÆö§§ §¡Àø÷öÃ §¤�¤§§¤à öÄ¤ §àÀ¤ÁÁ÷§ ¤öÄ§Á� ¤Á¤Á� ö�

ô������·� �� ����������Ë ��� ��� ����� ¶¼� �� �Å �������¹Ë �¶¼�·��»Ã�� ���Ì�´´����»Ã�·¸ ¸���¸�����¸¾ î�¸���¸Ë � º�´���´��Ë ��»�º��´���´�� ��µ��· ´ �µ´������·¸� ���������¸� × �����º���� � ������É�¶ ´��¹´�� »���¹��´��Ë ��¸¸¶�������´��Ë �´´�Æ�������´��Ë ������»�����µ������� ���������Ë �������¼��¹ ��º�� � �¾ �¾ �Ö� ��� ����¸��¸Ë º���»� �·���� ���Æ��¶� ������É»�µ� ������ ´»��¶�� ����·�Ã � ��¸¶ ��´�¶���¸����¹
� £¡¤y �|�}�ð�~�÷�~�ù����� �����Ç���� ��¸���· ��º��¹ ´ ������¹ �·�����´� ����º��Ã ���Æ�É�¶� ������	¾¿������¸ �µ��� ´����¼���� ��Å �������Ë �����·� ¸��¶� µ·�Ã������´�· �µ¶�¶Ö�¸	 ��¼�����¸¾
��
����l Í��� ����� ´����¼�� G��µ�� À���� �¼���»Ã¸���H ��µ�´��º����� ����¶À ���¸�¼��´�Ã ��»¶º���� ���µÅ���¸��� �»� �����É��»���� �����������»À Ê5���5�5�5 ��Ç���� �����·Å ¸���¸���º�´��Å����º× ��´º�� ´¶¸¸Ë �����������¹Ë �����»��Ë �������»�� � �¾ �¾ �¸���´���´��¶¸������¹ �»� ����»���� �����¹ ¶�������¹Ë �´´»�������� ����·ÅË



ªi� ,«¬­¬ ®�� ¯¬-°.¬-±/°0²±° ³¬²°-� ± 1±1«±2-°²±
��Å�¼����� ��´���¸¶¸�� � ���»���Æ�� ���´��¹Ç�Å ¸������ ���������É����� ����´�������¹Ë �� º�´��¸Ë º�´»���·Å	¾

������l ¿���� ��»Àº��� ´�·Ç� ´�� Ì¶��Æ�¹ Ì��¸�������� �����É�µ����·Å ¸����Æ ´��Æ��»Ã���� ���� � �����Æ�¹ ��� ��¸�¾ È ����»������ ����� ��¸�º���·¸ ���¸�¼��´��¸ �� ¸�¼���
• Ì��¸������Ã ´»¶º�¹�·�Ë µ»�º�·�Ë »����º�·�Ë ��»Ãµ�����·Ë ��¸�É���· ¸����Æ·Ç
• �·º�´»��Ã ���¸·Ë ´�µ´�����·� ���º���� � ������·Ë �µ����·�¸����Æ·Ë ���µ���· ������ÉÌ¶��Æ�¹Ë ��´´���·Ç
• ��������Ã ��������»���Æ�ÀÇ
• �·��»���Ã ´��»����� � ¸����º��� ¶¸��¼����Ç
• ��Å����Ã µ���´Ç
• ��Ç��Ã ����������»���·� � ����������»���·� ´�´��¸· »���¹�·Å�»��µ���º�´��Å ¶�������¹ � �¾ �¾

¿���� ��»Àº��� � ´�µ� ����Ë ´�´���Ö�� �� µ���´�·Å ���������¸¸ ��¼É���� ¶����� × � º�´���´��Ë �·��»��ÀÖ�Å LU É���»�¼����¾�������l ¦À�� �Å���� �´������·� �� ´�¸�»��´É¸����� ���Æ��¶É�· ��Ç���� ����º� »���¹���� ������¸¸�������� × ��� � Æ�»�¸Ë ��� �����»Ã�·Å �»�¸����� ¸����� �����Å�� � ´���������¹ ��´�������Ë ��Å�É¼����� µ���´�Ë ��� ������������� ��¸������ � �¾ �¾	¾
��������l È ����� �Å���� ���Æ��¶�· �·º�´»���� �������»Ã�·Å ���É�µ��������¹ �¶�Ã� ��µÖ���Ë sin É � cos É	Ë �����»�Ë ��»Ãµ����Ë þ��»�´�� ��»»���Ë � ���¼� ´������´��¶ÀÖ�Å �µ����·Å ����µ��������¹¾�����l ¿���� ������������ �� �����·� ����º� ´����´��º�´��¹ �µÉ��µ���� ����·Å¾ È ���� ��»Àº��· ´�¸Ã ´¶µ�������¾ ���¼�¸ �����º��������·Å Ç�´���

�ÄÁÌ� × �������� ������� �µ ���������´�� ��¶Å ´����´��º�´��Å �·µ�É���Ç
Ð¡¤ × ��´������� �����´´�� ��·µ�� ����¸����� ��������� ���� ����´�É¸�´�� y(x) ¸�����¸ ���¸��ÃÇ�Å ���������	Ç
��Ä ÁÀ × ������Æ�� ´���¹ ´»¶º�¹�·Å º�´�» ´ ���µ¶�¸·¸� ������É¸� ��´�����»���� ������¸���·¹Ë µ���ÉË ��¸¸�ÉË ���¸�»Ã�·¹Ë χ2 Ë¦��À�����	Ç



®���� ¯¬-°.¬-±/°0²±° 1±1«±2-°²± �d�� ªi�
§¤�¤öÌ�÷Ð × ��´������� �»����´��Ë �¶¸¶»���· � �µ�����¹ �¹ Ì¶��Æ���»� ������·����� ��´�����»���� � �Å ���»���� × �»� ��´��������Ç
§¤�¤ø÷Á¤§ × ��´������� ���Ì���� � ��´�����¸¸Ç
¤��Ä§ÐÁ�À × ����������»Ã��� �µ��µ���� ����·Å �¶������º����Ë ´��É������� �� �»�´´�¸Ë �·º�´»���� �������¹ Ì¶��Æ�� �� ��¼�����»�¸���� ���� � �¾ �¾	¾¦��Ã¸�¹ ´¶µ����� ×  ö§Æ�¡¢ö × �´��»Ã�¶��´� �»� ��»¶º���� º�´»�É�·Å Å��������´��� ´����´��º�´���� ���� � ��´»¶¼����� µ�»�� �����µ��É�� ��´´¸�������¾ î� �����»��� �·º�´»��Ã�

• ¸��¶ � ���¸�Å ��´�����»����Ç
• �µ·º���Ë ���¸����º�´��� � ���¸���º�´��� ´������ ���º����Ç
• ´�º���� ´����´��º�´���� ��´�����»���� �¸�����¶Ë ������»� � ��Æ�É»�Ë � ���¼� ������»� �»� �������»Ã���� ���¶¸����	Ç
• �·´Ç�� ¸�¸���· ����´���»Ã�� �������»Ã��¹ ��º��Ç
• ���������·� �� ��Å Å��������´����� ��´���´�À D Ë ´�����������É��º�´��� ���»������Ë �´�¸¸����À � ��´Æ�´´¾

ü�Ø�Ø �âÞàáâÞß�àãþßà  ß �ßÛÞàþß !;"#

¦���� ����¸��¸Ë º�� »¶ºÇ�¸ ´��´�µ�¸ ��¶º��Ã �·º�´»���»Ã�¶À¸���¸����¶ ��»���´� ������¸¸��������Ë � »¶ºÇ�¹ ��·� ������¸¸���É����� º�´»���·Å ¸������ × ��� �������¾È ´�´��� ���Ì�´´����»Ã��¹ ���´�� �������� §� �Å���� µ�µ»����É�� $¤%_Ë ´����¼�Ö�� ���»� �·´�º� ������¸¸ �� �������� ÏÏ � �µ����É��¹ Ì��¸�¾ ¥�»ÃÇ�� º�´�Ã ���Æ��¶� �¸���´� � ��������Å ´ ��������¹� ���¹��¹ ��º��´�ÃÀ¾ Â���»��� µ�µ»����� ¸�¼�� ���´¸�����Ã � ´���É���´��¶ÀÖ�¸ �����»� ´�´��¸���º�´��¹ º�´�� yö÷øz� $¤%_¾ ¥�µ»������¸���´� ���� �	 ����»����� ¸���¸����� � ´��Æ��»Ã�·� Ì¶��Æ��Ç ¨	 ´��É��´����¾ x»� ���������� �Å �´��»Ã������� � �·�·��ÀÖ¶À ������¸¸¶��»Àº���´� ��������à§ö ÄàÀö�¡Æ�÷ð÷¡¢���¡ö§�µ�´��º���ÀÖ�¹ �����Ì�¹´ ´ º»���¸� µ�µ»������ � ������»Ã ´�����´�Éº�´��¹ ���������´�� �·�����¾



ªi� ,«¬­¬ ®�� ¯¬-°.¬-±/°0²±° ³¬²°-� ± 1±1«±2-°²±
È·��»����� Ì�¹»�  ÐÌ��§ú¢�¤ ��¸¾ ���������À úúúú	%&'¦¨(ù¶´�����»����� ����¸���·� ���¶¼����Ë ¶���·��ÀÖ��Ë � º�´���´��Ë �¶�Ã� ���¸ µ�µ»������¸¾ x»� ������»� ´»��¶�� ���´¸�����Ã ¡ÄÆ÷à öÉ �÷¡¢���¿É�¶�� �Æ���º�� )ÁÁ÷§'*ø¤¡ÁÄ§ 'ú¡�öÆ¤Á�¿'¾yÁ£ ú¡�öÆ¤Á�¡ö§	¾���¸����¸·� � ���������Å �·���� º»��· µ�µ»������ ����»Àº�À�É´� � ������¸¸� �� ����� »���������¾
î��´���� �����»� µ�µ»������ ��º���À�´� ´� ´��¶��¶���������������º�� �Å���Ö�Å � ���� ���Æ��¶�¾ x»� �¸�� ���Æ��¶� �´��»Ã�¶À�´�´��������·� ´��»�Ç����¾ GÂ����ÃH �¸��� �¸��� ¸��¸���º�´��� ����É¸�����»Ã�� � ���»�¹´��¸¶ ��·�¶	 ���º����� �����¸��Ë æ+ã,
 × ��¶´´����������¶���� �����»�¾ ¿��Ì��´ ¾ ����º��� �������¶À ��º��´�ÃË ú ×���¹�¶ÀË Ù × ��¸�»��´�·� ��������¹ ��º��´��Ë - × ���¹��¹¾ 4���¸�µ����¸ ��»¶º�À� �¸��� Æ�»·� �7�7��6�� ���Æ��¶�¾�� ��»��»����¸ ´»��¶À� �µÖ�� ����¸����Æ�� �� �����»¶¾ ô����É¸��Ë �� Gþ���¹�·¸ ��Ç���»�¸H�

• ´��µÖ���´�Ë º�� ¶º�� ´��Æ��»Ã�·Å ´��¹´�� ¸����Æ �����»��� ����É��»Ã�� ¶¸��ÃÇ��Ã ���¸� ´º��� � �����µ��´�Ã � ��¸���Ç
• ������»�À�´� G������·�H �µ����º���� ���Æ��¶� �ãæ × �µÖ�¹´»¶º�¹ ��Ö�´������¹Ë Ùæ × �� ¼� �»� ��¸�»��´��¹Ë )ã × ���ÅÉ�������»Ã��� ��Ö�´�������Ë ã¦ × ��Ö�´������� »����º���Ë .æ ×�����¼����� ��Ö�´�������	Ç
• ��������´� ´��¶��¶��·� ´Å�¸· Ì��������Æ�� � ��Ç���� »���¹�·Å´�´��¸Ç
• �� ��� ¼� ´º�� ��À�´� ���´���·� ����¸����Æ��Ç
• ����»����»Ã�� �µ´¶¼��À�´� º�´��·� ���µ»�¸· ���´��»Ã������·Å º�´��¹Ë ��´º�� ������»���»�Ë ����������� ��Ç���� � ���É�������� ¶��º����� ��Ç����Ë �µ��Ö���� ¸����Æ·Ë ���µ»�¸� ´���¶É»����´�� � �� ��¸�ÃÀ�����¸ �´�����Ë ¸����Æ· ´��Æ��»Ã���� ����Ë/0É����¸����Æ��	¾

x�»�� ��À�´� �µÖ�� ���´���� ´�¸�¹´�� ���Æ��¶�¾ ¿� ��¼��¸¶ ´�É¸�¹´��¶ ¶���·��À�´�� �������� �¸� �»� ��µ�� �¸��Ç �����º����Ç �µ��ÉÖ���� �Ì��¸� �·���� � ´��´�� ���¶¸�����	Ç ´��Æ�Ì���Æ�� ���¶¸������´¸·´» � ´���¶´ × �Å����¹Ë �·Å����¹Ë ��¸����¸·¹	Ç ����¸����Æ�� ���´��»Ã������À � �·��»���À ����»����»Ã��¹ ��¸���Ç ���� �»�����¸�



®���� ¯¬-°.¬-±/°0²±° 1±1«±2-°²± �d�� ªii
´� ´´·»��¸� �� �´��º���� µ�»�� ����»Ã��¹ ��Ì��¸�Æ��1Ç ���¸�� ���É¸������Ç ���¶»Ã���· ��´º��� ���¸���¾ È �����´»���� � ���´���À $¤%_��¸�º���´�Ë º�� ���´��¹Ç�¹ ´��´�µ �� ���¸������ × ����������� ���ÉÅ���Ö��� ���¸���¾¿������¸ ����»��� �´����·Å µ�µ»����� $¤%_�

2¶µ»¹¶µ¸Ü»´w¶tl þ���¹�·� ´�´��¸·¾ ����º� �� ´�µ´�����·����º����¾ �������»�Æ�� � ������´�¸�Æ��¾ �������������� � ��ÌÌ�É���Æ��������¾ x�ÌÌ����Æ��»Ã�·� ¶��������¾ �������»Ã�·� ����µ��É�������¾ ô�»���¹�·� ¶��������¾ î���¸���Æ��¾ î´����·� ¸����º��É�������·� �����Æ��¾ÛÞ»ë¸¶ºórv» òËrwë¸¸l Í»�¸������·� Ì¶��Æ��¾4������¸����Éº�´��� � �����µ�»�º�´��� Ì¶��Æ��¾ ��¸¸�ÉÌ¶��Æ�� � ´������·� ´ ��¹¾�¶��Æ�� �Ç�µ�� ����¸�»Ã��� ��´�����»����	 � ´������·� ´ ��¹¾ �¶��ÉÆ�� ¥�´´�»�¾�¶��Æ�� Â�»Ã����¾�¶��Æ�� Í¹��¾ Í»»����º�´��� �������É»· � ´¸�¼�·� ������´·¾ Í»»����º�´��� � ´������·� ´ ��¸� Ì¶��Æ��¾�¶��Æ�� ��´�����»���� ��������´��¹ � �¸ �µ����·�¾ �¶��Æ�� ���Ã�¾j���·� Ì¶��Æ��¾Ûµ¶µ¸´µ¸w¶l î´���· ´����´����¾ j����´´��¾ Â����»�Æ��¾ ���É»�� ��´���´��¾ Â�������¹�·¹ � ��´�����·¹ ���»�� ����·Å¾ ô�����¸��É��º�´��� ´����´����¾ Â������� ´��»�´�� � ´»¶º�¹��´��¾ ���»�� ���É¸���·Å ����� � ���������������¾ Â������Æ�� � Ì������·¹ ���»��¾x�´���¸������·¹ ���»��¾ Â»�´����·¹ ���»��¾ È·µ����¾ È·¼������ �����¼��´�Ã¾ �����¸����� Ç��»��������¾ îÆ���� �»����´��¹ � ������É��´��¹¾ ¿�´���º��� ���������� ���Ì���¾ �¶��Æ�� ��´�����»���� ����É����´��¹ � �¸ �µ����·�¾ ������Æ�� ´»¶º�¹�·Å º�´�»¾ ���»��·¾ È´��¸�É����»Ã�·� ¸���¸���º�´��� ´���´���¾
x»� »¶ºÇ��� ����´���»���� � ´����¼���»Ã��´�� ���æ7å5� �������¸Å��������´���¶ ���Æ��¶� �����»� G�������������� � ��ÌÌ����Æ�����É���H�íqrp¹»·rp» ¸rµ»î·¸·p³¶r¸»l îµÖ�� ����������Ë �´�µ����´�Ã�� �����Æ�¾ îµÖ�� ����������¾ îµÖ�� ����������Ë ����·�·¾ îµÖ��Ëµ�´����º�·¹ �������»¾ ���������� �´Æ�»»��¶ÀÖ��¾ ������������¶�Ã�	¾ ���������� ´ �»��µ���º�´��¸ ��´�¸Ë ����·�·¾ ��������������Ç�����Ë �»����� ���º���� �� Â�Ç�¾ îµÖ�� ������������¾
2rpîp¹»·rv» w³¶q·¶µË·vl x�¶¸����� �������¶�� ��������·¹�������»	¾ ���������� 3É¸����� �������¶�� �� ��������¸�¶��»Ã���¶¾
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ªi¥ ,«¬­¬ ®�� ¯¬-°.¬-±/°0²±° ³¬²°-� ± 1±1«±2-°²±
O·¶³¸º¶ �¶Ë´´¶ ¸ µ·»oÜº»rrv» ·»wË··»rµrv» ´ppµrpÊ»r¸tl¿����»� ��¶´´� �»� �»�´´�º�´��Å ��´��¾ ¿����»� ��¶´´� �»� ���¶�����É�·Å ���ÌÌ�Æ������¾ j��¶������·� ���ÌÌ�Æ����· �»� �»�´´�º�´��Å��´��¾ j��¶������·� ���ÌÌ�Æ����· �� �������¶����� �����»�¾ Â�����É�¶���� �����»� ��¹���¾Ý¸òò»·»rë¸·p³¶r¸»l ¿�»¶º���� �����¹Ë �����¹ �»� ����Ã�¹����������¹¾
ô�´�¸�����Ë º�� �������·� µ�µ»������ ��»�À�´� Æ����¹Ç�¸ ��É´��¶¸����¸Ë �´��»Ã�����Ã �����·¹ ¸�¼�� � ��»¼�� ��¼�·¹ ��µ���ÀÖ�¹�� �������� ������¸¸�´�¾
È ���»Àº���� �������¸ ������¸¸¶ �·º�´»���� ������»�������������»� �� ����¾ �¨¾
 ¾̈ ´ ���¸������¸ µ�µ»������ $¤%_¾

ø�ÁÑ��À ¡Ä¤§¡À÷à§ö ÄàÀö�¡Æ�÷ð÷¡¢���¡ö§�ö�÷�& ��¢ �ö���¢§�ö��ö÷�ö��ö§¤ �Ð��ö§à÷¤ �PöÃ¤ö�Ä�÷ Ð
P�öÃø �� �ù�� � � Q�ö��÷ õ�~ö÷��÷ ���÷Ô�~R~��� �é ¢�� �ö���¢§�� �é ö��ö÷�� �%Æ�÷÷  Í �Ñ§ ×�Ð���¢ �ö���¢§�ö��ö÷��ö§à÷¤ �ö��ö§¤ùø�¡Ä¤ �� ç�ö§à÷¤ � ç��ö§à÷¤ � ��ö�Öâ � �úS�&T&�&T&üý%�üýø�¡Ä¤ �� çö��ö§¤ � ç�ö��ö§¤ �ø�¡Ä¤ �� ç �ö§ � ç��ö§à÷¤�P �öÄ  ø�ÁÑ��À ¡Ä¤§¡À÷

�ö�÷�& ÐàÄÆ¤¡ÁÄ Ð�Ãù�ö�÷�& Ã�ö�÷�&� ¡Ä¤�¡Ä§¡Æ ��  öÃøÐ� öÃø �ÃùöÄ  ÐàÄÆ¤¡ÁÄ Ð
È·�·���¸�� ���Æ��¶�� ���»��¶�� ��������¶À ´Å�¸¶ �·º�´»���� ����É���»� �� ¨�É��º�º��¸¶ �����»¶ ��¶´´�×Â������� �´¸¾ ����¾ �¨¾§	 ����¼��¸ ���·������»� ���µ����� �´Å������ ¶º�´��� � ���¶´���� ��»�º��´���¶»����´��¹ �� �����Æ�Å ¶º�´��� ��������������¾ �¸��� Ì����º�É´��Å ����¸����� ´������À� ´ �¸���¸� Ì��¸�»Ã�·Å¾ �� ��Å ö��ö§¤ �´�Ã



®��U� V±1«±2-°²¬ WXYZYe[ \] d^ ªiÏ
�Æ���� �µ´�»À���¹ �����Ç��´�� ���¶»Ã����Ë � ´¸·´» �´��»Ã�·Å �º���É���¾ ¿�»¶º��· ´»��¶ÀÖ�� ���¶»Ã���·�

�ö§à÷¤� �úS�&T&�&T&üý%�ýö��ö§¤� �ú%�S_S_�ü&Sý�Tü_ö���ü �ö§ � TúTT�üü_�ü%Tý�`�`ö���_È �����¹ ������¸¸� ��¶º���»Ã�� ��µ��� ´ ����·¸� ���¹��¹ ��º��´�� ��º�´���´��Ë �´��»Ã������� ´��Æ�Ì�º�´���� �¸��� Ì¶��Æ�� �·º�´»������´������·	¾¦��Æ��»Ã�� ��µ��� ´ $¤%_ ��´��Ö��� ����� é§�¾

ü�ØaØ bß �ßÛÞàþâ cdefe<g hi ;j

ô�������� µ�µ»������Ë � ��»�º�� �� $¤%_Ë ����´��� ¶¼� �� �§� ��µ�´��º����� µ�»�� ���´��¹ � ����¼�·¹ �·��� ���Æ��¶� × ��� ´����ÉÖ����¸ ´��´�� ���¶¸�����¾ È �� ´�´��� �Å���� ´»��¶ÀÖ�� �����»·�
þ���¹�·� ��Ç���»�¾����º� �� ´�µ´�����·� ���º����¾¿���µ��������� �¶�Ã�¾¦�»�¼������ ´�»�¹��¸� ����·Å � �����Å��´��¹¾���»��·¾î�������· � ��¸�¹´��� Ì¶��Æ�¹¾���»��· _£�£�« �»� ����»»�»Ã�·Å ��Ç���»�¹¾x�ÌÌ����Æ��»Ã�·� ¶�������� � º�´��·Å ���������·Å¾îµ��µ���� �Ç�µ��¾î��´���� ���������¸¸ ��À�´� ���¸�����»Ã�� � �Å �7�7��6��� �ÑöÄö��¡Æ§	Ç ´������´������ � �·�·���Ã �Å ¸�¼�� �� ¸��¸���º�´��¸¶ ������É¸¶ �¸��� � �¶ÌÌ��´�¸ ðÑöÄ¾ ô����¸��Ë �»� ��Ç���� ´�´��¸· »���¹�·Å¶�������¹ Ax = b ������´�¸� �� Ì��¸��� � ��Ö�´������´�� �´Å���·Å����·Å ¸�¼�� ��´��»Ã�����Ã´� ���������¸Æ�÷÷ ÷¡Äð§Á÷ðÑöÄ �Ø�Ã�¢ù¿���������»Ã�� ´»��¶�� ´�´»��Ã´� �� ¸��¶»ÃË ´����¼�Ö�¹ ��67�k7�� ��7�7��6�ì ��� � �����¶ � Æ�»�¸	�à§ö ÷¡Äð§Á÷ðÑöÄð¡Ä¤

î´�µ��� ���¸���� ��´»¶¼����� �»��� Gî�������· � ´�¸�¹´���Ì¶��Æ�¹H �*øö��¤Á�§ �Ä  æöÄö�¡Æ 	àÄÆ¤¡ÁÄ§	¾ �� ´����¼���� ���É



ª¥Ú ,«¬­¬ ®�� ¯¬-°.¬-±/°0²±° ³¬²°-� ± 1±1«±2-°²±
��»��� ��´��Ã ������¸¸· �»� ����º »���¹��¹ �»��µ�· � ´��»�Ë µ»��É��¸ � ¸���¸���º�´��¹ ����Æ��¾ ¿�� ���¸ ��»¶º�À�´� �������� � »����º����¸·� ´��Æ��»�´��¸� ������¸¸·¾ j����µ��º��� ´����»�´Ã ��µ����Ã�·����� � �¸�� ���Æ��¶�Ë ����´�Ö�Å �� ���� ����¸�����¾���¶»Ã ÷¡Äö��ðÁøö��¤Á�§ ������»��� ���µÅ���¸·� ��������· �´�¸�¹´��� Ì¶��Æ�¹Ë ���º�¸ �»� ¸����Å �������º ����»�¼��� ����»»�»ÃÉ��� ���»���Æ��¾

j�´´¸����¸ Ì���¸��� �§�É����Ë �����·¹ ��Ç��� ´�´��¸¶ »���¹É�·Å �»��µ���º�´��Å ¶�������¹ Ay = b �� ´»¶º�¹�·¸� ���ÌÌ�Æ�����É¸�Ë � ����¸ �»� ������»� �·º�´»��� ������ ������� r = b − Ay
¾ ¿��É��� ����º� y = A−1b ��Ç���´� ´ ��¸�ÖÃÀ ��������� Gú¡Ã úHË ��������·º�´»���´� ��´���´���¸ GúÃ úH¾ ¿��¸���

ø�ÁÑ��Àà§ö ÷¡Äö��ðÁøö��¤Á�§¡Ä¤öÑö�� ø���Àö¤ö� �� Ä�`�ö�÷ Ø�Ä �Äù�¿�Äù�¢ �Äù���ÄùØ���Ä �Øùé ¢���Ä �¢ù¿�Ø ú¡Ã ú¢��¢�Ø úÃ ú¿öÄ 
¿�� ��µ��� ´ ��¸�»��´�·¸� �µ�����¸� �´� ´´·»�� �� ����´������É����¶À ¸����Æ¶ AT ��¸���À�´� �� ���´��������¶À ���¸�»��´�� ´����É¼���¶À	 ĀT ≡ A∗ ≡ AH

¾ ���»���º�·� ��¸��· �·��»��À�´� � ´���� ´�������¸ ¶������·Å ¸����Æ¾ ¿������¸ ��µ»�Æ¶ ���������� µ�µ»�������§��
l9I<7G9 mnNmN o7:FL:DF >6F?9@>?Dî���������� ����´Ã ¿�����¸¸�·¹ ���

A−1 ú¡úØ
AT Ë A∗ ú¤ úØË úy úØ
A−1B Ø ú¡Ã ú¦
BA−1 ¦ úÃ¡úØ
ATB Ë AHB Ø ú¤Ã ú¦Ë �ú¤ úØùúÃ ú¦
ATB Ë AHB Ø úyÃ ú¦Ë �úy úØùúÃ ú¦

x»� ´�������� ����Ç�¸ �»Ã��������¶ �»� AHB ����´���´�������� �§�� À�¤Àà÷�ÆÁÄpÑ�¤��Ä§øÁ§ö�Øùù�¦ù¾



®��q� rXsfet uvZh[whw deZxhseZyzeg �y{YeY| ª¥Õ
È ���»Àº���� �������¸ ��µ»�Æ¶ �� ¾̈ ¸����º�·Å � �´��¸�����»ÃÉ�·Å Ì¶��Æ�¹ �� ����� �����»� µ�µ»������ �§�¾ ô��µ�����»Ã�·� ������É�· � ��µ»�Æ� ��¶Ö��·¾
j�µ��� ´ ���¹ µ�µ»������¹ ���µ¶�� ´������� ´������´���� ����� ��É�¶¸����� ���¶ Ì��¸�»Ã�·Å ����¸�����Ç �»� �µ»��º���� ������ ������»���´�����»Ã�� ����¸���¶��´� �´��»Ã�����Ã � �·�·��ÀÖ�¹ ������¸¸��¹�����Æ� ¨Å½
¨Ù¨) (*(Â¾

l9I<7G9 mnN}N ~F9<7�9G7; A9@?7C:D� EH:JG7Lî����Æ�� È·���
A = USV T ¾�¾¼ú�Øù
AV = V E Ë AVD = BV E Â�Â¨æ�Øù
(AW = WE)Ë AWD = BWE
A = RTR

ã�Ùõ*
�Øù
A = QRË QTQ = I +�*ã)õ�Øù��������� ¸����Æ� ,�,(¨)�Øùî�����»���»Ã 	�úÂ)�Øùj��� ��ãØ(��Øù
p1 = max

j

( m∑

i=1

|ai,j|
)

p2 = s1
× ���µ�»ÃÇ�� ´���¶»����� ���º���� ½�(*ãÅ �Ø�¡ù

p3 = max
i

( n∑

j=1

|ai,j|
)

s1/s����A × º�´»� �µ¶´»��»����´�� Ù�Ù*(ú�Øù
Z = IN

× �����º��� ¸����Æ� -�Â�Â�Øùx������»Ã ½�ú¨Øæ�Øù¿��¸�� ����µ��������� �¶�Ã� ��		)�.ùîµ������ ����µ��������� �¶�Ã� .�¨		)��ù�»¶º�¹��� ����»����� Ø�ãØ(ú�Øù

ü�Ø�Ø �d�=<� ��f?g�?� ;<f�?�<f��<> #��e<e�

Í�� µ�µ»������ �¦�¤_	 ¸�¼�� µ·�Ã �����µ����� ��� �à§¤ÁÀ���´��»»�Æ�� ��®�@� �E©�@� {�A¡A@ z�¾ ¥�µ»������ �����µ����� ���´��ÉÆ�¶¸�¸ �������»Ã´�����·Å ¶º��¼����¹ � ¶�����´������ ¦��¾ È ���
�Å���� ´»��¶ÀÖ�� �����»·�



ª¥ë ,«¬­¬ ®�� ¯¬-°.¬-±/°0²±° ³¬²°-� ± 1±1«±2-°²±
• ¥����·� ������¸¸· »���¹��¹ �»��µ�·Ë �����»���·� �� ��� ¶������������ × ������Ë ¸����Æ� × ������Ë ¸����Æ� × ¸����Æ�	¾
• È������·� �����Æ�� ��»� ����¸�������·Å �����Æ�¹ ¸����Æ¶
�·������ ��´´¸�������Ã ��� ������	¾

• ¿��¸·� � ���������·� ��Ç���»� ´�´��¸ »���¹�·Å �»��µ���º�É´��Å ¶�������¹ ´ ¸����Æ�¸� ´��Æ��»Ã��¹ ´��¶��¶�· �´�¸¸����º�·É¸�Ë ��´�´�¸¸����º�·¸�Ë ��¸����·¸�Ë »����º�·¸�Ë ���¶��»Ã�·¸�� �¾ �¾	¾
• ¦��������·¹ ����� _£�£�« ��Ç���� ´�´��¸ »���¹�·Å ¶�������¹ �����º �� ´�µ´�����·� ���º����Ë �� ´���¸ ���¸�¼��´��¸ � �ÌÌ��É�����´�� �����´Å���Ö�¹ ����´��·� _$3�£�« � *$%�£�«¾
• ¿��������¸¸· �µ��µ���� ´����»��� �ÉË ¨É � ½É¸����� µ·´���� ���É�µ��������� �¶�Ã�Ë ´������Ë �����»�Æ����·¹ ���»��Ë Æ�Ì���·�Ì�»Ã��·¾
• ���»��·� ���������· ´»¶º�¹�·Å º�´�»Ë �������·� � ¸����º�·�Ì¶��Æ��Ë ������¸¸· ´���������¾

¿��·Ç���¶À �ÌÌ�������´�Ã ���Æ��¶� ��¤_ �����µ��º��� ���¶É¸�����¶À� ��Æ����»Ã�·¸ �´��»Ã�������¸ �´�¹ �����Å�� ����¸���ÀÖ�Å¶´���¹´���
• �������·¸ �µ��Ö����¸ � ����·¸ � �7���6�5�5� ��¸��� × µ�����¸�¼¶��º�·Å �µ¸���� ´� ´»��¶ÀÖ�¸ ¶�����¸Ç
• »���»���Æ��¹ �·º�´»���¹ � ��ÇÉ��¸���� �»�����¸· ��µ���À� ´���¸����Æ�¸� �´Å���·Å �µ������Ë º�� ´����� � ¸���¸¶¸¶ ´�����ºÉ�·¹ �µ¸��¾

¥�»ÃÇ¶À ��»Ã ����À� ���¼� ¸����´�¶���º��·¹ �·µ�� ����¸�»Ã�·Å����»�����¸�� � ����������Æ�� Æ��»�� �»� ����¸¶Ö�´�������� �´��»ÃÉ������� �����º�·Å �����Ö���¹ ����´�� ������¸��Ë º���� G���������ÉÆ�ÀH	¾È ½ú	É���¶¸����Æ�� � ���Æ��¶��¸ �� ��¼��¸¶ �����»¶ �¸�À�´���µ´�����»Ã��� �������� � ´��¶��¶�· ����·ÅÇ ´��»�Ç���� � ¸��¸���É�� �¸�� ���Æ��¶� � ������� ´»�������� ����¸�����Ç ´����·¹ ����»�����Æ��¶� � ������� �´��»Ã������� ��¼��¹ �� ��Å ´ ���¸���¸� �·����Ç´��´�� »������¶�·¾ �¸��� ���Æ��¶� ��º���À�´� ´ ���Ì��´�Ë ����ÀÖ�É
�� ��� ����·Å ���»���º�� $¤%_ �%Ë ^Ë �Ë �	¾ x�� ��´»��¶ÀÖ�Å µ¶��·



®���� � shYyzeg ¡hzyfh¢ ª¥ª
������»�À� ��� ¸����Æ· ������¸��Ë æÂ × �µÖ�¹ ´»¶º�¹Ë æ¦ × �µÖ��»����º���Ë æ) × �µÖ�� ���Å�������»Ã���Ë ¾¦ × ´�¸¸����º��� »����ºÉ���Ë ¾) × ´�¸¸����º��� ���Å�������»Ã���Ë õ¦ × ��¸����� »����º���Ë½* × ��»�¼���»Ã�� ������»�����	¾ ô�����ÆË ��� ��´»����Å µ¶��· ����É
��»�À� ��Ç��¸¶À ����º¶� ¾¼ × ��Ç���� ´�´��¸· »���¹�·Å ¶�������¹ËÂ¼ × ����º� �� ´�µ´�����·� ������� � ´�µ´�����·� ���º����Ë ¾¼ú ×´���¶»����� ���»�¼����¾

£7��6� ���Æ��¶�Ë ������Ë ��������´� »�ÇÃ � ��¸����Å ´»¶º��Å�
�»� ����������� �����¸���� ��´�����»���·Å ´»¶º�¹�·Å º�´�» � ´����É�����¾x»� ��µ��· ´ ���Æ��¶��¸� ��¤_ �� ´���· ¤^% ´»��¶�� � ¸��À¾ö¤¤¡ÄÑ§�
¡Äè �·µ���Ã ��������À ¨Äøà¤ � ��µ����Ã �¸��� �´��»Ã�¶É
�¸·Å ��¤_Éµ�µ»�����Ë �����»���·� ���µ�»�¸�¾ ¿���»Àº���� �Å �����µ��� ´ ���´�»� �µ�´��º�����´� ��¸����¹ ����

ú	 À�¡Ä úÐ%� ¤÷¡ÄèðÐ%�¤

ü¥Ø¦Ø §¨�?e��<> ©?��=?ª

È ���Ì�´´����»Ã��¹ ��µ��� ´ ¸���¸���º�´��¸� µ�µ»������¸�º�´�� ��������� ¼�»���� ���»��¶�Ã G��¶��ÃH �´��»Ã�¶�¸·Å ���Æ��¶� �Æ�»�Å�
• �Å ������Æ�� � ����»Ã�·¸ �»�´´�¸ ����ºÇ
• ¶»¶ºÇ���� �Å Å��������´��� ���´Ç������ �µ»�´�� ���¸������Ë¶¸��ÃÇ���� ��¶���¸��´��Ë ���·Ç���� ��º��´��	Ç
• �·�´����� ���º�� ���»�����¹ ���¶»Ã����� �� �¼����¸·ÅÇ

������ÆË �� ��������º�´��Å ´��µ��¼���¹ � ���´�� �������¹ »Àµ����É��»Ã��´��¾ 4��¶À ���¸�¼��´�Ã ��À� �Å���Ö�� � ´�´��� º�������¹ ���É´�� �������� ��CÎA%¡@¡E�  GÎ�´»���·� ��Æ���·H �3�®ÎAE�@� 0Î�E�Î©	¾È ��������´����¸ ´�����º����Ë �¸�ÀÖ�¸ �»Ì�����·¹ � ´�´��¸���º�É´��¹ �����»·Ë ´����¼��´� ���´�· ´�·Ç� ©�� ���Æ��¶� � ���¸���� �Å ���É¸������ ���������� ÏÏ �����¸��¸Ë º�� ´�´���»���·� �� ��¸ ������¸¸·´��¸�´��¸· ´���¶ ����Å ´ �§�	¾ È´� ���Æ��¶�· ����´��· � ��´º����� ´��������¶À ��º��´�ÃÇ � ����� �Å���� ���Æ��¶�� (ãTú½Ë Ì��¸�»ÃÉ



ª¥� ,«¬­¬ ®�� ¯¬-°.¬-±/°0²±° ³¬²°-� ± 1±1«±2-°²±
�� ����µ���¶ÀÖ�� �Å � ���¹��¹ ��º��´��« ¾ È ´������¼��ÀÖ�¹ ���Éµ���� ��Æ����¹ ´����¼�Ö�� Gj�Æ���·H ����� �������� Â�¸µ���¼´����¶�����´�����	 ����´�¶��´� ��� G���´���¶ ��»���� ¼�»�H � G�»�´´�º�É´��¹ �´��º���HË ��´���»�ÀÖ�¹ G��»Ã�¶Ë ¶����»Ã´���� � ����´�ÃH �´�¸������¸¸��¶ÀÖ�¸ �� �������� � ´����¼�Ö�¹ ¸�´´¶ Æ���·Å ´������ �
����»�¹¾ x�¶��¹ ��Æ������ ����»���Ë º�� �´���¹ �·º�´»���»Ã ��»¶º����»Ã�¶Ë »�������� × ¶���»���������Ë � º�»���� ´ À¸���¸ × ����´�Ã¾Â ´�¼�»���ÀË ¶��¸��¶��� ����� ��´���»���´� �� ����»Ã��¹ ��´����Ë �
� �»��������¹ ���¶¸����Æ�� ´�µ´������ {�%Á �� � ���Æ��¶��¸Ë �� �
�·�·��ÀÖ�¸ �Å ������¸¸�¸ ��� ������ç ��¸¸��������¾ Í�� ��¸����������º����� G¶����»Ã´���� � ����´�ÃH �� Gj�Æ�����H¾

j�µ����Ã ´ Gj�Æ����¸�H ¶��µ�� º���� Ì�¹» (àÀö�¡Æ�÷ ãöÆ¡øö§¾à¢�Áà¤¡Äö§ �Ä  	àÄÆ¤¡ÁÄ§ ¢¿ Ùy�ø¤ö�¾ ¿������¸ ´������´��¶ÀÖ��
íîº¶³º»r¸»l j����� ���»��Ã �� �´���»����	¾ j�Ç���� »���¹É�·Å �»��µ���º�´��Å ¶�������¹¾ �������»�Æ�� � ��´�����»�Æ��¾ ����É

���������� Ì¶��Æ�¹¾ È·º�´»���� Ì¶��Æ�¹ �������´�¸�Æ��	¾ ¦��Æ�É
�»Ã�·� Ì¶��Æ��¾ ¦»¶º�¹�·� º�´»� ����»�º�·� �����· ��´�����»����	¾¦���������¾ j�Ç���� ¶�������¹ � ´�´��¸ ¶�������¹¾ ����¸���Æ�� �¸��´�¸���Æ�� Ì¶��Æ�¹ �����¸���·¹ ���´�Ë »���¹��� � ��»���¹��� ���É
���¸¸��������	¾ ����º� �� ´�µ´�����·� ���º����¾ ¥·´���� ����µ������É��� �¶�Ã�¾ ¦������»Ã�·¹ ���»��¾ îµ��µ���� ´����´����¾ È·������������´����¸����»Ã�·Å ����·Å¾ îµ·�������·� ��ÌÌ����Æ��»Ã�·� ¶�����É���¾x�¶Å��º�º�·� �����·� ����º�¾ �������»Ã�·� ¶�������� � �µ����·�����µ���������¾ x�ÌÌ����Æ��»Ã�·� ¶�������� � º�´��·Å ���������·Å¾ô�º�´»��·� ����º� ��»���·¸ �µ����¸ ��¸�Å�¶´��¹º��·� ���·	¾

È·µ��� � ����»��� �����»� �¶¼�·¹ Ì�¹»Ë ��� ¸�¼�� ´���������Ã
� �¶¼�¶À ���������À �� ����»� ��´��¶¸����� ãöÆ¡øö§ �¸���´� ������¾ö¤ ½�¤y	Ë ��»Àº��Ã � ������ � ����¸��»������Ã¾ ����´��Ã ����¶��·����¹ ��¸��»�Æ�� � µ�µ»������ ��� ´¸·´»�Ë ��´��»Ã�¶ ¸����� ���Æ��¶É�· � ´���� ´ ��´¶�´����¸ � �������� ÏÏ ����¸�º�´��Å ¸�´´���� ������´��»Ã�������¸ �¶¼��À�´� � ��´���¹�� ����¸�����¾

¦���´���»���� ´����¼�¸��� �����»�� �µ´¶¼���¸·Å µ�µ»����������·����Ë º�� � ���� ´»¶º��� ��� ����¸�� ����»��À� ��¶� ��¶��¾ Í��������»��� Æ�»�´��µ�����´�Ã �´��»Ã������� �Å �´�Å¾
¬­<F®HF@ 8C7@9@K8; 8 B>�A>¯:>L :F®>8@9@>C:>8@KM °@>=> 8?F®8@B9± J>=®9 ®<;

®>8@7¯F:7; BD8>J>L @>C:>8@7 6>@?FIHF@8; 6?7:G7679<K:> 7:>L 9<=>?7@AN



®��\� ²¬12-¬ 0 «±/Ò�.± 1±1«±2-°²¬.± ª¥�
ü¥ØhØ ³â ÛÞâ ã �ß�Üÿáß  ß �ßÛÞàþâáß
È �»��� �¨ µ·»� ´��´��� ��µ´�� ´ ��´Ì�´´�´��»Ã�·¸� µ�µ»�´��É��¸�Ë ��������´����·¸� � ´�´��¸¶ ��´���¸¸��´����� �§�¾ î����´ ´�É�Ã���´ ��µ´��ÀÖ�¹ ��´���¸¸�´�É����»����� µ·´��´ ´µ���¶¼�����Ë º�´����¸�ÀÖ�� ��´ ´��Æ��»Ã�·� ����º� � �Å Ì���¸���· ��º���À� �´��´É���Ã´�¾ È ´���� ´ ���¸ ´� ���Å´��� � ��´µÅ´��¸´´�� ´´������ � �´�´»ÃÉ�´����� å�µ��ç µ�µ»�´���¾ ¿��¸������ �Å �»� ���»���Æ�� ´��´����·ÅÌ¶��Æ�¹ ¶´�´���� ��µ´�¶Ë ¶¸��ÃÇ��� ´µÖ�¹ ´µ��¸ ��´���¸¸�´�´ �´��Ë¶��´Ö��� ´��¶��¶�¶ ��´���¸¸�·Å ´�´��¸Ë ´µ»��º��� �Å �´��µ´��¶ � ´µÉ�´�»����Ë ´µ�´��º����� ��µ´�¶ ����·Å º�´��¹ ���´�·Å ´ �´¼��´�����·¸�

���´��¸� �´���´���¸¸¾î�·� ��´���¸¸�´�� ¸´¼�� �����»����Ã´� ��´´�´ � ���� ��Å��´��´Å´��·Å ���´�´� ��´���¸¸ � ´´�¶�´��¶ÀÖ�¹ �´�¶¸����Æ��¾ ���´� ´ ��¶É´�ÃÀ ��µ»À��» ¸�´�´»���ÀÀ ��µ´�¶ ´��Æ��»�´�� �´ º�´»���·¸ ¸��´��¸
���´�´¹ ����¸��� � Å´�´Ç��´ ��´���¸¸�´��Ë �´�´�·¹ �´»��� �´�· ���´É���´��» ´�´��¸�·� ��Å�´»´��� � � ��¼�¶À �´�¶À ��´���¸¸¶ ���´´���É´�����´ �´���»�» Ì���¸���· �´Å´��·Å ���´�´� ´���·Å¾ ô��´�»���·¹ �¸
��Å�� ����·Ç�» ¸�»»�´� ���Ì´���� � �´´���»�» �»���»ÃÆ¶ ��¸�»´ Å»´É�´� ��� ��´�� ´º�����´¹ ����º�¾

�́ ����´ µ´»�� �ÌÌ������´¹Ì´�¸´¹ ���´�»���� ´�·�� ´»¶¼�� å�µä��7 è�èå�567�� 5è¶7�6��ç Ê5æÊ�5����� Ë �´�´�·� �� �¶¼��À�´� � ��É���´¸��»�Æ�� �»� ��¼�´�´ �Å �´�´»Ã�´�����¾ 4�Å�´»´��� �Å ´´������
´��´��� � é
��¾ x»� ´µ�´�»���� ���»´¼���¹ ´ ��¸�����´¹ µ�µ»�´���´¹�¶¼�´ »�ÇÃ ���´�´ �·�´»���Ã »���´�����¾ x´´���´º�´ ´´���¼���»Ã�·�µ�µ»�´���� ¸´�¶� ´���Ã ´´�´�´¹ ¶´��Ç�´�´ �´¸¸��º�´�´�´ ��´����¾¿�� ��µ´�� ´´ ´����º�´�´¹ µ�µ»�´���´¹ � �·�´»���¸·¹ Â.ÂÉ¸´�¶»Ã
��»Àº�À�´� �´»Ã�´ ���»Ã�´ ��´µÅ´��¸·� ��´Æ��¶�·¾ �Å ���´¸���º�´��
´�µ����� »����� �»� ¶�´�»���´����� �·�´�´� ���Ç��Å ��´Æ��¶�¾^__ �)� @®E� �E ( �E`A@AEÎ©Ë µ�µ»�´���� ����¸�º�´�´¹ �´¸�´�´���	´»¶¼�� �»� Å������� ��´Æ��¶�Ë �´�´�·� ¸´�¶� ´��´���¸���´ �´���´Éµ��Ã´� ´��´¹ �»� ��´�´»Ã��¸ ��´���¸¸�¸¾ x»� ��´�´ º»��· µ�µ»�´��É�� �´»¼�· µ·�Ã ��������µ�»Ã�·¸�¾ ¦Ì��� �Å ����¸¶Ö�´�����´�´ �´É�´»Ã�´����� × ´����Æ�´��·� ´�´��¸· � ¶����»�ÀÖ�� º�´�Ã ´»´¼�·Å���»´¼���¹¾



·¸¹º»¼½¾¿½

È À�´Á´ÂÖ�¸ ¶º�µÀ´¸ Ã´´´µÄÄ ÄÅ»´¼�À· ��»�Æ´ À� �´� �»�´ÇÄÁÉ¸· ÃÇÄµ»Ä¼�ÀÀ´�´ Ç�Ç�ÀÄÂ ´´À´�À·Å Å���º �À�»ÄÅ�¾ ô�Æ´Á´Ç·� ºÇ�Å�·Éº�¹À´ ��¼À·� �»Â ÃÇÄ»´¼�ÀÄ¹ Å���ºÄ ��ÄÌÌ�Ç�ÀÆÄ�»ÃÀ·� ¶Ç��À�ÀÄÂ �º�´ÁÀ·Å ÃÇ´ÄÅ�´�À·ÅË ��ÇÄ�ÆÄ´ÀÀ·� ÃÇ´µ»�¸·	 À� ¶Ã´¸ÄÀ�»Ä´Ã �´�´�¾È�¸�ÁÄ¸Ë ´�À�Æ´Ë ºÁ´ Ç�Ç�ÀÄ� ÉÁÄÅ Å���º º�´Á´ Ç�´º»�ÀÂ�Á´Â À� µ´»��
ÃÇ´´Á·�Ë º�´ÁÃ ÄÅ Æ´Á´Ç·Å Ç�´´¸´ÁÇ�À� � ��ÀÀ´¸ ¶º�µÀ´¸ Ã´´´µÄÄÇ Ã´É
ÉÁ´¸¶ ´À´ ´¶Ö�´Á��ÀÀ´ ´µ»��ºÄÁ ´�»���ÀÄ� µ´»�� ´»´¼À·¸Ä Ç�Å��»�¸ÄºÄ´»�ÀÀ´�´ �À�»ÄÅ�¾¿´Â�»�ÀÄ� É»�ÆÁÇ´ÀÀ·Å ÆÄÌÇ´�·Å �·ºÄ´»ÄÁ�»ÃÀ·Å ¸�ÇÄÀ Ä �Æ»ÀÉº�ÀÄ� � ´´´Á�� ¸�Á�¸�ÁÄº�´Æ´�´ ´µ�´Ã�º�ÀÄÂ ÍFÈ� ´Á�À��ÇÁÀ·Å
Ã´�ÃÇ´�Ç�¸¸Ë Ç��»ÄÅ¶ÀÖÄÅ ÁÄÃ´�·� �»�´ÇÄÁ¸· ºÄ´»�ÀÀ´�´ �À�»ÄÅ�Ë´Ã´´´µ´Á�´��»Ä Ç�ÅÆ´¸¶ Ç�´ÇÄÇ�ÀÄÀ ´µ»�´Á�¹ ��´ ÃÇÄ¸�À�ÀÄÂ Ä ÆÇ¶��»ÄÆË �ÆÁÄ�À´ Ä´Ã´»ÃÅ¶ÀÖÄÅ ��´ ¸�Á´�·¾¿ÇÄ¸�À�ÀÄ� ÍÈ� À� Å�¸�ÀÂ�Á Ã»´�´Á�´ÇÀ·� ¸�Á�¸�ÁÄº�´ÆÄ� ¸�Á´É
�·Ë À´ �´»¼À´ ´´º�Á�ÁÃ´Â ´ ÀÄ¸Ä¾ ô��´´Á�Á´ºÀ�Â ¸�Á�¸�ÁÄº�´Æ�Â Ã´��´É
Á´�Æ� ´´À´�À´¹ º�´ÁÄ Ã´»ÃÅ´��Á�»�¹ ÃÇÄ��»� Æ Ç�´ÃÇ´´ÁÇ�À�ÀÄÀ ´»�Ã´¹
��Ç· �´ �´�¸´�¶Ö�´Á�´ ÍFÈ� Ä À�ÃÇ��Ä»ÃÀ´¹ Ç��»ÄÅ�ÆÄÄ ÄÅ �´Å¸´¼À´É´Á�¹¾ j�´´¸´ÁÇÄ¸ À�Äµ´»�� Å�Ç�ÆÁ�ÇÀ·� ´ÇÄµÆÄ ÉÁ´�´ Ç´��¾

Ê»qp¸´Þpºóup³¶r¸» wº¶´´¸Ü»´wps ¹¶µ»¹¶µ¸w¸¾ ÍÁ� ´ÇÄµÆ�
ÃÇ�¼�� �´��´ ÃÇ´Â�»Â�Á´Â � ´ÁÇ�¸»�ÀÄÄ �´Å¸´¼À´ ´Æ´Ç�� �·¹ÁÄ ´ Å�É
��º�¹ À� ¸�ÇÄÀ¶Ë À� Ä´º�ÇÃ�� �´Å¸´¼À´´Á�¹ �À�»ÄÁÄº�´ÆÄÅ ¸�Á´�´�
ÃÇÄ¸�ÀÄÁ�»ÃÀ´ Æ ÃÇ´µ»�¸� � Æ�»´¸ Ä �� ´Á��»ÃÀ·¸ º�´ÁÂ¸¾ Î�´Á´
ÃÇ´�Ç�¸¸ÄÇ¶ÀÁ Ã´´»��´��Á�»ÃÀ´� À�Æ´Ã»�ÀÄ� À�Ã´´Ç��´Á��ÀÀ´ ´¶¸¸ÄÇ¶É
�¸·Å ÇÂ�´�Ç �»Â Æ�¼�´�´ º»�À� ´Á�Ã�ÀÀ´�´ ÇÂ�� Å�À´�´ ´ºÄÁ�ÀÁ ´Á�Ã�ÀÄÀ�Å��Ä´Ä¸´¹ Ã�Ç�¸�ÀÀ´¹ Ä Ì�ÆÁ´ÇÄ�»·Ç ÄÀÁ�ÇÃ´»ÂÆÄ´ÀÀ·� Æ���Ç�Á¶ÇÉÀ·� Ì´Ç¸¶»· ÃÇÄ¸�ÀÂÀÁ Æ Á�µ»ÄºÀ·¸ Ä»Ä ´�´�ÂÖÄ¸´Â Æ ÀÄ¸ ÄÀÁ��Ç�É»�¸Ç ÃÇÄ Ä´Ã´»ÃÅ´��ÀÄÄ ´´´Á��À·Å Ì´Ç¸¶» ÄÀÁ��ÇÄÇ´��ÀÄÂ Ã�Ç��·ºÄ´É»ÂÀÁ Ç�À�� À�¹��ÀÀ·� ´Ç�ÄÀ�Á·Ç Ã´»ÃÅ¶ÀÁ´Â ¸�Á´�´¸ j¶À��×Â¶ÁÁ· �»Â
�ÄÌÌ�Ç�ÀÆÄ�»ÃÀ´�´ ¶Ç��À�ÀÄÂ ´ ÄÅ��´ÁÀ·¸ �À�»ÄÁÄº�´ÆÄ¸ �·Ç�¼�ÀÄ�¸
Ç�Ç�ÀÄÂ¾ ¿ÇÄ Ä´Ã´»ÃÅ´��ÀÄÄ ÄÁ�Ç�ÆÄ´ÀÀ·Å ¸�Á´�´� À��´´Á�Á´ºÀ´� �ÀÄÉ¸�ÀÄ� ¶��»Â�Á´Â Ã´»¶º�ÀÄÀ Å´Ç´ÇÄÅ À�º�»ÃÀ·Å ÃÇÄµ»Ä¼�ÀÄ¹¾



ËÌ²ÍÎ/°Ò±° Ï¥i
Ð¶åºprrp» Þ·¸¹»r»r¸» ³vÜ¸´º¸µ»ºórvo ¹»µpqp³l îÇÄÑÆÄ

ÉÁ´�´ �Ä�� �ÒÁÇ�Ó�ÀÁÒÂ À�ÄÑ´Ô�� Ó�ÒÁ´Õ �Å ÃÇ´Â�Ô�ÀÄÂ ��ÒÃÖ� ÖÀ´�´´ÑÉ
Ç�ÅÀ×� Ã´Ã×ÁÆ� ÃÇÄÖ�À�ÀÄÂ ÄÁ�Ç�ÆÄ´ÀÀ×Å Ö�Á´�´� Ñ�Å ÃÇ����ÇÄÁ�ÔÃÀ´Ø
ÃÇ´��ÇÆÄ ÙÒÔ´�ÄÄ ÒÅ´�ÄÖ´ÒÁÄÇ ÓÄÒÔ�ÀÀ´� ÄÀÁ��ÇÄÇ´��ÀÄ� Ñ×ÒÁÇ´ Æ´Ô�ÑÉ
ÔÚÖ�ØÒÂ ÌÙÀÆÆÄÄ Ñ�Å ÙÓ�Á� Ç�ÒÃ´Ô´Û�ÀÄÂ �� ÉÆÒÁÇ�ÖÙÖ´�Ç ÓÄÒÔ�ÀÀ´�
�ÄÌÌ�Ç�ÀÆÄÇ´��ÀÄ� � ÙÒÔ´�ÄÂÅË Æ´��� Ã´�Ç�ÇÀ´ÒÁÄ �×ÓÄÒÔ�ÀÄÂ ÌÙÀÆÉÆÄÄ Ò´ÄÅÖ�ÇÄÖ× Ò �� ÃÇÄÇ�Ö�ÀÄÂÖÄÕ Â ´ÇÄÑÆ�Ö ��ÀÀ´Ø �ÇÙÃÃ× Ö´ÛÉÀ´ ´ÁÀ�ÒÁÄ Ä ÙÃÙÖ�ÀÀ×� �´ÅÖ´ÛÀ´ÒÁÄ ÃÇ�´ÑÇ�Å´��ÀÄÂ ÄÒÅ´�À´Ø Å���ÓÄ
Æ Ì´ÇÖ�Ë ´Ñ�ÒÃ�ÓÄ��ÚÖ�Ø Ñ´Ô�� ÉÌÌ�ÆÁÄ�À×� �×ÓÄÒÔ�ÀÄÂ ��ÖÕ Ç�Å��Ô
´ �×ÓÄÒÔ�ÀÄÄ À�Ò´ÑÒÁ��ÀÀ×Å ÄÀÁ��Ç�Ô´�	Õ

Ü´É�Ä�ÄÖ´ÖÙË Ò�Ö×Ö ´ÑÖÄÖ Ò´��Á´Ö Ã´ ÃÇ´ÌÄÔ�ÆÁÄÆ� ´ÇÄÑ´Æ
��ÀÀ´�´ �Ä�� ÑÙ��Á Ç�Æ´Ö�À��ÆÄÂ ÁÖ�Á�ÔÃÀ´�´ �À�ÔÄÅ� Ò�´ØÒÁ�
Æ�Û�´Ø Æ´ÀÆÇ�ÁÀ´Ø Ö�Á�Ö�ÁÄÓ�ÒÆ´Ø Ö´��ÔÄË Æ´Á´Ç×� Ö´�ÙÁ Ã´�ÔÄÂÁÃ À�Å´� �×ÓÄÒÔ�ÀÄØÕÈ�Ö�ÁÄÖË ´�À�Æ´Ë ÓÁ´ �´�´ÔÃÀ´ Ó�ÒÁ´ ÃÇÄÅ´�ÄÁÒÂ ÃÇÄÖ�ÀÂÁÃ Ö�Á´É
�×Ë �´ÃÙÒÁÄÖ´ÒÁÃ Æ´Á´Ç×Å �À�ÃÇÄÖ�ÇË ÄÅ ÒÅ´�ÄÖ´ÒÁÃ	 Á�´Ç�ÁÄÓ�ÒÆÄ À�
�´Æ�Å�À� ÄÔÄ Á�´Ç�ÁÄÓ�ÒÆÄ� ´Æ�ÀÆÄ À�ÃÇÄ�´�À× �ÔÂ ÃÇ�ÆÁÄÓ�ÒÆ´Ø Ç�ÉÑ´Á×Õ Ü´ÉÁ´ÖÙ ÃÇÄ �×Ñ´Ç� Ö�Á´�� Ç�Ç�ÀÄÂ Å���ÓÄ Ä �À�ÔÄÅ� Ç�ÅÙÔÃÉ
Á�Á´� ÃÇÄÅ´�ÄÁÒÂ Ã´Ô���ÁÃÒÂ À� ´Ã×Á ÃÇ��Ç�ÒÁ�ÙÚÖ��´ Ç�Ç�ÀÄÂ Å���ÓË
ÄÀÁÙÄÆÄÚË ÒÇ��À�ÀÄ� Ò ÉÒÃ�ÇÄÖ�ÀÁ´ÖÕ xÔÂ ÙÒÃ�Å� � ÃÇ´����ÀÄÄ Ç�ÒÓ�É
Á´� À� ÍFÈ�Ë Ã´ÖÄÖ´ Ñ�ÅÙÒÔ´�À´�´ ÅÀ�ÀÄÂ ´ÒÀ´�À×Å Ö�Á´�´� �×ÓÄÒÔ�ÉÀÄØ Ä Á�ÅÀÄÆÄ ÃÇ´�Ç�ÖÖÄÇ´��ÀÄÂË À�´ÑÅ´�ÄÖ× ÅÀ�ÀÄ� ÒÙÖ�ÒÁ�� ÃÇÄÆÔ��ÉÀ´Ø ÃÇ´ÑÔ�Ö×Ë Ç�Å�ÄÁ´� À�Ì´ÇÖ�ÔÃÀ´� Ö×ÇÔ�ÀÄ� Ä ÙÖ�ÀÄ� À�Å´�ÄÁÃ
�À�Ô´�ÄÄË ��ÚÖÄ� ´ÒÀ´��ÀÄÂ À���ÂÁÃÒÂ À� �´ÒÁ´��ÇÀ´ÒÁÃ Ç�ÅÙÔÃÁ�Á� ÃÇÄÀ��´ÅÖ´ÛÀ´ÒÁÄ ÒÁÇ´�ÄÅ �´Æ�Å�Á�ÔÃÒÁ�ÕÊ»Þ·¶³¸ºórp» ¸´Þpºóup³¶r¸» ³pu¹pÝrp´µ»s Þn2l È´ÅÖ´ÛÉÀ´ÒÁÄ Ò´�Ç�Ö�ÀÀ×Å FÈ� ��ÔÄÆÄË À´ À� Ñ�Å�Ç�ÀÄÓÀ×Õ �Ö� À����À´ Ö�ÉÇÄÀÀ´� �Ç�ÖÂ Ñ×Ô´ ��ÌÄÆÄÁÀ´ Ä ÒÁ´ÄÔ´ ��ÒÂÁÆÄ Ä ��Û� Ò´ÁÀÄ ÇÙÑÔ�Ø
� Ó�Ò �� ß6�à5� Ö�ÒáÁ�Ñ� â�À × ÙÖÀ´ÛãÁ� ÉÁÄ âÄÌÇ× À� �ä�	Õ î�À�Æ´
��Û� Ò�ØÓ�Ò À� ÒÔ��Ù�Á Æ´ÖÃ�ÀÒÄÇ´��Áã Ò´ÑÒÁ��ÀÀÙÚ Ô�Àã Ä À�Û�Ô�ÀÄ�
Ã´Ç�ÅÖ×ÒÔÄÁã À�� Å���Ó�Ø Ñ�Å�ÙÖÀ´Ø ÁÇ�Á´Ø Ç�ÒÙÇÒ´� Få�Õ æ Ò´Û�Ô�çÀÄÚè ÒÔÄáÆ´Ö Ó�ÒÁ´�

• Ç�ÒÓ�Á �×Ã´ÔÀÂ�ÁÒÂ �ÔÂ �´Ç�Å�´ Ñ´Ôãá��´ �Ä�Ã�Å´À� Ã�Ç�Ö�ÁÇ´�èÓ�Ö ÉÁ´ À�´Ñé´�ÄÖ´ À� Ò�Ö´Ö ��Ô�Ç
• À�Ã´ÒÇ��ÒÁ��ÀÀ´ �×ÓÄÒÔÂÚÁÒÂ ÄÅÔÄáÀ� Ã´�Ç´ÑÀ×� Á�ÑÔÄâ× ��ÒÔÄ
´ÀÄ �Ò� Û� À�´Ñé´�ÄÖ×è Äé ´Ñ×ÓÀ´ �×�´�À�� Ã´ÔÙÓ�Áã ÄÀÁ�ÇÃ´ÔÂç
âÄ�Ø Ò Ã´Ö´ÖãÚ ÒÇ��ÀÄÁ�ÔãÀ´ À�Ñ´Ôãá´�´ ÓÄÒÔ� ´Ã´ÇÀ×é Á´Ó�Æ	Õ

æ Ñ�ÒÒÖ×ÒÔ�ÀÀ´Ø ÁÇ�Á� Ö�áÄÀÀ´�´ �Ç�Ö�ÀÄ ÃÇÄ�´�ÂÁ Ä Á�ÆÄ� ÙÛ� ´Áç



Ï¥¥ ËÌêÍÎ/ëÒìë
Ö�Ó�ÀÀ×� ´áÄÑÆÄè Æ�Æ ÀÄÅÆ´� Æ�Ó�ÒÁ�´ À�Ó�ÔãÀ×é ÃÇÄÑÔÄÛ�ÀÄØè ÃÔ´é�Â
Òé´�ÄÖ´ÒÁã ÄÁ�Ç�âÄ´ÀÀ×é ÃÇ´â�ÒÒ´� Ä ÁÕ ÃÕ

å�ÒãÖ� Ç�ÒÃÇ´ÒÁÇ�À�ÀÀ´Ø ´áÄÑÆ´Ø Â�ÔÂ�ÁÒÂ �×�´� À� Ã�Ó�Áã ÄÅçÑ×Á´ÓÀ´�´ ´Ñ��Ö� Ç�ÅÙÔãÁ�Á´�Õ �Ñ��ÄÁ�ÔãÀ×Ø Ä �Ã´ÔÀ� ÃÇ���´Ã´�´ÑÀ×Ø
ÃÇÄÖ�Ç Á�Æ´�´ Ç´�� ´ÑÒÙÛ���ÁÒÂ � éíîè ÒÕ �Ïï��ÏÏ�è Æ´Á´Ç×Ø Ö×�´Ã´ÔÀÄÖ
Ç�ÒÓ�Á´Ö ÁÇÙ�´�ÖÆ´ÒÁÄ Ä ÒÁ´ÄÖ´ÒÁÄ ð7µ�6� Õ

ÜÙÒÁã Ö× é´ÁÄÖ Ò´ÒÁ��ÄÁã Á�ÑÔÄâÙ Ç�á�ÀÄØ Ã´ÔÀ´�´ ÆÙÑÄÓ�ÒÆ´�´
ÙÇ��À�ÀÄÂ

ax3 + bx2 + cx+ d = 0.

�ÒÔÄ �´ÃÙÒÁÄÁãè ÓÁ´ Æ�Û�×Ø ÄÅ Ã�Ç�Ö�ÁÇ´� Ö´Û�Á ÃÇÄÀÄÖ�Áã �ä ÅÀ�Ó�çÀÄØè Á´ �Ò��´ Ã´ÔÙÓÄÁÒÂ 504 ≈ 6 · 106 Æ´ÖÑÄÀ�âÄØÕ j�ÒÓ�Á À� Ò´�Ç�Ö�ÀçÀ´Ø ÜÍå� Ã´ Ì´ÇÖÙÔ�Ö æ�Ç��À´ Å�ØÖ�Á À�ÖÀ´�´ �Ç�Ö�ÀÄ Ä GÀÄÓ��´À� ÑÙ��Á ÒÁ´ÄÁãHÕ ñ´�Ò�Ö ÄÀ�Ó� ´ÑÒÁ´ÄÁ ��Ô´ Ò �×�´�´Ö Ä ÄÒÃ´ÔãÅ´��çÀÄ�Ö Ç�ÅÙÔãÁ�Á´�Õ ÜÇÄ Ã�Ó�ÁÄ Ã´ ï ÓÄÒ�Ô � ÒÁÇ´Æ� À� ÒÁÇ�ÀÄâ� Ö´ÛÀ´
Ç�ÅÖ�ÒÁÄÁã ´Æ´Ô´ òää ÓÄÒ�ÔÇ �Ò��´ Ã´ÁÇ�ÑÙ�ÁÒÂ íä Á×ÒÕ ÒÁÇ�ÀÄâè ÄÔÄ óä
Á´Ö´� Ã´ �ää ÒÁÇ�ÀÄâ � Æ�Û�´ØÕ å×�´� À� Ã�Ó�Áã Ò Ã´Ö´ÖãÚ Ô�Å�ÇÀ´�´
ÃÇÄÀÁ�Ç� Ã´ � ÒÁÇ�ÀÄâ � ÖÄÀÙÁÙ Å�ØÖ�Á ó Á×ÒÕ ÖÄÀÙÁè ÁÕ �Õ ´Æ´Ô´ ÁÇ�é
ÒÙÁ´Æ ô7ðà7àõ�ô5ö Ç�Ñ´Á× ÃÇÄÀÁ�Ç� Ä ´Ã�Ç�Á´Ç� ÃÇÄ À�ÖÕ ô� ÑÙÖ��Ù
ÙØ��Á ´Æ´Ô´ � Á×ÒÕ ÇÙÑÔ�ØÇ Ã�Ó�Áã Ã´ÁÇ�ÑÙ�Á 
 Å�ÃÇ��´Æ Æ�ÇÁÇÄ�Û�è Å�
ÓÁ´ ÃÇÄ��ÁÒÂ Å�ÃÔ�ÁÄÁã �Ö� í Á×ÒÕ ��ÒÔÄ Ù��ÒÁÒÂ ´Ñ´ØÁÄÒã Ñ�Å Ã´ÆÙÃÆÄ
À´�´�´	Õ

æ Ò´Û�Ô�ÀÄÚè Á�Æ´�´ Ç´�� Å�Â�ÆÄ ´ÁÀÚ�ã À� Â�ÔÂÚÁÒÂ ´Æ´Ô´À�ÙÓçÀ´Ø Ì�ÀÁ�ÒÁÄÆ´ØÕ å �ÀÄ Ö´Ô´�´ÒÁÄ ´Á�Ó�ÒÁ��ÀÀ´Ø �×ÓÄÒÔÄÁ�ÔãÀ´Ø Á�éçÀÄÆÄ �Æ´À�â �î�äçé ��Õ	 ´�ÄÀ ÄÅ ÒÁ�ÇáÄé Æ´ÔÔ�� ��Á´Ç� À�ÆÇÄÁÄÓ�ÒÆÄ
�´ÒÃ´ÔãÅ´��ÔÒÂ �´ÅÖ´ÛÀ´ÒÁãÚ Å�Æ�Å�Áã Ç�ÒÓ�Á ÀÙÛÀ×é �ÖÙ Á�ÑÔÄâ À�G�Ç�Ô�ç�HÕ Î�Ç�Å Ã´Ô�´�� Ñ×Ô �´ÒÁ��Ô�À ´Ñ��ÖÄÒÁ×Ø Ö�á´Æè �´��ÇéÙÀ�ÑÄÁ×Ø ÄÒÃÄÒ�ÀÀ×ÖÄ ���ÄÓãÄÖ Ã´Ó�ÇÆ´Ö ÑÔ´ÆÀ´ÁÄÆ�ÖÄÕ ��á´Æ Ç�Å�Âç
Å�ÔÄè �éÀÙÔÄè Å��ÂÅ�ÔÄ ÒÀ´�� Ä Ó�Ç�Å Ö�ÒÂâÕ Õ Õ Ò´Û�ÔÄÕ

å�ÇÀ�ÖÒÂè ´�À�Æ´è Æ À�á�Ø Å���Ó� Ä Ã´Ã×Á��ÖÒÂ ÙÖ�ÀãáÄÁã ÓÄÒÔ´
�� Ã�Ç�Ö�ÁÇ´�Õ j�Å��ÔÄÖ ´Ñ� Ó�ÒÁÄ ÙÇ��À�ÀÄÂ À� a �

x3 +
b

a
x2 +

c

a
x+

d

a
= 0.

È�Á�Ö Ò��Ô��Ö Ã´�ÒÁ�À´�ÆÙ x = y + α è ��� α = −b/3a �×ÑÄÇ��ÁÒÂ ÄÅ
ÙÒÔ´�ÄÂ ÙÀÄÓÁ´Û�ÀÄÂ ÓÔ�À� Ò À�ÄÅ��ÒÁÀ×Ö �´ �Á´Ç´Ø ÒÁ�Ã�ÀÄÕ å Ç�ÅÙÔãç
Á�Á� ÃÇÄé´�ÄÖ Æ ÙÇ��À�ÀÄÚ

y3 + py + q = 0,



ËÌêÍÎ/ëÒìë Ï¥Ï
���

p =
c

a
− b2

3a2
; q =

d

a
− bc

3a2
+

2b3

27a2
.

ñ��Ô��Öè À�Æ´À�âè Ã´�ÒÁ�À´�ÆÙ y = βz Ç ÉÁ´ ��ÒÁ
β3z3 + pβz + q = 0, ÄÔÄ z3 +

p

β2
z +

q

β3
= 0.

å×ÑÇ�� β = 3
√
q è ÃÇÄé´�ÄÖ Æ ÙÇ��À�ÀÄÚ

z3 + rz + 1 = 0

Ò 7æ�ôß6�7ôôõ� Ã�Ç�Ö�ÁÇ´Ö r = pq−2/3 Õ Ü´ À�Ø��ÀÀ´ÖÙ z Ô��Æ´ À�é´ç�ÄÁÒÂ
x = βz + α = [

3
√

27a3d− 9abc+ 2b3z]/(3a).ô´�×� �Æ´ÖÑÄÀÄÇ´��ÀÀ×�	 Ã�Ç�Ö�ÁÇ× Ó�ÒÁ´ ÄÖ�ÚÁ �ÔÙÑ´ÆÄØÌÄÅÄÓ�ÒÆÄØ
ÒÖ×ÒÔ ÁÄÃ� ÆÇÄÁ�ÇÄ�� Ã´�´ÑÄÂ Ä À�Á�ÔÆÄ��ÚÁ À� ��ÒãÖ� Æ´ÀÒÁÇÙÆÁÄ�À×�
Ä��ÄÕ�ÒÔÄ Ù �×ÓÄÒÔÄÁ�ÔÂ ÄÖ��ÁÒÂ ÂÒÀ´� ÃÇ��ÒÁ��Ô�ÀÄ� ´ ÒÃ´Ò´Ñ� ´ÑÇ�çÑ´ÁÆÄ Ç�ÅÙÔãÁ�Á´�è Á´ ÉÁÙ ´ÑÇ�Ñ´ÁÆÙ ÒÔ��Ù�Á Á�ÆÛ� �´ÅÔ´ÛÄÁã À� Få�Õ�ÒÔÄ Á�Æ´�´ ÃÇ��ÒÁ��Ô�ÀÄÂ À�Áè Á´ ´Á Ç�á�ÀÄÂ Å���ÓÄ �´´ÑÖ� ÒÔ��Ù�Á
�´Å��ÇÛ�ÁãÒÂÕåÒÁÇ�Ó�ÚÁÒÂ ´áÄÑÆÄ Ä �ÇÙ�´�´ Ç´��� À� Ã�Ó�Áã �×���ÁÒÂ Û�ÒÁç
ÆÄØ ÖÄÀÄÖÙÖ Ç�ÅÙÔãÁ�Á´�Õ å ÉÁ´Ö ÒÔÙÓ�� �×ÓÄÒÔÄÁ�Ôã Å�ÁÇÙ�ÀÂ�Á Ò�Ñ�
Æ´ÀÁÇ´Ôã ÃÇ��ÄÔãÀ´ÒÁÄ ÒÓ�Á� Ä ÙÃÙÒÆ��Á �´ÅÖ´ÛÀ´ÒÁã Ã´ÃÙÁÀ´ ÄÒÒÔ��´ç
��Áã ��ÛÀ×� Ò�´ØÒÁ�� Ö�Á�Ö�ÁÄÓ�ÒÆ´Ø Ö´��ÔÄ� ÆÇÙÁÄÅÀÙ ÆÇÄÁ�ÇÄ�ÔãÀ´ØÌÙÀÆâÄÄ � Å���Ó�é ´ÃÁÄÖÄÅ�âÄÄè ÒÁ�Ã�Àã �ÔÄÂÀÄÂ Ç�ÅÔÄÓÀ×é Ì�ÆÁ´Ç´�è
ÒÆ´Ç´ÒÁã Òé´�ÄÖ´ÒÁÄ ÄÁ�Ç�âÄ´ÀÀ×é ÃÇ´â�ÒÒ´� Ä ÁÕ �Õ

�ÅÔ´Û�ÀÀ×� Ò´´ÑÇ�Û�ÀÄÂ Ä �À�ÔÄÅ ÁÄÃ´�×é ´áÄÑ´Æè �´ÃÙÒÆ�Ö×é
ÃÇÄ Ö�áÄÀÀ´Ø Ç��ÔÄÅ�âÄÄ �×ÓÄÒÔÄÁ�ÔãÀ×é Òé�Öè ÙÑ��ÄÁ�ÔãÀ´ Ò�Ä��ç
Á�ÔãÒÁ�ÙÚÁ ´ À�´Ñé´�ÄÖ´ÒÁÄ ÄÒÒÔ��´��Á�ÔãÒÆ´�´ Ã´�é´�� Æ Æ�Û�´Ø
Æ´ÀÆÇ�ÁÀ´Ø Å���Ó� Ä Á�´ÇÓ�ÒÆ´�´ ÃÇÄÖ�À�ÀÄÂ Ö�Á´�´� �×ÓÄÒÔÄÁ�ÔãçÀ´Ø Ö�Á�Ö�ÁÄÆÄ �Ò�ÖÄ ÔÄâ�ÖÄè À�Ã´ÒÇ��ÒÁ��ÀÀ´ ÄÒÃ´ÔãÅÙÚÖÄÖÄ Få�ÕÜÇ�Û�� Ó�Ö Ç�á�Áã Å���ÓÙè Ã´�ÙÖ�ØÁ�è ÓÁ´ ��Ô�Áã Ò �� Ç�á�ÀÄ�Ö�
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